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Abstract—Femtocells are shown highly effective on improv-
ing network coverage and capacity by bringing base stations
closer to mobile users. In this paper, we investigate the problem
of streaming scalable videos in femtocell cognitive radio (CR)
networks. This is a challenging problem due to the stringent
QoS requirements of real-time videos and the new dimensions
of network dynamics and uncertainties in CR networks. We
develop a framework that captures the key design issues and
trade-offs with a stochastic programming problem formulation.
In the case of a single FBS, we develop an optimum-achieving
distributed algorithm, which is shown also optimal for the case
of multiple non-interfering FBS’s. In the case of interfering
FBS’s, we develop a greedy algorithm that can compute near-
optimal solutions, and prove a closed-form lower bound for
its performance. The proposed algorithms are evaluated with
simulations, and are shown to outperform two alternative
schemes with considerable margins.

I. INTRODUCTION

According to a recent study by Cisco, potential wireless
data traffic is expected to increase by a factor of 66 from
2009 to 2013 [1]. Furthermore, almost 66 percent of the
mobile data will be video by 2013, as driven by the avail-
ability of intelligent mobile devices and the compelling need
for ubiquitous access to wireless multimedia content. Such
drastic increase in wireless video traffic will significantly
stress the capacity of existing and future wireless networks
and will have far-reaching impacts on how future wireless
networks are designed and operated.

Due to the use of open space as transmission medium,
capacity of wireless networks are usually limited by inter-
ference. When a mobile user moves away from the base
station, a considerably larger transmit power is needed to
overcome attenuation, while causing interference to other
users and deteriorating network capacity. To this end, fem-
tocells provide an effective solution that brings base stations
closer to mobile users. A femtocell usually has a size of
(or even smaller than) a residential cellular network, with a
femto base station (FBS) connected to the owner’s broad-
band wireline network [2], [3]. The FBS serves approved
subscribers when they are within the coverage. Among the
many benefits, femtocells are shown effective on improving
network coverage and capacity [2]. Due to the reduced
distance of wireless links, transmit power can be greatly
reduced, leading to prolonged battery life, improved signal-
to-interference-plus-noise ratio (SINR), and better spatial

reuse of spectrum.
Femtocells have received significant interest from the

wireless industry. Many wireless operators have launched
femtocell service recently, such as AT&T, Sprint, Verizon,
and Vodafone. Although highly promising, several important
problems should be addressed to fully harvest the high
potential of femtocells, such as interference mitigation,
resource allocation, synchronization, and QoS provision-
ing [2], [3]. It is also critical for the success of this
technology to support important applications such as real-
time video streaming in femtocell networks.

In this paper, we investigate the problem of video stream-
ing in femtocell cognitive radio (CR) networks. We consider
a femtocell network consisting of a macro base station
(MBS) and multiple FBS’s. The femtocell network is co-
located with a primary network with multiple licensed chan-
nels. The idea is to exploit CR and dynamic spectrum access
to utilize spectrum opportunities in the licensed channels for
streaming videos [4]. Femtocell subscribers (or, CR users)
and FBS’s sense licensed channels, and determine which
channel(s) and which base station (i.e., the MBS or an
FBS) to use for delivering video packets based on sensing
results. The objective is to maximize the capacity of the
femtocell CR network on carrying real-time video data,
while bounding the interference to primary users.

This is a challenging problem due to the stringent QoS
requirements of real-time videos and, on the other hand,
the new dimensions of network dynamics (i.e., channel
availability) and uncertainties (i.e., spectrum sensing and
errors) found in CR networks. It also involves a long list
of design factors that necessitates cross-layer optimization,
such as spectrum sensing and errors, dynamic spectrum
access, interference modeling and primary user protection,
channel allocation, and video performance, among others.

We adopt Scalable Video Coding (SVC) in our sys-
tem. SVC encodes a video stream consisting of multiple
substreams, subsets of which can be decoded to provide
different quality levels for the reconstructed video [5].
Such scalability is very useful for video streaming systems,
especially in CR networks, to accommodate heterogeneous
channel availabilities and dynamic network conditions. We
consider H.264/SVC medium grain scalable (MGS) videos,
rather than Fine-Granularity-Scalability (FGS) videos. MGS
can achieve better rate-distortion performance over FGS,
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although MGS only has Network Abstraction Layer (NAL)
unit-based granularity [5].

The unique femtocell network architecture and the scal-
able video adopted in this paper allow us to develop a
framework that captures the key design issues and trade-
offs, and to formulate a stochastic programming problem.
It has been shown that the deployment of femtocells has a
significant impact on the network performance [2]. In this
paper, we examine three deployment scenarios. In the case of
a single FBS, we apply the dual decomposition technique to
develop a distributed algorithm that can compute the optimal
solution to the formulated problem. In the case of multiple
non-interfering FBS’s, we show that the same distributed
algorithm can be used to compute optimal solutions. In the
case of multiple interfering FBS’s, we develop a greedy
algorithm that can compute near-optimal solutions, and
prove a closed-form lower bound for its performance based
on an interference graph model. The proposed algorithms
are evaluated with simulations, and are shown to outperform
two alternative schemes with considerable gains. We find
the video quality is not very sensitive to sensing errors,
since both types of errors are modeled in the optimization
framework. We also find that it is not necessary to have a
very large bandwidth for the MBS common channel, since
the gain for additional MBS channel bandwidth diminishes
as it gets large.

The remainder of this paper is organized as follows. The
related work is discussed in Section II. The system model
and preliminaries are given in Section III. We present the
problem formulation and develop solution algorithms in
Section IV. Simulation results are presented in Section V.
Section VI concludes this paper.

II. RELATED WORK

Femtocells have received considerable interest from both
industry and academia. Comprehensive overviews of techni-
cal challenges, requirements, and some preliminary solutions
to femtocell networks can be found in [2] and [3]. Since
femtocells can use the same channels as conventional cellu-
lar networks, considerable research efforts were focused on
interference analysis and mitigation [6]–[8], which is impor-
tant for the success of this technology. In [6], a distributed
utility-based SINR adaptation scheme at femtocells was
proposed to alleviate cross-tier interference at the macrocell
from co-channel femtocells. In [7], the authors proposed a
fractional frequency reuse scheme to mitigate inter-femtocell
interference. Co-channel interference analysis and cancella-
tion were considered in [8].

The high potential of CRs has attracted significant interest
from the wireless community [4], [9]. The mainstream CR
research has been focused on spectrum sensing, dynamic
spectrum access, and other networking-related issues. In a
recent work [10], Jin and Li proposed to adopt CR and
cooperative communications in femtocell WiMAX networks.

A stochastic Lyapunov optimization-based framework was
presented. The proposed resource management protocol is
shown to be near-optimal with closed-form bounds.

The problem of video over CR networks has only been
addressed in a few papers [11]–[15]. In [11], Shiang and van
der Schaar presented a dynamic channel selection scheme for
CR users to transmit videos over multiple channels. In [12],
Ali and Yu considered transmitting a video stream over a
CR link and provided a partially observable Markov deci-
sion process (POMDP) formulation and solution procedure.
In [13], a distributed joint routing and spectrum sharing
algorithm for video streaming applications over CR ad hoc
networks is proposed and evaluated with simulations. In our
prior work [15], we considered multicasting FGS videos in
an infrastructure-based CR network. We presented effective
greedy heuristic algorithms for scheduling video data, with
proven optimality bound.

In this paper, we consider the challenging problem of real-
time video streaming over femtocell CR networks, where
a broad spectrum of design factors should be considered
in addition to interference mitigation. The unique network
architecture leads to a stochastic programming formulation,
for which we develop an optimum-achieving distributed
algorithm for non-interfering femtocells, and a greedy algo-
rithm for interfering femtocells, along with a proven closed-
form low bound.

III. SYSTEM MODEL AND PRELIMINARIES

A. Spectrum and Network Model

We consider a spectrum consisting of 𝑀 + 1 channels,
including one common, unlicensed channel (indexed as
channel 0) and 𝑀 licensed channels (indexed as channels 1
to 𝑀 ). The 𝑀 licensed channels are allocated to a primary
network serving primary users, and the common channel is
exclusively used by all CR users. All the 𝑀 + 1 channels
follow a synchronized time slot structure [4]. We assume the
capacity of all licensed channels are identical as 𝐵1 Mbps,
while the capacity of the common channel is 𝐵0 Mbps.

