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BOOST: Base Station ON-OFF Switching Strategy
for Green Massive MIMO HetNets

Mingjie Feng, Student Member, IEEE, Shiwen Mao, Senior Member, IEEE, and Tao Jiang, Senior Member, IEEE

Abstract— We investigate the problem of base station (BS)
ON-OFF switching, user association, and power control in a
heterogeneous network (HetNet) with massive multiple input
multiple output (MIMO), aiming to turn OFF under-utilized BS’s
and maximize the system energy efficiency. With a mixed integer
programming problem formulation, we first develop a central-
ized scheme to derive the near optimal BS ON-OFF switching,
which is an iterative framework with proven convergence. We
further propose two distributed schemes based on game theory,
with a bidding game between users and BS’s, and a pricing
game between wireless service provider and users. Both games
are proven to achieve a Nash Equilibrium. Simulation studies
demonstrate the efficacy of the proposed schemes.

Index Terms— 5G wireless, massive MIMO, heterogeneous
network (HetNet), green communications.

I. INTRODUCTION

TO MEET the 1000x mobile data challenge in the near
future [1], aggressive spectrum reuse and high spectral

efficiency must be achieved to significantly boost the capacity
of wireless networks. To this end, massive MIMO (Multiple
Input Multiple Output) and small cell are regarded as two key
technologies for emerging 5G wireless systems [2], [3], [5].
Massive MIMO refers to a wireless system with more
than 100 antennas equipped at the base station (BS),
which serves multiple users with the same time-frequency
resource [6]. Due to highly efficient spatial multiplexing,
massive MIMO can achieve dramatically improved energy and
spectral efficiency over traditional wireless systems [7], [8].
Small cell is another promising approach for capacity enhance-
ment. With short transmission range and small coverage area,
high signal to noise ratio (SNR) and dense spectrum reuse can
be achieved, resulting in increased spectral efficiency.

Due to their high potential, the combination of massive
MIMO and small cells is expected in future wireless net-
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works, where multiple small cell BS’s (SBS) coexist with
a macrocell BS (MBS) equipped with a large number of anten-
nas, forming a heterogeneous network (HetNet) with massive
MIMO [3], [4]. The two technologies are inherently comple-
mentary. On one hand, the MBS with massive MIMO has
a large number of degrees of freedom (DoF) in the spatial
domain, which can be exploited to avoid cross-tier interfer-
ence. On the other hand, as traffic load grows, the throughput
of a massive MIMO system will be limited by factors such
as channel estimation overhead and pilot contamination [6].
By offloading some macrocell users to small cells, the com-
plexity and overhead of channel estimation at the MBS can be
greatly reduced, resulting in better performance of macrocell
users. Due to these great benefits, massive MIMO HetNet has
drawn considerable attention recently [2], [5], [9]–[14].

However, another advantage of massive MIMO HetNet
has not been well considered in the literature, which is its
high potential for energy savings. With the rapid growth of
wireless traffic and development of data-intensive services,
the power consumption of wireless networks has significantly
increased, which not only generates more CO2 emission, but
also raises the operating expenditure of wireless operators.
As a result, energy saving, or energy efficiency (EE), becomes
a rising concern for the design of wireless networks [15].
A few schemes have been proposed to improve the EE of
massive MIMO HetNets, such as optimizing the beamforming
weights [9] or optimizing user association [12].

In this paper, we aim to improve the EE of massive MIMO
HetNets from the perspective of dynamic ON-OFF switching
of BS’s. Due to the high potential for spatial-reuse, SBS’s
are expected to be densely deployed, resulting in considerable
energy consumption. As the traffic demand fluctuates over time
and space [16], [17], many SBS’s are under-utilized for certain
periods of a day, and can be turned off to save energy and
improve EE. A unique advantage of massive MIMO HetNet
is that the MBS can provide good coverage for users that are
initially served by the turned-off SBS’s. However, as more
SBS’s are turned off, more users will be served by the MBS.
As these users need to send pilot to the MBS, the number
of symbols dedicated to the pilot in the transmission frame
will be increased, resulting in decreased data rate [14]. Due
to this trade-off, the SBS ON-OFF switching strategy should
be carefully determined to balance the tension between energy
saving and data rate performance.

We propose a scheme called BOOST (i.e., BS ON-OFF
Switching sTrategy) to maximize the EE of a massive MIMO
HetNet, by jointly optimizing BS ON-OFF switching, user
association, and power control. We fully consider the special
properties of massive MIMO HetNet in problem formulation,

1536-1276 © 2017 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

Authorized licensed use limited to: Auburn University. Downloaded on April 13,2020 at 01:53:13 UTC from IEEE Xplore.  Restrictions apply. 



7320 IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 16, NO. 11, NOVEMBER 2017

develop effective cross-layer optimization algorithms, and pro-
vide insights on the solution algorithms.

The joint SBS ON-OFF switching, user association, and
power control is formulated as a mixed integer programming
problem by taking account of the key design factors. We first
propose a centralized solution algorithm, in which an iterative
framework with proven convergence is developed With given
BS transmit power, the original problem becomes an integer
programming problem. To solve such a problem with two sets
of variables, we relax the integer constraints and transform it
into a convex optimization problem. Then, we decompose the
relaxed problem into two levels of problems. The lower level
problem determines the user association strategy that maxi-
mizes the sum rate under given SBS ON-OFF states, the higher
level problem updates the SBS ON-OFF strategy based on
user association. We derive the optimal solution to the lower
level problem with a series of transforms and Lagrangian dual
methods. At the higher level problem, we update the SBS ON-
OFF states with a subgradient approach. The iteration between
the two levels is proven to converge with a guaranteed speed.
We then round up the solutions of SBS ON-OFF states to
obtain a near-optimal solution to the original integer problem.
With given BS ON-OFF states and user association, the BS
transmit power can be optimized with an iterative water-filling
approach. To reduce complexity and enhance implementation
feasibility, we also propose two distributed schemes based on
a user bidding approach and a wireless service provider (WSP)
pricing approach, respectively. We show that both games
converge to the Nash Equilibrium (NE). The proposed schemes
are compared with three benchmarks through simulations,
where their performance is validated.

In the remainder of this paper, we present the system model
and problem formulation in Section II. The centralized and
distributed schemes are presented in Sections III and IV,
respectively. The simulation results are discussed in Section V.
We conclude this paper in Section VI.

II. PROBLEM FORMULATION

The system considered in this paper is based on a non-
cooperative multi-cell network, and we focus on a tagged
macrocell. The macrocell is a two-tier HetNet consisting of
an MBS with a massive MIMO (indexed by j = 0) and J
SBS’s (indexed by j = 1, 2, . . . , J ), which collectively serve
K mobile users (indexed by k = 1, 2, . . . , K ).

We define binary variables for user association as

xk, j
.=
{

1, user k is connected to BS j

0, otherwise,

k = 1, 2, . . . , K , j = 0, 1, . . . , J. (1)

The MBS is always turned on to guarantee coverage for
users in the macrocell. On the other hand, the SBS’s can be
dynamically switched on or off for energy savings.

The SBS ON-OFF indicator, denoted as y j , is defined as

y j
.=
{

1, SBS j is turned on

0, SBS j is turned off,
j = 1, 2, . . . , J. (2)

The MBS is equipped with M0 antennas and adopts
linear zero-forcing beamforming. The SBS is equipped with
single-antenna and serves multiple users with different time-
frequency resources. We consider orthogonal spectrum alloca-
tion between the two tiers, where macrocell and small cells
operate on different spectrum bands [18]–[20].

