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ABSTRACT We consider the problem of inferring the conditional independence graph (CIG) of a
high-dimensional stationary multivariate Gaussian time series which could be short-range dependent (SRD)
or long-range dependent (LRD). In a time series graph, each component of the vector series is represented by
a distinct node, and associations between components are represented by edges between the corresponding
nodes. We consider a time-domain approach based on time-delay embedding, casting the problem as one of
multi-attribute graph estimation for random vectors where a vector is associated with each node of the graph.
For an embedding dimension d , at each node the associated (d + 1)-dimensional random vector consists
of a time series component and its d delayed copies, with integer delays up to d ≥ 1. Graph estimation
from dependent data has been investigated in the past using frequency-domain methods whose analysis is
restricted to SRD data. We consider a penalized negative pseudo log-likelihood function with convex lasso or
non-convex regularizations to estimate the CIG. Non-convex regularization functions are log-sum, smoothly
clipped absolute deviation (SCAD) and minimax concave penalty (MCP). We exploit an existing alternating
directionmethod ofmultipliers (ADMM) approach to optimize the objective function.We establish sufficient
conditions in a high-dimensional setting for consistency, local convexity when using non-convex penalties,
and graph recovery, for both SRD and LRD series. We illustrate our approach with both synthetic and real-
data examples. For a p-dimensional time series, the computational complexity of the ADMM algorithm is
O((d + 1)3p3). Based on the numerical examples, a heuristic is suggested and illustrated for selection of d
which, in theory, should tend to infinity to infer the time series graph.

INDEX TERMS Sparse graph learning, time series graphs, undirected graphs, multi-attribute graphs, long-
range dependence.

I. INTRODUCTION
Graphical models are used to display and explore condi-
tional independence structure in the analysis of multivariate
data [1], [2], [3], [4]. In a time series Gaussian graphi-
cal model (TSGGM), the conditional statistical dependency
structure among p component series {xi(t)}, i ∈ [p], of sta-
tionary, zero-mean, p−dimensional Gaussian time series
{x(t), t ∈ Z}, is represented using an undirected graph G =
(V , E) with a set of p vertices (nodes) V = {1, 2, · · · , p} =
[p], and a corresponding set of (undirected) edges E ⊆ [p]×
[p]. There is no edge between nodes i and j of the conditional
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independence graph (CIG) G, (i.e., {i, j} ̸∈ E), if and only if
(iff) xi(t) and xj(t) are conditionally independent given the
remaining p-2 scalar series xℓ(t), ℓ ∈ V\{i, j}. This is a
generalization of the CIG for random vectors where {i, j} ̸∈ E
iff [�]ij = 0 where [�]ij denotes the (i, j)th component of
� = (E{x(t)x⊤(t)})−1 [3], [4], [5].

Graphical models were originally developed for random
vectors [6, p. 234] and are useful in a wide variety of
applications [3], [6], [7]. Graphical modeling of stationary
time series originated with [8], followed by [5]. Denote the
power spectral density (PSD) matrix of {x(t)} by Sx(f ), where
Sx(f ) =

∑
∞

τ=−∞ Rx(τ )e−ι2π f τ , Rx(τ ) = E{x(t + τ )xT (t)}
and ι =

√
−1. In [5] it was shown that conditional inde-

pendence of two time series components given all other
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components of the time series, is encoded by zeros in the
inverse PSD, that is, {i, j} ̸∈ E iff the (i, j)th element of
S−1x (f ), [S−1x (f )]ij = 0 for every f ; this requires S−1x (f )
to exist for all f . Hence one can use estimated inverse
PSD of observed time series to infer the associated graph.
In [5] the low-dimensional case is addressed. Nonparametric
approaches for graphical modeling of real-valued time series
in high-dimensional settings (p is large and/or sample size
n is of the order of p) have been formulated in the form of
penalized log-likelihood in frequency-domain in [9], [10],
[11], and [12].

In this paper we consider a time-domain approach to graph
structure estimation for stationary Gaussian multivariate time
series, using a time-delay embedding approach. The name
delay embedding originates from [13] in the context of chaos
detection where such embeddings reveal the dynamic struc-
ture of the underlying system, and such embeddings have
been employed in other contexts, e.g., [14] and [15]. We cast
the problem as one of multi-attribute graph estimation for
random vectors where a vector is associated with each node
of the graph. At each node, the associated random vector
consists of a time series component and its time-delayed
copies. In particular, given the ith component xi(t) of series
{x(t)}, we associate vector series zi(t) = [xi(t) xi(t −
1) · · · xi(t − d)]⊤ ∈ Rd+1 with node i of the graph. Let
y(t) = [z1(t) z2(t) · · · zp(t)]⊤ ∈ Rp(d+1). We show that
for ‘‘large’’ d , the precision matrix (E{y(t)y⊤(t)})−1 of the
augmented sequence y(t) captures the CIG of time-dependent
{x(t)} (in the sense of [5]).

The delay embedding approach also allows us to analyze
time series with long-range dependence, not analyzed in
the frequency-domain approaches of [9], [10], and [11]. A
(zero-mean) univariate stationary time series {y(t)} is said to
have long-range dependence (LRD), or long-memory, if its
autocorrelation function ry(τ ) = E{y(t + τ )y(t)} satisfies∑
∞

τ=−∞ |ry(τ )| = ∞, and short-range dependence (SRD),
or short-memory, otherwise [16], [17], [18], [19], [20], [21],
and [22]. A (zero-mean) multivariate stationary time series
{x(t)} (p-dimensional) is said to have LRD if its autocorre-
lation function Rx(τ ) = E{x(t + τ )x⊤(t)} has the structure
[Rx(τ )]jk = [R̃(τ )]jkτ dj+dk−1 where [A]jk denotes (j, k)th
component of A, dj ∈ (0, 0.5), j = 1, 2, · · · , p, and R̃(τ ) ∈
Rp×p satisfies limτ→∞ R̃(τ ) = R̄ [21]. Otherwise, {x(t)} is
said to have SRD. Note that in the multivariate case, there is
no universal characterization of LRD properties [21], [22].

A. RELATED WORK
There appears to be no prior reported work on any non-
parametric time-domain approach to TSGGM estimation in
high-dimensional settings from dependent data. Past work
on TSGGM estimation from dependent data has focused
on frequency-domain approaches. Prior work on graph-
ical modeling for single-attribute dependent time series
in low-dimensional settings includes [5], [23], [24], [25],
and [26] where some nonparametric frequency-domain test

statistics are used to test whether {i, j} ∈ E . These approaches
do not scale to high dimensions where p is comparable to or
larger than the sample size n.

Nonparametric approaches in high-dimensional settings
have been formulated in the form of lasso-penalized log-
likelihood in frequency-domain in [9] and [10]. A sparse-
group non-convex log-sum penalty is investigated in [11]
and [12] to regularize the problem considered in [10], moti-
vated by [27]. The analysis of the approaches of [9], [10],
[11], and [12] is restricted to SRD processes. As an alter-
native to nonparametric modeling of time series, parametric
graphical models utilizing (Gaussian) vector autoregressive
(AR) process models of x(t) have been proposed in [6], [28],
[29], and [30] and autoregressive moving average (ARMA)
process (and related) models may be found in [31], [32],
and [33], but these approaches are suitable only for low-
dimensional settings.

There has been extensive prior work on both single
attribute and multi-attribute graph estimation for random vec-
tors based on estimation of the underlying precision matrix,
and their analysis is based on the assumption of i.i.d. data [3],
[4], [7], [34], [35], [36], [37], [38], [39], [40], [41], [42],
[43], [44], [45]. Analysis of estimation of the precisionmatrix
and the corresponding graph under dependent data has been
investigated in [46] using tail bounds derived using Hanson-
Wright inequality [47]. Ref. [46] considers both SRD and
LRD stationary processes.

In this paper we consider estimation of TSGGM for both
SRD and LRD data whereas [46] considers the more restric-
tive precision matrix based graph estimation. That is, given
dependent data {x(t)}, in [46], the graph estimation is based
on � = (E{x(t)x⊤(t)})−1, not the inverse PSD S−1x (f ) or
an equivalent statistic, but analysis of the precision matrix
estimator �̂ accounts for temporal dependence of data. In this
paper we account for temporal dependence of data both in
graph estimation and in analysis. For some tail bounds in this
paper we follow the time series dependence model of [48]
which is formulated in terms of an infinite-order causal mov-
ing average model, unlike that of [46] which is stated in terms
of the data covariance function.

In several applications such as functional magnetic res-
onance imaging (fMRI) signal analysis or financial time
series analysis, the underlying temporal data is not i.i.d.
In [30, Sec. 5.2] AR models are fitted to a financial time
series (international stock market data) to infer the under-
lying time series graphical model. Analysis of some resting
state fMRI data in [46] shows significant time-dependence.
The data set analyzed in [46, Sec. 2.2] consists of a sin-
gle subject 1190 temporal brain images, each image with
907 functional brain nodes. This data passed stationarity,
Gaussianity and linearity tests [46, Sec. 2.2], implying that
stationary Gaussian time series assumption used in this
paperwould be appropriate. Furthermore, analysis reported in
[46, Sec. 2.2] determined that some fMRI series components
are LRD, where, for large τ and some C > 0, |E{xi(t +
τ )xi(t)}| = C|τ |−0.3 (which corresponds to exponents
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γ = 0.65 and di = 0.35 in Secs. III-B and III-B2, with γ ∈

(0.5, 1] and di ∈ (0, 0.5) implying long-range dependence).
Therefore, consideration of long-range dependence in this
paper is well-motivated.

Multi-attribute graph learning problem has been addressed
in [36] and [42]with lasso regularization and in [43]with non-
convex log-sum and SCAD regularizations, except that [36],
[42], and [43] address estimation from i.i.d. data whereas in
this paper we have dependent data. We use the log-likelihood
of [36], [42], and [43] as our pseudo log-likelihood for depen-
dent data. This allows us to optimize it as in [43] but analysis
of its properties is different since nowwe have dependent data
which could be SRD or LRD.

B. OUR CONTRIBUTIONS
In this paper we propose a nonparametric time-domain
approach to TSGGM learning from a high-dimensional
stationary multivariate Gaussian time series which could
be short-range dependent (SRD) or long-range depen-
dent (LRD). We consider a time-domain approach based
on time-delay embedding, casting the problem as one of
multi-attribute graph estimation for random vectors where a
vector is associated with each node of the graph. We consider
a penalized negative pseudo log-likelihood function with
convex lasso or non-convex regularizations to estimate the
CIG. Non-convex regularization functions are log-sum [27],
smoothly clipped absolute deviation (SCAD) [34], [49], and
minimax concave penalty (MCP) [35]. It is well-known that
use of non-convex penalties can yield more accurate results
compared to the convex lasso penalty. We exploit an exist-
ing alternating direction method of multipliers (ADMM)
approach from [43] to optimize the objective function.
We establish sufficient conditions in a high-dimensional set-
ting for consistency, local convexity when using non-convex
penalties, and graph recovery, for both SRD and LRD series.
We illustrate our approach with both synthetic and real-data
examples where comparisons with some existing approaches
are provided.

Preliminary versions of this paper appear in the conference
papers [50], [51]. The main idea of multi-attribute formu-
lation appears in [50] with lasso penalty, and a consistency
result is stated therein for SRD processes with no proof.
In [51] a proof of consistency is given for LRD processes for
lasso-penalized loss function and there are no simulation or
real data results. In [50] and [51] non-convex penalties are
not addressed. Furthermore, in [50] and [51] the sufficient
conditions for consistency for lasso penalty are stated in terms
of the covariance of the multi-attribute process {y(t)}whereas
in this paper we also formulate them in terms of the original
process {x(t)}; see Remarks 4 and 5 in Sec. V. There are no
real data results in [50] and [51], and the synthetic data results
in this paper are more comprehensive compared to [50].

C. NOTATION
For a set V , |V | denotes its cardinality. Given a real a, (a)+ =
max(0, a). Given A ∈ Cp×p, we use φmin(A), φmax(A),
|A| and tr(A) to denote the minimum eigenvalue, maximum
eigenvalue, determinant and trace of A, respectively, and
A ≻ 0 and A ⪰ 0 denote that A is positive-definite and
positive semi-definite, respectively. Given B ∈ Cp×m, [B]ij
denotes the (i, j)-th element of B, and so does Bij, and Iq
denotes the q× q identity matrix. The symbol ⊗ denotes the
matrix Kronecker product. The superscripts ∗ and H denote
the complex conjugate and conjugate transpose operations,
respectively.

For B ∈ Cp×q, we define the operator norm, the Frobenius
norm, the vectorized ℓ1 norm and element-wise maximum,
respectively, as ∥B∥ =

√
φmax(BHB), ∥B∥F =

√
tr(BHB),

∥B∥1 =
∑

i,j |Bij| and ∥B∥∞ = maxi,j |Bij|. GivenA ∈ Cn×p,
column vector vec(A) ∈ Cnp denotes the vectorization of A
which stacks the columns of the matrix A.

Given a variable vector x or matrix X , we use x⋄ or X⋄,
respectively, to denote their true values. Given a diagonal
matrix D = diag{d1, d2, · · · , dp} ∈ Cp and a scalar a, aD

denotes diag{ad1 , ad2 , · · · , adp}, similar to [21]. For yn ∈ Rp

and xn ∈ Rq, xn = O(yn) means there exists 0 < M < ∞

such that ∥xn∥ ≤ M∥yn∥∀n ≥ 1, and xn = o(yn) means
limn→∞ ∥xn∥/∥yn∥ = 0. The notation yn = OP(xn) for
random vectors yn ∈ Rp and xn ∈ Rq means that for any
ε > 0, there exists 0 < M < ∞ such that P(∥yn∥ ≤
M∥xn∥) ≥ 1− ε∀n ≥ 1.

D. OUTLINE
The rest of the paper is organized as follows. Some back-
ground material for graphical models for random vectors and
for multivariate time series is presented in Sec. II. Time-delay
embedding and the resulting multi-attribute graph formula-
tion is discussed in Sec. III. The resulting log-likelihood
formulation of the problem is presented in Sec. IV and its
optimization via ADMM is presented in Sec. IV-B. A com-
putational complexity analysis of the ADMM algorithm is in
Sec. IV-C, and model selection aspect for choosing the reg-
ularization parameter in the penalized pseudo log-likelihood
objective function is discussed in Sec. IV-D. In Sec. V we
provide a theoretical analysis of the proposed approach,
resulting in Theorems 1-3. Synthetic data numerical results
are presented in Sec. VI and real data results are in Sec. VII.
The proofs of the technical results in Sec. V are given in two
appendices.

II. GRAPHICAL MODELS
Here we provide some background material for graphical
models for random vectors and for multivariate time series
which then forms the basis for the proposed time-delay
embedding discussed in Sec. III.
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A. RANDOM VECTORS
Consider a graph G = (V , E) with V = [p] and E ⊆ V × V .
Let x = [x1 x2 · · · xp]⊤ ∈ Rp denote a Gaussian random
vector that is zero-mean with covariance 6 = E{xx⊤} ≻
0. The conditional independence relationships among xi’s
are encoded in E where edge {i, j} ̸∈ E iff xi and xj are
conditionally independent given xℓ, ℓ ∈ V\{i, j}. Let

x−ij = {xk : k ∈ V\{i, j}} ∈ Rp−2 (1)

denote the vector x after deleting xi and xj from it. Let � =

6−1 denote the precision matrix. Define

ei|−ij = xi−E{xi|x−ij} , ej|−ij = xj−E{xj|x−ij} . (2)

Then we have the following equivalence [2]

{i, j} ̸∈ E ⇔ �ij = 0 ⇔ E{ei|−ijej|−ij} = 0 . (3)

B. MULTIVARIATE TIME SERIES GRAPHICAL MODELS
Consider zero-mean stationary Gaussian time series x(t) ∈
Rp, t ∈ Z, with PSD Sx(f ). The conditional independence
relationships among time series components {xi(t)}’s are
encoded in edge set E of G = (V , E) where edge {i, j} ̸∈
E iff {xi(t), t ∈ Z} and {xj(t), t ∈ Z} are conditionally
independent given the remaining p-2 components

x−ij,Z = {xk (t) : k ∈ V\{i, j}, t ∈ Z} . (4)

Define

ei|−ij(t) = xi(t)−E{xi(t)|x−ij,Z} (5)

ej|−ij(t) = xj(t)−E{xj(t)|x−ij,Z} . (6)

Then we have the following equivalence [5]

{i, j} ̸∈ E ⇔ [S−1x (f )]ij = 0 ∀f ∈ [0, 1]

⇔ E{ei|−ij(t + τ )ej|−ij(t)} = 0 ∀τ ∈ Z . (7)

C. MULTI-ATTRIBUTE GRAPHICAL MODELS FOR RANDOM
VECTORS
Now consider p jointly Gaussian vectors zi ∈ Rm, i ∈ [p].
We associate zi with the ith node of graph G = (V , E), V =
[p], E ⊆ V × V . We now have m attributes per node. Now
{i, j} ̸∈ E iff vectors zi and zj are conditionally independent
given the remaining p-2 vectors {zℓ , ℓ ∈ V\{i, j}}.

x = [z⊤1 z⊤2 · · · z
⊤
p ]
⊤
∈ Rmp . (8)

Let � = (E{xx⊤})−1 assuming E{xx⊤} ≻ 0. Define the m×
m subblock �(ij) of � as

[�(ij)]rs = [�](i−1)m+r,(j−1)m+s , r, s ∈ [m] . (9)

Let

z−ij = {zk : k ∈ V\{i, j}} ∈ Rm(p−2) (10)

denote the vector x in (8) after deleting vectors zi and zj from
it. Define

ei|−ij = zi−E{zi|z−ij} , ej|−ij = zj−E{zj|z−ij} . (11)

Then we have the following equivalence [36]

{i, j} ̸∈ E ⇔ �(ij)
= 0 ⇔ E{ei|−ije⊤j|−ij} = 0 , (12)

where the first equivalence in (12) is given in [36, Sec. 2.1]
and the second equivalence is given in [36, Appendix B.3].

