Wed. 6/27/2012

Grand principles of signal processing...

1. Time domain <--> Frequency domain

Different views of the same physical reality

2. Shannon sampling theorem / Nyquist sampling rate

· Must sample a signal at least twice as fast as the highest frequency component in order to recover it exactly.  Otherwise, the recovery suffers from aliasing.

· Must apply an anti-aliasing low-pass filter to any signal before sampling to ensure that there is no frequency content higher than ½ the intended sampling rate.


3. Euler – read his bio!
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Looking out the (Sampling) Window

A great principle in computation is GIGO, which stands for Garbage In, Garbage Out.  Anytime we look at the results of a DFT or an inverse DFT, we need to make sure we know what the algorithm is “seeing” (the In) so we can properly understand the “Out”.

Let’s revisit one of the cases from In-Class 8 (Mon. 6/25)

Sketch the DFT for a square wave with f = 1 Hz, SR = 128 samples per second, N = 64.

Since f = k(SR/N) we get f = k/2, and since the harmonic frequencies are 1,3,5,... Hz we might expect the DFT to be a little odd. The actual DFT result for the first harmonic (generated by dft_count.m) is shown below:

[image: ]

and the corresponding time-domain picture is shown below:

[image: ]

As far as the FFT algorithm is concerned, this is all it knows about, so the result is not surprising. This signal does have a non-zero total of sample values, which is the value of the DFT at k=0.

Recall the definition of the DFT (Eq. 4.33)
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The third harmonic (a sine wave with f = 3 Hz) has the following DFT and time-domain graphs:
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So, apparently there is an important relationship between how long you sample and the accuracy of the DFT.

This leads to another important principle of signal analysis:

There is a tradeoff between record length, frequency discrimination, noise, and conversion speed.

The record length is usually referred to as the (time) window:

Long window ==> more samples ==> better frequency discrimination ==> less noise ==> slower conversion speed.

If your signal is changing rapidly, you need higher conversion speed to keep up, but that means you cannot get “signatures” as accurately.

Signature: A “fingerprint” in the frequency domain of an event or object. 

Example 1 – radar return from a fast-moving enemy aircraft. You need velocity and heading. A longer window gives you better resolution, but reduces your ability to track in real time. 

Example 2 – MRI from a stroke patient. Longer window gives better resolution, but takes longer to get results.

Moreover, the shape of the window function is important. 

Look at this Wikipedia article on window functions:

http://en.wikipedia.org/wiki/Window_function


By the way, where does the commonly-used sampling rate 44,100 Hz come from?

http://en.wikipedia.org/wiki/44,100_Hz

Commercial reality – I need to sell faster sampling for the same $$$ than my competition.

Relate this to processor speeds / heat extraction / multicore

How do I sample?

Sample and hold circuit

Simple analog to digital converter (called A/D, ADC,  ATD, ...)
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180 Chapter4  Fourier Analysis of Discrete-Time Signals

computer, it is necessary to discretize in frequency. This leads to the concept of the dis-
crete Fourier transform, which is defined next.
Given a positive integer N, the N-point discrete Fourier transform (DFT) X, of
x[n] over the time interval from n = 0 to n = N — 1 s defined by
N1
Xo= Salnle PN k=01 N -1 (433)
=i
From (4.33) itis seen that the DFT X', is a function of the discrete (integer) variable k.
Also note that. in contrast to the DTFT, the DFT X, is completely specified by the A'
values X, X1, X»,.... X ;. In general, these values are complex, and thus X, can be
expressed in either polar or rectangular form. The polar form is

Xi = | Xl expli£X,]). 0.1,....N—1 (4.34)
where | X,| is the magnitude of X, and £ X is the angle of X . The rectangular form is
Xe=Ri+ Iy k=01 N=-1 (4.35)

where Ry is the real part of X, given by

wl 2wk
Re = x[0] + 3 x[n] cos ’V 4

=
and Iy is the imaginary part of X given by

N1

I = = x[n] sin

2mkn
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letter ¢ far the base of the natural logarithm (now also known as Euler’s number), the Greek letter X for

P of s o sl on
summations and the letter  to denate the imaginary unit.?? The use of the Greek letter 7to denote the ratio of a

The mathematical
circle's circumference to its diameter was also popularized by Euler, although it did not originate with him. constant ¢

Analysis edit] mA
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The develapment of infiritesimal calculus was at the foreffont of 18th Century mathematical research, and the
Bemoulis—farmily fiends of Euler —were responsible for much of the early progress in the field. Thanks to their

influence, studying calculus became the major facus of Euler’s work. While some of Euler’s praofs are not ‘
acceptable by modem standards of mathematical rigour¥ (in particular his reliance on the principle of the 0)
generality of alyebra), his ideas led to many great advances. Euler is well known in analysis for his frequent use
and development of power series, the expression of functions as sums of infinitely many terms, such as
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Euler introduced the use of the exponential function and logarithrms in analytic proofs. He discovered ways to
express various logarithmic functions using power series, and he successfully defined logarithms for negative and
complex numbers, thus greatly expanding the scope of mathematical applications of logarithms. %% He also
defined the exponential function for complex numbers, and discovered its relation to the trigonometric functions. mA
For any real number o, Euler's formula states that the complex exponential function satisfies

People Jotm Napier - Leonhard Euler

Schanuefs conjecture.
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A special case of the above formula is known as Euler's identity,

em+1=0
called "the most remarkable formula in mathematics” by Richard P. Feynman, for its single uses of the notions
of addition, multiplication, exponentiation, and equality, and the single uses of the important constants 0, 1, e, ¢

and .7 In 1988, readers of the Mathematical intelligencer voted it “the Most Beautiful Mathematical Formula
Ever". %% In total, Euler was responsible for three of the top five formulae in that poll. 2%

De Mojwre's formula is a direct consequence of Euler's formula A geomeiric nterreteton of Evier's &3

In addition, Euler elaborated the theory of higher transcendental functions by introducing the gamma function formuia
and introduced a new methad for sohing quartic equations. He also found a way to calculate integrals with
complex limits, foreshadowing the development of moder complex analysis. He also invented the calculus of variations including its best-known resul, the

Euler-Lagrange equation
Euler also pioneered the use of analytic methods to solve nurber theory problerms. In doing so, he united two disparate branches of mathematics and

introduced a new field of study, analytic number theory. In breaking ground for this new field, Euler created the theary of hypergeometic series, g-series,
hyperbolic trigonometric functions and the analytic theory of continued fractions. For example, he proved the infinitude of primes using the divergence of the.
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