In the transmission frames of a macrocell user equip-
ment (MUE), a certain number of symbols are dedicated for
pilot transmission [6], [21]. Suppose there are N symbols in a
frame and B symbols are used as pilot, then the proportion of
time for data transmission is 1− B

N . According to [21] and [22],
the total number of users that can served by a massive MIMO
system is determined by the number of available uplink (UL)
pilots, and B is proportional to the number of MUEs.1

Specifically, B = β
∑K

k=1 xk,0, where β is the pilot reuse
factor across different macrocells. Without loss of generality,
we assume β = 1. Let γk,0 be the average SNR of user k
connecting to the MBS. In this paper, we focus on a widely
used model based on zero-forcing precoding. More sophisti-
cated SINR models can be found in [21] and [24]–[26]. The
downlink normalized average achievable data rate of user K ,
when it connects to the MBS, is given as [10], [11], and [27]

Ck,0

=
(

1−
K∑

k=1

xk,0

(
T ′

T

))(
Tu

T ′

)
log

(
1 + M0 − S0 + 1

S0
γk,0

)
,

(3)

where T is the duration of a frame and T ′ is the interval of
a symbol, which corresponds to the time spent to transmit
pilot for one user. The interval of a symbol consists of Tu for
useful symbol and Tg = T ′ − Tu for guard interval. M0 is
the number of antennas at MBS, S0 is the beamforming size,
which serves as an upper bound for the number of users that
can be simultaneously served by the MBS. Then, M0−S0+1

S0
is the antenna array gain of massive MIMO. We assume that
the channel state information (CSI) is collected by the MBS
via uplink pilot (i.e., a time division duplex (TDD) system),
so that the MBS can obtain {γk,0}.

We assume that the SBS’s adopt frequency division multiple
access (FDMA), in which the spectrum of SBS j is divided
into Sj channels and each of its user is allocated with
at least one channel. Thus, the number of users that can
be served by SBS j is upper bounded by Sj . In general,
proportional fairness is considered as the objective for intra-
cell resource allocation. Then equal spectrum allocation is
optimal, where each user uses a proportion 1∑K

k=1 xk, j
of the

entire spectrum [27], [28]. Let PT
j be the transmit power

1Consider a cellular network with frequency use factor 1 as an example.
To guarantee the orthogonality between pilots of different UEs, one can
either assign mutually orthogonal sequences that span over all available time-
frequency blocks to the pilots of UEs, or assign one unique time-frequency
block (which should be no larger than a coherence block) to each UE. In both
cases, the number of UEs that can be simultaneously served is no larger
than B · Nsmooth, where Nsmooth is the number of subcarriers in a coherence
frequency. In prior works [21]–[23], the pilot of each user is assigned with

one OFDM symbol, then
∑K

k=1 xk,0 ≤ B . To fully utilize all pilot symbols,
we further have

∑K
k=1 xk,0 = B .
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of SBS j , then the SINR of user k served by SBS j is

γk, j = PT
j H̄k, j

N0+∑l �= j Pl H̄k,l
, where H̄k, j is the average channel

gain between BS j and user k [27], [28]. Thus, for a user
k connecting to SBS j , the downlink normalized achievable
data rate of the user can be written as

Ck, j = log
(
1 + γk, j

)
∑K

k=1 xk, j
= Rk, j∑K

k=1 xk, j
, j = 1, 2, . . . , J, (4)

where Rk, j
.= log

(
1 + γk, j

)
, j = 1, 2, . . . , J .

In this paper, we consider three time scales: the period of BS
on-off switching, T1; the period of user association and power
control update, T2; and the period of CSI acquisition, T3. Since
it is infeasible to turn on/off a BS frequently, T1 is much large
than T2. Before the update user association, the time averaged
SNR or SINR of each user is measured within an interval of
T3 to offset the effect of fast fading.

The power consumption model of HetNets is studied in [29].
The power consumption of a BS consists of a static part
and a dynamic part. The static part is the power required
for the operation of a BS once it is turned on, e.g., used
by the cooling system, power amplifier, and baseband units.
The dynamic part is mainly used by the radio frequency
unit. Thus, the power consumption of each BS is given as
Pj = P S

j + PT
j , j = 0, 1, . . . , J , where P S

j is the constant
power consumption when a BS is turned on, PT

j is the transmit
power. Then, the total power consumption of the HetNet is
P0 +∑J

j=1 y j Pj .

In this paper, we aim to dynamically switch off under-
utilized SBS’s and maximize the EE of a HetNet with massive
MIMO. The EE of a HetNet, defined by the sum rate divided
by the total power, has been widely considered as the objective
function in prior works [30], [31]. In particular, such objective
was used in a recent study on the achievable EE of massive
MIMO HetNet [22]. Theoretically, the EE can be maximized
if we turn on an SBS whenever there is a user to be served and
allocate all channels to the user, and then turn off the SBS after
the transmission is finished. However, this results in frequent
on-off switching of BS, which is not practical since the on-off
switching is time-consuming and introduces additional power
consumption. As the SBS on-off switching is performed at a
much larger timescale than that of user association, an SBS is
expected to serve a certain number of users during its active
period. Due to this fact, a BS is turned on when the traffic
load or user requests exceed a threshold in many previous
works such as in [32] and [33]. On the other hand, if we
directly use EE as the objective, the aggregated data rate of
users in a small cell would remain at a high level even when
there are only a small number of users in the small cell, since
each user is allocated with a large bandwidth. Then, an SBS
would not be turned off even if its traffic is low. To this end,
we adjust the expression of EE by replacing Ck, j with its worst

case value, C̃k, j = log(1+γk, j )
S j

.
Let x, y and PT denote the {xk, j } matrix, the {y j } vec-

tor, and the {PT
j } vector, respectively. The problem can be

formulated as

P1 : max{x,y,PT }

∑K
k=1 xk,0Ck,0 +∑K

k=1
∑J

j=1 xk, j C̃k, j

P0 +∑J
j=1 y j Pj

(5)

s.t.:
J∑

j=0

xk, j ≤ 1, k = 1, 2, . . . , K (6)

K∑
k=1

xk, j ≤ Sj , j = 0, 1, . . . , J (7)

xk, j ≤ y j , k = 1, 2, . . . , K , j = 1, 2, . . . , J (8)
PT

j ≤ PT
max, j = 1, . . . , J (9)

xk, j ∈ {0, 1} , k = 1, 2, . . . , K , j = 0, 1, . . . , J
(10)

y j ∈ {0, 1} , j = 1, 2, . . . , J. (11)

In problem P1, constraint (6) is due to the fact that each user
can connect to at most one BS; constraint (7) enforces the
upper bound on the number of users that can be served by
BS j ; and constraint (8) is because users can connect to SBS j
only when it is turned on. PT

max is the maximum transmit power
of an SBS.

III. CENTRALIZED SOLUTION

Usually small cells are deployed by the operator and can
use the X2 interface, which is the interface used between
eNodeBs [34], to communicate with each other as well as the
MBS. A centralized algorithm can be useful in this context
to coordinate their operations. In this section, we solve the
formulated problem with a centralized scheme and show that
near-optimal solution can be achieved. Since Problem P1 is
a mixed integer non-convex problem with 3 sets of coupled
variables, we propose an iterative approach to solve {x, y}
and PT . With given PT , we obtain the near optimal y with
a subgradient approach and derive the optimal x with given y.
With given x and y, we derive the power control solution PT

that mitigates mutual interference. We show that the iteration
between {x, y} and PT converges.

A. Near Optimal BS ON-OFF Switching With Given Transmit
Power: A Subgradient Approach

With given PT , Problem P1 becomes an integer program-
ming problem, which is still NP-hard. To develop an effective
solution algorithm, we relax the integer constraints by allowing
xk, j and y j to take values in [0, 1]. However, the objective
function of the relaxed problem of P1 is non-convex, the global
optimum is not achievable. To this end, we define substitution
variables ỹ j = log y j and transform the objective function into
an equivalent form. Then, we have the following problem.

P2 : max
{x,ỹ}

⎧⎨
⎩log

⎛
⎝ K∑

k=1

xk,0Ck,0 +
K∑

k=1

J∑
j=1

xk, j C̃k, j

⎞
⎠

− log

⎛
⎝P0 +

J∑
j=1

eỹ j Pj

⎞
⎠
⎫⎬
⎭ (12)
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s.t.:
J∑

j=0

xk, j ≤ 1, k = 1, 2, . . . , K (13)

K∑
k=1

xk, j ≤ Sj , j = 0, 1, . . . , J (14)

log xk, j ≤ ỹ j , k = 1, 2, . . . , K , j = 1, 2, . . . , J

(15)

0 ≤ xk, j ≤ 1, k = 1, 2, . . . , K , j = 0, 1, . . . , J

(16)

ỹ j ≤ 0, j = 1, 2, . . . , J. (17)

We first show that problem P2 is a convex problem so that
dual methods can be applied.