III. TIME-DELAY EMBEDDING
Consider stationary, zero-mean, p−dimensional multivariate
Gaussian time series x(t) with PSD Sx(f ) ≻ 0. We wish to
estimate the associated CIG G = (V , E) as discussed in Sec.
II-B, but using a time-domain formulation which is explained
in this section. This approach results in a multi-attribute
graph estimation problem discussed in [43], except that [43]
deals with i.i.d. data whereas here we have dependent data.
In Sec. III-B we quantify the dependence structure of {x(t)}.

A. MULTI-ATTRIBUTE FORMULATION FOR TIME SERIES
GRAPHICAL MODELING: TIME-DELAY EMBEDDING
With {x(t)} as in Sec. II-B, let (d ≥ 1)

zi(t) = [xi(t) xi(t − 1) · · · xi(t − d)]⊤ ∈ Rd+1 (13)

y(t) = [z⊤1 (t) z
⊤

2 (t) · · · z
⊤
p (t)]

⊤
∈ R(d+1)p . (14)

Let�y = (E{y(t)y⊤(t)})−1. Withm = d+1, define them×m
subblock �

(ij)
y of �y as

[�(ij)
y ]rs = [�y](i−1)m+r,(j−1)m+s , r, s ∈ [m] . (15)

Lemma 1: For a stationary zero-mean time series {x(t)} as
in Sec. II-B, {xi(u), t−d ≤ u ≤ t} and {xj(u), t−d ≤ u ≤ t},
i ̸= j, are conditionally independent given {xℓ(u), t − d ≤
u ≤ t, ℓ ∈ V\{i, j}} iff �

(ij)
y = 0. •

Proof: Let

z−ij(t) = {zk (t) : k ∈ V\{i, j}} , (16)

ei|−ij(t) = zi(t)−E{zi(t)|z−ij(t)} , (17)

ej|−ij(t) = zj(t)−E{zj(t)|z−ij(t)} . (18)

Then by multi-attribute graphical modeling (Sec. II-C),

�(ij)
y = 0 ⇔ E{ei|−ij(t)e⊤j|−ij(t)} = 0 . (19)

Define m(p− 2)-vector

x̃−ij;t,d = {xk (s) : k ∈ V\{i, j} , t − d ≤ s ≤ t} , (20)

exi|−ij(t ′) = xi(t ′)−E{xi(t ′)|x̃−ij;t,d } , (21)

exj|−ij(t ′) = xj(t ′)−E{xj(t ′)|x̃−ij;t,d } . (22)

Notice that exi|−ij(t ′) above is an element of ei|−ij(t) defined
in (17) for any t−d ≤ t ′ ≤ t . Then by (12) and (19), we have

�(ij)
y = 0 ⇔ E{exi|−ij(t1)exj|−ij(t2)} = 0,

for t − d ≤ t1, t2 ≤ t. (23)

This proves the desired result. ■
Remark 1: It follows from (23) that if we let d ↑ ∞,

then checking if �
(ij)
y = 0 to ascertain (19) becomes a

surrogate for checking if the last equivalence in (7) holds
true for TSGGM estimation without using frequency-domain
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methods followed e.g., in [9], [10], and [11]. For ‘‘large’’ d ,
with �

(ij)
y = 0 as surrogate for [S−1x (f )]ij = 0 ∀f ∈ [0, 1],

in this paper we wish to learn the graph G = (V , E) where
we take

{i, j} ̸∈ E ⇔ �(ij)
y = 0

instead of {i, j} ̸∈ E ⇔ [S−1x (f )]ij = 0 ∀f ∈ [0, 1] (as e.g.,
in [10]). Time-domain methods allow us to address inference
of CIGs for both SRD and LRD sequences quantitatively
as we show in this paper, unlike frequency-domain methods
of [9], [10], and [11] whose analysis is restricted to SRD
sequences. □
Remark 2: By an abuse of notation, let �y,d denote �y

with the dependence on d made explicit. If d1 < d2,
then �

(ij)
y,d1

is a submatrix of �
(ij)
y,d2

. By [5, Remark 2.3],

[S−1x (f )]ij ≡ 0 ⇔ limd→∞ ∥�
(ij)
y,d∥F = 0, implying

that ∥�(ij)
y,d∥F = 0 for any d ≥ 0 and therefore {i, j} ̸∈ E .

But if {i, j} ∈ E , then [S−1x (f )]ij ̸≡ 0, but ∥�(ij)
y,d∥F could

be zero. How large should d be so that the set of edges
for which �

(ij)
y,d = 0 yields the set of edges for which

[S−1x (f )]ij = 0 ∀f ∈ [0, 1]? This question is yet unresolved.
We show in Sec. IV-C that the computational complexity
of the ADMM optimization algorithm used to estimate �y
from data is O((d + 1)3p3). In Sec. V, under some technical
conditions, we provide an upperbound on the Frobenius norm
of the error in estimating �y, and it is O((d + 1)2/

√
n− d)

for SRD and a class of LRD sequences (see Theorem 1 and
Remark 6 in Sec. V). Note that the number of unknown
parameters in�y increase asO((d+1)2). As d increases, both
computational complexity and the Frobenius error norm in
estimating�y increase. But from a graph recovery viewpoint,
the empirical results based on the synthetic data examples
in Sec. VI-A2 and Table 2 show that as one increases d ,
the graph recovery performance metrics (the F1 score and
the Hamming distance between the true and estimated edge-
sets) improve significantly at first, but then they plateau out
with increasing d . This observation suggests the heuristic
that the user should try several values of d and pick the
smallest value, say d0, beyond which (e.g., for d = d0 + 1)
the estimated graph is only marginally different from the
estimated graph for d = d0. In practice, since the true graph is
unknown, one cannot compute the F1 score or the Hamming
distance. For real data, what constitutes marginal difference
would be problem and user dependent. A financial time series
based real data results are presented in Sec. VII where Fig. 2
shows the estimated graphs (p =97) for d = 3, 4 and 5,
and where the strengths of the edge connections, based
on normalized ∥�̂

(kℓ)
yλ ∥F/(maxk,ℓ: k ̸=ℓ ∥�̂

(kℓ)
yλ ∥F ) for the edge

{k, ℓ}, are color-coded (�̂yλ denotes the estimate of �y
obtained using a regularization parameter λ as discussed in
Sec. IV-A). A visual examination shows very minor differ-
ences in the three graphs. The number of distinct edges are
347, 307 and 310 for d = 3, 4 and 5, respectively, with

differences being in weaker edges (smaller ∥�̂
(kℓ)
∥F values).

□

B. TIME SERIES MODEL
To quantify the dependence structure of {x(t)}, we will fol-
low [48]; other possibilities include [46]. Assume
(A1) Assume that {x(t)} of Sec. II-B obeys

x(t) =
∞∑
i=0

Aie(t − i) , (24)

where {e(t)} is i.i.d., Gaussian, zero-mean with identity
covariance, e(t) ∈ Rp, Ai ∈ Rp×p, and

max
1≤q≤p

√√√√ p∑
k=1

([Ai]qk )2 ≤
ca(p)

(max(1, i))γ
(25)

for all i ≥ 0, some ca(p) ∈ (0,∞), and γ > 1
2 .

By assumption (A1), it follows that with y(t) as in (14),
y(t) =

∑
∞

i=0 Bie(t − i), e(t) ∈ Rp is as in assumption (A1),
m = d + 1, Bi ∈ R(mp)×p, for some Bi’s such that

max
1≤q≤mp

√√√√ p∑
k=1

([Bi]qk )2 ≤
ca(p)

(max(1, i))γ
(26)

for all i ≥ 0, with ca(p) and γ as in assumption (A1).
By assumption (A1), |[Ai]qk | = O(i−γ ), i ≥ 1. In assump-

tion (A1), the constant ca(p) may be a function of p. For
instance, suppose that |[Ai]qk | ≤ āi−γ

∀ i, q, k ≥ 1, for
some 0 < ā < ∞. Then ca(p) = O(

√
p). For the specific

models considered in Secs. III-B1 and III-B2 and used in
our numerical examples, the condition |[Ai]qk | ≤ āi−γ holds
true. If Ai has a block-structure (as e.g., resulting from the
model (100) considered in Sec. VI-A1) where the block-size
is fixed independent of p, then ca(p) is a constant.

We have Rx(τ ) = E{x(t + τ )xT (t)} =
∑
∞

i=0 Ai+τA⊤i .
Then by [48, Lemma VI.1,Supplement], for every i, j ∈ [p],
|[R(τ )]ij| = O(τ−γ ),O(τ−γ ln(τ )) andO(τ 1−2γ ) for γ > 1,
γ = 1 and 1

2 < γ < 1, respectively, for τ ≥ 1. For γ > 1,
[R(τ )]ij is (absolutely) summable ∀ i, j ∈ [p], hence, {x(t)} is
SRD. For γ ∈ ( 12 , 1],

∑
∞

τ=−∞ |[R(τ )]ij|may not be finite for
some i, j ∈ [p], implying {x(t)} is LRD [21], [22], [48].
We now consider specific models that result in (24) satis-

fying assumption (A1) for different values of γ .

1) VECTOR ARMA MODELS
In the SRD case (γ > 1), assumption (A1) is satisfied if x(t)
is generated by an asymptotically stable vector autoregressive
moving average (ARMA) model satisfying

x(t) =
q∑
i=1

Ãix(t − i)+
r∑
i=0

B̃ie(t − i) (27)

where {e(t)} is as in (24) and B̃0 is full rank. Themodel in (27)
is called the ARMA(q, r) model. Let (z ∈ C)

A(z) := Ip −
q∑
i=1

Ãiz−i , B(z) :=
r∑
i=0

B̃iz−i . (28)
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We assume that det(B(z)) ̸= 0 for any |z| = 1 and
det(A(z)) ̸= 0 for any |z| ≥ 1. Consider the roots of
det(A(z)) = 0. For stationarity of x(t) we need these roots
z̄ℓ’s (ℓ ∈ [pq]) to satisfy |z̄ℓ| < 1. Suppose that the maximum
magnitude root is z̄max with multiplicity m̄. Then by [52,
p. 186], the impulse response sequence {Ai}∞i=0 of (27) (see
also (24)) satisfies

∥Ai∥F ≤ a im̄−1 |z̄max|
i , i ≥ 1, 1 ≤ m̄ ≤ pq , (29)

for some positive a < ∞. Then there exists 0 < b < ∞

and 1 < γ < ∞ such that aim̄−1|z̄max|
i
≤ b i−γ for i ≥ 1,

thereby satisfying assumption (A1). [Proof: Pick γ > 1 and
then pick i0 such that for any i ≥ i0, im̄−1|z̄max|

i
≤ i−γ . Such

a solution for i0 exists. The desired inequality is equivalent
to γ ≤ −(m̄ − 1) + i

ln(i) (− ln(|z̄max|)) for i ≥ i0. Now
− ln(|z̄max|) > 0, i

ln(i) is increasing in i for ln(i) > 1 and
limi→∞

i
ln(i) = ∞. Hence, for a fixed γ > 1, there exists

an i0 such that im̄−1|z̄max|
i
≤ i−γ for any i ≥ i0. Now

set b = max
{
max1≤i≤i0

{
a|z̄max|

i im̄−1+γ
}
, 1

}
, leading to

∥Ai∥F ≤ b i−γ for i ≥ 1, proving the claim.]
The PSD of the ARMA(q, r) model (27) is given by

Sx(f ) = A−1(eι2π f )B(eι2π f )BH (eι2π f )(A−1(eι2π f ))H .

(30)

Since det(B(z)) ̸= 0 for any |z| = 1, S−1x (f ) exists.
By [53, Sec. 2.2], Sx(f ) is bounded and continuous in f
with Sx(f ) ≻ 0 and S−1x (f ) ≻ 0 for f ∈ [−0, 5, 0.5]. By
[53, (2.6)], we have

min
f

φmin(Sx(f )) ≥
minf φmin

(
BH (eι2π f )B(eι2π f )

)
maxf φmax

(
AH (eι2π f )A(eι2π f )

) (31)

max
f

φmax(Sx(f )) ≤
maxf φmax

(
BH (eι2π f )B(eι2π f )

)
minf φmin

(
AH (eι2π f )A(eι2π f )

) (32)

where the max and min operations are over f ∈ [−0.5, 0.5]
since Sx(f ), A(eι2π f ) and B(eι2π f ) are periodic in f with
period 1. Since det(B(z)) ̸= 0 for any |z| = 1,

det(BH (eι2π f )B(eι2π f )) = |det(B(eι2π f )|2 > 0 (33)

and therefore, all eigenvalues ofHermitianBH (eι2π f )B(eι2π f )
are positive for f ∈ [−0, 5, 0.5]. By continuity of the
eigenvalues of BH (eι2π f )B(eι2π f ) in f and compactness of
the interval [−0, 5, 0.5], the maximum and the minimum
of φmax

(
BH (eι2π f )B(eι2π f )

)
are achieved for some f̄ and f

in [−0, 5, 0.5], respectively. Similar considerations apply to
AH (eι2π f )A(eι2π f ). Thus, Sx(f ) ≻ 0 and S−1x (f ) ≻ 0.

2) VECTOR ARFIMA MODELS
There are several variations of vector autoregressive fraction-
ally integrated moving average (ARFIMA) models which are
all equivalent in the scalar case [17], [18], [19], [22]. They are
also known as FARIMA (fractional autoregressive integrated
moving average) models [20], [22]. They generate both short

range and long range dependencies through ARMA and
fractional integration modeling, respectively [16], [19], [20],
[21], [22]. We consider the following version from [19]. Let
{u(t)} be an ARMA(q, r) sequence as in (27) (with a notation
change), given by

u(t) =
q∑
i=1

Ãiu(t − i)+
r∑
i=0

B̃ie(t − i) (34)

where Ãi, B̃i and {e(t)} are as in Sec. III-B1. We generate the
ith component xi(t) of x(t) by filtering the ith component ui(t)
of u(t), i ∈ [p], as

xi(t) =
∞∑

ℓ=0

ciℓui(t − ℓ) , (35)

ciℓ :=
0(ℓ+ di)

0(ℓ+ 1)0(di)
, di ∈ (0, 0.5) , (36)

where 0(z) is the Gamma function 0(z) :=
∫
∞

0 tz−1e−t dt ,
z ∈ C, Re(z) > 0. With L denoting the backward-shift
operator Lu(t) := u(t − 1), we have [16], [19], [20], [22]

xi(t) = (1− L)−diui(t) , (1− L)dixi(t) = ui(t) (37)

and if {ui(t)} is stationary then so is {xi(t)} for 0 < di < 0.5
[16], [19], [20], [22]. Note that limℓ→∞ ciℓ = O(ℓdi−1) [18],
[20]. This ARFIMA model is called the ARFIMA(q, di, r)
model.

The PSD of {xi(t)} is given by [16], [20], [22]

Sxi (f ) = (1− e−ι2π f )−diSui (f )(1− e
ι2π f )−di . (38)

Define a diagonal matrix D = diag{d1, d2, · · · , dp} ∈ Rp

and for a scalar a, let aD denote diag{ad1 , ad2 , · · · , adp}. The
PSD of the ARFIMA process (34)-(37) is given by [19]

Sx(f ) = (1− e−ι2π f )−DSu(f )(1− eι2π f )−D (39)

where

Su(f ) = A−1(eι2π f )B(eι2π f )BH (eι2π f )(A−1(eι2π f ))H .