The channel states evolve independently, while the occu-
pancy of each licensed channel follows a two-state discrete-
time Markov process, as validated by several measure-
ment studies [16], [17] and used in prior work [4], [18].
The network status in time slot 𝑡 is denoted as �⃗�(𝑡) =
[𝑆1(𝑡), 𝑆2(𝑡), ⋅ ⋅ ⋅ , 𝑆𝑀 (𝑡)], where 𝑆𝑚(𝑡) is the status of chan-
nel 𝑚 with either idle (when 𝑆𝑚(𝑡) = 0) or busy (when
𝑆𝑚(𝑡) = 1) states. Let 𝑃 01

𝑚 and 𝑃 10
𝑚 be the transition

probability from state 0 to 1 and that from state 1 to 0 for
channel 𝑚, respectively. The utilization of channel 𝑚 with
respect to primary user transmissions can be written as:

𝜂𝑚 = lim
𝑇→∞

1

𝑇

∑𝑇
𝑡=1𝑆𝑚(𝑡) = 𝑃 01

𝑚 /
[
𝑃 01
𝑚 + 𝑃 10

𝑚

]
. (1)

The femtocell CR network is illustrated in Fig. 1. There
is an MBS and 𝑁 FBS’s deployed in the area to serve
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Figure 1. A femtocell CR network with one MBS and four FBS’s.

CR users. The 𝑁 FBS’s are connected to the MBS (and
the Internet) via broadband wireline connections. Due to
advances in antenna technology, it is possible to equip
multiple antennas at the base stations. The MBS has one
antenna that is always tuned to the common channel. Each
FBS is equipped with multiple antennas (e.g., 𝑀 ) and is
able to sense multiple licensed channels at the beginning
of each time slot. There are 𝐾𝑖 CR users in femtocell 𝑖,
𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑁 , and

∑𝑁
𝑖=1𝐾𝑖 = 𝐾. Each CR user has a

software radio transceiver, which can be tuned to any of the
𝑀+1 channels. A CR user will either connect to a nearby
FBS using one or more of the licensed channels or to the
MBS via the common channel.

B. Spectrum Sensing

The femtocell CR network is within the coverage of the
infrastructure-based primary network. Both FBS’s and CR
users sense the channels to identify spectrum opportunities
in each time slot. Each time slot consists of (i) a sensing
phase, when CR users and FBS’s sense licensed channels,
(ii) a transmission phase, when CR users and FBS’s attempt
to access licensed channels based on sensing results, and
(iii) an acknowledgment phase, when CR receivers transmit
acknowledgments to the sources. Each CR user chooses
one channel to sense in a time slot, since it only has one
transceiver. The sensing results will be shared among CR
users and FBS’s via the common channel.

We adopt a hypothesis test to detect channel availability.
The null hypothesis 𝐻𝑚

0 and the alternative hypothesis
𝐻𝑚

1 are: 𝐻𝑚
0 := {channel 𝑚 is idle} and 𝐻𝑚

1 :=
{channel 𝑚 is busy}. For spectrum sensing, two kinds of
detection errors may occur: (i) false alarm, an idle channel is
considered busy and a spectrum opportunity will be wasted;
(ii) miss detection, a busy channel is considered idle, which
may lead to collision with primary users. Let 𝜖𝑚𝑖 and 𝛿𝑚𝑖 be
the false alarm and miss detection probabilities of the 𝑖-th
sensing result, respectively. We then have

Pr{Θ𝑚
𝑖 = 1∣𝐻𝑚

0 } = 𝜖𝑚𝑖 and Pr{Θ𝑚
𝑖 = 0∣𝐻𝑚

1 } = 𝛿𝑚𝑖 ,

where Θ𝑚
𝑖 is the 𝑖-th sensing result on channel 𝑚. Given

𝐿 sensing results on channel 𝑚, the conditional probability
𝑃𝐴
𝑚(Θ𝑚

1 , ⋅ ⋅ ⋅ ,Θ𝑚
𝐿 ) that channel 𝑚 is available is

𝑃𝐴
𝑚(Θ⃗𝑚) = 𝑃𝐴

𝑚(Θ𝑚
1 , ⋅ ⋅ ⋅ ,Θ𝑚

𝐿 ) = Pr{𝐻𝑚
0 ∣Θ𝑚

1 , ⋅ ⋅ ⋅ ,Θ𝑚
𝐿 }

=

[
1 +

𝜂𝑚
1− 𝜂𝑚

𝐿∏
𝑖=1

(𝛿𝑚𝑖 )1−Θ𝑚
𝑖 (1− 𝛿𝑚𝑖 )Θ

𝑚
𝑖

(𝜖𝑚𝑖 )Θ
𝑚
𝑖 (1− 𝜖𝑚𝑖 )1−Θ𝑚

𝑖

]−1

.(2)

The availability of channel𝑚, i.e., 𝑃𝐴
𝑚(Θ𝑚

1 , ⋅ ⋅ ⋅ ,Θ𝑚
𝐿 ), can

be computed iteratively by decomposing (2) as follows.

𝑃𝐴
𝑚(Θ𝑚

1 ) =

[
1 +

𝜂𝑚
1− 𝜂𝑚 × (𝛿𝑚1 )1−Θ𝑚

1 (1− 𝛿𝑚1 )Θ
𝑚
1

(𝜖𝑚1 )Θ
𝑚
1 (1− 𝜖𝑚1 )1−Θ𝑚

1

]−1

(3)

𝑃𝐴
𝑚(Θ𝑚

1 ,Θ
𝑚
2 , ⋅ ⋅ ⋅ ,Θ𝑚

𝑙 )

=

{
1 +

[
1

𝑃𝐴
𝑚(Θ𝑚

1 ,Θ
𝑚
2 , ⋅ ⋅ ⋅ ,Θ𝑚

𝑙−1)
− 1

]
×

(𝛿𝑚𝑙 )1−Θ𝑚
𝑙 (1− 𝛿𝑚𝑙 )Θ

𝑚
𝑙

(𝜖𝑚𝑙 )Θ
𝑚
𝑙 (1− 𝜖𝑚𝑙 )1−Θ𝑚

𝑙

}−1

, 𝑙 = 2, ⋅ ⋅ ⋅ , 𝐿. (4)

C. Opportunistic Channel Access

Let 𝐷𝑚(𝑡) be a decision variable for accessing channel
𝑚 in time slot 𝑡. It is defined as

𝐷𝑚(𝑡) =

{
0, if channel 𝑚 is considered idle
1, otherwise.

(5)

We adopt a probabilistic approach: based on sensing results
Θ⃗𝑚, we have 𝐷𝑚(𝑡) = 0 with probability 𝑃𝐷

𝑚 (Θ⃗𝑚) and
𝐷𝑚(𝑡) = 1 with probability 1− 𝑃𝐷

𝑚 (Θ⃗𝑚).
For primary user protection, the collision probability with

primary users due to CR user transmissions should be
bounded below a threshold. Let 𝛾𝑚 be the maximum al-
lowable collision probability with primary users on channel
𝑚. We have the following condition:[

1− 𝑃𝐴
𝑚(Θ⃗𝑚)

]
𝑃𝐷
𝑚 (Θ⃗𝑚) ≤ 𝛾𝑚. (6)

For CR network throughput performance, 𝑃𝐷
𝑚 (Θ⃗𝑚) should

be set as large as possible. Since it is between 0 and 1, we
have

𝑃𝐷
𝑚 (Θ⃗𝑚) = min

{
𝛾𝑚/

[
1− 𝑃𝐴

𝑚(Θ⃗𝑚)
]
, 1
}
. (7)

Let 𝒜(𝑡) := {𝑚∣𝐷𝑚(𝑡) = 0} be the set of available
channels in time slot 𝑡. Then 𝐺𝑡 =

∑
𝑚∈𝒜(𝑡) 𝑃

𝐴
𝑚(Θ𝑚

1 ) is
the expected number of available channels. These channels
will be accessed in the transmission phase of this time slot.

D. Channel Fading Model

Without loss of generality, we consider independent block
fading channels that is widely used in prior work [19].
The channel fading-gain process is piecewise constant on
blocks of one time slot, and fading in different time slots
are independent. Let 𝑓 𝑖,𝑗𝑋 (𝑥) denote the probability density
function of the received SINR 𝑋 from a base station 𝑖 (i.e.,
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either an FBS or the MBS) at CR user 𝑗. We assume the
packet can be successfully decoded if the received SINR
exceeds a threshold 𝐻 . The packet loss probability from
base station 𝑖 to CR user 𝑗 is

𝑃𝐹
𝑖,𝑗 = Pr{𝑋 ≤ 𝐻} =

∫𝐻

0
𝑓 𝑖,𝑗𝑋 (𝑥)𝑑𝑥 = 𝐹 𝑖,𝑗

𝑋 (𝐻), (8)

where 𝐹 𝑖,𝑗
𝑋 (𝐻) is the cumulative density function of 𝑋 .