Lemma 1: Problem P2 is a convex optimization problem.
Proof: The objective function of problem P2 has two

parts. In the first part, we first consider the sum rate expression
inside the log function,

∑K
k=1 xk,0Ck,0+∑K

k=1
∑J

j=1 xk, j C̃k, j .
It is a combination of two parts: a linear function of x and the

term E
.= − Tu

T

(∑K
k=1 xk,0

) (∑K
k=1 xk,0 Rk,0

)
, where Rk,0 =

log (1 + M0−S0+1
S0

γk,0). The Hessian of E is given by

HK×K

= − Tu

T

⎛
⎜⎜⎜⎝

2R1,0 R1,0 + R2,0 · · · R1,0 + RK ,0
R1,0 + R2,0 2R2,0 · · · R2,0 + RK ,0

...
...

. . .
...

R1,0 + RK ,0 R2,0 + RK ,0 · · · 2RK ,0

⎞
⎟⎟⎟⎠.

Let z = [z1, z2, . . . , zk]T be an arbitrary non-zero

vector. We have zT Hz
(a)
< − 2T ′

T

[∑K
k=1 z2

k Rk,0 + ∑K
k=1∑

k′ �=k
zkzk′

(
2
√

Rk,0 Rk′,0
) ] = − 2T ′

T

(∑K
k=1 zk

√
Rk,0

)2
< 0,

where inequality (a) results from the fact that for two positive
numbers, m +n ≥ 2

√
mn and the equality holds when m = n.

We conclude that E is a concave function. Then,
∑K

k=1 xk,0

Ck,0 + ∑K
k=1

∑J
j=1 xk, j C̃k, j is also concave. As log (·) is a

concave function, the first part of the objective function of
problem P2 is a concave function.

The second part, given as − log
(

P0 +∑J
j=1 eỹ j Pj

)
, is a

log-sum-exp, which is concave according to [35]. Therefore,
the objective function is concave. Constraint log xk, j − ỹ j ≤ 0
is a concave function, the other constraints are linear functions.
Thus, problem P2 is a convex optimization problem.

In problem P2, the decision variables xk, j and ỹ j are cou-
pled in the constraints, which are difficult to handle directly.
Besides, the objective function includes a weighted sum of
quadratic expressions, which is highly complex. To obtain the
optimal solution of problem P2, we introduce an auxiliary
variable Q0

.= ∑K
k=1 xk,0. Then, both Q0 and ỹ j are coupling

variables with xk, j . To decouple the variables, we decompose
problem P2 into two levels of subproblems. At the lower-
level subproblem, we find the optimal solution of x for given
values of ỹ and Q0. Based on the solution at the lower-level
subproblem, we obtain the optimal values of ỹ and Q0 at the
higher-level subproblem through a subgradient approach.

1) Lower-Level of Problem P2 (The Optimal Solution of
x With Given ỹ and Q0): For given values of ỹ and Q0,
the lower-level subproblem of problem P2 is given as

P3 : max{x}

⎧⎨
⎩log

⎛
⎝ K∑

k=1

xk,0Ck,0 +
K∑

k=1

J∑
j=1

xk, j C̃k, j

⎞
⎠

− log

⎛
⎝P0 +

J∑
j=1

eỹ j Pj

⎞
⎠
⎫⎬
⎭ (18)

s.t.: (13)− (17) and
K∑

k=1

xk,0 = Q0. (19)

We take a partial relaxation on the constraints on Q0 and
ỹ j , i.e., (17) and (19). The dual problem of P3 is given by

P3-Dual: min{λ,μ} g(λ, μ), (20)

where λ and μ are the Lagrangian multipliers for con-
straints (15) and (19), respectively; and g (λ, μ) is given by

g(λ, μ) = max{x}

⎧⎨
⎩log

⎛
⎝ K∑

k=1

xk,0Ck,0 +
K∑

k=1

J∑
j=1

xk, j C̃k, j

⎞
⎠

− log

⎛
⎝P0 +

J∑
j=1

eỹ j Pj

⎞
⎠+

K∑
k=1

J∑
j=1

λk, j

× (ỹ j − log xk, j
)+ μ

(
Q0 −

K∑
k=1

xk,0

)}
.

The optimal solution of P3-Dual can be obtained with the
following subgradient method.⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

λ[t+1]
k, j =

⎡
⎣λ[t ]

k, j + g(λ[t ], μ[t ])−g(λ∗, μ[t ])

‖δ[t ]
λ ‖2

(
log x [t ]

k, j − ỹ[t ]
j

)⎤⎦
+
,

∀ k, j

μ[t+1] = μ[t ] + g
(
λ[t ], μ[t ])− g

(
λ[t ], μ∗)

|Q0
[t ] −∑K

k=1 x [t ]
k,0|

×
(∑K

k=1
x [t ]

k,0 − Q[t ]
0

)
,

(21)

where [z]+ .= max {0, z}, and t is the index of itera-

tion. δ
[t ]
λ is the vector of gradients of

{
λk, j

}
given as[

ỹ[t ]
1 − log x [t ]

1,1, . . . , ỹ[t ]
J − log x [t ]

K ,J

]T
. Since λ∗ and μ∗ are

unknown before solving the problem, we use the mean of
objective values of the primal and dual problems as an estimate
for g(λ∗, μ[t ]) and g(λ[t ], μ∗) [28]. g(λ, μ) can be obtained
by solving the following problem

P4 : max{x} L (x,λ, μ) s.t. (13), (14), and (16), (22)

where L(·) is the Lagrangian function. With given λk, j ,
μ, and Q0, problem P4 is a standard convex optimization
problem which can be solved using KKT conditions.
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Lemma 2: The sequence g(λ[t ], μ[t ]) converges to
g(λ∗, μ∗) with a speed faster than

{
1/

√
t
}

as t goes to
infinity.

Proof: The vector form of (21) is given as λ[t+1] =[
λ[t ] + g(λ[t],μ[t])−g(λ∗,μ[t])∥∥∥δ[t]

λ

∥∥∥2 δ
[t ]
λ

]+
. Consider the optimality gap

of λ, we have

‖λ[t+1] − λ∗‖2

≤
∥∥∥∥∥λ[t ] + g(λ[t ], μ[t ])− g(λ∗, μ[t ])

‖δ[t ]
λ ‖

2

δ
[t ]
λ − λ∗

∥∥∥∥∥
2

+
(

g(λ[t ], μ[t ])− g(λ∗, μ[t ])
‖δ[t ]
λ ‖2

)2

‖δ[t ]
λ ‖2

(a)≤ ‖λ[t ] − λ∗‖2 − 2

(
g(λ[t ], μ[t ])− g(λ∗, μ[t ])

)2
‖δ[t ]
λ ‖2

+
(

g(λ[t ], μ[t ])− g(λ∗, μ[t ])
‖δ[t ]
λ ‖2

)2

‖δ[t ]
λ ‖2

≤ ‖λ[t ] − λ∗‖2 −
(
g(λ[t ], μ[t ])− g(λ∗, μ[t ])

)2
δ̂

2
λ

,

where inequality (a) is due to convexity of problem P3-dual,
δ̂λ is an upper bound for δ

[t ]
λ . Since limt→∞ λ[t+1] =

limt→∞ λ[t ], it follows that limt→∞ g(λ[t ], μ[t ]) = g(λ∗, μ[t ]).
Summing the above inequality over t , we have

∞∑
t=1

(
g(λ[t ], μ[t ])− g(λ∗, μ[t ])

)2 ≤ δ̂
2
λ

∥∥∥λ[1] − λ∗
∥∥∥2
. (23)

Suppose lim
t→∞

(
g(λ[t ], μ[t ])− g(λ∗, μ[t ])

)√
t > 0 for con-

tradiction. There must be a sufficiently large t ′ and a posi-
tive number ξ such that

(
g(λ[t ], μ[t ])− g(λ∗, μ[t ])

)√
t ≥ ξ,

∀t ≥ t ′. Taking the square sum from t ′ to ∞, we have
∞∑

t=t ′

(
g(λ[t ], μ[t ])− g(λ∗, μ[t ])

)2 ≥ ξ2
∞∑

t=t ′

1

t
= ∞. (24)

It is obvious that (24) contradicts with (23). Thus, the assump-
tion does not hold and we have

lim
t→∞

g(λ[t ], μ[t ])− g(λ∗, μ[t ])
1/

√
t

= 0, (25)

this indicates that the convergence speed of the sequence
g(λ[t ], μ[t ]) is faster than that of 1/

√
t .

