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Unequal Area Facility Layout Using Genetic Search

Why This Paper Is Important
Unequal area facility layout problems comprise a class of extremely difficult and widelyapplicable optimization problems, arising in many diverse areas. There are many variations on
the basic formulation, involving alternative objective functions, side constraints, distance
metrics, cost measures, and facility shapes. Applications include industrial facility design,
hospital layout, VLSI component placement, and warehouse organization.
In this paper, we present a heuristic search methodology, based on genetic algorithms
(GA), for unequal area layout. We apply this methodology to several standard test problems
from the literature, and show that the GA method gives solutions which are much better than the
best previously reported solutions. We also show how, through the use of penalty-directed
search, it is possible to find very good solutions to problems with difficult-to-satisfy side
constraints, and to perform multi-criterion optimization with respect to cost measures that have
been considered incommensurable in the past. The methodology presented is not intrinsically
restricted to layout problems, but could be extended to other hard combinatorial problems.
The GA/penalty method's ability to find improved solutions to known problems, together
with the ability to address problems with ill-behaved cost functions, multiple objectives, and/or
side constraints, constitutes a significant contribution to the state of the art in facility layout.
Furthermore, GA can be implemented to take advantage of parallel hardware to an extent not
possible for other heuristic optimization methods.
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Unequal Area Facility Layout Using Genetic Search

Abstract
This paper applies genetic optimization with an adaptive penalty function to the shapeconstrained unequal area facility layout problem. We implement a genetic search for unequal
area facility layout, and show how optimal solutions are affected by constraints on permitted
department shapes, as specified by a maximum allowable aspect ratio for each department. We
show how an adaptive penalty function can be used to find good feasible solutions to even the
most highly constrained problems.

We describe our genetic encoding, reproduction and

mutation operators, and penalty evolution strategy.

We provide results from several test

problems that demonstrate the robustness of this approach across different problems and
parameter settings.
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Unequal Area Facility Layout Using Genetic Search
1. Introduction to the Unequal Area Facility Layout Problem
Facility Layout Problems (FLP) are a family of optimization problems involving the
partition of a planar region of known dimensions (usually rectangular) into departments of known
area, so as to minimize the costs associated with projected interactions between these
departments. These costs may reflect transportation costs (including costs associated with the
construction of a material-handling system), or preferences regarding adjacencies among
departments. Such problems occur in many design environments, including manufacturing cell
layout, hospital layout, and service center layout among others. Related problems arise in other
engineering contexts such as VLSI placement and routing. All of these problems are known to
be NP-hard [17].
The version of FLP we are concerned with was originally formulated by Armour and
Buffa [1] as follows: we are given a rectangular region2 with fixed dimensions H×W, and a
collection of n required “departments” of specified area, whose total area is HW. To each
ordered pair of departments (j,k) is associated a traffic flow F(j,k). The objective is to partition
the region into n subregions, of appropriate area, so as to minimize the sum
n
Σ F(j,k) ⋅ δ (j,k,Π)
j≠k
where δ(j,k,Π) is the distance (using a pre-specified metric) between the centroid of department j
and the centroid of department k in the partition Π.
1.1. Equal area Departments
If all departments are of equal area, or can be physically interchanged without altering the
overall adjacency or distance relationships among the remaining departments, it is easy to specify
in advance a finite number of potential sites for these departments to occupy. Given this, the
2All

of the techniques we will discuss can be extended to general polygonal regions with
polygonal holes, by a straightforward but tedious process described in Tam [24].
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layout problem can be modeled as a quadratic assignment problem (QAP) when the costs
associated with flow between departments are assumed to be linear with respect to distance
traveled and quantity of flow. Since Koopmans and Beckmann [13], more than fifty different
articles have appeared in the literature, recommending heuristic procedures or approximate
algorithms for finding good solutions to QAP formulations. Tate and Smith [19, 25] successfully
applied genetic algorithms to the QAP test problems of Nugent [14], Scriabin and Vergin [18]
and Steinberg [21].
1.2. Unequal Areas
When departments have differing areas, we can no longer treat the problem as assigning
departments to n distinct centroid locations. Instead, the locations of the centroids will depend
on the exact configuration selected, making QAP formulations of the unequal area problem less
tractable than their equal area counterparts. The best known large test problem for the unequal
area facility layout problem is that of Armour and Buffa, who devised a 20 department problem
with symmetrical flow matrix using the rectilinear distance metric [1]. They approached this
problem by requiring all departments to be made up of contiguous rectangular "building blocks,"
and then applied departmental adjacent pairwise exchange.