(40)

It follows from Sec. III-B1, (39) and (40) that Sx(f ) ≻ 0 and
S−1x (f ) ≻ 0 for f ∈ [−0.5, 0.5]\{0}, and some or all elements
of S−1x (0) are zero and some or all elements of limf→0 Sx(f )
tend to ∞. As f → 0+, (1 − e−ι2π f )−D → (ι2π f )−D,
therefore,

lim
f→0+

Sx(f ) ∝ f −DA−1(1)B(1)BH (1)(A−1(1))H f −D . (41)

The expression (41), together with (39) and (40), satisfies the
spectral domain definition of a multivariate stationary LRD
process given in [21, Definition 2.2]. It then follows from
[21, Prop. 3.1] that for large |τ |, the autocorrelation function
Rx(τ ) of {x(t)} satisfies

[Rx(τ )]ℓk ∝ [R̄]ℓkτ dℓ+dk−1 , ℓ, k ∈ [p], (42)

for some R̄ ∈ Rp×p such that [R̄]ii ̸= 0, i ∈ [p].
Thus, [Rx(τ )]ℓk = O(τ dℓ+dk−1) as |τ | → ∞. Setting
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γ = 1 − maxℓ∈[p] dℓ, it then follows from [21, Prop. 3.1]
that [Rx(τ )]ℓk = O(τ dℓ+dk−1) = O(τ 1−2γ ), |τ | > 0. For
dℓ ∈ (0, 0.5), ℓ ∈ [p], we have γ ∈ (0.5, 1) and therefore,
Rx(τ ) is not absolutely summable, implying an LRD process
[21], [22], [48], [53].
Remark 3: For the ARFIMA model we have S−1x (f ) =

(1 − eι2π f )DS−1u (f )(1 − e−ι2π f )D with the ARMA inverse
PSD S−1u (f ) = AH (eι2π f )(B−1(eι2π f ))HB−1(eι2π f )A(eι2π f ).
Therefore,

[S−1x (f )]ij = [S−1u (f )]ij(1− eι2π f )di (1− e−ι2π f )dj (43)

for i, j ∈ [p], implying [S−1x (f )]ij = 0 ⇔ [S−1u (f )]ij = 0 for
any f ∈ [−0.5, 0.5]\{0}. Therefore, the conditional indepen-
dence structure of the ARFIMA process {x(t)} coincides with
that of the underlying ARMA process {u(t)}. □

C. SUMMARY AND DISCUSSION OF MODEL
ASSUMPTIONS
To summarize, we require {x(t)} to be a stationary, zero-
mean, p−dimensional multivariate Gaussian time series of
dimension p such that assumption (A1) holds and its PSD
Sx(f ) ≻ 0. The vector ARMA and ARFIMA models dis-
cussed in Secs. III-B1 and III-B2, respectively, generate
such sequences. Assumption (A1) quantifies the temporal
dependence structure of {x(t)}. If di ≥ 0.5 in (36), then
xi(t) in (35) is non-stationary [16], [19], [20], [22] and
γ ≤ 0.5 in (25). Later, to establish some theoretical results
in Sec. V, we requires additional assumptions (A2) and
(A3) whose implications are discussed therein after their
statements.

The assumptions that {x(t)} is stationary and linear
(i.e., generated via (24)) are critical to the results of this
paper.

In this paper we are interested in CIGs for time series,
as defined in [5]. As noted in [5], if {x(t)} is not necessarily
Gaussian, then the zeros of S−1x (f ) encode a partial correlation
graph which is not necessarily a CIG since uncorrelation does
not necessarily imply independence for non-Gaussian pro-
cesses. For non-Gaussian sequences, our time-delay embed-
ding approach yields an approximation to the underlying time
series partial correlation graph. In Lemma 1, one replaces the
conditional expectationswith the corresponding optimum lin-
ear estimators, e.g.,E{zi(t)|z−ij(t)} in (17) is replacedwith the
optimum linear estimator of zi(t) based on a linear weighted
sum of elements in z−ij(t) (see [5, Sec. 2]), and similarly,
in (21), E{xi(t ′)|x̃−ij;t,d } is replaced with the optimum lin-
ear estimator of xi(t ′) based on a linear weighted sum of
elements in x̃−ij;t,d . For Gaussian processes the conditional
expectations equal the optimum linear estimators. In Sec.
VI-A5 we present some simulation results for non-Gaussian
sequences (using either exponential or Laplacian e(t) in (24),
instead of Gaussian e(t)), with all sequences, Gaussian or
non-Gaussian, having identical PSDs and therefore, identical
partial correlation graphs. These results show comparable
performances for Gaussian and non-Gaussian sequences in
graph recovery.

IV. OBJECTIVE FUNCTION AND ITS OPTIMIZATION
As noted in Remark 1, under delay embedding, we have
a multi-attribute graph learning problem which has been
addressed in [36] and [42] with lasso regularization and
in [43] with non-convex log-sum and SCAD regularizations,
except that [36], [42], and [43] address estimation from i.i.d.
data whereas in this paper we have dependent data. Never-
theless we will use the log-likelihood of [36], [42], and [43]
as our pseudo log-likelihood for dependent data. We show
in Sec. V (see Theorems 1-3 therein) that when one chooses
�y to minimize the resulting objective function, the estimator
of �y has several desirable properties resulting in estimator
consistency (Theorem 1), uniqueness (Theorem 2) and graph
recovery (Theorem 3). Also, the resulting objective function
and its optimization is just as in [43] to which one should refer
to for details. In this section we introduce the objective and
the regularization functions to introduce notation (and MCP,
not discussed in [43]), and to provide some details regarding
optimization that are used later for theoretical analysis in
Sec. V and for numerical results in Secs. VI and VII

A. PENALIZED NEGATIVE PSEUDO LOG-LIKELIHOOD
Consider a finite set of data comprised of n zero-mean obser-
vations x(t), t = 1, 2, · · · , n. Pick d > 0 and as in (14),
construct y(t) for t = d + 1, d + 2, · · · , n with sample size
n̄ = n− d . Define the sample covariance

6̂y =
1
n̄

n∑
t=d+1

y(t)y⊤(t) . (44)

If the vector sequence {y(t)}nt=d+1 were i.i.d., the negative
log-likelihood (up to some constants) would be given by [42]

L(�y) := − ln(|�y|)+ tr
(
6̂y�y

)
. (45)

We will still use this expression as a pseudo log-likelihood
and consider the penalized negative pseudo log-likelihood
L̄(�y) given by

L̄(�y) = L(�y)+ αPe(�y)+ (1− α)Pg(�y), (46)

Pe(�y) =
mp∑
i̸=j

ρλ

(∣∣∣[�y]ij
∣∣∣) , (47)

Pg(�y) = m
p∑

k ̸=ℓ

ρλ

(
∥�(kℓ)

y ∥F

)
(48)

where �(kℓ)
y ∈ Rm×m is defined as in (15), λ > 0, α ∈ [0, 1],

m in (48) reflects the number of group variables [54], and
for u ∈ R, ρλ(u) is a penalty function that is function of
|u|. In (47), the penalty term is applied to each off-diagonal
element of� and in (48), the penalty term is applied to the off-
block-diagonal group of m2 terms via �(kℓ). The parameter
α ∈ [0, 1] ‘‘balances’’ element-wise and group-wise penal-
ties [42], [44], [55], yielding a convex combination of the two.
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1) PENALTY FUNCTIONS
We consider the following:
• Lasso. For some λ > 0, ρλ(u) = λ|u|, u ∈ R. It is a
convex function that is widely used.

• Log-sum [27]. For some λ > 0 and 1≫ ϵ > 0, ρλ(u) =
λϵ ln

(
1+ |u|

ϵ

)
. It is a non-convex function.

• Smoothly Clipped Absolute Deviation (SCAD). [34],
[49] For some λ > 0 and a > 2, ρλ(u) = λ|u|
for |u| ≤ λ, = (2aλ|u| − |u|2 − λ2)/(2(a − 1)) for
λ < |u| < aλ, and = λ2(a + 1)/2 for |u| ≥ a. It is a
non-convex function. We have ρ′λ(u) =

dρλ(u)
du = 0 for

|u| ≥ aλ.
• Minimax Concave Penalty (MCP) [35]. For some λ >

0 and b > 0, ρλ(u) = λ|u| − u2
2b for |u| ≤ bλ, and

=
bλ2
2 for |u| ≥ bλ. In [56] b > 1 is taken. We have

ρ′λ(u) = 0 for |u| ≥ bλ.
The MCP penalty has not been considered in [36], [42],
and [43]. As shown in [45, Sec. 2.2], ρλ(u) = ρλ(−u) and
differentiable for u ̸= 0 with limu→0+ ρ′λ(u) = λ. Further-
more, ρλ(u) +

µ
2 u

2 is convex, for some µ ≥ 0. It is shown
in [45, Appendix A.1], that µ = 0 for lasso, µ = 1/(a − 1)
for SCAD and µ = 1/b for MCP. For the log-sum penalty
µ = λ

ϵ
[43]. The above penalties also satisfy:

(i) For some Cλ > 0 and δλ > 0,

ρλ(u) ≥ Cλ|u| for |u| ≤ δλ . (49)

(ii) dρλ(u)
d |u| ≤ λ for u ̸= 0.

Property (ii) is straightforward to verify. For lasso, Cλ = λ

and δλ = ∞. For SCAD, Cλ = λ and δλ = λ. For the log-
sum penalty, Cλ =

λ
2 and δλ = ϵ [43]. We take Cλ =

λ
2 for

all penalties (in proving Theorem 1), in which case (49) holds
for MCP with δλ = bλ.

B. OPTIMIZATION
For non-convex ρλ(u), we use a local linear approximation
(LLA) as in [43], following [34] and [57], to yield

ρλ(u) ≈ ρλ(|u0|)+ ρ′λ(|u0|)(|u| − |u0|) ⇒ ρ′λ(|u0|)|u| ,
(50)

where u0 is an initial guess, and ρ′λ(|u0|) is the penalty
function derivative at |u| = |u0|. Therefore, with u0 fixed,
we consider only the last term above for optimization w.r.t.
u. By [57, Theorem 1], the LLA provides a majorization
of the non-convex penalty, thereby yielding a majorization-
minimization approach. Suppose the initial guess is �̄y, then
with LLA, the original objective function is transformed to
its convex LLA approximation

L̃(�y) = L(�y)+ αP̃e(�y)+ (1− α)P̃g(�y), (51)

P̃e(�y) =
mp∑
i̸=j

λe,ij

∣∣∣[�y]ij
∣∣∣, (52)

Algorithm 1 ADMM Algorithm
Input: Data {x(t)}nt=1, delay d ≥ 0, m = d + 1, regulariza-
tion parameters λ and α, ADMM penalty parameter ρ = ρ̄,
tolerances τabs and τrel , variable penalty factor φ̄, maximum
number of iterations rmax. Initial guess �̄.
Output: estimated inverse covariance �̂yλ and edge-set Ê
1: Construct y(t) for t = d + 1, d + 2, · · · , n with sample

size n̄ = n − d , as in (14). Calculate sample covariance
6̂y =

1
n̄

∑n
t=d+1 y(t)y

⊤(t). For lasso, λe,ij = λ (∀i, j ∈
[mp]), λg,kℓ = λ (k, ℓ ∈ [p]). For non-convex penalties,
set λe,ij (i, j ∈ [mp]) and λg,kℓ (k, ℓ ∈ [p]) as in (54), (55)-
(56), or (57)-(58), for LSP, SCAD or MCP, respectively,
using the initial guess �̄.

2: Initialize: U (0)
= V (0)

= 0, where U,V ∈ R(mp)×(mp),
�

(0)
yλ = �̄, ρ(0)

= ρ̄.
3: converged = false, r = 0
4: while converged = false and r ≤ rmax , do
5: Eigen-decompose 6̂y − ρ(r)

(
V (r)
− U (r)) as 6̂y −

ρ(r)
(
V (r)
− U (r))

= PDP⊤ with diagonal matrix
D consisting of eigenvalues. Define diagonal matrix
D̃ with ℓth diagonal element D̃ℓℓ = (−Dℓℓ +√
D2

ℓℓ + 4ρ(r) )/(2ρ(r)). Set �(r+1)
yλ = PD̃P⊤.

6: Define soft thresholding scalar operator T (a, β) :=
(1 − β/|a|)+a where (a)+ := max(0, a). Set A(kℓ)

=

(�(r+1)
yλ )(kℓ)+(U (r))(kℓ). The diagonalm×m subblocks

of V are updated as

[(V (r+1))(kk)]uv =

{
[A(kk)]uu if u = v
T ([A(kk)

k ]uv,
αλe,ij

ρ(r) ) if u ̸= v

k ∈ [p], u, v ∈ [m], i = (k−1)m+u, j = (k−1)m+v.
The off-diagonalm×m subblocks of V are updated as

(V (r+1))(kℓ) = B
(
1−

(1− α)mλg,kℓ

ρ(r)∥B∥F

)
+

where k ̸= ℓ ∈ [p], m × mB has its (u, v)th element
as [B]uv = T ([A(kℓ)]uv, αλe,ij/ρ

(r)), i = (k − 1)m+ u,
j = (ℓ− 1)m+ v.

7: Dual update U (r+1)
= U (r)

+

(
�

(r+1)
yλ − V (r+1)

)
.

8: Check convergence. Set tolerances

τpri = mp τabs + τrel max(∥�(r+1)
yλ ∥F , ∥V (r+1)

∥F )

τdual = mp τabs + τrel ∥U (r+1)
∥F/ρ(r) .

Define dp = ∥�
(r+1)
yλ − V (r+1)

∥F and dd =

ρ(r)
∥V (r+1)

−V (r)
∥F . If (dp ≤ τpri) and (dd ≤ τdual),

set converged = true.
9: Update penalty parameter ρ: ρ(r+1)

= 2ρ(r) if dp >

φ̄dd , = ρ(r)/2 if dd > φ̄dp, = ρ(r) otherwise. We also
need to set U (r+1)

= U (r+1)/2 for dp > φ̄dd and
U (r+1)

= 2U (r+1) for dd > φ̄dp.
10: r ← r + 1
11: end while
12: For k ̸= ℓ, if ∥V (kℓ)

∥F > 0, assign edge {k, ℓ} ∈ Ê , else
{k, ℓ} ̸∈ Ê . Inverse covariance estimate �̂yλ = V .
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P̃g(�y) = m
p∑

k ̸=ℓ

λg,kℓ∥�
(kℓ)
y ∥F (53)

where λe,ij = ρ′λ(|[�̄y]ij|) and λg,kℓ = ρ′λ(∥�̄
(kℓ)
y ∥F ).

We have for the log-sum penalty (LSP),

λe,ij :=
λϵ

|[�̄y]ij| + ϵ
, λg,kℓ :=

λϵ

∥�̄
(kℓ)
y ∥F + ϵ

, (54)

for SCAD,

λe,ij =


λ, if |[�̄y]ij| ≤ λ
aλ−|[�̄y]ij|

a−1 , if λ < |[�̄y]ij| ≤ aλ
0, if aλ < |[�̄y]ij|

, (55)

λg,kℓ =


λ, if ∥�̄

(kℓ)
y ∥F ≤ λ

aλ−∥�̄
(kℓ)
y ∥F

a−1 , if λ < ∥�̄
(kℓ)
y ∥F ≤ aλ

0, if aλ < ∥�̄
(kℓ)
y ∥F

, (56)

and for MCP,

λe,ij =

{
λ−

|[�̄y]ij|
b , if |[�̄y]ij| ≤ bλ

0, if bλ < |[�̄y]ij|
, (57)

λg,kℓ =

 λ−
∥�̄

(kℓ)
y ∥F |

b , if ∥�̄
(kℓ)
y ∥F ≤ bλ

0, if bλ < ∥�̄
(kℓ)
y ∥F

. (58)

For lasso, we have λe,ij = λ∀i, j and λg,kℓ = λ∀k, ℓ.
We use the ADMM approach as described in detail in

Algorithm 1 in [43, Sec. IV] to minimize L̄(�y) in (46) w.r.t.
�y for both convex lasso and non-convex LSP/SCAD/MCP
regularizations. The initial guess �̄y for LLA is taken to be
the lasso penalized solution. Using variable splitting [59],
consider

min
�y≻0,V

{
L(�y)+ αP̃e(V )+ (1− α)P̃g(V )

}
(59)

subject to �y = V , (60)

where V ∈ R(mp)×(mp) results from variable splitting, and in
the penalties we use V instead of �y, adding the equality
constraint V = �. The scaled augmented Lagrangian [59]
for this problem after variable splitting, is given by

L̄ρ(�y,V ,U) = L(�y)+ αP̃e(V )

+ (1− α)P̃g(V )+
ρ

2
∥�y − V + U∥2F , (61)

where U is the dual variable and ρ > 0 is the ‘‘penalty
parameter’’ [59]. Given the results �(r),V (r),U (r) of the r th
iteration, in the (r + 1)st iteration, an ADMM algorithm
executes the following three updates:

(a) �
(r+1)
yλ ← argmin�y La(�y), La(�y) := L(�y) +

ρ
2 ∥�y − V (r)

+ U (r)
∥
2
F

(b) V (r+1)
← argminV Lb(V ), Lb(V ) := αP̃e(V ) + (1 −

α)P̃g(V )+ ρ
2 ∥�

(r+1)
yλ − V + U (r)

∥
2
F

(c) U (r+1)
← U (r)

+

(
�

(r+1)
yλ − V (r+1)

)

A pseudo code for the ADMM algorithm used in this paper
is given in Algorithm 1 where we use the stopping (con-
vergence) criterion following [59, Sec. 3.3.1] and varying
penalty parameter ρ following [59, Sec. 3.4.1]. See [42] for
further details; note that by construction, �(r+1)

yλ in step 5 of
Algorithm 1 is positive definite.
For non-convex penalties, we have an iterative solution:

first solve with sparse group-lasso penalty, then use the LLA
formulation and solve the resulting adaptive lasso type convex
problem. In practice, just two iterations seem to be enough.

1) OPTIMIZATION ALGORITHM SUMMARY
Our ADMM-based optimization algorithm is as follows.
1. Given data {x(t)}nt=1 and chosen delay d ≥ 0,m = d+1,

construct y(t) for t = d + 1, d + 2, · · · , n with sample
size n̄ = n− d , as in (14). Calculate sample covariance
6̂y =

1
n̄

∑n
t=d+1 y(t)y

⊤(t). Initialize iteration m̃ = 1,
�

(0)
yλ = (diag(6̂y))−1, �̄ = �

(0)
yλ and use �̄ to compute

λe,ij’s and λg,kℓ’s.
2. Execute Algorithm 1 with initial guess �̄ to obtain the

estimate �̂yλ.
3. Quit if using sparse-group lasso, else set �

(m̃)
yλ = �̂yλ

and �̄ = �
(m̃)
yλ to re-compute λe,ij’s and λg,kℓ’s via the

LLA. Set m̃← m̃+ 1.
4. Repeat steps 2 and 3 until convergence. The converged

�̂yλ is the final estimate of the inverse covariance. (For
the numerical results shown in Sec. VI, we terminated
after two iterations of steps 2 and 3, similar to [34], [57].)