If the packet is successfully decoded, the CR user returns
an acknowledgment (ACK) to the base station in the ACK
phase. We assume ACKs are always successfully delivered.

E. Video Performance Measure

We assume each active CR user receives a real-time video
stream from either the MSB or an FSB. We adopt the
MGS option of H.264/SVC, which can achieve better rate-
distortion performance over MPEG-4 FGS [5], as well as
providing scalability to accommodate the high variability
of network bandwidth in CR networks. Due to real-time
constraint, each Group of Pictures (GOP) of a video stream
must be delivered in the next 𝑇 time slots. Video packets are
transmitted in the decreasing order of their significances in
improving the quality of reconstructed video, with retrans-
missions if necessary. Overdue packets will be discarded.

Without loss of generality, we assume that the last wireless
hop is the bottleneck; video data is available at the MBS
and FBS’s when they are scheduled to be transmitted. The
quality of reconstructed MGS video can be modeled as [5]:

𝑊 (𝑅) = 𝛼+ 𝛽 ×𝑅, (9)

where 𝑊 (𝑅) is the average peak signal-to-noise ratio
(PSNR) of the reconstructed video, 𝑅 is the received data
rate, 𝛼 and 𝛽 are constants depending on the specific video
sequence and codec. Note that 𝑊 (𝑅) is average PSNR,
which considers factors such as decoding dependencies and
error propagations among received video frames.

IV. MGS VIDEO OVER FEMTOCELL CR NETWORKS

A. Case of Single FBS

1) Formulation: We first consider the case of a single
FBS in the CR network, where the FBS can use all the
available channels to stream videos to 𝐾 active CR users.
Let 𝑤𝑡

𝑗 be the PSNR of CR user 𝑗 at the beginning of
time slot 𝑡 and 𝑊 𝑡

𝑗 the PSNR of CR user 𝑗 at the end
of time slot 𝑡. In time slot 𝑡, 𝑤𝑡

𝑗 is already known; 𝑊 𝑡
𝑗

is a random variable that depends on channel condition and
primary user activity; and 𝑤𝑡+1

𝑗 is a realization of 𝑊 𝑡
𝑗 . Let

𝜉𝑡0,𝑗 and 𝜉𝑡1,𝑗 indicate the random packet losses from the
MBS and FBS, respectively, to CR user 𝑗 in time slot 𝑡.
That is, 𝜉𝑡𝑖,𝑗 is 1 with probability 𝑃𝐹

𝑖,𝑗(𝑡) = 1− 𝑃𝐹
𝑖,𝑗(𝑡) and

0 with probability 𝑃𝐹
𝑖,𝑗(𝑡). Due to block fading channels,

𝑃𝐹
𝑖,𝑗(𝑡)’s do not change within the time slot.
For proportional fairness, we aim to maximize the sum

of the logarithms of received PSNRs of all CR users [20].

We formulate a multistage stochastic programming problem
to maximize the expected logarithm-sum at time 𝑇 .

maximize:
∑𝐾

𝑗=1𝔼[log(𝑊
𝑇
𝑗 )] (10)

subject to: 𝑊 𝑡
𝑗 =𝑊 𝑡−1

𝑗 + 𝜉𝑡0,𝑗𝜌
𝑡
0,𝑗𝑅0,𝑗 + 𝜉

𝑡
1,𝑗𝜌

𝑡
1,𝑗𝐺

𝑡𝑅1,𝑗 ,

𝑗 = 1, ⋅ ⋅ ⋅ ,𝐾, 𝑡 = 1, ⋅ ⋅ ⋅ , 𝑇∑𝐾
𝑗=1𝜌

𝑡
𝑖,𝑗 ≤ 1, 𝑖 = 0, 1, 𝑡 = 1, ⋅ ⋅ ⋅ , 𝑇

𝜌𝑡𝑖,𝑗 ≥ 0, 𝑖 = 0, 1, 𝑗 = 1, ⋅ ⋅ ⋅ ,𝐾, 𝑡 = 1, ⋅ ⋅ ⋅ , 𝑇.
The optimization variables 𝜌𝑡0,𝑗 and 𝜌𝑡1,𝑗 are the portions of
time slot 𝑡 when CR user 𝑗 receives video data from the
MBS and FBS, respectively. Recall that 𝐺𝑡 is the expected
number of available channels in time slot 𝑡. 𝑅0,𝑗 = 𝛽𝑗𝐵0/𝑇
and 𝑅1,𝑗 = 𝛽𝑗𝐵1/𝑇 are constants for the 𝑗-th MGS video.
Since OFDM is adopted, the total data rate is the number of
available channels 𝐺𝑡 times the bandwidth of each channel
𝑅1,𝑗 , as in the first constraint.

When 𝑡 = 1, 𝑊 0
𝑗 is equal to 𝛼𝑗 . At the beginning of the

last time slot 𝑡 = 𝑇 , a realization 𝝃[𝑇−1] = [𝝃1, ⋅ ⋅ ⋅ , 𝝃𝑇−1]
is known, where 𝝃𝑡 = [𝜉𝑡0,1, ⋅ ⋅ ⋅ , 𝜉𝑡0,𝐾 , 𝜉𝑡1,1, ⋅ ⋅ ⋅ , 𝜉𝑡1,𝐾 ], 𝑡 =
1, 2, ⋅ ⋅ ⋅ , 𝑇−1. It can be shown that the multistage stochastic
programming problem (10) can be decomposed into 𝑇 serial
sub-problems, each to be solved in a time slot 𝑡 [14].

maximize:
∑𝐾

𝑗=1𝔼{log(𝑊 𝑡
𝑗 )∣𝝃[𝑡−1]} (11)

subject to: 𝑊 𝑡
𝑗 =𝑊 𝑡−1

𝑗 + 𝜉𝑡0,𝑗𝜌
𝑡
0,𝑗𝑅0,𝑗 + 𝜉

𝑡
1,𝑗𝜌

𝑡
1,𝑗𝐺

𝑡𝑅1,𝑗

𝑗 = 1, ⋅ ⋅ ⋅ ,𝐾∑𝐾
𝑗=1𝜌

𝑡
𝑖,𝑗 ≤ 1, 𝑖 = 0, 1

𝜌𝑡𝑖,𝑗 ≥ 0, 𝑖 = 0, 1, 𝑗 = 1, ⋅ ⋅ ⋅ ,𝐾,
where 𝔼{log(𝑊 𝑡

𝑗 )∣𝝃[𝑡−1]} denotes the conditional expecta-
tion of log(𝑊 𝑡

𝑗 ) given realization 𝝃[𝑡−1]. 𝑊
𝑡−1
𝑗 is known

given the realization. When 𝑡 = 1, the conditional expecta-
tion becomes an unconditional expectation.

Since a CR user has only one transceiver, it can operate
on either one or more licensed channels (i.e., connecting
to the FBS) or the common channel (i.e., connecting to
the MBS), but not both simultaneously. Assume CR user
𝑗 operates on the common channel with probability 𝑝𝑡𝑗 and
one or more licensed channels with probability 𝑞𝑡𝑗 . We then
rewrite problem (11) as

maximize:
∑𝐾

𝑗=1

[
𝑝𝑡𝑗𝑃

𝐹
0,𝑗(𝑡) log(𝑊

𝑡−1
𝑗 + 𝜌𝑡0,𝑗𝑅0,𝑗) + (12)

𝑞𝑡𝑗𝑃
𝐹
1,𝑗(𝑡) log(𝑊

𝑡−1
𝑗 + 𝜌𝑡1,𝑗𝐺

𝑡𝑅1,𝑗)
]

subject to:
∑𝐾

𝑗=1𝜌
𝑡
𝑖,𝑗 ≤ 1, 𝑖 = 0, 1

𝑝𝑡𝑗 + 𝑞
𝑡
𝑗 = 1, 𝑗 = 1, ⋅ ⋅ ⋅ ,𝐾

𝜌𝑡𝑖,𝑗 , 𝑝
𝑡
𝑗 , 𝑞

𝑡
𝑗 ≥ 0, 𝑖 = 0, 1, 𝑗 = 1, ⋅ ⋅ ⋅ ,𝐾.

2) Properties: We next analyze the formulated problem
(12) and derive its properties. We have Lemmas 1, 2, and 3
and Theorem 1 and provide the proofs in the following.