(Exchanging two adjacent

departments does not affect the centroids of the other departments.) Tong approached this
problem by assuming rectangular departmental shapes placed in bays [26]. Other unequal area
test problems have been studied, including 12 and 14 department problems by Bazaraa [2], and a
10 department problem by van Camp et al. [27]. We illustrate our genetic approach on these test
problems, as described in the following sections.
The primary difficulties associated with unequal area layout have to do with the vast
number of possible physical layouts, and with the existence of many locally optimal layouts that
are poor compared to the global optimum layout. For such a problem, one might expect parallel
search methods to perform better than strictly serial searches, and randomized search methods to
perform better than greedy or enumerative searches. Genetic algorithms combine both of these
attributes in a parallel, stochastic heuristic.
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2. Genetic Algorithms and Their Properties
Genetic algorithms (GAs) were described by Holland [10] and DeJong [5] as a family of
global optimization heuristics motivated by the process of natural selection in biological
systems. Under the GA paradigm, rather than generating a sequence of candidate solutions one
at a time, a population of candidate solutions is maintained. The primary distinguishing features
of GA are an encoding, an evaluation mechanism, a breeding mechanism, a mutation
mechanism, and a culling mechanism. The encoding is a data structure which describes a unique
feasible solution in a compact representation. To give a biological analogy, the encoding is like
a chromosome, on which specific genes describe various aspects of the individual in question.
The evaluation mechanism takes the encoding of an individual solution and computes the value
of that solution with regard to the objective(s) of the optimization. The breeding mechanism is a
procedure which produces a new encoding using two "parent" encodings from the current
population as its source of "genes". The mutation mechanism is an algorithm for perturbing an
encoding to produce a "nearby" encoding, and is used to help maintain a diverse gene pool from
which to construct new solutions. The culling mechanism is a procedure for removing known
solutions from the population and replacing them with new solutions.
To summarize the important aspects of genetic search:
1. The search is highly parallel, with each population member defining many different
possible search directions. Potentially, GA search could be implemented extremely efficiently
on massively parallel hardware.
2. No special information about the solution surface, such as gradient or local curvature,
need be identified. The objective function need not be smooth, continuous or unimodal.
3. Genetic algorithms have proven to be fairly robust under varying parameter settings
and problem particulars. As long as solutions with similar encodings do not have highly variant
objective function values, genetic algorithms usually find near optimal solutions.
Genetic algorithms have been applied to many combinatorial optimization problems,
including gas and oil pipeline flow [6, 8], job shop scheduling [3, 22], the traveling salesman
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problem [28], and sizing of communications networks [4]. The technique has also been applied
to constrained combinatorial optimization problems such as bin packing [11] and scheduling
[23]. While a GA approach requires the selection of parameters governing selection, breeding
and mutation, published research has supported the claim that the effectiveness of the GA
methodology is insensitive to the exact values of these parameters.
3. Using Genetic Algorithms for Unequal Facility Layout
3.1. Genetic Encoding and Operators
To effect search, departmental shapes must be restricted to some subset of possible
shapes.

We used the flexible bay structure developed by Tong [26].

The pre-specified

rectangular area is divided in one direction into bays of varying width. Each bay is then divided
into rectangular departments of equal width but different length. The bays are flexible in that
their widths will vary with their number and contents.

We chose to encode flexible bay

solutions on two distinct chromosomes. The first chromosome carries a permutation of the
integers 1 through n, where n is the number of departments. This sequence represents the
sequence of departments, bay by bay, read from top to bottom, left to right. The second
chromosome contains an encoding of the number of bays, and where in the sequence the breaks
between bays occur. The encoding is shown in Fig. 1.
For breeding, we used a variant of uniform crossover [15].