Note that, the updates of λ and μ are independent, and
are performed in parallel. Applying the same analysis to μ,
we conclude that g(λ[t ], μ[t ]) converges to g(λ∗, μ∗) with a
speed faster than that of 1/

√
t as well.

2) Higher-Level of Problem P2 (The Optimal Solution of ỹ
and Q0): We first show that the duality gap between the lower
level subproblem P3 and its dual, problem P3-Dual, is zero.

Lemma 3: Strong duality holds for problem P3.
Proof: It can be easily verified that there exists a feasible

x such that all linear constraints are satisfied while inequalities
hold (15), the problem is strictly feasible. Thus, the Slater’s
condition is satisfied and strong duality holds.

Let f (x) be the objective function of problem P3 for a
given x. In the higher-level subproblem of problem P2, we find
the optimal ỹ and Q0 by solving the following problem.

P5 : max
{ỹ,Q0}

f (x(ỹ, Q0)). (26)

Lemma 4: Problem P5 can be solved with the following
subgradient method.⎧⎪⎪⎪⎨

⎪⎪⎪⎩
Q[t+1]

0 = Q[t ]
0 + f (ỹ[t ], Q[t ]

0 )− f (ỹ[t ], Q∗
0)∣∣γ [t ]∣∣ γ [t ]

ỹ[t+1] = ỹ[t ] + f (ỹ[t ], Q[t ]
0 )− f (ỹ∗, Q[t ]

0 )∥∥ν[t ]∥∥2 ν[t ],
(27)

with

ν[t ] =

⎡
⎢⎢⎢⎣

K∑
k=1

λ∗
k,1

[t ] − P1eỹ1
[t ]

P0 +
J∑

j=1
Pj eỹ j

[t ]
, . . . ,

K∑
k=1

λ∗
k,J

[t ]

− PJ eỹJ
[t ]

P0 +
J∑

j=1
Pj eỹ j

[t ]

⎤
⎥⎥⎥⎦

T

and

γ [t ] = μ∗[t ] −
T ′
T

K∑
k=1

x [t ]
k,0 Rk,0

K∑
k=1

J∑
j=0

x [t ]
k, j Ck, j

.

Note that, Q0 has to be an integer no greater than S0 due
to constraint (7). After Q0 converges, the final value of Q0
is rounded up to the integer which achieves a greater value
of objective function and no larger than S0. The update given
by (27) should project to the feasible regions of Q0 and ỹ,
and terminates if the boundary values are obtained.

Proof: In (27), ỹ and Q0 are updated in parallel and
independently. We first show that Q0 can updated with the
subgradient approach given in (27).

Let x∗(Q′
0) be the optimal solution to problem P4 for a

given value of Q′
0 = ∑K

k=1 x∗
k,0, and f ∗(Q′

0) be the opti-
mal objective value with solution x∗(Q′

0). Consider another
feasible solution x to problem P4 with Q0 = ∑K

k=1 xk,0,
the following equalities and inequalities hold.

f ∗(Q′
0)

(a)= L
(
x∗(Q′

0),λ
∗(Q′

0), μ
∗(Q′

0)
)

(b)≥ L
(
x(Q′

0),λ
∗(Q′

0), μ
∗(Q′

0)
)

(c)≥ f (x(Q0))−
T ′
T

K∑
k=1

xk,0 Rk,0

K∑
k=1

xk,0Ck,0

(Q′
0 − Q0)

+
K∑

k=1

J∑
j=1

λ∗
k, j (ỹ j −log xk, j )+ μ∗

(
Q′

0 −
K∑

k=1

xk,0

)

(d)≥ f (x(Q0))

+
(
μ∗ − T ′

T

K∑
k=1

xk,0 Rk,0/

K∑
k=1

xk,0Ck,0

)(
Q′

0 −Q0
)
,
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where equality (a) is due to strong duality, inequality (b)
is due to the optimality of x∗, inequality (c) is because
− T ′

T

∑K
k=1 xk,0 Rk,0/

∑K
k=1 xk,0Ck,0 is a gradient of f (x(Q0))

as a function of Q0 with given x, and inequality (d) is due
to the constraints of problem P4 and the nonnegativity of λ.
Note that, (d) holds for any x such that

∑K
k=1 xk,0 = Q0.

In particular, we have

f ∗(Q′
0) ≥ max

{x|∑K
k=1 xk,0=Q0}

{
f (x)

+
(
μ∗ − T ′

T

∑K
k=1 xk,0 Rk,0∑K
k=1 xk,0Ck,0

)
(Q′

0 − Q0)

}

= f ∗(Q0)+
(
μ∗ − T ′

T

∑K
k=1 xk,0 Rk,0∑K
k=1 xk,0Ck,0

)
(Q′

0−Q0).

(28)

It follows (28) that f ∗(Q0) ≤ f ∗(Q′
0) +(

μ∗(Q′
0)− T ′

T

∑K
k=1 xk,0(Q ′

0)Rk,0∑K
k=1 xk,0(Q ′

0)Ck,0

)
(Q0 − Q′

0). By definition,

μ∗(Q′
0) − T ′

T

∑K
k=1 xk,0(Q ′

0)Rk,0∑K
k=1 xk,0(Q ′

0)Ck,0
is a subgradient of f ∗(Q0).

Therefore Q0 can be updated with the approach given in (27).
Then, we consider the update of ỹ. The objective

function of problem P2 has two parts. The first part,
log (

∑K
k=1

∑J
j=0 xk, j Ck, j ), is an indirect function of ỹ;

the second part, given as − log (P0 + ∑J
j=1 eỹ j Pj ), is a

differentiable function of ỹ. Then, a primal decomposition can
be applied to maximize the two parts separately.

Denote D∗(ỹ) as the optimal value of the first part with
given ỹ. Let x∗(ỹ′) be the optimal solution to problem P2 for
a given ỹ′ and x be another feasible solution for given ỹ. Then,
we have the following inequalities and equalities.

D∗(ỹ′) = D(x∗(ỹ′)) = L(x∗,λ∗(ỹ′)) ≥ L(x,λ∗(ỹ′))

= D(x)+
K∑

k=1

λ∗
k (ỹ

′)(ỹ′ − ϕk)

= D(x)+
K∑

k=1

λ∗
k (ỹ

′)(ỹ − ϕk)+
K∑

k=1

λ∗
k(ỹ

′)(ỹ′ − ỹ)

≥ D(x)+
K∑

k=1

λ∗
k (ỹ

′)(ỹ′ − ỹ), (29)

where ϕk = [
log xk,1, log xk,2, . . . , log xk,J

]T and λ∗
k(y

′) is
the kth row of λ∗(y′). In particular, we have

D∗(ỹ′) ≥ max
{x|ϕ≤ỹ}

{
D(x)+

K∑
k=1

λ∗
k(ỹ

′ − y)

}

= D∗(ỹ)+
K∑

k=1

λ∗
k(ỹ

′ − ỹ). (30)

Thus,
[∑K

k=1 λ
∗
k,1

[t ], . . . ,
∑K

k=1 λ
∗
k,J

[t ]]T
is a subgradient of ỹ

as a function of D∗(ỹ).

The second part of the objective function of problem P2 is
a differentiable concave function. We have

− log

⎛
⎝P0 +

J∑
j=1

eỹ j Pj

⎞
⎠

≤ − log

⎛
⎝P0 +

J∑
j=1

eỹ′
j Pj

⎞
⎠+

J∑
j=1

eỹ j Pj (ỹ ′
j − ỹ j )

P0 +∑J
j=1 eỹ j Pj

.

(31)

According to the principles of primal decomposition, ỹ can
be updated by combining (30) and (31) to achieve its optimal
value. Thus, ν is a subgradient of the objective function of
problem P2 as a function of ỹ. We conclude that problem P5
can be solved with (27).

Using the same approach for λ and μ, we can also prove
that ỹ and Q0 converge faster than the sequence {1/√t}.