Lemma 1: Prob. (12) is a convex optimization problem.
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Proof: First, it can be shown that the single term
𝑝𝑡𝑗𝑃

𝐹
0,𝑗(𝑡) log(𝑊

𝑡−1
𝑗 + 𝜌𝑡0,𝑗𝑅0,𝑗) + 𝑞𝑡𝑗𝑃

𝐹
1,𝑗(𝑡) log(𝑊

𝑡−1
𝑗 +

𝜌𝑡1,𝑗𝐺
𝑡𝑅1,𝑗) is a concave function, because its Hessian ma-

trix is negative semi-definite. Then, the objective function is
concave since the sum of concave functions is also concave.
Finally, all the constraints are linear. We conclude that
problem (12) is convex since it is a maximization problem
with a concave objective function and convex constraints. It
has a unique optimal solution.

Lemma 2: If [𝜌𝑡, 𝑝𝑡, 𝑞𝑡] is a feasible solution to problem
(12), then [𝜌𝑡, 𝑞𝑡, 𝑝𝑡] is also feasible.

Proof: Since [𝜌𝑡, 𝑝𝑡, 𝑞𝑡] is feasible, we have 𝑝𝑡+𝑞𝑡 = 1.
Switching the two probabilities, we still have 𝑞𝑡 + 𝑝𝑡 = 1.
Therefore, the derived new solution is also feasible.

Lemma 3: Let the optimal solution be [𝜌𝑡∗, 𝑝𝑡∗, 𝑞𝑡∗]. If
𝑝𝑡∗𝑗 ≥ 𝑞𝑡∗𝑗 , then 𝑃𝐹

0,𝑗(𝑡) log(𝑊
𝑡−1
𝑗 +𝜌𝑡∗0,𝑗𝑅0,𝑗) is greater than

or equal to 𝑃𝐹
1,𝑗(𝑡) log(𝑊

𝑡−1
𝑗 +𝜌𝑡∗1,𝑗𝐺

𝑡𝑅1,𝑗). And vice versa.
Proof: Assume 𝑃𝐹

0,𝑗(𝑡) log(𝑊
𝑡−1
𝑗 + 𝜌𝑡∗0,𝑗𝑅0,𝑗)

is less than 𝑃𝐹
1,𝑗(𝑡) log(𝑊

𝑡−1
𝑗 + 𝜌𝑡∗1,𝑗𝐺

𝑡𝑅1,𝑗). Since
𝑝𝑡∗𝑗 ≥ 𝑞𝑡∗𝑗 , the sum 𝑝𝑡∗𝑗 𝑃

𝐹
0,𝑗(𝑡) log(𝑊

𝑡−1
𝑗 + 𝜌𝑡∗0,𝑗𝑅0,𝑗) +

𝑞𝑡∗𝑗 𝑃
𝐹
1,𝑗(𝑡) log(𝑊

𝑡−1
𝑗 + 𝜌𝑡∗1,𝑗𝐺

𝑡𝑅1,𝑗) is smaller than the sum
𝑞𝑡∗𝑗 𝑃

𝐹
0,𝑗(𝑡) log(𝑊

𝑡−1
𝑗 + 𝜌𝑡∗0,𝑗𝑅0,𝑗) + 𝑝

𝑡∗
𝑗 𝑃

𝐹
1,𝑗(𝑡) log(𝑊

𝑡−1
𝑗 +

𝜌𝑡∗1,𝑗𝐺
𝑡𝑅1,𝑗). Thus we can obtain an objective value larger

than the optimum by switching the values of 𝑝𝑡∗𝑗 and 𝑞𝑡∗𝑗 ,
which is still feasible according to Lemma 2. This conflicts
with the assumption that [𝜌𝑡∗, 𝑝𝑡∗, 𝑞𝑡∗] is optimal. The
reverse statement can be proved similarly.

Theorem 1: Let the optimal solution be [𝜌𝑡∗, 𝑝𝑡∗, 𝑞𝑡∗]. If
𝑝𝑡∗𝑗 > 𝑞𝑡∗𝑗 , then we have 𝑝𝑡∗𝑗 = 1 and 𝑞𝑡∗𝑗 = 0. Otherwise,
we have 𝑝𝑡∗𝑗 = 0 and 𝑞𝑡∗𝑗 = 1.

Proof: If 𝑝𝑡∗𝑗 > 𝑞𝑡∗𝑗 , we have 𝑃𝐹
0,𝑗(𝑡) log(𝑊

𝑡−1
𝑗 +

𝜌𝑡∗0,𝑗𝑅0,𝑗) ≥ 𝑃𝐹
1,𝑗(𝑡) log(𝑊

𝑡−1
𝑗 + 𝜌𝑡∗1,𝑗𝐺

𝑡𝑅1,𝑗) according to
Lemma 3. Since the objective function is linear with respect
to 𝑝𝑡𝑗 and 𝑞𝑡𝑗 , the optimal value can be achieved by setting
𝑝𝑡𝑗 to its maximum value 1 and 𝑞𝑡𝑗 to its minimum value 0.
The reverse statement can be proved similarly.

According to Theorem 1, a CR user is connected to either
the MBS or the FBS for the entire duration of a time slot
in the optimal solution. That is, it does not switch between
base stations during a time slot under optimal scheduling.

3) Distributed Solution Algorithm: To solve problem
(12), we define non-negative dual variables 𝜆 = [𝜆0, 𝜆1]
for the inequality constraints. The Lagrangian function is

ℒ(𝑝𝑡, 𝜌𝑡, 𝜆) = ∑𝐾
𝑗=1

[
𝑝𝑡𝑗𝑃

𝐹
0,𝑗(𝑡) log(𝑊

𝑡−1
𝑗 + 𝜌𝑡0,𝑗𝑅0,𝑗) +

(1− 𝑝𝑡𝑗)𝑃𝐹
1,𝑗(𝑡) log(𝑊

𝑡−1
𝑗 + 𝜌𝑡1,𝑗𝐺

𝑡𝑅1,𝑗)
]
+

𝜆0(1−
∑𝐾

𝑗=1𝜌
𝑡
0,𝑗) + 𝜆1(1−

∑𝐾
𝑗=1𝜌

𝑡
1,𝑗)

=
∑𝐾

𝑗=1ℒ𝑗(𝑝
𝑡
𝑗 , 𝜌

𝑡
0,𝑗 , 𝜌

𝑡
1,𝑗 , 𝜆0, 𝜆1) + 𝜆0 + 𝜆1,(13)

where ℒ𝑗(𝑝
𝑡
𝑗 , 𝜌

𝑡
0,𝑗 , 𝜌

𝑡
1,𝑗 , 𝜆0, 𝜆1) = 𝑝𝑡𝑗𝑃

𝐹
0,𝑗(𝑡) log(𝑊

𝑡−1
𝑗 +

𝜌𝑡0,𝑗𝑅0,𝑗) + (1 − 𝑝𝑡𝑗)𝑃
𝐹
1,𝑗(𝑡) log(𝑊

𝑡−1
𝑗 + 𝜌𝑡1,𝑗𝐺

𝑡𝑅1,𝑗) −
𝜆0𝜌

𝑡
0,𝑗 − 𝜆1𝜌𝑡1,𝑗 .

The corresponding problem can be decomposed into 𝐾
sub-problems and solved iteratively. In Step 𝜏 ≥ 1, for given
𝜆0(𝜏) and 𝜆1(𝜏) values, each CR user 𝑗 solves the following
sub-problem using local information.

[𝑝𝑡∗𝑗 (𝜏), 𝜌𝑡∗0,𝑗(𝜏), 𝜌
𝑡∗
1,𝑗(𝜏)]

= argmax
𝑝𝑡
𝑗 ,𝜌

𝑡
0,𝑗 ,𝜌

𝑡
1,𝑗≥0

ℒ𝑗(𝑝
𝑡
𝑗 , 𝜌

𝑡
0,𝑗 , 𝜌

𝑡
1,𝑗 , 𝜆0(𝜏), 𝜆1(𝜏)). (14)

There is a unique optimal solution since the objective
function in (14) is concave. The CR users then exchange
their solutions. The master dual problem, for given 𝑝𝑡(𝜏)
and 𝜌𝑡(𝜏), is:

min
𝜆≥0

ℒ(𝑝𝑡(𝜏), 𝜌𝑡(𝜏), 𝜆)
=

∑𝐾
𝑗=1ℒ𝑗(𝑝

𝑡
𝑗(𝜏), 𝜌

𝑡
0,𝑗(𝜏), 𝜌

𝑡
1,𝑗(𝜏), 𝜆0, 𝜆1) + 𝜆0 + 𝜆1.(15)

Since the Lagrangian function is differentiable, the gradient
iteration approach can be used.