5. Given the estimate �̂yλ resulting from the ADMM
algorithm, we estimate the graph edge-set as

Ê =
{
{k, ℓ} : ∥�̂

(kℓ)
yλ ∥F > 0, k, ℓ ∈ [p]

}
. (62)

A pseudocode for the above ADMM algorithm is given in
Algorithm 2. It utilizes Algorithm 1 in each LLA step.
For the numerical results presented in the paper, we picked

rmax = 200, ρ̄ = 2, φ̄ = 10, τabs = τrel = 10−4, and
m̃max = 1 for lasso and = 2 for LSP, SCAD and MCP
penalties in Algorithms 1 and 2. For the SCAD penalty a =
3.7 (as in [34]), forMCP b = 3.7, and for the log-sum penalty
ϵ = 0.0001.

C. COMPUTATIONAL COMPLEXITY
Each iteration of the ADMM algorithm 1 has three updates
(a), (b) and (c), implemented in steps 5, 6 and 7, respectively,
of Algorithm 1. Step 5 requires an eigen-decomposition of
an (mp) × (mp) matrix, resulting in O((mp)3) = O(((d +
1)p)3) computational complexity. In step 6 of Algorithm 1
one first performs elementwise soft thresholding of an (mp)×
(mp) matrix (O((mp)2) complexity), followed by group soft
thresholding of p2m×m submatrices (O((mp)2) complexity).
Step 7 involves additions/subtractions among three (mp) ×
(mp) matrices, resulting in O((mp)2) complexity. Step 8 of
Algorithm 1 requires computation of the Frobenius norms of
three (mp)×(mp) matrices, resulting inO((mp)2) complexity.
The computational complexity in step 9 is O((mp)2) as it
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Algorithm 2 LLA-Based ADMM Algorithm for Optimiz-
ing (46)
Input: Data {x(t)}nt=1, delay d ≥ 0, m = d + 1, reg-
ularization parameters λ and α, ADMM penalty parameter
ρ = ρ̄, tolerances τabs and τrel , variable penalty factor φ̄,
maximum number of iterations rmax and m̃max. For lasso
penalty, m̃max = 1.
Output: estimated inverse covariance �̂yλ and edge-set
Ê
1: Construct y(t) for t = d + 1, d + 2, · · · , n with sample

size n̄ = n − d , as in (14). Calculate sample covariance
6̂y =

1
n̄

∑n
t=d+1 y(t)y

⊤(t).
2: Initialize �

(0)
yλ = (diag(6̂y))−1, and set λe,ij = λ, ∀i, j ∈

[mp], and λg,kℓ = λ, ∀k, ℓ ∈ [p].
3: m̃ = 1
4: while m̃ ≤ m̃max, do
5: Execute steps 2-12 of Algorithm 1, resulting in output

�yλ. Set �
(m̃)
yλ = �̂yλ.

6: if LSP/SCAD/MCP then
7: Set �̄ = �

(m̃)
yλ and re-compute λe,ij’s and λg,kℓ’s via

the LLA.
8: end if
9: m̃← m̃+ 1
10: end while
11: Denote the converged estimate by �̂yλ. For k ̸= ℓ,

if ∥�̂
(kℓ)
yλ ∥F > 0, assign edge {k, ℓ} ∈ Ê , else {k, ℓ} ̸∈ Ê .

involves scaling of an (mp) × (mp) matrix. Combining the
results of steps 5-9, the computational complexity in each
iteration of the ADMM algorithm is O(((d + 1)p)3). The
sample covariance is computed just once, with a computa-
tional complexity of O(n(mp)2). The number of iterations to
convergence is problem dependent. If the number of iterations
to convergence is Nc, the computational complexity would be
O(n((d + 1)p)2 + Nc((d + 1)p)3).

We now turn to memory requirements in each iteration of
the ADMM algorithm 1. The data {x(t)}nt=1 needs storage
for np real numbers while y(t) requires (n − d)(d + 1)p
real numbers. We need eleven (mp) × (mp) matrices (m =
d + 1), 6̂y, �

(r)
yλ , �

(r+1)
yλ , U (r), U (r+1), V (r), V (r+1), P,

6̂y − ρ(r)
(
V (r)
− U (r)), �(r+1)

yλ −V (r+1) and V (r+1)
−V (r),

each requiring storage of ((d+1)p)2 reals. Ignoring storage of
m×m matrices A(kℓ)’s which can be reused for different k, ℓ
values, the memory needs areO(n(d + 2)p+ 11((d + 1)p)2).

D. MODEL SELECTION
For model selection (i.e., regularization parameter selection),
we follow the BIC (Bayesian information criterion) as dis-
cussed in [43, Sec. IV-A] (also [42]) even though it applies
only to i.i.d. data. Let �̂yλ and ˆ̄E (= {{i, j} : |[�̂yλ]ij| >

0, i ̸= j ∈ [mp]}) denote the estimated inverse covariance
matrix of {y(t)} and estimated ‘‘enlarged’’ (element-level)
edge-set, and let | ˆ̄E | denote the cardinality (# of nonzero

elements) of ˆ̄E . Noting that �̂yλ is symmetric with nonzero
diagonal elements, the number of free nonzero elements of
�̂yλ equal 1

2 |
ˆ̄E |+pm. The (pseudo-)BIC is then given by

BIC(λ, α) = tr(6̂y�̂yλ)− ln(|�̂yλ|)+
ln(n̄)
n̄

(1
2
|
ˆ̄E |

)
(63)

based on the optimized negative pseudo log-likelihood
− ln fY (Y ) ∝ n̄

2

(
tr(6̂y�̂yλ) − ln |�̂yλ|

)
, where Y =

{y(t)}nt=d+1 and fY (Y ) is the joint pseudo probability density
function (pdf) of Y under the assumption that {y(t)}nt=d+1
is i.i.d. We do not know the exact pdf of Y as {y(t)}nt=d+1
is a correlated sequence. There are approaches in the litera-
ture [61] where one uses information criteria mimicking true
BIC (= −2 ln fY (Y ) + ln(n̄)(# of free nonzero parameters))
but replacing the true likelihood with a suitable loss function
that is used for parameter estimation. We have chosen to use
a pseudo pdf under the i.i.d. assumption. It is a heuristic that
seems to work well in our numerical results presented later.

Our objective is to select the pair (λ, α) to minimize BIC
given by (63). To reduce computational burden, as a heuristic,
instead of searching over a two-dimensional space (λ, α),
we first search over a grid of λ values with fixed α = 0.05 (=
α0), (somewhat arbitrary, α = 0 will make it group lasso).
Then with λ fixed at the selected value, we search over a grid
of α values over [0, 1].

We search over λ values in the range [λℓ, λu] selected via
the following heuristic. For α = α0, we first find the smallest
λ, labeled λsm, for which we get a no-edge model (i.e., |Ê | =
0). To this end, searching over a grid of λ values, we find the
smallest λ for which the corresponding |Ê | ≈ τth ≈ 0, i.e,
for which we get close to a no-edge model; we take this value
of λ as λsm. We picked τth = 0.005 p(p − 1)/2 (0.5% of
possible p(p− 1)/2 edges are connected). Then we set λu =
λsm/2 and λℓ = λu/10. The given choice of λu precludes
‘‘extremely’’ sparsemodels while that of λℓ precludes ‘‘very’’
dense models. We search over a grid of λ values in the range
[λℓ, λu] to minimize BIC.

For the numerical results presented in the paper for
synthetic data, we picked eight logarithmically spaced val-
ues in the interval [λℓ, λu] for λ selection and the grid
{0.05, 0.1, 0.3, 0.5, 0.7, 0.9} for α selection. For real data,
we picked sixteen logarithmically spaced values in the inter-
val [λℓ, λu], with α grid as for synthetic data.

1) EXTENDED BIC
In the high-dimensional case where both the sample size n
and the graph nodes p grow with n, BIC for Gaussian graph-
ical models may not be consistent and additional penalty
may be warranted [62] (see also [61] for other cases, such
as regression problems). In [62] an extended BIC (eBIC) is
proposed for Gaussian graphical models with p nodes, i.i.d.
data {x(t)}nt=1 =: X , joint pdf fX (X) and edge-set E , as

eBICγ̄ (E) = −2 ln fX (X)+
|E |
2

(
ln(n)+ 4γ̄ ln(p)

)
(64)

where γ̄ ∈ [0, 1], and |E | counts all edges in the graph with
{i, j} and {j, i}, i ̸= j, counted as distinct edges (hence division
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by 2). In (64) there is additional penalty for the number of
nodes p, and γ̄ is a user chosen parameter. If γ̄ = 0, one
has the classical BIC. Applying this concept of including
the additional penalty, we propose an extended (pseudo-)BIC
based on (63) as

eBIC(λ, α) = tr(6̂y�̂yλ)− ln(|�̂yλ|)

+
ln(n̄)+ 4γ̄ ln(mp)

n̄

(1
2
|
ˆ̄E |

)
(65)

where γ̄ ∈ [0, 1]. Selection of (λ, α) to minimize eBIC(λ, α)
is performed exactly as for BIC(λ, α).

V. THEORETICAL ANALYSIS
Here we analyze the properties of �̂yλ = argmin�y≻0 L̄(�y).
Since the SCAD,MCP and log-sum penalties are non-convex,
the objective function is non-convex and in general, any
optimization of the objective function will yield only a sta-
tionary point or a localminimum. The proofs of Theorems 1-3
in this section closely follow the corresponding results in
[43, Sec. V] dealing with multi-attribute graph estimation
from i.i.d. data under lasso, SCAD and log-sum penalties;
[43] does not discuss MCP. The proofs of all theoretical
results are given in the two appendices. In this section we
explicitly allow p and λ to be a functions of sample size n,
denoted as pn and λn, respectively.
Let 6⋄y and �⋄y denote the true value of the covariance

6y = E{y(t)y⊤(t)} and its inverse �y = 6−1y , respectively.
In Lemma 2, proved in Appendix A, we bound the sam-
ple covariance estimation error 6̂y − 6⋄y with probability
> 1 − 1

pτ−2
n

, τ > 2. The error bound depends upon the
sample size and the decay parameter γ in assumption (A1).
Let �̂yλ = argmin�y≻0 L̄(�y). Using Lemma 2, and assump-
tions (A2) and (A3) stated later, in Theorem 1 we establish an
upperbound on the Frobenius norm of the error �̂yλ − �⋄y .
The proof of Theorem 1 follows the method of proof of
[43, Theorem 1], which, in turn, for the most part, follows
the method of proof of [38, Theorem 1] pertaining to lasso
penalty.

Let 1 := �y − �⋄y . The proof of Theorem 1 examines
the cost difference L̄(�y) − L̄(�⋄y ) =

∑4
i=1 Ai where A1 =

− ln(|�⋄y +1|)+ ln(|�⋄y |)+ tr(6⋄
y 1), A2 = tr((6̂y−6⋄y )1),

A3 = α(Pe(�⋄y +1) − Pe(�y)) and A4 = (1 − α)(Pg(�⋄y +
1) − Pg(�y)). Consider the compact set 9 = {1 : 1 =

1⊤, ∥1∥F ≤ B} for some B > 0. The proof of Theorem 1
establishes that for some 1 ∈ 9 such that ∥1∥F = B,
L̄(�⋄y + 1) − L̄(�⋄y ) > 0. But the cost difference is zero
when 1 = 0. Hence, there exists a local minimum of L̄(�y)
over the set9 with Frobenius error norm bounded byB. In the
proof, Lemma 2 is used to upperbound A2 only. Assumptions
(A2) and (A3) are used to upper/lower bound entities in
Ai, i ∈ [4], where the sparsity of �⋄y stated in assumption
(A2) plays a critical role. For the lasso penalty, L̄(�y) is a
convex function of �y, therefore, the local minimizer �̂yλ of
Theorem 1 is a global minimizer.

Lemma 3 characterizes the local convexity of L̄(�y) for
non-convex penalties. Theorem 1 and Lemma 3 are then used
in Theorem 2 to establish conditions under which the local
minimizer �̂yλ of Theorem 1 is unique. Theorem 3 addresses
graph recovery using the estimator �̂yλ of Theorem 1.

We now turn to the statement of Lemma 2.
Lemma 2: Under assumption (A1), the sample covariance

6̂y satisfies the tail bound

P
(
max
k,l

∣∣∣[6̂y −6⋄y ]kl
∣∣∣ > δ∗n

)
≤

1

pτ−2
n

(66)

for τ > 2, under the following conditions on δ∗n > 0 and
sample size n̄ = n− d :
(a) For γ > 3

4 ,

δ∗n = c2a(pn)
√
ln(2m2pτ

n)/(n̄Cu) , (67)

and sample size satisfies n̄ ≥ Nδ∗,γ ,

Nδ∗,γ ≥


N1, γ ∈ (1,∞)
argmin{n̄ : n̄/ ln4(n̄) ≥ N1}, γ = 1
argmin{n̄ : n̄4γ−3 ≥ N1}, γ ∈ ( 34 , 1)

where Cu ∈ (0,∞) is a constant that depends only on γ

and

N1 = ln(2m2pτ
n)/Cu . (68)

(b) For γ = 3
4 ,

δ∗n = c2a(pn)
√
ln(2m2pτ

n) ln(n̄)/(n̄Cu) , (69)

and sample size satisfies n̄ ≥ argmin{n̄ : ln(n̄) ≥ N1}.
(c) For γ ∈ ( 12 ,

3
4 ) ,

δ∗n =

 c2a(pn)
√

ln(2m2pτ
n )/Cu

n̄2γ−1
if N1 ≤ 1

c2a(pn)
ln(2m2pτ

n )
n̄2γ−1Cu

if N1 > 1 •

(70)

See also Remark 10 in Appendix A regarding the universal
constant Cu.
Further assume

(A2) Let6⋄y = E{y(t)y⊤(t)} ≻ 0 denote the true covariance
of y(t). Define E⋄y = {{i, j} : (�⋄y )(ij) ̸= 0, i ̸= j}where
�⋄y = (6⋄y )

−1. Assume that card(E⋄y ) = |E⋄y | ≤ s⋄n .
(A3) Theminimum andmaximum eigenvalues of6⋄y satisfy

0 < βmin ≤ φmin(6⋄y ) ≤ φmax(6⋄y ) ≤ βmax <∞ .

Here βmin and βmax are not functions of n.
Assumption (A2) is more of a definition in that it specifies
that the edge-set determined by �⋄y has number of edges
bounded by sn. This bound influences the convergence rate in
Theorem 1 as discussed later in Remark 6. Assumption (A2)
is a sparsity condition. Assumption (A3) bounds the eigen-
values of the true covariance 6⋄y of {y(t)} from below as well
as above. Since �⋄y = (6⋄y )

−1, the eigenvalues of �⋄y are also
bounded from below and above. Assumptions (A2) and (A3)
are technical conditions needed to prove Theorem 1 using
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the proof technique of [38, Theorem 1]. These conditions are
mild.
Remark 4: Assumption (A3) is stated in terms of the

covariance 6⋄y of augmented y(t). Now we relate it to the
properties of {x(t)}. Define

ỹ(t) := [x⊤(t) x⊤(t − 1) · · · x⊤(t − d)]⊤ . (71)

Then ỹ(t) = Py(t) for some permutation matrix P (PP⊤ =
P⊤P = Imp, m = d + 1) and 6⋄ỹ = E{ỹ(t)ỹ⊤(t)} = P6⋄yP

⊤.
By [53, Prop. 2.3], for ARMA models discussed in Sec. III-
B1, for any d ≥ 0 we have

min
f

φmin(Sx(f ))

≤ φmin(6⋄ỹ ) = φmin(6⋄y )

≤ φmax(6⋄ỹ ) = φmax(6⋄y ) ≤ max
f

φmax(Sx(f )) (72)

where we have used the fact that P is orthogonal, hence
minimum and maximum eigenvalues of 6⋄ỹ and 6⋄y are iden-
tical. One can take βmin = minf φmin(Sx(f )) and βmax =

maxf φmax(Sx(f )) for all values of d for ARMA models with
0 < βmin ≤ βmax <∞. This is also true for {x(t)} satisfying
assumption (A1) with γ > 1 [53, Sec. 2] so long as Sx(f ) ≻
0. Since βmin > 0, we also have 6⋄y ≻ 0 for every d ≥ 0.
□
Remark 5: The results stated in Remark 4 for ARMA and

related linear processes do not apply to ARFIMA models
discussed in Sec. III-B2. By (39), limf→0 Sx(f ) = ∞.
By [58, Cor. 4.5.11] of the Ostrowski’s theorem
[58, Cor. 4.5.9], for the ARFIMA process {x(t)} discussed
in Sec. III-B2, we have

|1− e−ι2π f
|
−2d φmin(Su(f )) ≤ φmin(Sx(f ))

≤ φmax(Sx(f )) ≤ |1− e−ι2π f
|
−2 d̄ φmax(Su(f )) (73)

where d = min{di, i ∈ [p]} ∈ (0, 0.5) and d̄ = max{di, i ∈
[p]} ∈ (0, 0.5). Since minf 1/|1 − e−ι2π f

|
2d
= 1/22d,

we have

min
f

φmin(Sx(f )) ≥
(
min
f

φmin(Su(f )
)
/4d > 0 (74)

and since maxf 1/|1− e−ι2π f
|
2d
= ∞, we have

max
f

φmax(Sx(f )) ≤ ∞ . (75)

Thus, we may take βmin to be the lower bound in (74) appli-
cable for any d ≥ 0 whereas the upper bound in (75) is trivial
and of no use. Qualitatively, the ARMA part of ARFIMA
captures the short-range dependence (‘‘smaller’’ lags in the
auto-correlation function) while the fractional integration part
captures the long-range dependence (much larger lags in the
auto-correlation function, as τ → ∞) [16], [21], [22]).
As noted in Remark 3, the conditional independence structure
of the ARFIMA process {x(t)} coincides with that of the cor-
responding ARMA process {u(t)}. By Remark 1, we would
like d to be ‘‘large,’’ but not too large so that only short range
dependence is captured. For any finite d (maximum delay in

delay embedding), φmax(6⋄y ) will be finite. Consider a simple
example with u(t) = B̃0e(t), q = 0 and r = 0 in (34) and let
6u = B̃0B̃

⊤

0 ≻ 0. Let B̃0 be such that [6u]ii = 1 for i ∈ [p].
Suppose di = d̃ , i ∈ [p] in (37). Then Rx(τ ) = r(τ ) ⊗ 6u
where r(τ ) is the inverse discrete-time Fourier transform of
|1− e−ι2π f

|
−2 d̃ , i.e.,

r(τ ) =
∫ 1/2

−1/2
|1− e−ι2π f

|
−2 d̃ eι2π f τ df ,

τ ∈ Z . Then we have

6⋄ỹ = 6r ⊗6u , (76)

6r =


r(0) r(1) · · · r(d)
r(−1) r(0) · · · r(d − 1)

...
...