Theorem 1: The complexity of solving problem P2 is upper
bounded by 1/(ε2

1ε
2
2ε

2
3), where ε1 is the threshold of conver-

gence for ỹ and Q0; ε2 is the threshold of convergence for
λ and μ; and ε3 is the threshold of convergence for the dual
variables of problem P4.

Proof: According to Lemma 2 and (25), for a sufficiently
large t and a sufficiently small ε2, the optimality gap is
smaller than 1/

√
t . Thus, when 1/

√
t > ε2, the optimality gap,

g(λ[t ], μ[t ])− g(λ∗, μ∗), is guaranteed to be smaller than ε2.
Consequently, we have t < 1/ε2

2, it takes less than 1/ε2
2

steps for the sequence g(λ[t ], μ[t ]) to achieve a optimality gap
that is less than ε2. In the same way, the number of updates
for {ỹ, Q0} and the dual variables in problem P4 are upper
bounded by 1/ε2

1 and 1/ε2
3, respectively.

In the proposed scheme, each update of ỹ and Q0 requires
a set of optimal λ and μ under the current ỹ and Q0; each
update of λ and μ requires the solution of problem P4 under
the current λ and μ. Thus, the total number of variable updates
is upper bounded by 1/(ε2

1ε
2
2ε

2
3). Therefore, the complexity of

solving problem P2 is upper bounded by 1/(ε2
1ε

2
2ε

2
3).

3) Near Optimal Solution of y: With the optimal solution
of ỹ for problem P2, the optimal y with 0 ≤ y j ≤ 1, j =
1, 2, . . . , J can be obtained. However, it is highly possible
that not all the values of {y j } are 0-1 integers. To determine
the actual SBS ON-OFF states, we develop a heuristic scheme
to obtain a near optimal integer solutions of y.

Consider the update of ỹ[t ]
j , the subgradient is given as∑K

k=1 λ
∗
k, j

[t ]− Pj eỹ j
[t]

P0+∑J
j=1 Pj eỹ

j

[t] . The first part can be interpreted

as a measure for the sum rate of all users served by SBS j
with the current value of ỹ j . This is because the value of
λk, j is determined by the value of xk, j as indicated in (21),
and a large xk, j indicates that a large rate can be achieved if
user k connects to BS j . The second part is a measure of the
power consumption of SBS j . Thus, an SBS with large value
of ỹ j has a better capability of providing high sum rate with
relatively small power, i.e., being more energy efficient.

Based on this observation, we propose a heuristic scheme to
find the set of SBS’s to be turned on that achieve the highest
EE. Denote the number of SBS’s that are turned on as κ , which
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Algorithm 1 Centralized BS ON-OFF Switching Strategy

1 Initialize Q0, ỹ,λ, and μ;
2 do
3 do
4 Solve problem P4 with the standard Lagrangian

dual method;
5 Update λ, μ as in (21);
6 while (λ, μ do not converge);
7 Update ỹ and Q0 as in (27);
8 while (ỹ and Q0 do not converge);
9 for κ = 1 : J do

10 Find the first κ SBS’s with largest values of ỹ j ;
11 Set y j = 1 for these SBS’s;
12 Calculate the EE;
13 end
14 Select the κ that achieves the largest value of EE;
15 Set y j = 1 for the corresponding κ SBS’s.

is an integer between 0 and J . For a given κ , we choose to
turn on the first κ SBS’s with the largest values of ỹ j , i.e., set
y j = 1 for these SBS’s and y j = 0 for other SBS’s. Then,
we evaluate the system EE under different values of κ , and
find the one with the largest value. Note that, to calculate
the EE, we need to acquire the user association strategy under
integral y, which will be discussed in the following part. Once
the optimal κ is obtained, the corresponding set of SBS’s that
are turned on is determined, we have a near-optimal solution
of y. The procedure is summarized in Algorithm 1.

The solution produced by Algorithm 1 is expected to be very
close to the optimal solution, or be the optimal solution for a
network that is not ultra-dense. In such a network, the overlap
of coverages of different SBS’s is small. Thus, for most users,
there is one SBS that can provide a much higher data rate
than other SBS’s. The mutual impact of ON-OFF states of
different SBS’s is very limited. As a result, the case of partial
user association, 0 < xk, j < 1, would be rare; due to the
constraint xk, j ≤ y j , the number of y j ’s in (0, 1) would be
small. Since the SBS’s can be regarded as independent to
each other, turning on the SBS’s with the largest values of ỹ j

would achieve the highest EE. In particular, when the powers
of all SBS’s are the same, the proposed approach is optimal,
since the set of SBS’s that provide most performance gain
are turned on. Based on Theorem 1, an upper bound for the
complexity of Algorithm 1 is J/(ε2

1ε
2
2ε

2
3).

B. Optimal User Association With Given BS ON-OFF States
and SBS Transmit Power

Considering that the timescale for updating user association
is much smaller than that of BS ON-OFF switching, user
association is performed with a given set of BS ON-OFF
states. With given SBS transmit power, the user association
problem is formulated as

P6 : max{x}

K∑
k=1

J∑
j=0

xk, j Ck, j

s.t.: (6)− (10) (32)

Since {xk, j } and {y j } are 0-1 integers, a special property
can be used to simplify the problem. Consider the constraint
xk, j ≤ y j . When y j = 1, xk, j ≤ y j is always satisfied, and
this constraint can be removed; when y j = 0, xk, j must be
0 for all k. Thus, the SBS’s that are turned off, i.e., y j = 0,
can be excluded from the problem formulation. Define � as
the set of active SBS’s, � = {

j
∣∣y j = 1

}
. We re-index the

active SBS’s by { j = 1, . . . , |�|}. Same as P2, we relax the
integer constraints on xk, j and introduce the auxiliary variable
Q0 = ∑K

k=1 xk,0. Problem P6 can be reformulated as

P7 : max{x}

⎧⎨
⎩

K∑
k=1

|�|∑
j=1

xk, j
Rk, j∑K

k=1 xk, j
+

K∑
k=1

xk,0 Rk,0
Tu

T ′

−
K∑

k=1

xk,0 Rk,0 Q0
Tu

T

⎫⎬
⎭ (33)

s.t.:
|�|∑
j=0

xk, j ≤ 1, k = 1, 2, . . . , K (34)

K∑
k=1

xk, j ≤ Sj , j = 0, 1, . . . , |�| (35)

K∑
k=1

xk,0 = Q0 (36)

0 ≤ xk, j ≤ 1, k = 1, . . . , K , j = 0, . . . , |�|.
(37)

In the objective function (33), the first term is non-convex.
Based on the mobility of users, we consider the following two
approaches to solve problem P7.

1) Low Mobility: In this case, we can use the value of
Q j = ∑K

k=1 xk, j in the previous period as an accurate
approximation to the Q j is the current period. Then, P7
becomes a convex problem. We next show that the solution
variables of problem P7 are actually integers, although with
the relaxed constraint (37).

As in problem P2, we use the Lagrangian dual method by
taking a partial relaxation on the constraint

∑K
k=1 xk,0 = Q0.

Then, the optimal value of Q0 can be obtained with (27). With
a given Q0, problem P7 is transformed to an LP, denoted
as problem P8. We then apply the same procedure as in
Algorithm 1 to solve for x.

Lemma 5: All the decision variables in the optimal solution
to the LP, problem P8, are integers in {0, 1}

The proof is omitted, as it is similar to that in [11], [37],
and [38].

2) High Mobility: We first introduce auxiliary variables
Q j , j = 1, 2, . . . , J and add

∑K
k=1 xk, j = Q j as con-

straints. Then, we take partial relaxations on the constraints∑K
k=1 xk,0 = Q j , j = 0, 1, . . . , J . Then, the local optimal

Q j for j = 1, 2, . . . , J can be obtained with the same
subgradient approach in (27). With given Q j , j = 0, . . . , J ,
we solve the LP P8 and obtain the suboptimal solution
of P7.
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C. Power Control With Given SBS ON-OFF States and User
Association

The interference between different small cells is a major fac-
tor that impacts the EE, especially when the SBS’s are densely
deployed. To mitigate such interference, we employ a power
control approach called iterative water-filling (IWF) [36].
As the multi-cell power control problem is non-convex,
the IWF method uses the first-order derivative condition to
derive the relations of powers of different BS’s. The transmit
power of SBS j on channel n, PT

j (n), is given as

PT
j (n) =

(
1

ν j + ψ j (n)
− I j (n)+ σ 2

H̄ j (n)

)+
, (38)

where ν j is the Lagrangian multiplier corresponding to the
constraint PT

j ≤ PT
max, ψ j (n) summarizes the effect of

interference caused by SBS j to users in other SBS’s, I j (n)
accounts for the interference from other SBS’s, H̄ j (n) is the
channel power gain between SBS j and the user that uses
channel n. In each small cell, the channels are randomly
allocated to users.