𝜆𝑖(𝜏 + 1) =
[
𝜆𝑖(𝜏)− 𝑠×

(
1−∑𝐾

𝑗=1𝜌
𝑡∗
𝑖,𝑗(𝜏)

)]+
, 𝑖 = 0, 1,

(16)
where 𝑠 is a sufficiently small positive step size and [⋅]+
denotes the projection onto the nonnegative axis. The up-
dated 𝜆𝑖(𝜏 + 1) will again be used to solve the sub-
problems, and so forth. Since the problem is convex, we
have strong duality; the duality gap between the primal and
dual problems is zero. The dual variables 𝜆(𝜏) will converge
to the optimal values as 𝜏 goes to infinity. Since the optimal
solution to (14) is unique, the primal variables 𝑝𝑡(𝜏) and
𝜌𝑡𝑖,𝑗(𝜏) will also converge to their optimal values when 𝜏 is
sufficiently large.

The resource allocation problem is jointly solved by the
CR users and the MBS in the sensing phase of the time slot.
For given 𝜆0 and 𝜆1, each CR user solves sub-problem (14)
using local information. They then transmit their solutions
𝜌𝑡∗𝑖,𝑗(𝜏) to the MBS. The MBS will update the dual vari-
ables based on the received 𝜌𝑡∗𝑖,𝑗(𝜏)’s as given in (16), and
broadcast the updated 𝜆0 and 𝜆1 to all the CR users. This
procedure is repeated iteratively until convergence.

The distributed solution procedure is presented in Table I.
In the table, Steps 3–8 solve the sub-problem in (14); Step
9 updates the dual variables. The threshold 𝜙 is a prescribed
small value with 0 ≤ 𝜙≪ 1. The algorithm terminates when
the dual variables are sufficiently close to the optimal values.

B. Case of Multiple Non-interfering FBS’s

We next consider the case of 𝑁 > 1 non-interfering
FBS’s. The coverages of the FBS’s do not overlap with
each other, as FBS 1 and 2 in Fig. 1. Consequently, each
FBS can use all the available licensed channels without
interfering other FBS’s. Assume each CR user knows the
nearest FBS and is associate with it. Let 𝒰𝑖 denote the set
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Table I
ALGORITHM FOR THE CASE OF SINGLE FBS

1: Set 𝜏 = 0, 𝜆0(0) and 𝜆1(0) to some nonnegative value
2: DO % (each CR user 𝑗 executes Steps 3–8)

3: 𝜌𝑡0,𝑗(𝜏) =

[
𝑃𝐹
0,𝑗(𝑡)

𝜆0(𝜏)
− 𝑊 𝑡−1

𝑗

𝑅0,𝑗

]+
and

𝜌𝑡1,𝑗(𝜏) =

[
𝑃𝐹
1,𝑗(𝑡)

𝜆1(𝜏)
− 𝑊 𝑡−1

𝑗

𝑅1,𝑗𝐺𝑡

]+
;

4: IF
[
𝑃𝐹
0,𝑗(𝑡) log(𝑊

𝑡−1
𝑗 + 𝜌𝑡0,𝑗(𝜏)𝑅0,𝑗)− 𝜆0(𝜏)𝜌𝑡0,𝑗(𝜏)

]
>[

𝑃𝐹
1,𝑗(𝑡) log(𝑊

𝑡−1
𝑗 + 𝜌𝑡1,𝑗(𝜏)𝐺

𝑡𝑅1,𝑗)− 𝜆1(𝜏)𝜌𝑡1,𝑗(𝜏)
]

5: Set 𝑝𝑡𝑗(𝜏) = 1 and 𝜌𝑡1,𝑗(𝜏) = 0;
6: ELSE
7: Set 𝑝𝑡𝑗(𝜏) = 0 and 𝜌𝑡0,𝑗(𝜏) = 0;
8: END IF
9: MBS updates 𝜆𝑖(𝜏 + 1) as in (16);
10: 𝜏 = 𝜏 + 1;

11: WHILE
(∑1

𝑖=0(𝜆𝑖(𝜏 + 1)− 𝜆𝑖(𝜏))
2 > 𝜙

)

of CR users associated with FBS 𝑖. The resource allocation
problem becomes:

maximize:
∑𝐾

𝑗=1𝑝
𝑡
𝑗𝑃

𝐹
0,𝑗(𝑡) log(𝑊

𝑡−1
𝑗 + 𝜌𝑡0,𝑗𝑅0,𝑗) + (17)∑𝑁

𝑖=1

∑
𝑗∈𝒰𝑖

𝑞𝑡𝑗𝑃
𝐹
𝑖,𝑗(𝑡) log(𝑊

𝑡−1
𝑗 + 𝜌𝑡𝑖,𝑗𝐺

𝑡𝑅𝑖,𝑗)

subject to:
∑𝐾

𝑗=1𝜌
𝑡
0,𝑗 ≤ 1∑

𝑗∈𝒰𝑖
𝜌𝑡𝑖,𝑗 ≤ 1, 𝑖 = 1, ⋅ ⋅ ⋅ , 𝑁

𝑝𝑡𝑗 + 𝑞
𝑡
𝑗 = 1, 𝑗 = 1, ⋅ ⋅ ⋅ ,𝐾

𝜌𝑡𝑖,𝑗 , 𝑝
𝑡
𝑗 , 𝑞

𝑡
𝑗 ≥ 0, 𝑖 = 1, ⋅ ⋅ ⋅ , 𝑁, 𝑗 = 1, ⋅ ⋅ ⋅ ,𝐾.

Since all the available channels can be allocated to each FBS
simultaneously (i.e., with spatial reuse), problem (17) can be
solved using the algorithm in Table I with some modified
notation: 𝜌𝑡1,𝑗(𝜏) now becomes 𝜌𝑡𝑖,𝑗(𝜏) and 𝜆1(𝜏) becomes
𝜆𝑖(𝜏), 𝑖 = 1, ⋅ ⋅ ⋅ , 𝑁 . The dual variables are iteratively
updated as

𝜆0(𝜏 + 1) =
[
𝜆0(𝜏)− 𝑠×

(
1−∑𝐾

𝑗=1𝜌
𝑡∗
0,𝑗(𝜏)

)]+
(18)

𝜆𝑖(𝜏 + 1) =
[
𝜆𝑖(𝜏)− 𝑠×

(
1−∑

𝑗∈𝒰𝑖
𝜌𝑡∗𝑖,𝑗(𝜏)

)]+
,

𝑖 = 1, ⋅ ⋅ ⋅ , 𝑁. (19)

The modified solution algorithm is presented in Table II. As
in the case of single FBS, the algorithm is jointly executed
by the CR users and MBS, by iteratively updating the dual
variables 𝜆0(𝜏) and 𝜆𝑖(𝜏)’s, and the resource allocations
𝜌𝑡∗0,𝑗(𝜏) and 𝜌𝑡∗𝑖,𝑗(𝜏)’s. It can be shown that the distributed
algorithm can produce the optimal solution for problem (17).

C. Case of Multiple Interfering FBS’s

1) Formulation: Finally, we consider the case of multiple
interfering FBS’s. Assume that the coverages of some FBS’s
overlap with each other, as FBS 3 and 4 in Fig. 1. They
cannot use the same channel simultaneously, but have to
compete for the channels during the transmission phase.

Table II
ALGORITHM FOR THE CASE OF MULTIPLE NON-INTERFERING FBS’S

1: Set 𝜏 = 0, and 𝜆0(0) and 𝜆𝑖(0) to some nonnegative values,
for all 𝑖;

2: DO % (each CR user 𝑗 executes Steps 3–8)

3: 𝜌𝑡0,𝑗(𝜏) =

[
𝑃𝐹
0,𝑗(𝑡)

𝜆0(𝜏)
− 𝑊 𝑡−1

𝑗

𝑅0,𝑗

]+
and

𝜌𝑡𝑖,𝑗(𝜏) =

[
𝑃𝐹
𝑖,𝑗(𝑡)

𝜆𝑖(𝜏)
− 𝑊 𝑡−1

𝑗

𝑅𝑖,𝑗𝐺𝑡

]+
;

4: IF
[
𝑃𝐹
0,𝑗(𝑡) log(𝑊

𝑡−1
𝑗 + 𝜌𝑡0,𝑗(𝜏)𝑅0,𝑗)− 𝜆0(𝜏)𝜌𝑡0,𝑗(𝜏)

]
>[

𝑃𝐹
𝑖,𝑗(𝑡) log(𝑊

𝑡−1
𝑗 + 𝜌𝑡𝑖,𝑗(𝜏)𝐺

𝑡𝑅𝑖,𝑗)− 𝜆𝑖(𝜏)𝜌
𝑡
𝑖,𝑗(𝜏)

]
5: Set 𝑝𝑡𝑗(𝜏) = 1 and 𝜌𝑡𝑖,𝑗(𝜏) = 0;
6: ELSE
7: Set 𝑝𝑡𝑗(𝜏) = 0 and 𝜌𝑡0,𝑗(𝜏) = 0;
8: END IF
9: MBS updates 𝜆𝑖(𝜏 + 1) as in (18) and (19);
10: 𝜏 = 𝜏 + 1;

11: WHILE
(∑𝑁

𝑖=0(𝜆𝑖(𝜏 + 1)− 𝜆𝑖(𝜏))
2 > 𝜙

)

FBS 1 FBS 2 FBS 3 FBS 4

Figure 2. Interference graph for the femtocell CR network shown in Fig. 1.

