ELEC 2200-002 Digital Logic Circuits 
Fall 2015
Homework 1 Solution
Assigned 9/8/14, due 9/16/14
Problem 1: Find the decimal values of 5-bit binary strings, 01100, 00110, 11001 and 11000, assuming that their format is (a) signed integer, (b) 1’s complement, or (c) 2’s complement.
Answer: 

	Binary number
	Decimal value

	
	Signed integer (a)
	1’s complement (b)
	2’s complement (c)

	001100
	12
	12
	12

	100110
	  6 
	  6
	  6

	111001
	– 9
	– 6
	– 7

	111000
	– 8
	– 7
	– 8


Problem 2: Perform binary addition of four-bit binary numbers, 01110 and 11111. Ignore the final carry, if any, to obtain a five-bit result. Determine the decimal values for the two given and the sum binary strings assuming that they are: (a) 2’s complement integers, (b) 1’s complement integers, and (c) signed integers. Verify correctness of the addition for the three cases.
Answer:





0110




        +
1111






0101
(a) 2’s complement, 6 + (– 1) = 5, result is correct.
(b) 1’s complement, 6 + (– 0) ≠ 5, result is incorrect.

(c) Signed integers, 6 + (– 7) ≠ 5, result is incorrect.

Problem 3: For following four-bit 2’s complement binary integers, perform addition, check overflow and verify correctness of results by converting numbers as decimal integers:

(a) 0100 + 0100
(b) 0111 + 1001

Answer:
(a) 0100 + 0100 = 1000 (overflow), or in decimal 4 + 4 ≠ – 8, result is incorrect due to overflow.

(b) 0111 + 1001 = 0000 (no overflow), or in decimal 7 + (– 7) = 0, result is correct. 
Problem 4: Add the following pairs of 4-bit 2’s complement integers. If an overflow occurs, then expand the numbers to 8-bit representation and add:

(a) 0101 + 1101

(b) 1011 + 1101

(c) 1011 + 1011

Answer:

(a)    0 1 0 1

+ 1 1 0 1

   0 0 1 0
no overflow, result is correct (5 – 3 = 2)

(b)    1 0 1 1

+ 1 1 0 1

   1 0 0 0
no overflow, result is correct (– 5 – 3 = – 8)

(c)    1 0 1 1

+ 1 0 1 1

0 1 1 0
overflow, because MSB = 1 indicates that the two numbers have same (negative) sign and the sum has opposite (positive) sign (MSB = 0).

We extend the representations to 8 bits and add:

   1 1 1 1 1 0 1 1

+ 1 1 1 1 1 0 1 1

1 1 1 1 0 1 1 0
no overflow, result is correct (– 5 – 5 = – 10)
Problem 5: Multiply 4-bit 2’s complement integers, 0110 × 1100, using the direct multiplication (i.e., without separating the signs) of 2’s complement integers. Show the steps of computation.
Answer: The table below shows the multiplication:




Multiplicand = 0110,
Multiplier = 1100


         –
Multiplicand = 1010

	Iteration
	Action
	5-bit Multiplicand
	9-bit Product

	0
	Initialize Product = 00000, multiplier
	00110
	00000  1100

	1
	Product LSB = 0, do nothing
	
	00000  1100

	
	Right shift Product
	
	00000  0110

	2
	Product LSB = 0, do nothing
	
	00000  0110

	
	Right shift Product
	
	00000  0011

	3
	Product LSB = 1, add Multiplicand
	
	00110  0011

	
	Right shift Product
	
	00011  0001

	4
	Product LSB = 1, subtract* Multiplicand 
	
	11101  0001

	
	Right shift Product
	
	11110  1000


* Subtract because this is the last iteration.
Final 8-bit Product = 11101000

Product is negative, magnitude = 00011000 = 24, Product =  – 24
Verification: (6) × (– 4) = – 24

Problem 6: Carry out the calculation steps for 4-bit binary division of positive numbers 1000/0101 (i.e., 8/5) using the restoring division algorithm.