We begin the iteration between {x, y} and PT with the case
that all SBS’s are turned on, in which the interference level
is maximized. With the initial y, we then obtain the initial
x and PT . In the next iteration, we use the initial PT to obtain
{x, y} by considering the SBS’s that are still active. Thus,
as the iterative process continues, more SBS’s are turned off.
As we can see from (38), PT

j (n) increases as the interference
level decreases, and vice versa. Thus, PT

j (n) increases as more
SBS’s are turned off. With constraint PT

j ≤ PT
max, PT

j (n) is
bounded for all n. Thus, the iteration process is guaranteed to
converge.

IV. DISTRIBUTED SOLUTIONS

In this section, we propose two distributed schemes based on
a user bidding approach and a wireless service provider (WSP)
pricing approach, respectively.

A. User Bidding Approach

We assume that the utility of each user k is positively
correlated to the achievable rate Ck, j and user k always
seeks to maximize Ck, j . The preference list of user k is
determined by the Ck, j values for different j . For instance,
if j∗ = arg max j {Ck, j }, BS j∗ is on top of user k’s preference
list. The preference list of BS j is also determined by Ck, j in
a similar way. Denote the price paid by user k to BS j as pk, j .
It is reasonable to assume that pk, j is an increasing function
of Ck, j . The utility of BS j is defined as the payments made by
all its connected users subtract the cost of power consumption
q j , given by

K∑
k=1

xk, j pk, j − q j . (39)

To maximize the total utility under the constraint∑K
k=1 xk, j = Sj , each BS keeps the top Sj bids in its waiting

list and reject the others. The repeated bidding game has

two stages. In the first stage, each user bids for the top BS in
its preference list. Receiving the bids, the BS’s decide whether
to hold or reject and bids and feedback the decision to users.

In the second stage, if a user has been rejected, the BS that
rejected it would be deleted from its preference list. Then,
the user bids for the most desirable BS among the remaining
ones. Upon receiving the bids, each BS compares the new
bids with those in its waiting list, and makes decisions on
holding or rejecting the new bids. The rejected users then make
another round of bids following the order of their preference
lists, and the BS’s again make decisions and feedback to
users, and so forth. The bidding procedure is continued until
convergence is achieved, i.e., the users in the waiting list of
each BS do not change anymore. An upper bound for the
complexity of the bidding process is J · K , which corresponds
to the case that every user bids to every BS.

After convergence of the user association result, each SBS
determines the value of its ON-OFF decision variable by
comparing the payments and energy cost as follows.

y j =
{

1, if
∑K

k=1
xk, j pk, j > q j

0, otherwise,
j = 1, 2, . . . , J. (40)

It can be seen from (40) that SBS j chooses to be turned
on only when it is profitable to do so. If SBS j is turned off,
the users in the waiting list of SBS j will propose to the MBS.
If the number of users in the waiting list of MBS exceeds S0,
the MBS would serve the top S0 users with the largest SINRs.

It is obvious that the value of q j impacts the system per-
formance. When q j is large, only the SBS’s with a sufficient
number of users to be served would be turned on due to the
high energy cost; when q j is small, more SBS’s would be
turned on, which potentially result in a low EE. We assume
that q j is predetermined using a database to find the value that
maximizes the EE for a given relation between pk, j and Ck, j

and the traffic pattern.
We next prove that the repeated game converges and an NE

can be achieved. Some proofs are omitted due to page limit,
refer to [3] for details.

Lemma 6: The sequence of bids made by a user is
non-increasing in its preference list.

Lemma 7: The sequence of bids in the waiting list of a BS
is non-decreasing in its preference list.

Theorem 2: The repeated game converges.
Proof: Suppose the game does not converge. Then, there

must be a user k and a BS j such that: (i) user k prefers BS j
to its current connecting BS j ′, (ii) BS j prefers user k to
user k ′, who is currently in the waiting list of BS j . Under
this circumstance, user k is a better choice and BS j can accept
the bid of user k. User k will bid for BS j .

Based on Lemma 7, the sequence of bids received by BS j
is non-decreasing. As user k is a better choice than user k ′
for BS j while user k is not in the waiting list, it must be
the case that user k has never bidden for BS j . Since user
k prefers BS j to BS j ′, user k must bid for BS j prior
to BS j ′. We conclude that user k also has never bidden for
BS j ′. However, user k is currently in the waiting list of BS j ′,
indicating that user k has bidden for BS j ′ before, which is
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a contradiction. Thus, we conclude that the repeated game
converges.

Lemma 8: During any round of the repeated game, if user
k bids for BS j , it cannot have a better choice than BS j .

Theorem 3: The repeated game converges to an NE that is
optimal for each user and BS.

Proof: Based on the strategy of BS’s, each BS holds
the set of users with the maximum sum payments. For an
SBS, if the sum of user payments is less than its power cost,
the optimal strategy is to sleep so that the utility is increased
from a negative value to zero.

From Lemma 8, if a user is currently in the waiting list of
a BS, this BS is the best possible option for the user. Thus,
when the game converges, the outcome is the best response of
each user. Following Theorem 2, we conclude that the repeated
bidding game converges to an NE.

B. Service Provider Pricing Approach

Although the proposed user bidding based approach can be
implemented by each user and SBS in a distributed manner,
the bidding process generates frequent information exchange
between users and SBS’s. To avoid such overhead, we propose
a WSP pricing approach in this part by formulating a game
between users and WSP. In the pricing game, the WSP sets
the price of each BS for each user, with the objective of
maximize its utility. Then, each user decides which BS to
connect to based on the achievable rate and price. Finally,
the SBS’s determine their ON-OFF states by comparing the
total payments with energy cost. Compared to the user bidding
approach, the WSP pricing approach has a lower communica-
tion overhead, but requires more computation at the MBS.

Since the MBS is always turned on to guarantee the basic
communication requirements of users, we assume all users
pay a pre-determined, constant price p0 for connecting to
MBS, i.e., pk,0 = p0, for all k. Based on p0, user k pays
an additional fee of ηk, j for connecting to SBS j , with the
expectation of achieving a higher rate. Thus, if user k choose
to connect to SBS j , the total price would be pk, j = p0+ηk, j ,
j = 1, 2, . . . , J. Let the satisfaction level of a user be a
logarithmic function of the achievable rate to capture the
diminishing marginal effect [28], then the utility of user k is

Uk =
J∑

j=0

xk, j
{
wk log

(
Ck, j

)− pk, j
}
, (41)

where wk is a weight that interprets user’s satisfaction level
to monetary utility.

Due to the constraint
∑J

j=0 xk, j ≤ 1, the strategy of a
user is to choose the BS that provides the maximum utility.
Compared to connecting to the MBS, the additional utility of
user k obtained by connecting to SBS j is wk log

(
Ck, j

) −
wk log

(
Ck,0

)− ηk, j .
Denote the SBS that provides the maximal utility to user k

as j∗, which can be expressed as

j∗ = arg max
{ j=1,...,J }

{
wk log

(
Ck, j

)− ηk, j
}
. (42)

Thus, the strategy of user k is given as{
xk, j∗ = 1, if wk log

(
Ck, j

)−wk log
(
Ck,0

) ≥ ηk, j

xk,0 = 1, otherwise.
(43)

Here, we assume that a user chooses the SBS when the
achievable utility is equal to that of the MBS. From (43),
it can be easily verified that the highest payment obtained by
SBS j from user k is wk log

(
Ck, j

)−wk log
(
Ck,0

)
.