Define channel allocation variables 𝑐𝑡𝑖,𝑚 for time slot 𝑡 as:

𝑐𝑡𝑖,𝑚 =

{
1, if channel 𝑚 is allocated to FBS 𝑖
0, otherwise.

(20)

Given an allocation, the expected number of available chan-
nels for FBS 𝑖 is 𝐺𝑡

𝑖 =
∑

𝑚∈𝒜(𝑡) 𝑐
𝑡
𝑖,𝑚𝑃

𝐴
𝑚 .

We use interference graph to model the case of overlap-
ping coverages, which is defined below.

Definition 1: An interference graph 𝐺𝐼 = (𝑉𝐼 , 𝐸𝐼) is an
undirected graph where each vertex represents an FBS and
each edge indicates interference between the two end FBS’s.

For the example network given in Fig. 1, we can derive
an interference graph as shown in Fig. 2, with two isolated
vertices FBS 1 and 2, and an edge connecting FBS 3 and 4.
FBS 3 and 4 cannot use the same channel simultaneously,
as summarized in the following lemma.

Lemma 4: If channel 𝑚 is allocated to FBS 𝑖, the neigh-
boring vertices of FBS 𝑖 in the interference graph 𝐺𝐼 ,
denoted as ℛ(𝑖), cannot use the same channel 𝑚 simul-
taneously.

Further define index variables 𝑑𝑘𝑖 , which is 1 if FBS 𝑖 is an
endpoint of link 𝑘 ∈ 𝐺𝐼 and 0 otherwise, 𝑖 = 1, ⋅ ⋅ ⋅ , 𝑁 . The
interference constraint can be described as

∑𝑁
𝑖=1 𝑑

𝑘
𝑖 𝑐

𝑡
𝑖,𝑚 ≤

1, for 𝑚 = 0, ⋅ ⋅ ⋅ ,𝑀 , and for all link 𝑘 ∈ 𝐺𝐼 . We then have
the following problem formulation.

maximize:
∑𝐾

𝑗=1𝑝
𝑡
𝑗𝑃

𝐹
0,𝑗(𝑡) log(𝑊

𝑡−1
𝑗 + 𝜌𝑡0,𝑗𝑅0,𝑗) + (21)∑𝑁

𝑖=1

∑
𝑗∈𝒰𝑖

𝑞𝑡𝑗𝑃
𝐹
𝑖,𝑗(𝑡) log(𝑊

𝑡−1
𝑗 + 𝜌𝑡𝑖,𝑗𝐺

𝑡
𝑖𝑅𝑖,𝑗)

subject to:
∑𝐾

𝑗=1𝜌
𝑡
0,𝑗 ≤ 1∑

𝑗∈𝒰𝑖
𝜌𝑡𝑖,𝑗 ≤ 1, 𝑖 = 1, ⋅ ⋅ ⋅ , 𝑁

𝑝𝑡𝑗 + 𝑞
𝑡
𝑗 = 1, 𝑗 = 1, ⋅ ⋅ ⋅ ,𝐾
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Table III
ALGORITHM FOR CASE OF INTERFERING FBS’S

1: Initialize 𝒄𝑡 to a zero vector, FBS set 𝒩 = {1, ⋅ ⋅ ⋅ , 𝑁}, and
FBS-channel set 𝒞 = 𝒩 ×𝒜(𝑡);

2: WHILE (𝒞 is not empty)
3: Find FBS-channel pair {𝑖′,𝑚′}, such that

{𝑖′,𝑚′} = argmax
{𝑖,𝑚}∈𝒞

{𝑄(𝒄𝑡 + 𝒆𝑖,𝑚)−𝑄(𝒄𝑡)};

4: Set 𝒄𝑡 = 𝒄𝑡 + 𝒆𝑖′,𝑚′ ;
5: Remove {𝑖′,𝑚′} from 𝒞;
6: Remove ℛ(𝑖′)×𝑚′ from 𝒞;
7: END WHILE

𝐺𝑡
𝑖 =

∑
𝑚∈𝒜(𝑡)𝑐

𝑡
𝑖,𝑚𝑃

𝐴
𝑚, 𝑖 = 1, ⋅ ⋅ ⋅ , 𝑁∑𝑁

𝑖=1𝑑
𝑘
𝑖 𝑐

𝑡
𝑖,𝑚 ≤ 1,𝑚 = 0, ⋅ ⋅ ⋅ ,𝑀, for all link 𝑘 ∈ 𝐺𝐼 ,

𝜌𝑡𝑖,𝑗 , 𝑝
𝑡
𝑗 , 𝑞

𝑡
𝑗 , 𝑐

𝑡
𝑖,𝑚 ≥ 0,

𝑖 = 1, ⋅ ⋅ ⋅ , 𝑁, 𝑗 = 1, ⋅ ⋅ ⋅ ,𝐾 𝑚 = 0, ⋅ ⋅ ⋅ ,𝑀,
2) Solution Algorithm : The optimal solution to problem

(21) depends on the allocation variables 𝑐𝑡𝑖,𝑚. Problem (21)
can be solved with the algorithm in Table II if the 𝑐𝑡𝑖,𝑚’s
are known. Let 𝑄(𝒄𝑡) be the suboptimal objective value for
a given channel allocation 𝒄𝑡, where 𝒄𝑡 = [𝒄𝑡1, 𝒄

𝑡
2, ⋅ ⋅ ⋅ , 𝒄𝑡𝑁 ]

and 𝒄𝑡𝑖 is a vector of elements 𝑐𝑡𝑖,𝑚, for FBS 𝑖 and channel
𝑚 ∈ 𝒜(𝑡). If all the FBS’s are disjointedly distributed with
no overlap, each FBS can use all the available channels. We
have 𝑐𝑡𝑖,𝑚 = 1 for all 𝑖 and 𝑚 ∈ 𝒜(𝑡), i.e., it is reduced to
the case in Section IV-B.

To solve problem (21), we first apply a greedy algorithm
to allocate the available channels in 𝒜(𝑡) to the FBS’s (i.e.,
to determine 𝒄𝑡). We then apply the algorithm in Table II to
obtain a near-optimal solution. Let 𝒆𝑖,𝑚 be a unit vector with
1 at position {𝑖,𝑚} (i.e., position (𝑖−1)×𝑀+𝑚) and 0 at all
other positions, representing the allocation of channel 𝑚 ∈
𝒜(𝑡) to FBS 𝑖. The greedy algorithm for channel allocation
is presented in Table III, where the FBS-channel pair that
can achieve the largest increase in the objective value 𝑄(⋅)
is chosen in each iteration. The worst case complexity of
the greedy algorithm is 𝑂(𝑁2𝑀2).

3) Performance Lower Bound: We next present a lower
bound for the greedy algorithm. Let 𝑒(𝑙) be the 𝑙-th FBS-
channel pair chosen in the greedy algorithm, and 𝜋𝑙 the
sequence {𝑒(1), ⋅ ⋅ ⋅ , 𝑒(𝑙)}. The increase in object value (21)
due to the 𝑙-th allocated FBS-channel pair is denoted as

Δ𝑙 := Δ(𝜋𝑙, 𝜋𝑙−1) = 𝑄(𝜋𝑙)−𝑄(𝜋𝑙−1). (22)

Since 𝑄(𝜋0) = 𝑄(∅) = 0, we have∑𝐿
𝑙=1Δ𝑙 = 𝑄(𝜋𝐿)−𝑄(𝜋𝐿−1) + ⋅ ⋅ ⋅+

𝑄(𝜋2)−𝑄(𝜋1) +𝑄(𝜋1)−𝑄(𝜋0)
= 𝑄(𝜋𝐿)−𝑄(𝜋0) = 𝑄(𝜋𝐿).