. . .
...

r(−d) r(−d + 1) · · · r(0)

 , (77)

φmax(6⋄y ) = φmax(6⋄ỹ ) = φmax(6r ) φmax(6u) . (78)

By [22, pp. 37-38] (note that [6u]ii = 1 for i ∈ [p])

r(τ ) = ατ r(0) , r(0) =
0(1− 2d̃)

(0(1− d̃))2
, (79)

ατ =

τ∏
ℓ=1

ℓ− 1+ d̃

ℓ− d̃
. (80)

For large τ , r(τ ) = O(τ 2d̃−1) [22, p. 37]. For d̃ =
0.01, 0.35, 0.49, we obtain φmax(6r ) = 1.03, 5.04, 93.90,
respectively for d = 5, φmax(6r ) = 1.04, 7.68,
170.03, respectively for d = 10, and φmax(6r ) =
1.06, 12.06, 320.39, respectively for d = 20. Thus,
with φmax(6u) uniformly bounded in delay d , φmax(6⋄y )
is finite but increases with increasing d (as well as
increasing d̃). For d̃ = 0.01, 0.35, 0.49, we obtain
φmin(6r ) = 0.987, 0.629, 0.523, respectively for d = 5,
φmin(6r ) = 0.986, 0.620, 0.512, respectively for d =
10, and φmin(6r ) = 0.986, 0.617, 0.508, respectively for
d = 20. Note that 1/4d̃ = 0.986, 0.616, 0.507 for d̃ =
0.01, 0.35, 0.49, respectively. Thus, φmin(6r ) values for vari-
ous delays agree with the lower bound in (74) quite well. □

Let �̂yλ = argmin�y≻0 L̄(�y). Theorem 1 establishes
local consistency of �̂yλ. Its proof is given in Appendix B.
Theorem 1 (Local Consistency): For τ > 2, m = d + 1,

n̄ = n− d , and δ∗n, N1 and Nδ∗,γ as in Lemma 2, define

R = 8(1+ m)/β2
min , (81)

rn = δ∗n

√
mpn + m2s⋄n = o(1) , (82)

N2 = argmin
{
n̄ : rn ≤

0.1
Rβmin

}
, (83)

N3 = argmin
{
n̄ : rn ≤

ϵ

R

}
, (84)

N4 = argmin
{
n̄ : λn ≤

min(i,j): [�⋄y ]ij ̸=0 |[�
⋄
y ]ij|

a+ 1

}
, (85)

N5 = argmin
{
n̄ : λn ≤

min(i,j): [�⋄y ]ij ̸=0 |[�
⋄
y ]ij|

b+ 1

}
, (86)
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λnℓ = 2δ∗n , (87)

λnu1 =
m+ 1

m
√
s⋄n
rn = (m+ 1)

√
1+ pn/(m2s⋄n) δ∗n , (88)

λnu2 = max (Rrn, λnu1) . (89)

Under assumptions (A1)-(A3), there exists a local minimizer
�̂yλ of L̄(�y) satisfying

∥�̂yλ −�⋄y∥F ≤ Rrn (90)

with probability greater than 1− 1/pτ−2
n if

(i) for the lasso penalty ρλ(t) = λ|t|, sample size n̄ >

max{Nδ∗,γ ,N2} and the regularization parameter satis-
fies λnℓ ≤ λn ≤ λnu1,

(ii) for the SCAD penalty ρλ(t), sample size n̄ >

max{Nδ∗,γ ,N2,N4} and the regularization parameter
satisfies λn = λnu2,

(iii) for the log-sum penalty ρλ(t), sample size n̄ >

max{Nδ∗,γ ,N2,N3} and the regularization parameter
satisfies λnℓ ≤ λn ≤ λnu1,

(iv) for the MCP penalty ρλ(t), sample size n̄ >

max{Nδ∗,γ ,N2,N5} and the regularization parameter
satisfies λn = λnu2.

For the lasso penalty, �̂yλ is a global minimizer whereas for
the other three penalties, it is a local minimizer. •

Remark 6: Convergence Rate. Theorem 1 helps in choos-
ing m = d + 1 so that for given pn, limn→∞
|�̂yλ − �⋄y∥F = 0. In terms of the rate of convergence,
∥�̂yλ−�⋄y∥F = OP

(
mrn/β2

min

)
= OP(en/β2

min) where en :=
mδ∗,n

√
mpn + m2s⋄n (mpn+m

2s⋄n is the maximum number of
nonzero elements in �⋄y ) and βmin is defined in assumption
(A3). Therefore, for ∥�̂yλ−�⋄y∥F → 0 as n→∞, we must
have en → 0, assuming βmin is unchanged with n. For γ >

3/4, by Lemma 2(a), e2n = c4a(pn)m
4(pnm−1+s⋄n) ln(m

2pτ
n)/n.

Suppose that for some positive constants b1, b2, θ1 and θ2,
we have m = b1nθ1 and pn + s⋄n = b2nθ2 . Ignoring ca(pn),
we have limn→∞ en = 0 if 1 − 4θ1 − θ2 > 0. If pn and
s⋄n do not change with n (i.e., θ2 = 0), then θ1 < 1/4, i.e.,
d = m−1 = O(n1/4). If θ2 ≤ 1/3 so that pn+ s⋄n = O(n1/3),
then θ1 < 1/6, i.e., d should increase much more slowly with
sample size n if the graph size pn also increases with n. □
Remark 7: Long Range Dependence. Here we examine

Theorem 1 in terms of differences between SRD and LRD
time series. By Theorem 1, the Frobenius error norm ∥�̂yλ−

�⋄y∥F = OP(δ∗n/β2
min) where δ∗n ∝ 1/n0.5 (cf. Lemma 2(a))

for SRD sequences and for LRD sequences with γ > 0.75,
and δ∗n ∝ 1/n2γ−1 (cf. Lemma 2(c)) for LRD sequences
when γ ∈ (0.5, 0.75), with all other parameters remain-
ing the same in R and rn in (81) and (82), respectively.
As discussed in Remark 5, βmin decreases with increasing
d̃ (recall that γ = 1 − d̃ ; see Sec. III-B2). Consider
three series with identical CIGs: a vector AR(3) series as in
Sec. VI-A1, and ARFIMA(3,0.15,0) and ARFIMA(3,0.35,0)
series as in Sec. VI-B which are generated via the afore-
mentioned AR(3) series. The AR(3) series is SRD, the
ARFIMA(3,0.15,0) series is LRD with γ = 0.85 and the

ARFIMA(3,0.35,0) series is LRD with γ = 0.65. Let
βmin = β0, β0.15 and β0.35 for the AR(3), ARFIMA(3,0.15,0)
and ARFIMA(3,0.35,0) series, respectively. Then β0 >

β0.15 > β0.35. The Frobenius error norms e0, e0.15 and e0.35
for the AR(3), ARFIMA(3,0.15,0) and ARFIMA(3,0.35,0)
series, respectively, are OP(1/(β0n0.5)), OP(1/(β0.15n0.5))
and OP(1/(β0.35n0.3)), respectively, implying e0 < e0.15 <

e0.35. We revisit this discussion later in Sec. VI-B. □
We follow the proof technique of [45, Lemma 6] in estab-

lishing Lemma 3, as in [43, Sec. V].
Lemma 3 (Local Convexity): The optimization problem

�̂yλ = arg min
�y∈B

L̄(�y) , (91)

B = {�y : �y ≻ 0, ∥�y∥ ≤ 0.99 θ} , (92)

θ =


∞ : Lasso
√
(a− 1)/m : SCAD
√

ϵ/(mλn) : log-sum
√
b/m : MCP ,

(93)

consists of a strictly convex objective function over a convex
constraint set, for all four penalties, where λn is as defined in
Theorem 1. •

Lemma 3 and Theorem 1 lead to Theorem 2.
Theorem 2: Assume the conditions of Theorem 1. Then

�̂yλ as defined in Theorem 1 is unique, satisfying ∥�̂yλ −

�⋄y∥F ≤ Rrn with probability greater than 1−1/p
τ−2
n if Rrn+

1/βmin ≤ 0.99 θ where θ is as in Lemma 3. •

Remark 8: We see from Theorem 1 that as n→∞, λn→
0 (since rn = o(1)), therefore, we eventually have ‘‘global’’
convexity for log-sum penalty by (93) for any�⋄y . But such is
not the case for SCAD or MCP where one may need a (or b,
respectively) to become large in which case they both would
behave more like lasso. □
We now turn to graph recovery. Define

Ê =
{
{q, ℓ} : ∥�̂

(qℓ)
yλ ∥F > γn > 0, q ̸= ℓ

}
, (94)

E⋄ =
{
{q, ℓ} : ∥(�⋄y )

(qℓ)
∥F > 0, q ̸= ℓ

}
, (95)

σ̄n = Rrn , (96)

νt = min
{q,ℓ}∈E⋄

∥(�⋄y )
(qℓ)
∥F , (97)

N6 = argmin
{
n : σ̄n ≤ 0.4νt

}
, (98)

where R and rn are as in (81) and (82), respectively.
Theorem 3: For γn = 0.5νt and n ≥ N6, Ê = E⋄ with

probability greater than 1 − 1/pτ−2
n under the conditions of

Theorem 1. •

VI. SYNTHETIC DATA EXAMPLES
We now present numerical results using synthetic data to
illustrate the proposed approaches and compare them with
several existing approaches. In synthetic data examples the
ground truth is known which allows for assessment of the
efficacy of various approaches to graph learning.
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A. SHORT-RANGE DEPENDENCE MODELS
1) GRAPHS WITH 120 NODES
We consider two models for data generation with p = 120.
MA model. The time series data {x(t)} is generated using a
vector moving average (MA) model of order 3 (MA(3)):

x(t) = 0.5Ipw(t)+
3∑
i=1

(Bi/i)w(t − i) , x(t) ∈ Rp , (99)

where w(t) is i.i.d. zero-mean Gaussian with precision matrix
� and Bi is block-diagonal with 15 × 15 sub-blocks B(q)

i ,
q ∈ [8]. The diagonal entries of � are set to 0.5, and the
off-diagonal entries follow an Erdös-Rènyi (ER) graph with
connection probability per = 0.001: if nodes j and k are
not connected in the ER graph, we have [�]jk = 0, and if
they are connected, then [�]jk is uniformly distributed over
[−0.4,−0.1] ∪ [0.1, 0.4]. Only 20% of entries of B(q)

i ’s are
nonzero (randomly picked) and the nonzero elements are
independently and uniformly distributed over [−0.4,−0.2]∪
[0.2, 0.4].
AR model. Here the time series data {x(t)} is gener-

ated using a vector autoregressive (AR) model of order 3
(VAR(3)):

x(t) =
3∑
i=1

Aix(t − i)+ w(t) , x(t) ∈ Rp , (100)

where w(t) is i.i.d. zero-mean Gaussian with precision matrix
� = 0.5Ip and Ai is block-diagonal with 15 × 15 sub-
blocks A(q)

i , q ∈ [8]. Only 10% of entries of A(q)
i ’s are

nonzero (randomly picked) and the nonzero elements are
independently and uniformly distributed over [−0.8,−0.3]∪
[0.3, 0.8]. We then check if the VAR(3) model is stable
with all eigenvalues of the companion matrix ≤ 0.95 in
magnitude; if not, then we scale Ai’s to fulfill this condition
(see [11, Sec. VI.A]).
For both models, the first 100 samples are discarded to

eliminate transients, and we generate n observations if x(t)
with n ∈ {256, 1024, 2048}. In each run, we calculate the
true PSD S⋄x (f ) for f ∈ [0, 0.5] at intervals of 0.01, and
then take {i, j} ∈ E⋄ (the true edge-set) if gij > τ̄gmax, else
{i, j} ̸∈ E⋄, where gmax = maxi,j∈[p](1/F)

∑
f |[(S

⋄
x (f ))

−1]ij|,
gij = (1/F)

∑
f |[(S

⋄
x (f ))

−1]ij|, F is number of frequencies
points in [0, 0.5] at intervals of 0.01, and the threshold τ̄ =

0.01 for both MA and AR models. To avoid very ‘‘peaky’’
inverse PSDs, if gmax > 5, 000 we redraw the samples till this
condition is satisfied: it is needed for the MA models where
we do not control the roots of det(B(z)) = 0 (B(z) is defined
in Sec. III-B1). We need det(B(z)) ̸= 0 for any |z| = 1 for
S−1x (f ) to exist for every f . In practical terms, we should have
det(B(z)) ̸= 0 for {z : 1 − δ ≤ |z| ≤ 1 + δ, δ > 0}. This
set-up leads to connected edges in the true graphs in the range
[4.75%,12.44%] and [8.53%,9.94%] for MA and ARmodels,
respectively, based on 100 runs.

Simulation results based on 100 runs are shown in
Table 1 where the performance measures are F1-score and

Hamming distance (between estimated and true edge-sets Ê
and E⋄, respectively) for efficacy in edge detection, and tim-
ing per run as a surrogate for computational complexity. The
F1-score is defined as F1 = 2 × precision ×
recall/(precision + recall) where precision = |Ê ∩ E⋄|/|Ê |,
recall = |Ê ∩ E⋄|/|E⋄|, and the Hamming distance is
between Ê and E⋄, scaled by 0.5 to count only distinct edges.
The ideal F1 score is 1 and the ideal Hamming distance
is 0. All algorithms were run on a Window 11 Enterprise
operating systemwith processor Intel(R) Core(TM) i7-10700
CPU @2.90 GHz with 32 GB RAM, using MATLAB
R2023a. We compare eight approaches:

(i) ‘‘IID:lasso’’: a time-domain approach assuming the data
is i.i.d. and therefore exploits only the sample covariance
6̂x = (1/n)

∑n
t=1 x(t)x

⊤(t) and the resulting graph is
based on the precision matrix�x of {x(t)}. We minimize
− ln(|�x |)+ tr

(
6̂x�x

)
w.r.t. �x with the lasso penalty,

using the ADMM approach of [59, Sec. 6.5]. If the
resulting estimate is denoted by �̂x , the estimated edge-
set is Ê = {{k, ℓ} : |[�̂x]kℓ| > 0, k, ℓ ∈ [p]} (cf. (62)).

(ii) ‘‘IID:log-sum’’: a time-domain approach assuming the
data is i.i.d. and it is as for IID:lasso except the lasso
penalty is replaced with the log-sum penalty (ϵ =
0.0001) and we use LLA with ADMM for optimization.

(iii) ‘‘DE:lasso’’: proposed delay embedding (DE) approach
with lasso penalty using ADMM.

(iv) ‘‘DE:log-sum’’: proposed DE approach with log-sum
penalty (ϵ = 0.0001) using LLA with ADMM.

(v) ‘‘DE:SCAD’’: proposed DE approach with SCAD
penalty (a = 3.7) using LLA with ADMM.

(vi) ‘‘DE:MCP’’: proposed DE approach with MCP penalty
(b = 3.7) using LLA with ADMM.

(vii) ‘‘FD:lasso’’: the frequency-domain (FD) approach
of [10] with lasso penalty using ADMM.

(viii) ‘‘FD:log-sum’’: the FD approach of [11] as applied
to single-attribute models, with log-sum penalty (ϵ =
0.0001) using LLA with ADMM.