Define the utility of WSP as the total payments obtained
from users subtract the cost of BS power consumption,
UW S P = ∑K

k=1
∑J

j=0 xk, j pk, j −∑J
j=1 y j q j . We assume q j

and wk are the same for all j and k, respectively. Then,
the performance is directly determined by wk/q j . We also
assume that the optimal wk/q j that achieves the highest EE
is predetermined using a database. Since the MBS is always
turned on, and each user pays a fixed amount for MBS
connection, the utility maximization of WSP is equivalent to
the following problem.

P9 : max{η,x,y}

K∑
k=1

J∑
j=1

xk, jηk, j −
J∑

j=1

y j q j (44)

s.t.: (6)− (11) and

ηk, j ≤ wk log
(
Ck, j

)−wk log
(
Ck,0

)
,

k = 1, 2, . . . , K , j = 1, 2, . . . , J. (45)

Problem P9 is difficult to solve directly since x is coupled
with both η and y. However, using the property of the user
association strategy given in (43), it is possible for decouple
x and η through pricing strategy.

Lemma 9: The user association can be controlled by WSP
with the following pricing strategy.

ηk, j =
{
k, j , if xk, j = 1

k, j + ε, otherwise,
(46)

where k, j = wk log
(
Ck, j

) −wk log
(
Ck,0

)
, ε is an arbitrary

positive number.
Proof: For a user-SBS pair (k, j) desired by the WSP,

the price ηk, j is set to the additional utility achieved by the
increased data rate, k, j . The additional utility that can be
achieved by the user is 0. As in (43), this user-SBS pair would
be associated. For a user-SBS pair (k, j) not selected, the WSP
sets the price ηk, j to a value larger than k, j . Hence, user k
would not connect to SBS j since less utility can be obtained
than connecting to either the MBS or another SBS.

Denote the objective value of problem P9 as U′
W S P , since

ηk, j ≤ k, j holds for all k and j , an upper bound of U′
W S P

is given as U′ = ∑K
k=1

∑J
j=1 xk, jk, j −∑J

j=1 y j q j .
Lemma 10: The upper bound of U′

W S P is achievable if the
WSP adopts the pricing strategy given in (46).

Proof: With the pricing strategy described in (46),
the equality k, j = ηk, j holds for all the (k, j) pairs with
xk, j = 1. Thus, with x and y as variables and other constraints
remaining the same, the maximum value of U′

W S P equals to
the maximum value of U′.

From Lemma 10, we can see that maximizing U′
W S P is

equivalent to maximizing U′ with the pricing strategy given
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in (46). Problem P9 is reduced to the following problem.

P10 : max{x,y}

K∑
k=1

J∑
j=1

xk, jk, j −
J∑

j=1

y j q j

s.t.: (6)− (11). (47)

Since k, j is coupled with xk, j , we use an iterative
approach to decouple these two variables with proven opti-
mality. Let C0 = [

C1,0,C2,0, . . . ,CK ,0
]T

. At each iteration,
we solve problem P10 for given values of C0. Then, C0 is
updated after each iteration until convergence. For fixed values
of log

(
Ck,0

)
, k, j are also fixed for all k and j . Problem P10

has a similar structure with the ones presented in Section III.
Therefore, we can apply the same decomposition approach to
obtain the optimal solution for x and y. Given the solution
of x, the optimal pricing strategy for WSP can be determined
by (46). The iterative approach is described in Algorithm 2.

The idea of Algorithm 2 is to search different values of
C0 and obtain the corresponding x. The search terminates
until x matches the expressions of C0. At the beginning,
we set C [0]

k,0 = max
{(

1 − K T ′
T

)
Tu
T ′ log

(
1 + γk,0

)
, 0
}

, which

corresponds to the case that all users are connected to MBS.
Given the initial C0, we solve problem P10 and select a
certain set of users to be served by SBS’s based on the
solution. As the initial Ck,0 is set to the lowest possible value
for each k, such a solution achieves the maximum value of∑K

k=1
∑J

j=1 xk, jk, j . This is because a maximum number
of users are selected to connect to SBS so that each k, j

becomes its largest possible value. Then, for each user, Ck,0
is updated to a higher value in the first iteration with (3). After
updating {Ck,0}, we solve problem P10 in the second iteration.
With a higher value of Ck,0, k, j is decreased for all k and j
and some the user-SBS pairs would have negative k, j . Then,
these user-SBS pairs would not be selected by WSP due to
their negative utilities. As a result, these users would switch to
the MBS, and the updated values of {Ck,0} would be decreased
compared to the ones in the first iteration. In the next iteration,
some users would be selected to connect to the SBS’s again
due to the decreased values of {Ck,0}, which in turn increases
the values of {Ck,0} since fewer users are connected to the
MBS. Such a process is repeated with all Ck,0 increase and
decrease alternatively until C0 converges.

Lemma 11: Algorithm 2 converges to a solution with (3)
holds for all k.

Proof: Case 1 (Special Case): With the initial C0,
the solution of problem P10 already satisfies the relation
between C0 and x given by (3). Since there is only one
iteration, it is obvious that Lemma 11 holds under this case.

Case 2 (General Case): Suppose more than one iterations
are required, then C0 would be updated for more than one
times. As the initial values of {Ck,0} are set to the lowest,
we have C[0]

0 ≺ C[t ]
0 for t ≥ 1. In particular, C[0]

0 ≺ C[2]
0 .

This indicates that some users that are connected to SBS’s in
the first iteration would not switch to the MBS in the second
iteration. Thus, the number of users that switch between SBS
and MBS is decreased from the first to the second iteration.
Regarding C[2]

0 as a set of initial values and applying the same

analysis, we have C[0]
0 ≺ C[2]

0 ≺ C[4]
0 ≺ C[6]

0 ≺ · · · . The same
result holds for the case when t is an odd number using a
similar analysis. Thus, the number of users that switch between
SBS and MBS is decreasing for t ≥ 1, and the number would
become zero after a finite number of iterations. This means
the solution of x will converge.

Lemma 12: Suppose C0 converges after the t∗th iteration.

Then, C[t∗]
0 is the unique vector that satisfies (3) for all k.

Proof: Suppose there is another C[t ′]
0 that satisfies (3).

Without loss of generality, we assume C[t ′]
0 � C[t∗]

0 . On

one hand, with (3), we have
∑K

k=1 x [t ′]
k,0 <

∑K
k=1 x [t∗]

k,0 . Then,

we have
∑K

k=1
∑J

j=1 x [t ′]
k, j >

∑K
k=1

∑J
j=1 x [t∗]

k, j . On the other

hand, since C[t ′]
0 � C[t∗]

0 , we have [t ′]
k, j < [t∗]

k, j , k =
1, 2, . . . , K , j = 1, 2, . . . , J . As a result, the number of
user-SBS pairs with 

[t ′]
k, j < 0 is no less than the number

of user-SBS pairs with [t∗]
k, j < 0. As discussed, the user-SBS

pairs with negative k, j would not be selected to connect
to the SBS due to their negative utilities. Thus, we have∑K

k=1
∑J

j=1 x [t ′]
k, j <

∑K
k=1

∑J
j=1 x [t∗]

k, j , a contradiction.

For the case C[t ′]
0 ≺ C[t∗]

0 , we will also get a contradiction.
Combine these two cases, we conclude that C[t∗]

0 is the only
feasible vector.

Theorem 4: Algorithm 2 achieves the optimal solution to
problem P10.

Proof: According to Lemma 12, when C0 converge,
the relation between C0 and x described in (3) holds for all k.
Thus, we can solve problem P10 by fixing C0. Since such C0
is unique, the optimal solution of problem P10 can be obtained
with the procedure in Algorithm 2. Since both user and the
WSP achieve the maximum utility, we conclude the proposed
pricing game achieves an NE.

In Algorithm 2, each user determines which BS to connect
in a distributed way. However, the SBS ON-OFF decision is
still made by WSP with a centralized approach. To enable
each SBS to make its own decision in a distributed pattern,
we propose a modified pricing-based user association and SBS
ON-OFF strategy. In the modified pricing scheme, we adopt
the same iterative approach as the original pricing scheme
to decouple x and C0 so that the process is guaranteed to
converge. Different from the original pricing scheme, the user
association is determined by solving the following problem.