For two FBS-channel pairs 𝑒(𝑙) and 𝑒(𝑙′), we say 𝑒(𝑙)
conflicts with 𝑒(𝑙′) when there is an edge connecting the
FBS in 𝑒(𝑙) and the FBS in 𝑒(𝑙′) in the interference graph

𝐺𝐼 , and the two FBS’s choose the same channel. Let Ω be
the global optimal solution. We define 𝜔𝑙 as the subset of Ω
that conflicts with allocation 𝑒(𝑙) but not with the previous
allocations {𝑒(1), 𝑒(2), ⋅ ⋅ ⋅ , 𝑒(𝑙 − 1)}.

Lemma 5: Assume the greedy algorithm in Table III stops
in 𝐿 steps. The global optimal solution Ω can be partitioned
into 𝐿 non-overlapping subsets 𝜔𝑙, 𝑙 = 1, 2, ⋅ ⋅ ⋅ , 𝐿.

Proof: According to the definition of 𝜔𝑙, the 𝐿 subsets
of the optimal solution Ω do not intersect with each other.
Assume the statement is false, then the union of these
𝐿 subsets is not equal to the optimal set Ω. Let the set
difference be 𝜔𝐿+1 = Ω∖(∪𝐿

𝑙=1𝜔𝑙). By definition, 𝜔𝐿+1 does
not conflict with the existing 𝐿 allocations {𝑒(1), ⋅ ⋅ ⋅ , 𝑒(𝐿)},
meaning that the greedy algorithm can continue to at least
the (𝐿 + 1)-th step. This conflicts with the assumption
that the greedy algorithm stops in 𝐿 steps. It follows that
Ω = ∪𝐿

𝑙=1𝜔𝑙.
Let Δ(𝜋2, 𝜋1) = 𝑄(𝜋2) − 𝑄(𝜋1) denote the difference

between two feasible allocations 𝜋1 and 𝜋2. We next derive
a lower bound on the performance of the greedy algorithm.
We assume two properties for function Δ(𝜋2, 𝜋1).

Property 1: Consider FBS-channel pair sets 𝜋1, 𝜋2, and
𝜎, satisfying 𝜋1 ⊆ 𝜋2 and 𝜎 ∩ 𝜋2 = ∅. We have Δ(𝜋2 ∪
𝜎, 𝜋1 ∪ 𝜎) ≤ Δ(𝜋2, 𝜋1).

Property 2: Consider FBS-channel pair sets 𝜋, 𝜎1, and
𝜎2 satisfying 𝜎1 ∩ 𝜋 = ∅, 𝜎2 ∩ 𝜋 = ∅, and 𝜎1 ∩ 𝜎2 = ∅. We
have Δ(𝜎1 ∪ 𝜎2 ∪ 𝜋, 𝜋) ≤ Δ(𝜎1 ∪ 𝜋, 𝜋) + Δ(𝜎2 ∪ 𝜋, 𝜋).

In Property 1, we have 𝜎 ∩ 𝜋1 = ∅ since 𝜋1 ⊆ 𝜋2
and 𝜎 ∩ 𝜋2 = ∅. This property states that the incremental
objective value does not get larger as more channels are
allocated and as the objective value gets larger. Property
2 states that the incremental objective value achieved by
allocating multiple FBS-channel pair sets does not exceed
the sum of the incremental objective values achieved by
allocating each individual FBS-channel pair set. These are
generally true for many resource allocation problems [20].

Since we choose the maximum incremental allocation in
each step of the greedy algorithm, we have Lemma 6 that
directly follows Step 3 in Table III.

Lemma 6: For any FBS-channel pair 𝜎 ∈ 𝜔𝑙, we have
𝑄(𝜋𝑙−1 ∪ 𝜎)−𝑄(𝜋𝑙−1) = Δ(𝜋𝑙−1 ∪ 𝜎, 𝜋𝑙−1) ≤ Δ𝑙.

Lemma 7: Assume the greedy algorithm stops in 𝐿 steps,
we have 𝑄(Ω) ≤ 𝑄(𝜋𝐿) +

∑𝐿
𝑙=1

∑
𝜎∈𝜔𝑙

Δ(𝜎 ∪ 𝜋𝑙−1, 𝜋𝑙−1).
Proof: The following inequalities hold true according

to the properties of the Δ(⋅, ⋅) function:

𝑄((∪𝐿
𝑖=𝑙+1𝜔𝑖) ∪ 𝜋𝑙) = 𝑄((∪𝐿

𝑖=𝑙+2𝜔𝑖) ∪ 𝜋𝑙) +

Δ((∪𝐿
𝑖=𝑙+1𝜔𝑖) ∪ 𝜋𝑙, (∪𝐿

𝑖=𝑙+2𝜔𝑖) ∪ 𝜋𝑙)
≤ 𝑄((∪𝐿

𝑖=𝑙+2𝜔𝑖) ∪ 𝜋𝑙) + Δ(𝜔𝑙+1 ∪ 𝜋𝑙, 𝜋𝑙)
≤ 𝑄((∪𝐿

𝑖=𝑙+2𝜔𝑖) ∪ 𝜋𝑙+1) + Δ(𝜔𝑙+1 ∪ 𝜋𝑙, 𝜋𝑙)
≤ 𝑄((∪𝐿

𝑖=𝑙+2𝜔𝑖) ∪ 𝜋𝑙+1) +
∑

𝜎∈𝜔𝑙+1
Δ(𝜎 ∪ 𝜋𝑙, 𝜋𝑙).

We have 𝜋0 = ∅ and 𝜔𝐿+1 = ∅ (see Lemma 5). By induction
from 𝑙 = 0 to 𝑙 = 𝐿− 1, we have 𝑄((∪𝐿

𝑖=1𝜔𝑖)∪∅) = 𝑄(Ω)
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and 𝑄(Ω) ≤ 𝑄(𝜋𝐿) +
∑𝐿

𝑙=1

∑
𝜎∈𝜔𝑙

Δ(𝜎 ∪ 𝜋𝑙−1, 𝜋𝑙−1).
Lemma 8: The maximum size of 𝜔𝑙 is equal to the degree,

in the interference graph 𝐺𝐼 , of the FBS selected in the 𝑙-th
step of the greedy algorithm, which is denoted as 𝐷(𝑙).

Proof: Once FBS 𝑖 is allocated with channel 𝑚, the
neighboring FBS’s in 𝐺𝐼 , ℛ(𝑖), cannot use the same channel
𝑚 anymore due to the interference constraint. The maximum
number of FBS-channel pairs that conflict with the selected
FBS-channel pair {𝑖,𝑚}, i.e., the maximum size of 𝜔𝑙, is
equal to the degree of FBS 𝑖 in 𝐺𝐼 .

Theorem 2: The greedy algorithm can achieve an objec-
tive value that is at least 1

1+𝐷𝑚𝑎𝑥
of the global optimum,

where𝐷𝑚𝑎𝑥 is the maximum node degree in the interference
graph 𝐺𝐼 of the femtocell CR network.

Proof: According to Lemmas 7 and 8, we have:

𝑄(Ω) ≤ 𝑄(𝜋𝐿) +
∑𝐿

𝑙=1𝐷(𝑙)Δ𝑙 = 𝑄(𝜋𝐿) + �̄�
∑𝐿

𝑙=1Δ𝑙

= (1 + �̄�)𝑄(𝜋𝐿), (23)

where �̄� =
∑𝐿

𝑙=1𝐷(𝑙)Δ𝑙/
∑𝐿

𝑙=1 Δ𝑙. The second equality
is due to the facts that Δ𝑙 = 𝑄(𝜋𝑙) − 𝑄(𝜋𝑙−1) and∑𝐿

𝑙=1 Δ𝑙 = 𝑄(𝜋𝐿). To further simplify the bound, we
replace 𝐷(𝑙) with the maximum node degree 𝐷𝑚𝑎𝑥. It
follows that �̄� ≤ ∑𝐿

𝑙=1𝐷𝑚𝑎𝑥Δ𝑙/
∑𝐿

𝑙=1 Δ𝑙 = 𝐷𝑚𝑎𝑥 and

1

1 +𝐷𝑚𝑎𝑥
𝑄(Ω) ≤ 𝑄(𝜋𝐿) ≤ 𝑄(Ω), (24)

which provides a lower bound on the performance of the
greedy algorithm.