For the DE approaches we need to pick delay d which
was d = 3 for both MA and AR models and for all sample
sizes. For the FD approaches we need to pick number of
frequency test points M in the interval (0, 0.5) which were
M = 2, 3, 4 for both MA and AR models, for sample
sizes n = 256, 1024, 2048, respectively. All non-convex
penalized approaches were based on LLA, initialized with
the lasso results, therefore, the timing for non-convex penal-
ties includes the timing for lasso as well. In approaches
(iii)-(viii) we use sparse group penalties (cf. (46)) requiring
choice of the pair (λ, α). In Table 1, λ’s and α’s were picked
from a grid of values to maximize the F1 score in each Monte
Carlo run (ground truth is known in synthetic examples)
– this establishes how well a method will perform if λ’s
and α’s are judiciously picked. Instead of searching over a
two-dimensional space (λ, α), we first search over a grid of
λ values with fixed α = 0.05 (= α0). Then with λ fixed at
the selected value, we search over a grid of α values over
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TABLE 1. F1 scores, Hamming distances and timings (s) for the synthetic data examples (p = 120, MA model (99), AR model (100)), averaged over
100 runs (standard deviation σ in parentheses). ‘‘DE:lasso and ‘‘DE:log-sum’’ are proposed delay embedding approaches with lasso and log-sum
penalties, respectively, ‘‘FD:lasso’’ and ‘‘FD:log-sum’’ are the frequency-domain approaches with lasso [10] and log-sum [11] penalties, respectively, and
‘‘IID:lasso’’ and ‘‘IID:log-sum’’ are time-domain approaches based on i.i.d. modeling of data (see also remark 9).

[0, 1]. We used the grid {0.05, 0.1, 0.3, 0.5, 0.7, 0.9} for α

selection. We picked ten logarithmically spaced values in the
interval [λ, λ] for λ selection with (λ, λ) = (0.01, 0.5) for
lasso, SCAD andMCP penalties, and (ϵλ, ϵλ) = (0.001, 0.1)
for the log-sum penalty.

In Table 1 we also show results for log-sum penalty
(DE:log-sum) when λ’s and α’s are picked based on
data alone, using the BIC or eBIC method discussed in
Sec. IV-D (BIC is based on [43, Sec. IV-A] and
[42, Sec. III-B], and eBIC is based on [62]). For eBIC we
picked γ̄ in (64) as either 0.5 or 1 (recommended values
in [62]).

It is seen from Table 1 that log-sum-penalized approaches
(FD or DE) significantly outperform lasso based DE and
FD approaches, respectively, which in turn, significantly
outperform the i.i.d. modeling based methods that ignore

time-dependence, yielding higher F1 scores and lower
Hamming distances. The performance of the DE approaches
is slightly to significantly better than the FD approaches
when comparing DE:lasso with FD:lasso, and DE:log-sum
with FD:log-sum, with F1 scores and Hamming distances
as performance metrics. For instance, for n = 256, for the
proposedDE:log-sumwe have anF1 score of 0.587 andHam-
ming distance of 549 for theMAmodel, whereas FD:log-sum
yields an F1 score of 0.515 and Hamming distance of 716.
The corresponding F1 score and Hamming distance for the
AR model for n = 256 are 0.621 and 466, respectively, for
DE:log-sum, and 0.482 and 601, respectively, for FD:log-
sum. It is also seen that the proposed DE:SCAD andDE:MCP
approaches do not offer as much performance improvements
over DE:lasso as offered by DE:log-sum. Finally, it is also
seen fromTable 1 that for (λ, α) selection based on data alone,
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the performance of the eBIC method is worse than that of the
BIC method.
Remark 9: Given the sample covariance

6̂x = (1/n)
∑n

t=1 x(t)x
⊤(t), the IID:lasso approach consid-

ered in Table 1 minimizes

− ln(|�x |)+ tr
(
6̂x�x

)
+

∑
i̸=j

|[�x]ij| (101)

w.r.t. �x using the ADMM approach of [59, Sec. 6.5], which
is also the approach in the Algorithm 1 with d = 0 and α = 1
(requires modifications to step 6 of Algorithm 1). The result-
ing graph is based on the estimated�x . This cost function has
been used in [37], [38], and [39], but optimized using different
approaches. In [40] a constrained ℓ1-minimization (CLIME)
approach is proposed to estimate �x under the assumption
of i.i.d. data, and the resulting graph is based on the esti-
mated �x . A software package called ‘‘huge’’ is available
in [41] for precision matrix based graph estimation where
several approaches including graphical lasso of [39], have
been implemented for i.i.d. data. The CLIME approach [40]
exhibited ‘‘numerical instability’’ in the simulation examples
considered in [41]. In [46] the approaches of [38] and [40]
to estimate �x are analyzed and compared via simulations
when the data {x(t)} is time-dependent. It is concluded in [46]
that the performances of the approaches of [38] and [40]
are similar in terms of the matrix estimation error norms
in estimating �x . Note that �x does not yield the underly-
ing time-series graph for dependent data. The lasso penalty
in (101) is replaced with non-convex penalties such as SCAD
or LSP, in [34], [43], and [45], and one minimizes

− ln(|�x |)+ tr
(
6̂x�x

)
+

∑
i̸=j

ρλ

(
|[�x]ij|

)
(102)

where ρλ(u), u ∈ R, is as in Sec. IV-A. Note that [43] con-
siders the multi-attribute case with i.i.d. data, and it applies
here after setting the number of attributes to one. The IID:log-
sum approach considered in Table 1 is the approach in the
Algorithm 2 with d = 0 and α = 1 (requires modifications
to step 6 of Algorithm 1). We note that non-convex penalties
are not considered in [37], [38], [39], and [40]. □

2) VARYING EMBEDDING TIME-DELAYS, 120 NODES
Table 2 shows the performance results for the MAmodel (99)
and the AR model (100) using the proposed DE:log-
sum approach with varying embedding time-delay d ∈
{1, 2, 3, 4, 5}. The number of unknown parameters of �y
being estimated are O(((d + 1)p)2). As noted in Remark 1,
we are using �

(ij)
y = 0, y(t) ∈ R(d+1)p, as surrogate for

[S−1x (f )]ij = 0 ∀f ∈ [0, 1] with the approximation improv-
ing with increasing d . The simulation results are shown in
Table 2. It is seen from Table 2 that as d increases, the
performance metrics the F1 score and Hamming distance
improve significantly at first, but then they plateau out with
increasing d (compare d = 3 results with d = 4, 5 results).
Note that the number of unknown parameters increase as

TABLE 2. MA model (99) and AR model (100), p = 120: F1 scores,
Hamming distances and timings using DE:log-sum approach, averaged
over 100 runs, for varying time-delays d .

O((d + 1)2), which also accounts for significant increase in
computational time with increasing d .
As noted earlier in Remark 2 in Sec. III-A, this observation

suggests the heuristic that the user should try several values of
d and pick the smallest value, say d0, beyond which (e.g., for
d = d0 + 1) the estimated graph is only marginally different
from the estimated graph for d = d0. In practice, since the
true graph is unknown, one cannot compute the F1 score
or the Hamming distance. For real data, what constitutes
marginal difference would be problem and user dependent.
We revisit this later in the context of financial time series
based real data results presented in Sec. VII.

3) VARYING ORDER AND SPARSITY OF AR MODELS, 120
NODES
VaryingOrder. In Table 3we display some numerical ablation
results by varying the AR model order. We use a VAR(L)
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TABLE 3. Varying AR model order: VAR(L) as in (103), L ∈ {1, 2, 3, 4},
p = 120. F1 scores, Hamming distances and timings using DE:log-sum
with d = 3, averaged over 100 runs.

model with L ∈ {1, 2, 3, 4}, given by

x(t) =
L∑
i=1

Aix(t − i)+ w(t) , x(t) ∈ Rp , (103)

where w(t) is i.i.d. zero-mean Gaussian with precision matrix
� = 0.5Ip and Ai is block-diagonal with 15× 15 sub-blocks
A(q)
i , q ∈ [8], as for (100), and p = 120. Only 10% of entries

of A(q)
i ’s are nonzero (randomly picked) and the nonzero

elements are independently and uniformly distributed over
[−0.8,−0.3] ∪ [0.3, 0.8]. The graph sparsity varies with
varying L even though sparsity of A(q)

i ’s remains unchanged.
Based on 100 Monte Carlo runs, the number of edges in
the resulting true graphs are in the ranges [2.90%, 4.47%],
[5.94%, 8.01%], [8.53%, 9.94%] and [9.43%, 11.04%] for
L = 1, 2, 3 and 4, respectively. We used the log-sum penalty
and d = 3. The simulation results are shown in Table 3. It is
seen that the results are consistent across model orders, both
in terms of the F1 scores and the Hamming distances.
Varying Sparsity, AR model (100). Here we use VAR(3)

model as in (100) (or in (103) with L = 3), and vary the
percentage of nonzero entries in A(q)

i ’s. By varying these per-
centages as 2%, 5% and 10%, we obtain the number of edges
in the resulting true graphs in the ranges [1.26%, 2.46%],
[4.19%, 6.29%] and [8.53%, 9.94%], respectively (based
on 100 Monte Carlo runs). The simulation results are shown
in Table 4. It is seen that the results are consistent across
various sparsity levels in terms of the F1 scores. Higher
sparsity levels implies more edges in the graph, and the
larger Hamming distances for higher sparsity reflects more
errors in graph recovery for the same relative errors measured
by the F1 score. By Theorem 1, the estimation error norm
∥�̂yλ − �⋄y∥F = O(

√
mpn + m2s⋄n) where s

⋄
n is the number

of (off-diagonal) edges in the graph and m = d + 1.

4) AR MODELS, VARYING NUMBER OF NODES
We now consider AR(3) models for time-dependent
data generation with varying number of graph nodes

TABLE 4. Varying sparsity of AR(3) model (100), p=120: F1 scores,
Hamming distances and timings using DE:log-sum with d = 3, averaged
over 100 runs.

TABLE 5. F1 scores, Hamming distances and timings (s) for AR(3)
models, varying number of nodes p=60, 120 or 240, using DE:log-sum
with d = 3, averaged over 100 runs (standard deviation σ in parentheses).

TABLE 6. F1 scores, Hamming distances and timings (s) for
non-Gaussian AR(3) model (100) (p = 120), averaged over 100 runs
(standard deviation σ in parentheses). ‘‘DE: lasso and ‘‘DE: log-sum’’ are
proposed delay embedding approaches with lasso and log-sum penalties,
respectively, using d = 3.

p ∈ {60, 120, 240}. The objective is to empirically study
the performance stability/scalability of the proposed solu-
tions with varying model dimensions. The AR(3) model
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follows (100) where Ai ∈ Rp×p, i ∈ [3], is block-diagonal
with

(i) six 10× 10 sub-blocks A(q)
i , q ∈ [6], when p = 60,

(ii) eight 15 × 15 sub-blocks A(q)
i , q ∈ [8], when p = 120

(as in Sec. VI-A1),
(iii) eight 30× 30 sub-blocks A(q)

i , q ∈ [8], when p = 240.

All other details regarding generation of �, A(q)
i ’s and {x(t)}

are exactly as before in Sec. VI-A1. For the given choices,
the percentage of distinct connected edges in the true graphs
do not change much with changing p: in 100 Monte Carlo
runs, the number of edges in the resulting true graphs
are in the ranges [9.04%, 12.77%], [8.53%, 9.94%] and
[10.22%, 11.35%] for p = 60, 120 and 240, respectively.
Since the total number of edges in a p-node graph would be
p(p − 1)/2, 10% edges result in 123, 714 and 2868 edges in
graphs with p =60, 120 and 240 nodes, respectively.

We used the log-sum penalty and d = 3. The simulation
results are shown in Table 5. Recall that the computational
complexity is O((d + 1)3p3), the number of unknowns in
�y is O((d + 1)2p2) and the estimation error norm ∥�̂yλ −

�⋄y∥F = O(
√
(d + 1)pn + (d + 1)2s⋄n) where s

⋄
n is the num-

ber of edges in the graph. As p increases, so does s⋄n in our
models, increasing the estimation error norm. This explains
the degradation in the performance metrics with increasing p,
but the results improve with increasing sample size, achieving
comparable F1 scores of 0.880, 0.873 and 0.856 for p =60,
120 and 240, respectively, when n =2048.

5) AR MODELS WITH NON-GAUSSIAN DATA
Here we use the AR model (100) as in Sec. VI-A1, except
that now {w(t)} is i.i.d., zero-mean and non-Gaussian; other
details remain unchanged.We have the components ofw(t) as
mutually independent and identically distributed, zero-mean,
unit variance either exponential or Laplace random vari-
ables, whereas recall that in Sec. VI-A1, they are Gaussian.
As discussed in Sec. III-C, the resulting graphs are no longer
CIGs, but are partial correlation graphs reflecting uncorre-
lation instead of independence. However, since the PSDs are
identical for all three cases (Gaussian, exponential or Laplace
{w(t)}), the corresponding graphs based on S−1x (f ) are iden-
tical. The simulation results are shown in Table 6 using the
proposed approaches, DE:lasso and DE:log-sum, with d =
3. The probability density function (pdf) of Laplacian w(t)
has heavier (longer) tails than Gaussian pdf of w(t), and the
pdf of exponential w(t) is skewed. The simulation results
based on 100 runs are shown in Table 6. Compared to the
Gaussian AR(3) model results shown in Table 1, the results
shown in Table 6 are quite similar. For instance, for n =
2048, for the proposed DE:log-sum approach, we have an
F1 score of 0.873, 0.868 and 0.867, and Hamming distance of
172, 178 and 180, for the Gaussian, Laplace and exponential
series, respectively. For n = 256, for the proposed DE:log-
sum approach, we have anF1 score of 0.621, 0.621 and 0.619,
and Hamming distance of 466, 468 and 466, for the Gaussian,
Laplace and exponential series, respectively.

TABLE 7. AR(3), ARFIMA(3,0.15,0) and ARFIMA(3,0.35,0) Models,
p = 120: F1 scores, Hamming distances and timings (s), averaged over
100 runs. For fractional integration di = d̃ = 0.15 or 0.35∀i ∈ [120].
‘‘DE:lasso and ‘‘DE:log-sum’’ are proposed delay embedding approaches
with lasso and log-sum penalties, respectively (d = 3), ‘‘FD:lasso’’ and
‘‘FD:log-sum’’ are the frequency-domain approaches with lasso [10] and
log-sum [11] penalties, respectively.

B. LONG-RANGE DEPENDENCE MODEL
We now consider an ARFIMA(q, d̃, 0) model with u(t)
in (34) being a VAR(3) models exactly as in Sec. VI-A1 with
p = 120, and the fractionally integrated part is as described
in Sec. III-B2 with di = d̃ = 0.15 or 0.35, ∀i ∈ [p].
This leads to γ = 1 − d̃ = 0.85 or 0.65 in Assumption
(A1), and for large τ , the correlation function Rx(τ ) of {x(t)}
follows |[R(τ )]ij| = O(|τ |−0.7) or O(|τ |−0.3)∀i, j ∈ [p] for
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γ = 0.85 and 0.65, respectively (see Sec. III-B2). To generate
xi(t) as in (35), we used a moving-average approximation
xi(t) =

∑T−1
ℓ=0 ciℓui(t − ℓ) with T = 2000 [18]. We generate

the AR part as in Sec. VI-A1 (with stability check etc.).
As discussed in Remark 3 (Sec. III-B2), the underlying AR(3)
sequence and the two ARFIMA sequences all have identical
CIGs.

Simulation results based on 100 runs and using the pro-
posed DE:lasso and DE:log-sum approaches, as well as the
FD:lasso and FD:log-sum approaches, (all four approaches
as in Sec. VI-A1 and Table 1), are shown in Table 7.
We used delay d = 3 for all sample sizes for DE:lasso
and DE:log-sum, and for FD:lasso and FD:log-sum, the
number of frequency test points M in the interval (0, 0.5)
were M = 2, 3, 4 for sample sizes n = 256, 1024, 2048,
respectively, as in Sec. VI-A1 and Table 1). The CIGs of
the ARFIMA(3,0.15,0) andARFIMA(3,0.35,0) processes are
identical, and are exactly as the CIG of the underlying AR(3)
model which was also used in Sec. VI-A1. In Table 7 we
show the results for these three processes where the results
for the AR(3) series are exactly as in Table 1. We see that the
F1 scores for ARFIMA(3,0.35,0) in Table 7 are lower than
those for the ARFIMA(3,0.15,0) model, which, in turn, are
lower than those for the AR(3) model, for the corresponding
approaches, reflecting the bounds on ∥�̂yλ − �⋄y∥F given in
Theorem 1. As noted in Remark 7, we see from Theorem 1
that ∥�̂yλ − �⋄y∥F = OP(δ∗n/β2

min) where βmin is defined
in assumption (A3), and δ∗n ∝ 1/n0.5 (cf. Lemma 2(a)) for
SRD sequences and for LRD sequences with γ > 0.75, and
δ∗n ∝ 1/n0.3 (cf. Lemma 2(c)) for LRD sequences when γ =

0.65, with all other parameters remaining the same in R and
rn in (81) and (82), respectively. As discussed in Remark 5,
βmin decreases with increasing d̃ , with βmin being the largest
for the AR(3) series and the smallest for ARFIMA(3,0.35,0)
series, among the three series under discussion. The perfor-
mance in Table 7 improves with sample size in terms of both
the F1 score and Hamming distance.

Note that the analysis of the frequency-domain approaches
of [9], [10], [11], and [12] is restricted to SRD processes
although they (or any other approach) can be applied to both
SRD and LRD series. It is seen from Table 7 that the proposed
delay embedding approaches DE:lasso and DE:log-sum sig-
nificantly outperform the corresponding frequency-domain
approaches FD:lasso and FD:log-sum. For instance, for n =
2048, for the proposed DE:log-sum approach, we have an
F1 score of 0.802 and Hamming distance of 246 for the
ARFIMA(3,0.35,0) series, whereas FD:log-sum yields an
F1 score of 0.667 and Hamming distance of 460.