Answer: Restoring division (R: 5-bit remainder, Q: 4-bit quotient, M: 5-bit divisor):

	Iteration
	Step
	Action
	$R
	$Q
	$M

	0
	
	Initialization
	00000
	1000
	00101

	1
	1
	1-bit left shift on ($R, $Q)
	00001
	0000
	00101

	
	2
	Add – $M = 11011 to $R
	11100
	0000
	00101

	
	3
	MSB($R) = 1, restore, add $M = 00101 to $R
	00001
	0000
	00101

	2
	1
	1-bit left shift on ($R, $Q)
	00010
	0000
	00101

	
	2
	Add – $M = 11011 to $R
	11101
	0000
	00101

	
	3
	MSB($R) = 1, restore, add $M = 00101 to $R
	00010
	0000
	00101

	3
	1
	1-bit left shift on ($R, $Q)
	00100
	0000
	00101

	
	2
	Add – $M = 11011 to $R
	11111
	0000
	00101

	
	3
	MSB($R) = 1, restore, add $M = 00101 to $R
	00100
	0000
	00101

	4
	1
	1-bit left shift on ($R, $Q)
	01000
	0000
	00101

	
	2
	Add – $M = 11011 to $R
	00011
	0000
	00101

	
	3
	MSB($R) = 0, LSB($Q) = 1
	00011
	0001
	00101


Result: Quotient $Q = 0001 = 1, Remainder $R = 00011 = 3
Problem 7: Carry out the calculation steps for 4-bit binary division of positive numbers 1001/0100 (i.e., 9/4) using the non-restoring division algorithm.

Answer: Non-restoring division (R: 5-bit remainder, Q: 4-bit quotient, M: 5-bit divisor):

	Iteration
	Step
	Action
	R
	Q
	M

	0
	0
	Initialization: R = 0, Q = dividend = 1001,

M = divisor = 00100, – M = 11100
	00000
	1001
	00100

	1
	1
	1-bit left shift (R, Q)
	00001
	0010
	00100

	
	2
	Add (– M) = 11100 to R
	11101
	0010
	00100

	
	3
	Since MSB(R) = 1, set LSB(Q) = 0
	11101
	0010
	00100

	2
	1
	1-bit left shift (R, Q)
	11010
	0100
	00100

	
	2
	Iter# 1 MSB(R) = 1, Add M = 00100 to R
	11110
	0100
	00100

	
	3
	Since MSB(R) = 1, set LSB(Q) = 0
	11110
	0100
	00100

	 3
	1
	1-bit left shift (R, Q)
	11100
	1000
	00100

	
	2
	Iter# 2 MSB(R) = 1, Add M = 00100 to R
	00000
	1000
	00100

	
	3
	Since MSB(R) = 0, set LSB(Q) = 1
	00000
	1001
	00100

	4
	1
	1-bit left shift (R, Q)
	00001
	0010
	00100

	
	2
	Iter# 3 MSB(R) = 0, Add (– M) = 11100 to R
	11101
	0010
	00100

	
	3
	Since MSB(R) = 1, set LSB(Q) = 0 and add M to R
	00001
	0010
	00100


Result: Quotient Q = 0010 = 2, Remainder R = 00001 = 1
Problem 8:  For 3-bit 2’s complement binary integers, construct 4-bit even and odd parity codes by adding a parity bit in the most significant bit position.
Answer: The following table gives the codes with the first bit as parity:

	Decimal number
	2’s complement
	Even parity code
	Odd parity code

	0
	000
	0 000
	1 000

	1
	001
	1 001
	0 001

	2
	010
	1 010
	0 010

	3
	011
	0 011
	1 011

	– 4
	100
	1 100
	0 100

	– 3
	101
	0 101
	1 101

	– 2
	110
	0 110
	1 110

	– 1
	111
	1 111
	0 111


Problem 9: Consider a set of n-bit binary vectors {Xi} such that for any pair of distinctly different vectors the Hamming distance (HD) ≥ p, where p ≤ n. Suppose, we also have another set of m-bit binary vectors {Yj} such that any pair of them has HD ≥ q, where q ≤ m. We form a new set of (n + m) bit binary vectors {Zij} by concatenating the bits of Xi and Yj. Show that for any pair of vectors Zij and Zkl from the new set, such that i ≠ k and j ≠ l, the HD ≥ p + q.