When there is a single FBS in the CR network, we have
𝐷𝑚𝑎𝑥 = 0 and 𝑄(𝜋𝐿) = 𝑄(Ω) according to Theorem 2.
The proposed algorithm produces the optimal solution. In
the case of multiple non-interfering FBS’s, we still have
𝐷𝑚𝑎𝑥 = 0 and can obtain the optimal solution using the
proposed algorithm. For the femtocell CR network given in
Fig. 1 (with interference graph shown in Fig. 2), we have
𝐷𝑚𝑎𝑥 = 1 and the low bound is a half of the global optimal.
Note that (23) provides a tighter bound for the optimum
than (24), but with higher complexity. These are interesting
performance bounds since they bound the achievable video
quality, an application layer performance measure, rather
than lower layer ones (e.g., bandwidth or time share).

V. SIMULATION RESULTS

We evaluate the performance of the proposed algorithms
using MATLAB and JVSM 9.13 Video Codec. Two scenar-
ios are used in the simulations: a single FBS CR network and
a CR network with interfering FBS’s. In every simulation,
we compare the proposed algorithms with the following two
more straightforward heuristic schemes:

∙ Heuristic 1 based on equal allocation: each CR user
chooses the better channel (i.e., the common channel
or a licensed channel) based on the channel conditions;
time slots are equally allocated among active CR users;

1 2 3
0

5

10

15

20

25

30

35

40

45

50

User Index

Y-
PS

N
R

 (d
B)

 

 

Proposed scheme
Heuristic 1
Heuristic 2

Figure 3. Single FBS: received video quality for the three CR users.

∙ Heuristic 2 exploiting multiuser diversity: the MBS and
each FBS chooses one active CR user with the best
channel condition; the entire time slot is allocated to
the selected CR user.

Each point in the figures presented in this section is the
average of 10 simulation runs. We also plot 95% confidence
intervals in the figures, which are generally negligible.

A. Case of Single FBS

In the first scenario, there are 𝑀 = 8 channels and the
channel parameters 𝑃𝑚

01 and 𝑃𝑚
10 are set to 0.4 and 0.3,

respectively, for all 𝑚. The maximum allowable collision
probability 𝛾𝑚 is set to 0.2 for all 𝑚. There is one FBS and
three active CR users. Three Common Intermediate Format
(CIF, 352 × 288) video sequences are streamed to the CR
users, i.e., Bus to CR user 1, Mobile to CR user 2, and
Harbor to CR user 3. The GOP size of each video sequence
is 16. The delivery deadline is 𝑇 = 10. Both probabilities
of false alarm 𝜖 and miss detection 𝛿 are set to 0.3 for all
the FBS’s and CR users, unless otherwise specified.

We first plot the average PSNRs of the three CR users in
Fig. 3. Our proposed scheme achieves the best performance
among the three algorithms, with up to 4.3 dB improvement
over the two heuristic schemes. Such gains are significant
with regard to video quality, since a 0.5 dB difference
is distinguishable by human eyes. Compared to the two
heuristic schemes, the video quality of our proposed scheme
is well balanced among the three users, indicating better
fairness performance for the CR users.

We next investigate the convergence of the distributed
algorithm. The traces of the two dual variables are plotted
in Fig. 4(a). Both dual variables converge to their optimal
values after 500 iterations. After convergence, the optimal
solution for the primary problem can be obtained.

In Fig. 4(b), we examine the impact of the number of
channels 𝑀 on received video quality. We increase 𝑀 from
4 to 12 with step size 2, and plot the average PSNR values
of the three received videos. As expected, the more licensed
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Figure 4. Simulation results for the Single FBS case.

FBS 1 FBS 2 FBS 3

Figure 5. Interference graph for the network used in the simulation.

channels, the more spectrum opportunities for CR users and
the higher PSNR for received video sequence. Both curves
of heuristics 1 and 2 have lower slops than that of the pro-
posed algorithm, implying that the proposed scheme is more
efficient in exploiting the additional spectrum opportunities
for video transmissions.

In Fig. 4(c), we demonstrate the impact of channel uti-
lization 𝜂 on received video quality. The average PSNRs
are plotted when 𝜂 is increased from 0.3 to 0.7. Intuitively,
a smaller 𝜂 allows more spectrum opportunities for video
transmission. This is illustrated in the figure where all the
three curves decrease as 𝜂 gets larger. The performance of
both heuristics are close and the proposed scheme achieves
a gain about 3 dB over the heuristics.

B. Case of Interfering FBS’s

We next investigate the second scenario with three FBS’s,
and each FBS has three active CR users. Each FBS streams
three different videos to the corresponding CR users. The
coverages of FBS 1 and 2 overlap with each other; the cov-
erages of FBS 2 and 3 overlap with each other; however the
coverages of FBS 1 and 3 do not overlap. The corresponding
interference graph is shown in Fig. 5.

In Fig. 6(a), we investigate the impact of channel uti-
lization 𝜂 on the video quality. We increase 𝜂 from 0.3
to 0.7 with step size 0.1, and plot the average PSNRs
of all CR users achieved by the three schemes. A lower
channel utilization provides more spectrum opportunities.
The performance of the proposed scheme is the best among
the three schemes. The reason why heuristic 2 achieves
better performance than heuristic 1 is that the resource
allocation decision is made globally in heuristic 2 but locally
in heuristic 1. In heuristic 1, each CR user chooses a channel
mode by itself regardless of other CR users. In heuristic 2,
the allocation is made by the MBS and FBS’s and the CR

users with the best channel conditions are chosen. We also
plot an upper bound on the optimal objective value, which
is obtained as in (23). Note that this bound is tighter than
that given in Theorem 2. We observe that the upper bound
is about 0.4 dB higher than our proposed scheme, indicating
that the gap between the results produced by the proposed
scheme and the global optimal is less than 0.4 dB.

Next, we examine the impact of sensing errors on the re-
ceived video quality. In Fig. 6(b), we test five pairs of {𝜖, 𝛿}
values: {0.2, 0.48}, {0.24, 0.38}, {0.3, 0.3}, {0.38, 0.24},
and {0.48, 0.2}. The average PSNRs of all active CR users
are plotted. It is interesting to see that the performance of
all the three schemes get worse when the probability of
one of the two sensing errors gets large. We can trade-off
between false alarm and miss detection probabilities to find
the optimal operating point for the spectrum sensors. On the
other hand, the dynamic range of video quality is not big
for the range of sensing errors simulated, compared to that
in Fig. 6(a). This is because both sensing errors are modeled
and treated in the algorithms. Again, our proposed scheme
outperforms the two heuristic schemes with considerable
margins for the entire range.

Finally, we investigate the impact of the bandwidth of the
common channel 𝐵0. In this simulation, we fix 𝐵1 at 0.3
Mbps and increase 𝐵0 from 0.1 Mbps to 0.5 Mbps with
step size 0.1 Mbps. The results are presented in Fig. 6(c).
We notice that the average video quality increases rapidly
as the common channel bandwidth is increased from 0.1
Mbps to 0.3 Mbps. Beyond 0.3 Mbps, the increases of
the PSNR curves slow down and the curves get flat. This
implies that a very large bandwidth for the common channel
is not necessary, since the gain for additional bandwidth
diminishes as 𝐵0 gets large. Again, we find our proposed
scheme outperforms the other two heuristics and the gap
between our scheme and the upper bound is small.

VI. CONCLUSION

In this paper, we investigated the problem of streaming
multiple MGS videos in a femtocell CR network. We
formulated a multistage stochastic programming problem

266



0.3 0.4 0.5 0.6 0.7
32

33

34

35

36

37

38

Channel Utilization (η)

Y
−P

S
N

R
 (

dB
)

Upper bound
Proposed scheme
Heuristic 1
Heuristic 2

(a) Video quality vs. channel utilizations

0.2 0.25 0.3 0.35 0.4 0.45
33

33.5

34

34.5

35

35.5

36

Probability of False Alarm (ε)

Y
−P

S
N

R
 (

dB
)

Upper bound
Proposed scheme
Heuristic 1
Heuristic 2

(b) Video quality vs. sensing error

0.1 0.2 0.3 0.4 0.5
33

33.5

34

34.5

35

35.5

36

Bandwidth of the Common Channel (MHz)

Y
−P

S
N

R
 (

dB
)

Upper bound
Proposed scheme
Heuristic 1
Heuristic 2

(c) Video quality vs. common channel bandwidth

Figure 6. Simulation results for the case of multiple interfering FBS’s.

considering various design factors across multiple layers.
We developed a solution algorithm that can produce the
optimal solution in the case of non-interfering FBS’s and
a greedy algorithm for near-optimal solutions in the case
of interfering FBS’s. We also prove a lower bound for the
greedy algorithm. The proposed algorithms are evaluated
via simulations and are shown to outperform two alternative
schemes with considerable gains.
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