VII. REAL DATA: FINANCIAL TIME SERIES
Here our aim is to visualize and explore the conditional
dependency structure underlying a financial time series.
We consider daily share prices (at close of the day) of
97 stocks in the S&P 100 index from Jan. 1, 2013 through
Jan. 14, 2015. This data was gathered from the Yahoo Finance

website. Since the ground truth is not available, the main
objective is to illustrate how our proposed approaches com-
pare with some existing approaches, and how the real data
results relate to the synthetic data results.

If zm(t) is share price of mth stock on day t , we consider
(as is conventional in such studies) xm(t) = ln(zm(t)/zm(t −
1)) as the time series to analyze. Such transformations are
common in the analysis of financial time series. For instance,
such pre-processing is used in [30, Sec. 5.2] for topology
selection for graphical models for international stock market
data. We have xm(t) = ln(zm(t)) − ln(zm(t − 1)) which
implies that we first perform log(·) transformation (generally
believed tomake data ‘‘more Gaussian’’), followed by lag one
differencing to make the data close to univariate uncorrelated
and stationary.

These 97 stocks are classified into 11 sectors (according
to the Global Industry Classification Standard (GICS)) and
we order the nodes to group them as information technology
(nodes 1-12), health care (nodes 13-27), financials (nodes
28-44), real estate (nodes 45-46), consumer discretionary
(nodes 47-56), industrials (nodes 57-68), communication
services (nodes 69-76), consumer staples (nodes 77-87),
energy (nodes 88-92), materials (node 93), and utilities
(nodes 94-97). For each m, xm(t) was centered and normal-
ized to unit variance. The pre-processed data from Jan. 2,
2013 to Jan. 14, 2015 was taken as the time series {x(t)} with
512 samples, p = 97. The resulting time series weighted
adjacency heatmaps and the corresponding graphs, using
log-sum penalty (ϵ = 0.0001), are shown in Fig. 1 for IID,
freq.-domain (number of frequency test points M = 3) and
the proposed delay embedding (delay d = 3) approaches,
resulting in 508, 414 and 347, edges, respectively. The tuning
parameter pair (λ, α) was selected via BIC (pseudo-BIC for
DE as for the synthetic data examples in Table 1); for FD:log-
sum we used the BIC method detailed in [10] and [11],
and for IID:log-sum we used the classical BIC method [62]
to select λ. The strength of the connections in the graphs
and the weights of the adjacency matrices in Fig. 1 are
based on the metrics used to determine presence/absence
of graph edges: ∥�̂

(kℓ)
yλ ∥F (see (62)) for the proposed DE

approach, and |[�̂x]kℓ| for the IID approach for heatmaps, and
normalized ∥�̂

(kℓ)
yλ ∥F/(maxk,ℓ: k ̸=ℓ ∥�̂

(kℓ)
yλ ∥F ) for graph edge

weights which are color-coded. In the heatmaps shown in
Figs. 1(a), 1(c) and 1(e), the nodes are labeled by
integers 1-97 and they have been ordered in terms of
the 11 GICS sectors, as stated earlier. In the graphs shown in
Figs. 1(b), 1(d) and 1(f), some of the nodes (larger red circles)
are labeled by names, with node 1 labeled as Apple. Starting
from Apple as node 1, one counts counterclock-wise. Thus,
the node labeled Oracle is node 10, and nodes labeled Gilead,
Am Exp, Morgan Stanley, GM. FedEX, Meta, CocaCola and
Duke Energy are nodes 20, 30, 41, 50, 60, 72, 79 and 94,
respectively.

The IID model based graph in Fig. 1(a) is relatively
dense with 508 edges. The FD:log-sum and the proposed
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FIGURE 1. Weighted adjacency heatmaps and conditional independence graphs for financial time series (S&P 97 stocks share prices) over
period Jan. 2, 2013 to Jan. 14, 2015 (512 samples): (a)-(b) time-domain IID modeling with log-sum penalty, (c)-(d) freq-domain approach with
log-sum penalty, (e)-(f) proposed delay embedding approach with log-sum penalty (delay d=3). The heatmaps show ∥�̂

(kℓ)
yλ ∥F , k, ℓ ∈ [97]

and the graphs show color-coded normalized ∥�̂
(kℓ)
yλ ∥F /(maxk,ℓ: k ̸=ℓ ∥�̂

(kℓ)
yλ ∥F ). In Figs. (a), (c) and (e), the red squares (in dashed lines)

show the 11 GICS sectors – they are not part of the edge weights. The nodes are labeled as numbers 1 through 97 in heatmaps, and in the
graphs, one counts counter-clockwise starting with the node labeled Apple, which is node 1. Nodes 10, 20, 30, 41, 50, 60, 72, 79 and 94 are
labeled Oracle, Gilead, Am Exp, Morgan Stanley, GM, FedEx, Meta, CocaCola and Duke Energy, respectively.
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FIGURE 2. Conditional independence graphs for financial time series
(S&P 97 stocks share prices) over period Jan. 2, 2013 to Jan. 14, 2015
(512 samples). All graphs are based on the proposed delay embedding
approach with log-sum penalty: (a) delay d=3, (b) delay d=4, (c) delay
d=5. Other details are as in fig. 1.

DE:log-sum approaches yield sparser graphs with 414 and
347 edges, respectively. These observations are consistent

with the synthetic data results shown in Table 1 where in
terms of the F1 score and the Hamming distance, DE:log-
sum outperforms FD:log-sum, which, in turn, outperforms
the IID:log-sum approach. All three graphs appear to agree
on stronger edges but differ in low-strength edges, which very
likely to be false in the graph resulting from the IID:log-
sum approach (cf. synthetic data results). We also see that
in general, the stocks in a GICS sector are more strongly
connected to each other compared to the stocks in a different
sector. For instance, the stocks in the financial sector are
nodes 28-44 (including American Express (Am Exp) at
node 30 andMorgan Stanley at node 41) and they are strongly
connected to each other in all three graphs. Similarly, the
stocks in the industrials sector are nodes 57-68 (includ-
ing Federal Express (FedEX) at node 60) and they too are
strongly connected to each other in all three graphs.

The degree of a node in an undirected graph is defined
as the number of edges incident on the node. The maxi-
mum degrees of the estimated graphs using IID:log-sum,
FD:log-sum and DE:log-sum approaches are 17, 24 and 17,
respectively, and the corresponding mean degrees (± stan-
dard deviation) are 10.47 (±2.70), 8.54 (±4.14) and 7.15
(±2.86), respectively. Some of the highest degree nodes are:

• IID:log-sum graph
Johnson and Johnson (node 21, degree=17),
Blackrock (node 33, degree=17),
Berkshire Hathaway (node 34, degree=17),
Metlife (node 40, degree=16),
Emerson Electric (node 59, degree=16),
3M Co. (node 65, degree=16).

• FD:log-sum graph
Blackrock (node 33, degree=24),
Berkshire Hathaway (node 34, degree=21),
Honeywell (node 63, degree=19),
Johnson and Johnson (node 21, degree=18),
Danaher Corp. (node 19, degree=17),
Emerson Electric (node 59, degree=16).

• DE:log-sum graph
Blackrock (node 33, degree=17),
3M Co. (node 65, degree=15),
Metlife (node 40, degree=13),
Honeywell (node 63, degree=13),
Johnson and Johnson (node 21, degree=12),
Thermo Fisher Scientific (node 26, degree=12),
Berkshire Hathaway (node 34, degree=12),
Booking Holdings (node 48, degree=12),
Walt Disney (node 71, degree=12).

The strongest six edges as measured by the edge weights,
are (in the order of decreasing weights):

• IID:log-sum graph
{88, 89}={Conoco Phillips, Chevron},
{94, 97}={Duke Energy, Southern Co.},
{89, 92}={Chevron, Exxon Mobil},
{37, 41}={Goldman Sachs, Morgan Stanley},
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{42, 44}={US Bancorp, Wells Fargo},
{75, 76}={AT&T, Verizon}.

• FD:log-sum graph
{94, 97}={Duke Energy, Southern Co.},
{88, 89}={Conoco Phillips, Chevron},
{89, 92}={Chevron, Exxon Mobil},
{37, 41}={Goldman Sachs, Morgan Stanley},
{42, 44}={US Bancorp, Wells Fargo},
{81, 84}={Altria Group, Phillip Morris}.

• DE:log-sum graph
{94, 97}={Duke Energy, Southern Co.},
{88, 89}={Conoco Phillips, Chevron},
{88, 92}={Conoco Phillips, Exxon Mobil},
{37, 41}={Goldman Sachs, Morgan Stanley}),
{42, 44}={US Bancorp, Wells Fargo},
{81, 84}={Altria Group, Phillip Morris}.

Notice that the strongest edges detailed above are between
node pairs that are in the same GICS sector.

An in-depth analysis would require domain expertise and
is not within the scope of this paper. Our objective here has
been to illustrate how our proposed approaches compare with
some existing approaches.

In Fig. 2 we turn to the issue raised/addressed in Remark 2
(Sec. III-A) and Table 2 (Sec. VI-A2: how to pick time delay
d? It was argued in Remark 2 to follow the heuristic of
trying several values of d and picking the smallest value
d = d0 beyond which (e.g., for d = d0 + 1) the estimated
graph is only marginally different from the estimated graph
for d = d0. The synthetic data results of Sec. VI-A2 and
Table 2 support this heuristic. In practice, since the true graph
is unknown, one cannot compute the F1 score or the Ham-
ming distance to quantify marginal difference. It was stated in
Remark 2 that what constitutes marginal difference would be
problem and user dependent. Using the DE:log-sum approach
(coupled with the BIC method for (λ, α) selection) for delay
values of d =3, 4 and 5, we show the estimated graphs
in Fig. 2. Fig. 2(a) is the same as Fig. 1(f). The estimated
graphs have 347, 307 and 310 edges for d = 3, 4 and 5,
respectively. The graphs for d = 3 and d = 4 have 305 edges
in common and they disagree on 44 edges, while the graphs
for d = 4 and d = 5 have 304 edges in common and they
disagree on 9 edges. A visual examination also shows very
minor differences in the three graphs. This suggests that one
may take Fig. 2(a) (i.e., Fig. 1(f)) as the estimated graph.

VIII. CONCLUSION
Estimation of the CIG of a high-dimensional stationary
multivariate Gaussian time series was investigated using
delay embedding and time-domain methods which allowed
the series to be possibly LRD, unlike past work on this
topic where frequency-domain methods whose analysis is
restricted to SRD series, abound. The problem was for-
mulated as one of multi-attribute graph estimation for
random vectors where a vector is associated with each
node of the graph. For an embedding dimension d , at each

node the associated (d + 1)-dimensional random vector con-
sists of a time series component and its d delayed copies,
with integer delays up to d ≥ 1. A penalized nega-
tive pseudo log-likelihood function with convex lasso or
non-convex regularizations was proposed to estimate the
CIG. An existing ADMM approach was used to optimize
the objective function. We established sufficient conditions
in a high-dimensional setting for consistency, local convexity
when using non-convex penalties, and graph recovery, for
both SRD and LRD series.

We illustrated our approachwith numerical examples using
both synthetic and real (financial time series) data where
comparisons with some competing approaches were pro-
vided. Compared to i.i.d. modeling based approaches, our
proposed approaches yield much higher F1 scores and lower
Hamming distances between estimated and true edge-sets of
the time series graph. Compared to the existing frequency-
domain approaches, our proposed approaches are slightly
to significantly better. For a p-dimensional time series, the
computational complexity of the ADMMalgorithm isO((d+
1)3p3). Based on the numerical examples, a heuristic was
suggested and illustrated for selection of d which, in theory,
should tend to infinity to infer the time series graph.

In our theoretical analysis we exploited some results
from [43] whose analysis is limited to i.i.d. data. For analysis,
in [43] two different sets of sufficient conditions have been
presented: with and without some irrepresentability condi-
tions. In this paper we did not consider any irrepresentability
condition because while results of [43, Sec. V-B] are appli-
cable here, they are stated in terms of the covariance of the
multi-attribute process {y(t)} whereas in this paper we would
like to formulate them in terms of the original process {x(t)}
also, which we are unable to do, unlike as in Remarks 4 and 5
of this paper.

The assumptions that {x(t)} is stationary and linear (i.e.,
generated via (24)) are critical to the results of this paper.
If {x(t)} is not necessarily Gaussian, then the zeros of S−1x (f )
encode a partial correlation graph [5] which is not necessarily
a CIG. For non-Gaussian sequences, our time-delay embed-
ding approach yields an approximation to the underlying time
series partial correlation graph.

APPENDIX A
PROOF OF LEMMA 2
Here we prove Lemma 2 for which we need [48, Lemma
VI.2,supplementary], restated here as Lemma 4 (γ is called
β in [48]) as applied to 6̂y =

1
n̄

∑n
t=d+1 y(t)y

⊤(t), n̄ =
n − d , 6⋄y = E{y(t)y⊤(t)}. (The cases γ = 1 and γ =
3
4 are not in [48, Lemma VI.2,supplementary], but can be
inferred from [48, Lemma VI.1,supplementary].) It is the
basis of our Lemma 2, which in turn, is central to our
Theorem 1.
Lemma 4 [48]: Under assumption (A1), the elements of

the sample covariance 6̂y satisfy the tail bound

P
(∣∣∣[6̂y −6⋄y ]kl

∣∣∣ ≥ δ
)
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≤ 2 exp
(
−Cumin

(
δ2

c4a(p)Ln,γ
,

δ

c2a(p)Jn,γ

))
(104)

for every δ > 0 and every k, l, where Cu ∈ (0,∞) is a
constant that depends only on γ , and

(L−1n,γ , J−1n,γ ) =


(n̄, n̄), γ > 1
(n̄, n̄/ ln2(n̄)), γ = 1
(n̄, n̄2γ−1), 1 > γ > 3

4
(n̄/ ln(n̄), n̄2γ−1), γ = 3

4
(n̄4γ−2, n̄2γ−1), 3

4 > γ > 1
2 . •

Remark 10. The universal constant Cu results from the appli-
cation of the Hanson-Wright inequality [47]. In [48], the
constant ca(p) (see assumption (A1)) is absorbed in Cu.
We keep it separate to highlight its possible dependence on
p. □

Proof of Lemma 2: For γ ∈ (1,∞) and n̄ ≥ N1,
using Lemma 4 it is easy to verify that δ2∗n/(c

4
a(p)Ln,γ ) ≤

δ∗n/(c2a(p)Jn,γ ) for the specified δ∗n. Applying the union
bound over all (mpn)2 entries of 6̂y−6⋄y in Lemma 4, we have

P
(
max
k,l

∣∣∣[6̂y −6⋄y ]kl
∣∣∣ > δ∗n

)
≤ Ptb

= 2(mpn)2 exp
(
−Cu

ln(2m2pτ
n)

n̄Cu
n̄
)

= 2(mpn)2 exp
(
ln(2m2pτ

n)
−1

)
=

1

pτ−2
n

. (105)

For γ ∈ ( 34 , 1] and stated conditions on n̄, we again have
δ2∗n/(c

4
a(p)Ln,γ ) ≤ δ∗n/(c2a(p)Jn,γ ) for the specified δ∗n,

and therefore, the desired result follows in a manner simi-
lar to (105). For part (b), when γ = 3

4 , for the specified
δ∗n and stated condition on n̄, we have δ2∗n/(c

4
a(p)Ln,γ ) ≤

δ∗n/(c2a(p)Jn,γ ) for the specified δ∗n, and therefore, the
desired result follows as before. For γ ∈ ( 12 ,

3
4 ), for the spec-

ified δ∗n, it is easy to verify that we have δ2∗n/(c
4
a(p)Ln,γ ) ≤

δ∗n/(c2a(p)Jn,γ ) if N1 ≤ 1, else we have δ2∗n/(c
4
a(p)Ln,γ ) >

δ∗n/(c2a(p)Jn,γ ) if N1 > 1. For N1 ≤ 1, the desired results
follows in a manner similar to (105). If N1 > 1, γ ∈ ( 12 ,

3
4 )

and δ∗n = c2a(p) ln(2m
2pτ
n)/(n̄

2γ−1Cu), then applying the
union bound to left-side of (66), we have

P
(
max
k,l

∣∣∣[6̂y −6⋄y ]kl
∣∣∣ > δ∗n

)
≤ Ptb

= 2(mpn)2 exp
(
−Cu

ln(2m2pτ
n)

(n̄2γ−1Cu)
n̄2γ−1

)
= 2(mpn)2 exp

(
ln(2m2pτ

n)
−1

)
=

1

pτ−2
n

. (106)

This completes the proof. ■

APPENDIX B
PROOFS OF THEOREMS 1-3 AND LEMMA 3
First some notation. Given A ∈ Rp×p, A+ = diag(A) is a
diagonal matrix with the same diagonal as A, and A− = A−
A+ is A with all its diagonal elements set to zero.