P11 : max{x}

K∑
k=1

J∑
j=1

xk, jk, j , s.t.: (6)− (10). (48)

As discussed in Section III, the constraint matrix of
problem P11 is unimodular, the optimal solution of P11 can
be obtained by relaxing the integer constraint and solving the
linear programming problem. With the solution of x, each SBS
determines its ON-OFF state with the same strategy as we
presented in the bidding game, which is given in (30).

Compared to problem P10, the objective of problem P11
is to maximize the total payments received by WSP, which
does not account for the cost of BS power consumption.
Thus, the modified pricing scheme does not achieve an NE
for the users and WSP since the WSP may not achieve the
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Algorithm 2 WSP Pricing based User Association and
SBS ON/OFF Strategy

1 Initialize t = 0 ;
2 for k = 1 : K do

3 C [0]
k,0 = max

{(
1 − K T ′

T

)
Tu
T ′ log (1 + γk,0), 0

}
;

4 end
5 Obtain Ck, j , k = 1, 2, . . . , K , j = 1, 2, . . . , J from

SBS’s ;
6 do
7 for k = 1 : K do
8 for j = 1 : J do

9 [t+1]
k, j = wk log

(
Ck, j

)−wk log
(

C [t ]
k,0

)
;

10 end
11 end
12 Obtain the optimal x[t+1] and y[t+1] by solving

problem P10 ;
13 for k = 1 : K do
14 Update C0 as

C [t+1]
k,0 =

(
1 −

K∑
k=1

x [t+1]
k,0

(
T ′
T

))
Tu
T ′ log

(
1 + γk,0

)
;

15 end
16 t = t + 1 ;
17 while (x does not converge);
18 for k = 1 : K do
19 for j = 1 : J do
20 WSP sets k, j according to (46) ;
21 end
22 end
23 for k = 1 : K do
24 Each user determines which BS to connect to

according to (43) ;
25 end

maximum utility. However, we will show in simulations that
the performances of the modified pricing scheme are close to
that of the original pricing scheme.

V. SIMULATION STUDY

We evaluate the proposed centralized and distributed
schemes with MATLAB simulations. We use the path loss
and SINR models in [10]. The path loss is (1 + ( d

40

)3.5
)−1

between MBS and a user and (1 + ( d
40

)4
)−1 between an

SBS and a user, and the channel experience Rayleigh fading
with unit mean power [10]. A 1000m × 1000m area is used.
The massive MIMO BS is located at the center, the SBS’s
are randomly distributed in the area. We consider two cases
for user distribution. In the first case, users are uniformly
distributed across the area. In the second case, we divide the
area into 8 subareas, the number of users in each subarea is
a Poisson random variable and the users in each subarea are
randomly distributed. Then, we have different user densities in
these subareas. The maximum powers of the MBS and SBS’s
are set to 40 dBm and 30 dBm, respectively. The number of
channels is 50 for SBS’s, thus Sj = 50 for j = 1, 2, . . . , J .
We also set S0 = 100.

Fig. 1. Average system EE versus number of SBS’s for different BS ON-OFF
switching strategies: 100 users, uniformly distributed.

Fig. 2. Average system EE versus number of SBS’s for different BS ON-OFF
switching strategies: 100 users, non-uniformly distributed.

We compare with two heuristic schemes for BS ON-OFF
switching strategy. Heuristic 1 is based on a load-aware
strategic BS sleeping mode proposed in [39]. Specifically,
SBS j is turned on with probability min

{
θ j/Sj , 1

}
, where

θ j is the number of users within the coverage of SBS j .
Heuristic 2 is based on a scheme presented in [40], where an
SBS is activated whenever there is a user enters its coverage
area. We also consider the case that all the SBS’s are always
active as a benchmark (termed Always ON). For the Always
ON and two heuristic schemes, the user association strategy is
determined by the solution in Section III-B. For the distributed
schemes, the parameters wk and q j are set to be the optimal
values that achieve the highest EE.

The EEs of different schemes are presented in Figs. 1–4.
In Figs. 1 and 2, it can be seen that the EEs of Always
ON and Heuristic 2 schemes decrease when the number
of SBS’s becomes large, due to the fact that some SBS’s
become under-utilized. The EEs of the proposed schemes and
Heuristic 1 do not decrease as the number of SBS’s grows,
since these schemes can dynamically adjust to the traffic
demand and turn off the under-utilized SBS’s. As expected,
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Fig. 3. Average EE efficiency versus number of users for different
BS ON-OFF switching strategies: uniformly distributed users, 10 SBS’s.

Fig. 4. Average system EE versus average number of users for different
BS ON-OFF switching strategies: non-uniformly distributed users, 10 SBS’s.

the centralized scheme achieves the highest EE. Note that
the EE of Heuristic 2 is close to the Always ON scheme,
since an SBS is easily activated when the numbers of users
and SBS’s are sufficiently large. The two distributed schemes
also achieve high EEs, since activation of SBS’s depends on
the payments received from users connecting to these SBS’s.
The EE of the user bidding scheme is slightly higher than
that of the pricing scheme since each user and SBS has a
preference list, the propose and reject processes contribute to
a better matching between users and SBS. For the pricing
scheme, the decision of users are controlled by the MBS. It is
more likely that a user located at the edge of different small
cells are served by an SBS with high load while the SBS
is not the optimal choice for the user. We also find that the
performance of the modified pricing scheme is close to that
of the original pricing scheme, especially when the number of
SBS is small, showing that the decision made by each SBS
is close to the centralized decision made by WSP. Compare
Figs. 1 and. 2, it can be seen that when the traffic load is
varying over subareas, the gaps between the proposed schemes
and other schemes are slightly increased since larger gains can

Fig. 5. Average sum rate versus number of SBS’s for different BS OF-OFF
switching strategies: 100 users, uniformly distributed.

Fig. 6. Convergence of the repeated bidding game: 100 users and 10 SBS’s.

be achieved when the traffic demand becomes geographically
dynamic.

Figs. 3 and 4 show the EE performance under different
numbers of users. We also find that the proposed schemes
outperform the other schemes, while the gaps become smaller
as the number of users grows. This is because when the
traffic load increases, more SBS’s would be activated with
the proposed scheme, since they can effectively offload the
traffic load from MBS and significantly enhance the sum rate.
In case with extremely large number of users, the Always ON
scheme would be optimal.

We also evaluate the sum rate of all schemes in Fig. 5.
We find that the sum rate is improved as more SBS’s are
deployed, due to more offloading and higher average SINR.
Obviously, Always ON offers the best performance since it is
possible for each user to connect to the BS with the largest
achievable rate. The sum rate of the centralized scheme is close
to that of Always ON. This is because we choose to turn off the
SBS’s that are not energy efficient, i.e., the sum rates of users
connecting to these SBS’s are not large enough and it is not
worthy to turn on these SBS’s. The two distributed schemes
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Fig. 7. Convergence of the iterative pricing scheme: 100 users and 10 SBS’s.

Fig. 8. Average system EE versus different values of q j : 100 users and
10 SBS’s, pk, j = 1.

also achieve a high sum rate performance, because the SBS’s
with negative utility are turned off. Since the sum rates of
SBS’s that are turned off are relatively small, the performance
loss is small.

In Fig. 6, an example of the repeated user bidding game
is given. It can be seen that the game converges after a few
number of rounds with the proposed algorithm. Note that, after
the bidding game converges after 6 rounds, the utility of the
BS’s is slightly increased, due to the fact that some SBS’s with
negative utility are turned off. The utility of users is decreased
since some SBS’s are turned off and their users are handed
over to the MBS.

Fig. 7 shows the convergence of the proposed pricing
scheme. The utility of WSP increases and decreases alterna-
tively and finally converges to a unique value after several
iterations. The impact of q j is shown in Fig. 8. When q j is
small, most SBS’s would be turned on since the cost of energy
consumption is low for each SBS. As q j increases, some SBS’s
would be turned off to save energy, resulting improved EE.

VI. CONCLUSIONS

In this paper, we considered BS ON-OFF switching,
user association, and power control to maximize the EE of

a massive MIMO HetNet. We formulated an integer program-
ming problem and proposed a centralized scheme to solve it
with near optimal solution. We also proposed two distributed
schemes based on a user bidding approach and a WSP pricing
approach. We showed that an NE can be achieved for these two
distributed schemes. The proposed schemes were evaluated
with simulations and the results demonstrated their superior
performance over benchmark schemes.
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