Answer: The required result follows from the fact that HD is always a positive integer. Let us consider a vector Zij obtained by concatenating the bits of Xi and Yj. Similarly, consider another vector Zkl obtained by concatenating the bits of Xk and Yl. Then, we have,

HD(Zij, Zkl)
=
Distance contribution of X bits + distance contribution of Y bits


=
HD(Xi, Xk) + HD(Yj, Yl)

Because i ≠ k, HD(Xi, Xk) ≥ p, and because j ≠ l, HD(Yj, Yl) ≥ q. Therefore,
HD(Zij, Zkl)
≥
p + q







■

Problem 10: A digital system uses four symbols, A, B, C and D. For these symbols:
(a) Define a minimum length binary code. What is the minimum Hamming distance between any pair of codes?

(b) Define a minimum length binary code such that any single-bit error can be detected. What is the Hamming distance between any pair of codes?

Answer:
(a) For four symbols, we need a two-bit code, which allows four patterns. A possible assignment is: 00 – A, 01 – B, 10 – C, and 11 – D. For any pair of these codes, HD ≥ 1, i.e., minimum Hamming distance is 1.
(b) A single-bit error can be detected by adding a parity bit. Suppose we add even parity to the codes in (a) as MSB: 000 – A, 101 – B, 110 – C and 011 – D. For this code, HD = 2 for any pair of codes, which satisfies the requirement HD ≥ 2 for single-bit error detection.
Problem 11: Find the decimal values for the following 32-bit floating point numbers expressed in the IEEE 754 format

(a) 1 10000000 10000000000000000000000

(b) 1 01111111 00000000000000000000000

(c) 0 10000111 00010001000000000000000
Answer:
(a) Sign: Number is negative because sign bit = 1.

Exponent: Interpreting 10000000 as unsigned integer, its value is 128. Unbiased exponent = 128 – 127 = 1

Significand: 1 + 2 – 1 = 1.5

Number 
= 
– 1.5 × 21 
=
– 3.0

(b) Sign: Number is negative because sign bit = 1.

Exponent: Interpreting biased exponents 01111111 as unsigned integer, its value is 127.

Unbiased exponent = 127 – 127 = 0

Significand = 1.0

Number 
= 
– 1.0 × 20 
=
– 1.0

(c) Sign: Number is positive because sign bit = 0.

Exponent: Interpreting 10000111 as unsigned integer, its value is 135.

Unbiased exponent = 135 – 127 = 8.

Significand = 1.00010001 = 1 + 2 – 4 + 2 – 8
Number 
= 
(1 + 2 – 4 + 2 – 8) × 28


=
(28 + 24 + 1) 



=
(256 + 16 + 1)
=
 273

Problem 12: Consider the following 32-bit real numbers in the IEEE 754 format,


X = 0 10001001 00000000000000000000000


Y = 0 10000010 01000000000000000000000

(a) What are decimal values of X and Y?

(b) Determine X + Y using the binary addition method for real numbers. Express the result in the IEEE 754 format.

(c) Perform binary multiplication X × Y, expressing the result in IEEE 754 format.

Answer:
(a) X: MSB is 0, number is positive.

Real exponent = biased exponent – 127 = 10001001 + 10000001 = 00001010

Significand = 1.0

X = + 1.0 × 21010 or 1.0 × 210ten = 1,024

Y: MSB is 0, number is positive.

Real exponent = biased exponent – 127 = 10000010 + 10000001 = 00000011

Significand = + 1.01 × 211 or (1 + 0.25) × 23ten = 1.25 × 8 = 10

(b) Addition X+Y:

Equalize exponents:

X has larger exponent, difference = 00001010 – 00000011 = 111 = 7

Binary point of Y is moved 7 positions to the left and significands are added:

Significand of X:
1.00000000000000000000000

Significand of Y:
0.00000010100000000000000
Significand of X+Y:
1.00000010100000000000000

X+Y in IEEE 754 format:

0 10001001 00000010100000000000000

Decimal value of X+Y = (1 + 2–7 + 2–9) × 210ten = 1,034

(c) Multiplication X×Y:

Add real (unbiased) exponents
   00001010






+ 00000011





   00001101 or 1310
For biased exponent, add 127

+ 01111111
Biased exponent is


   10001100

Multiply significands: Because Significand (X) = 1.0

Significand (X×Y) = Significand (Y)

X×Y in IEEE 754 format:

0 10001100 01000000000000000000000

Decimal value of X×Y = (1 + 2–2) × 213ten = 10,240
7

