ELEC 2200-002 Digital Logic Circuits 
Fall 2015
Homework 3 Solution
Assigned 9/28/15, due 10/5/15
Problem 1: Prove that the number of elements in a Boolean algebra must be even.

Answer: 

Postulate 6 requires that every element must have a unique complement that is also in the set. Thus, elements form pairs making the total number of elements to be even.
Problem 2: For two elements, a and b, of a Boolean algebra, use axioms to prove that:
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Answer:
Proof – Proceed as follows:
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Postulate 5 – distributivity
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Postulate 6 – complement
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Postulate 2 – identity element




Problem 3: For three variables a, b and c of a Boolean algebra, use Venn diagram to prove that:
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Answer:
Proof – From the Venn diagram: 

ab = P + Q, ac = Q + R, bc = Q + S
therefore L.H.S. = P + Q + R + b + S + c = b + c
Hence, L.H.S. = R. H.S. and the result is proven.



Problem 4: Show that a two-valued switching algebra of variables that can take only two values {0, 1} and contains OR (+) and AND (·) operations is a Boolean algebra. The two operations are defined as follows:
	OR (+)
	0
	1

	0
	0
	1

	1
	1
	1


	AND (·)
	0
	1

	0
	0
	0

	1
	0
	1


Hint: Verify postulates 1 through 6 of Boolean algebra. One way to verify the correctness of an equation is to use a method called the perfect induction, where the equation is satisfied by all possible combinations of values assigned to the variables occurring in the equation.
Answer: We examine the postulates of Boolean algebra for the two operations defined in the tables:

Postulate 1. AND and OR are binary operators, which, when applied to a pair of variable in {0, 1}, produce a result that is also in {0, 1}. It is, therefore, a closed system.

Postulate 2. The elements 0 and 1 are the identity elements for OR and AND, respectively, because for a variable a assuming any value from {0, 1} satisfies the following equations:




 a + 0 = a
and
a 1= a

Postulate 3. Both operations are commutative because both tables have diagonal symmetries.




 a + b = b + a
and
a b = b a

Postulate 4. For three variables a, b and c, associativity means:



a + (b + c) = (a + b) + c
and
a (b c) = (a b) c

The correctness of these equations is proven by “perfect induction”. The variables a, b and c can assume eight combinations of values. From the definitions of + and · each expression is evaluated. For example, when a = 0, b = 1, c = 0, the left hand side of the first equation is evaluated as, 0 + (1 + 0) = 0 + 1 = 1; R.H.S. = (0 +1) + c = 1 + 0 = 1; two sides are equal. Similar analysis of each of the other seven combinations shows that the equation is valid for all combination of values.
Similarly, the correctness of the second equation is proven by perfect induction.

Postulate 5. Distributivity means,



a (b + c) = ab + ac
and
a + (bc) = (a + b)(a + c)

Both equations can be proven by perfect induction.

Postulate 6. Existence of complement. For any element a, we define another element 
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 such that whenever a takes one of its two values, 
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 assumes the other value. Thus, 
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 is also a binary variable and can be included in the set of variables. From the tables defining the two operations, we find that
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This verifies the existence of 
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 as the complement of a.
Because all six postulates are true, the switching algebra is a Boolean algebra.
Problem 5: A house alarm system is designed to sense several conditions represented by binary (0,1) Boolean variables, A, F, M, and W, defined as:

A
=
1
means alarm is activated (usually when house is unoccupied)

F
=
1
means smoke is detected

M
=
1
means motion is detected

W
=
1
Window or door sensor activated due to a possible break-in

Write an expression for a Boolean function B(A,F,M,W), such that B = 1 will sound a buzzer when smoke is detected, or when alarm is active and either motion is detected or a break-in occurs. Sketch a relay network to connect a battery to the buzzer.

Answer: The function B is expressed as follows:
B
=
(Smoke detected) OR (Alarm active) AND (motion detected OR break-in)


=
F + A· (M + W)
A switch network for the alarm buzzer is shown below.
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