Proof of Theorem 1: To lighten notation, in this proof,
we denote �y, �⋄y , 6

⋄
y , E⋄y and �̂λ as �, �⋄, 6⋄, E⋄ and �̂,

respectively. Let � = �⋄ +1 with both �, �⋄ ≻ 0, and

Q(�) := L̄(�)− L̄(�⋄) . (107)

The estimate �̂ minimizes Q(�), or equivalently, 1̂ = �̂ −

�⋄ minimizes G(1) := Q(�⋄ + 1). We will follow the
method of proof of [43, Theorem 1], which, in turn, for the
most part, follows the method of proof of [38, Theorem 1]
pertaining to lasso penalty. Consider the set

2n(R) :=
{
1 : 1 = 1⊤, ∥1∥F = Rrn

}
(108)

where R and rn are as in (81) and (82), respectively. Since
G(1̂) ≤ G(0) = 0, if we can show that inf1{G(1) : 1 ∈

2n(R)} > 0, then a minimizer 1̂ must be inside 2n(R), and
hence ∥1̂∥F ≤ Rrn. It is shown in [38, (9)] that

ln(|�⋄ +1|)− ln(|�⋄|) = tr(6⋄1)− A1 (109)

where, withH(�⋄, 1, v) = (�⋄+v1)−1⊗(�⋄+v1)−1 and
v denoting a scalar,

A1 = vec(1)⊤
(∫ 1

0
(1− v)H(�⋄, 1, v) dv

)
vec(1) .

(110)

Noting that �−1 = 6, we can rewrite G(1) as

G(1) = A1 + A2 + A3 + A4 , (111)

where

A2 = tr
(
(6̂ −6⋄)1

)
, (112)

A3 = α

mpn∑
i,j=1;i̸=j

(
ρλ(|�⋄ij +1ij|)− ρλ(|�⋄ij|)

)
, (113)

A4 = (1− α)m
pn∑

q,ℓ=1;q̸=ℓ

(
ρλ(∥(�⋄)(qℓ) +1(qℓ)

∥F )

− ρλ(∥(�⋄)(qℓ)∥F )
)
. (114)

Following [38, p. 502], we have

A1 ≥
∥1∥2F

2(∥�⋄∥ + ∥1∥)2
≥

∥1∥2F

2
(
β−1min + Rrn

)2 (115)

where we have used the fact that ∥�⋄∥ = ∥(6⋄)−1∥ =
φmax((6⋄)−1) = (φmin(6⋄))−1 ≤ β−1min and ∥1∥ ≤ ∥1∥F =
Rrn. We now consider A2 in (112). We have

A2 =
mpn∑

i,j=1;i̸=j

[6̂ −6⋄]ij1ji︸ ︷︷ ︸
L1

+

mpn∑
i=1

[6̂ −6⋄]ii1ii︸ ︷︷ ︸
L2

(116)

To bound L1, using Lemma 2, with probability> 1−1/pτ−2
n ,

|L1| ≤ ∥1−∥1 max
i,j

∣∣[6̂ −6⋄]ij
∣∣ ≤ ∥1−∥1 δ∗n . (117)
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Similarly, by Cauchy-Schwarz inequality, [42, Lemma 2]
and (82),

|L2| ≤ ∥1+∥1 δ∗n

≤ δ∗n
√
mpn ∥1+∥F ≤ ∥1+∥F rn . (118)

Therefore, with probability > 1− 1/pτ−2
n ,

|A2| ≤ ∥1−∥1 δ∗n + ∥1
+
∥F rn . (119)

We now derive a different bound on A2. Define 1̃ ∈ Rpn×pn

with (i, j)th element 1̃ij = ∥1
(ij)
∥F , where 1(ij) is defined

from 1 similar to (9). By the Cauchy-Schwarz inequality,

∥1−∥1 =

mpn∑
i,j=1;i̸=j

|1ij| ≤ m∥1̃
−
∥1

+

( pn∑
k=1

∥1(kk)
∥1 − ∥1

+
∥1

)
︸ ︷︷ ︸

=:B

. (120)

Then using
∑

k ∥1
(kk)
∥1 ≤ m

∑
k 1̃kk ≤ m

√
pn ∥1̃

+
∥F ,

we have

|L2| + δ∗n B ≤ δ∗n (
pn∑
k=1

∥1(kk)
∥1)

≤ ∥1̃
+
∥F
√
m rn .

Therefore, an alternative bound is

|A2| ≤ m∥1̃
−
∥1 δ∗n +

√
m ∥1̃

+
∥F rn . (121)

For the rest of the proof we have two different approaches,
one for lasso and log-sum and the other for SCAD and
MCP penalties. The following applies to lasso and log-sum
penalties.
For Lasso and Log-SumPenalties:We now boundA3 in (113).
Let Ē⋄ denote the true enlarged edge-set corresponding to E⋄
(referred to as E⋄y in assumption (A2)) when one interprets
multi-attribute model as a single-attribute model with mpn
nodes. Let (Ē⋄)c denote its complement. Using the mean-
value theorem, we have (ρ′λ(u) =

dρλ(u)
du )

ρλ(|�⋄ij +1ij|) = ρλ(|�⋄ij|)

+ ρ′λ(|�̃ij|)(|�⋄ij +1ij| − |�
⋄

ij|) (122)

where |�̃ij| = |�
⋄

ij|+ν(|�⋄ij+1ij|−|�
⋄

ij|) for some ν ∈ [0, 1].
We have

A3 = α
∑

(i,j)∈Ē⋄
ρ′λ(|�̃ij|)(|�⋄ij +1ij| − |�

⋄

ij|)

+ α
∑

(i,j)∈(Ē⋄)c
ρλ(|1ij|) (123)

≥ −α
∑

(i,j)∈Ē⋄
ρ′λ(|�̃ij|)|1ij| + α

∑
(i,j)∈(Ē⋄)c

Cλ|1ij|

for |1ij| ≤ δλ, (124)

where in the last step above, we used the triangle inequality
and (49). Now use property (ii) of the penalty functions and
Cλ = λ/2 to conclude that

A3 ≥ −αλn
∑

(i,j)∈Ē⋄
|1ij| + α(λn/2)

∑
(i,j)∈(Ē⋄)c

|1ij| . (125)

Next we bound A4 in (114). Considering the true edge-set E⋄
for the multi-attribute graph, let (E⋄)c denote its complement.
If the edge {i, j} ∈ (E⋄)c, then (�⋄)(ij) = 0, therefore,
∥(�⋄)(ij) +1(ij)

∥F − ∥(�⋄)(ij)∥F = ∥1(ij)
∥F . For {i, j} ∈ E⋄,

by the triangle inequality, ∥(�⋄)(ij)+1(ij)
∥F −∥(�⋄)(ij)∥F ≥

−∥1(ij)
∥F . Mimicking the steps for bounding A3, we have

A4 ≥ −(1− α)mλn
∑

(i,j)∈E⋄
∥1(ij)

∥F

+ (1− α)m(λn/2)
∑

(i,j)∈(E⋄)c
∥1(ij)

∥F . (126)

Split A2 as A2 = αA2 + (1 − α)A2, apply bound (119)
to αA2 and (121) to (1 − α)A2, use ∥1−∥1 = ∥1

−

Ē⋄∥1 +

∥1−
(Ē⋄)c∥1 and ∥1̃

−
∥1 = ∥1̃

−

E⋄∥1 + ∥1̃
−

(E⋄)c∥1. We have

αA2+A3 ≥ −α|A2| + αλn(0.5∥1
−

(Ē⋄)c∥1 − ∥1
−

Ē⋄∥1)

≥α(0.5λn − δ∗n)
∑

(i,j)∈(Ē⋄)c
|1ij|

− α(λn + δ∗n)
∑

(i,j)∈Ē⋄
|1ij| − αrn∥1+∥F . (127)

Since we pick λn ≥ λnℓ in Theorem 1, 0.5λn − δ∗n ≥

0 and therefore, the first term above can be neglected. Now∑
(i,j)∈Ē⋄ |1ij| ≤

√
m2s⋄n∥1∥F , by the Cauchy-Schwarz

inequality, and ∥1+∥F ≤ ∥1∥F . We then have

αA2+A3 ≥ −α

(
(λn + δ∗n)

√
m2s⋄n + rn

)
∥1∥F . (128)

Similarly, we have

(1− α)A2+A4 ≥ −(1− α)m

×

(
(λn + δ∗n)

√
s⋄n + rn

)
∥1∥F . (129)

From (128) and (129) we have

A2+A3 + A4 ≥ −∥1∥F
(
λnm

√
s⋄n + δ∗nm

√
s⋄n + mrn

)
≥ −∥1∥F

(
λnm

√
s⋄n + (1+ m)rn

)
≥ −2(1+ m)rn∥1∥F (130)

where we used the fact that since λn ≤ λnu1, λnm
√
s⋄n ≤

(1+ m)rn. Using (111), the bound (115) on A1, bound (130)
on A2+A3+A4, and ∥1∥F = Rrn, we have with probability
> 1− 1/pτ−2

n ,

G(1) ≥ ∥1∥2F

[
1

2(β−1min + Rrn)
2
−

2(1+ m)
R

]
. (131)
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For the given choice of N2, Rrn ≤ RrN2 ≤ 0.1/βmin for n̄ ≥
N2. Also, 2(1+ m)/R = β2

min/4 by (81). Then for n̄ ≥ N2,

1

2(β−1min + Rrn)
2
−

2(1+ m)
R

≥ β2
min

(
1

2.42
−

1
4

)
> 0 ,

implying G(1) > 0. This proves (90). The choice of N3 for
log-sum penalty ensures that |1ij| ≤ δλ = ϵ needed in (124)
is satisfied with high probability (w.h.p.): if Rrn ≤ ϵ, then
|1ij| ≤ ∥1∥F ≤ Rrn ≤ ϵ.
The following applies to SCAD and MCP penalties.

For SCAD and MCP Penalties: Here we address (122) differ-
ently. Using the triangle inequality, we have

|�̃ij| ≥ |�
⋄

ij| + ν
(
|�⋄ij| − |1ij| − |�

⋄

ij|
)

≥ |�⋄ij| − |1ij| . (132)

Since |1ij| ≤ ∥1∥F ≤ Rrn, the choice λn = λnu2 implies that
λn ≥ Rrn, satisfying |1ij| ≤ λn. Therefore, |�̃ij| ≥ |�

⋄

ij|−λn.
For n̄ ≥ N4 and n̄ ≥ N5 for SCAD and MCP, respectively,
ρ′λ(|�̃ij|) = 0 (see (85) and (86)) if {i, j} ∈ Ē⋄, i.e, |�⋄ij| ̸= 0,
since in this case |�̃ij| ≥ (a + 1)λn − λn = aλn for SCAD
and |�̃ij| ≥ (b+ 1)λn − λn = bλn for MCP. Therefore,

A3 = α
∑

(i,j)∈(Ē⋄)c
ρλ(|1ij|)

≥ α
∑

(i,j)∈(Ē⋄)c
Cλ|1ij| for |1ij| ≤ δλ

= α(λn/2)
∑

(i,j)∈(Ē⋄)c
|1ij| . (133)

Mimicking the steps for bounding A3 above and under same
conditions, we have

A4 ≥ (1− α)m(λn/2)
∑

(i,j)∈(E⋄)c
∥1(ij)

∥F . (134)

Thus,

αA2+A3 ≥ −α|A2| + 0.5αλn∥1
−

(Ē⋄)c∥1

≥α(0.5λn − δ∗n)
∑

(i,j)∈(Ē⋄)c
|1ij|

− αδ∗n
∑

(i,j)∈Ē⋄
|1ij| − αrn∥1+∥F . (135)

Since we pick λn = max (Rrn, λnu1) in Theorem 1, 0.5λn −
δ∗n ≥ 0 and therefore, the first term above can be neglected.
Now

∑
(i,j)∈Ē⋄ |1ij| ≤

√
m2s⋄n∥1∥F , by the Cauchy-Schwarz

inequality, and ∥1+∥F ≤ ∥1∥F . We then have

αA2+A3 ≥ −α

(
δ∗n

√
m2s⋄n + rn

)
∥1∥F . (136)

By very similar arguments we also have

(1− α)A2+A4 ≥ −(1− α)m

×

(
δ∗n

√
s⋄n + rn

)
∥1∥F . (137)

From (136) and (137) we have

A2+A3 + A4 ≥ −∥1∥F
(
δ∗nm

√
s⋄n + mrn

)
≥ −(1+ m)rn∥1∥F (138)

where we used the fact that δ∗nm
√
s⋄n ≤ rn. Mimicking (131),

we have with probability > 1− 1/pτ−2
n , we have

G(1) ≥ ∥1∥2F

[
1

2(β−1min + Rrn)
2
−

(1+ m)
R

]

≥β2
min

(
1

2.42
−

1
8

)
> 0 , (139)

implyingG(1) > 0. This proves (90). For the SCAD penalty,
we need |1ij| ≤ δλ = λn in (133). Since |1ij| ≤ ∥1∥F ≤

Rrn, the choice λn = λnu2 implies that λn ≥ Rrn, satisfying
|1ij| ≤ λn. For the MCP we need |1ij| ≤ δλ = bλn in (133),
which follows from λn = λnu2 and |1ij| ≤ λn < bλn for
b > 1. This completes the proof. ■

Proof of Lemma 3: Consider h(�y) = L(�y) −
µ
2 ∥�y∥

2
F for some µ ≥ 0. The Hessian of L(�y) w.r.t.

vec(�y) is ∇2L(�y) = �−1y ⊗�−1y with

φmin(∇2L(�y)) = φ2
min(�

−1
y ) =

1
φ2
max(�y)

=
1
∥�y∥

2 .

(140)

Since∇2h(�y) = �−1y ⊗�−1y −µI (mp)2 , it follows that h(�y)
is positive semi-definite, hence convex, if

∥�y∥ ≤

√
1
µ

. (141)

One of the properties of the penalty functions ρλ(u) is that
g(u) := ρλ(u)+

µ
2 u

2 is convex for some µ ≥ 0, and another
property is that ρλ(u) is non-decreasing on R+. Therefore,
by the composition rules [60, Sec. 3.2.4], g(|[�y]ij|) and
g(∥�(qℓ)

y ∥F ) are convex. Hence,

Pe(�y)+
µe

2
∥�y∥

2
F =

mp∑
i̸=j

(
ρλ(

∣∣[�y]ij
∣∣)+ µe

2

∣∣[�y]ij
∣∣2)
(142)

is convex for µe = µ ≥ 0, and similarly,

Pg(�y)+
µg

2
∥�y∥

2
F = m

p∑
q̸=ℓ

(
ρλ(∥�(qℓ)

y ∥F )

+
µg

2m
∥�(qℓ)

y ∥
2
F

)
(143)

is convex for µg = mµ, where µ is the value that renders
ρλ(u)+

µ
2 u

2 convex. Now express L̄(�y) as

L̄(�y) = αL̄e(�y)+ (1− α)L̄g(�y) , (144)

L̄e(�y) = L(�y)−
µ

2
∥�y∥

2
F + Pe(�y)+

µ

2
∥�y∥

2
F ,

(145)

L̄g(�y) = L(�y)−
µ

2
∥�y∥

2
F + Pg(�y)+

µ

2
∥�y∥

2
F .

(146)
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By (141), (142) and (145), L̄e(�y) is convex function of �y

if ∥�y∥ ≤

√
1
µ
, and by (141), (143) and (146), L̄g(�y) is

convex in �y if ∥�y∥ ≤
√

1
µg
=

√
1
mµ

. Thus, for L̄(�y) to
be strictly convex, using the (minimum) values of µ to make
ρλ(u)+

µ
2 u

2 convex, we require

∥�y∥ <

√
1
mµ

=



∞ : Lasso√
a−1
m : SCAD√
ϵ

mλn
: log-sum√

b
m : MCP.

(147)

The choice ∥�y∥ <
√

1
mµ

makes L(�y) −
µ
2 ∥�y∥

2
F positive

definite, hence strictly convex. We take ∥�y∥ = 0.99
√

1
mµ

,
completing the proof. ■

Proof of Theorem 2: If 1/βmin ≤ 0.99 θ , then �⋄y ∈ B
since ∥�⋄y∥ ≤ 1/βmin by assumption (A3). To establish that
�̂yλ ∈ B, consider (1 is as in the proof of Theorem 1)

∥�̂yλ∥ ≤ ∥�̂yλ −�⋄y∥ + ∥�
⋄
y∥

≤ ∥1∥ + 1/βmin ≤ ∥1∥F + 1/βmin

≤ Rrn + 1/βmin . (148)

Therefore, �̂yλ ∈ B. Thus, both �̂yλ and �⋄y are feasible. The
desired result then follows from Theorem 1 and (local) strict
convexity of L̄(�y) over B implied by Lemma 3. ■

Proof of Theorem 3: We have ∥�̂
(qℓ)
yλ − (�⋄y )

(qℓ)
∥F ≤

∥�̂yλ −�⋄y∥F ≤ σ̄n w.h.p. For the edge {q, ℓ} ∈ E⋄, we have

∥�̂
(qℓ)
yλ ∥F = ∥(�

⋄
y )

(qℓ)
+ �̂

(qℓ)
yλ − (�⋄y )

(qℓ)
∥F

≥∥(�⋄y )
(qℓ)
∥F − ∥�̂

(qℓ)
yλ − (�⋄y )

(qℓ)
∥F

≥νt − σ̄n ≥ 0.6 νt for n ≥ N6

>γn . (149)

Thus, E⋄ ⊆ Ê . Now consider the set complements (E⋄)c and
Êc. For the edge {q, ℓ} ∈ (E⋄)c, ∥(�⋄y )(qℓ)∥F = 0. For n ≥ N6,
w.h.p. we have

∥�̂yλ(qℓ)∥F = ∥(�⋄y )
(qℓ)
+ �̂

(qℓ)
yλ − (�⋄y )

(qℓ)
∥F

≤ 0+ σ̄n ≤ 0.4 νt < γn , (150)

implying that {q, ℓ} ∈ (Ê⋄)c. Thus, (E⋄)c ⊆ Êc, hence Ê ⊆
E⋄, establishing Ê = E⋄. ■
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