Each location in the

offspring’s sequence is occupied by the department in the corresponding location from one or
the other parent with equal probability, so that all common locations in the parents are carried
over to the child. Conflicts are then resolved to ensure that each department occurs exactly once
in the offspring’s encoding. The number and location of bay breaks in the solution is taken
without change from one parent or the other, with equal probability. This breeding mechanism
is shown in Fig. 2. Parents are selected based on the following: a uniform random number
between 1 and √n (where n is the population size) is chosen, then squared. The result is
truncated and taken to be the rank of the parent to be selected (where string zero is the fittest
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string in the population). This selection gives reproductive preference to better ranked solutions,
while allowing all solutions some probability of reproduction.
For mutation we defined three operators: one which splits an existing bay into two
adjacent bays, one which merges two adjacent bays into one (by concatenation), and one which
reverses a subsequence of the departments.

Half of all mutations affect only the bay

chromosome, and half affect only the sequence chromosome. Of those mutations altering the
number of bays, half increase the number of bays and half decrease that number, so as to provide
long-term stability in the tendencies of the population. Mutation and breeding were separate,
independent processes.
3.2. Evolution Parameters
We ran several trial searches to determine a good set of evolution parameters, varying
population size from 10 to 50, mutation rates from 1% to 50%, and examining replacement of
mutated solutions with their mutants versus culling of the worse solutions in the population to
make room for mutants. Although all parameter settings gave reasonable results, we settled on
the overall best variation of a population size of 10, a mutation rate of 50%, and culling. We
found that culling requires a substantially higher probability of mutation to ensure population
diversity. One child per reproduction cycle was created3, and always entered the population
regardless of its solution quality. Generated solutions, i.e. mutants and children, were not
guaranteed to be unique. Solutions in the initial population were randomly generated with √n
bays on average. Since genetic optimization is stochastic, we performed 10 runs for each
combination of parameters, differing each only by its random number seed.
3.3 The Adaptive Penalty Function
The unequal area FLP as formulated by Armour and Buffa is not shape constrained; that
is, no minimum side length or maximum aspect ratio is specified for any department. Armour
and Buffa's interchange approach used a given initial layout, so that extreme configurations were
3

A "steady state" or "incremental" GA, as opposed to a generational GA where multiple children are created and
replace the current population.
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not reachable from their initial configuration. Furthermore, their unit "building blocks" impose
a de facto lower bound on side length. Constructive heuristics, however, can achieve much
lower costs by aligning departmental centroids in stacks of long, narrow departments.
To ensure realistic layouts, we imposed constraints of varying severity on the maximum
allowable aspect ratio (α) for each department. Aspect ratio is defined by:
α = max {Li, Wi} / min {Li, Wi}.
(where Li is the length and Wi is the width of department i).
As the maximum allowable aspect ratio becomes smaller, the problem becomes more
constrained, and feasible solutions become harder to find. Table 1 shows the percentage of
feasible solutions per 100,000 random solutions generated for the Armour and Buffa test
problem for various maximum allowed aspect ratios. For high constraint levels, even finding a
feasible solution is a difficult task for any heuristic.
To handle these additional constraints, we developed an adaptive penalty function for
highly constrained genetic search [20]. (Static penalty functions for GAs were suggested by
Goldberg [7] and elaborated upon by Richardson et al. [16]).

The penalty function uses

observed population data during evolution to adjust the severity of the penalty being applied to
infeasible solutions.
Table 1. Percent Feasible of 100,000 Randomly Generated Solutions.
α
1000
50
25
15
10

% Feasible
100.00
87.3
53.1
22.7
9.6

Best Feasible
2897.1
5612.5
6364.4
7695.0
7796.2

α
7
5
4
3
2 and Below

% Feasible
2.4
0.4
0.1
0.005
0.0

Best Feasible
8705.6
8705.6
8705.6
10190.3
None Found

We noted that the degree of infeasibility of any one department is less important to the
search process than the number of departments which are infeasible. For example, a solution in
which more than half of all departments are slightly infeasible in shape might require extensive
modifications in order to yield a feasible solution, while a solution with one extremely infeasible
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department might be made feasible simply by shifting that department into an adjoining bay.
The object of the penalty function is to find feasible solutions; infeasible solutions are attractive
only to the extent that they are likely to breed or mutate good feasible solutions. Accordingly,
we scaled our penalty function so that a solution with one infeasible department and the best
known objective function value would be considered equally promising with the best known
feasible solution. This led to the form

p (ni) = (ni)k (Vfeas - Vall)
where ni is the number of infeasible departments, Vfeas is the best feasible objective function
value yet found, Vall is the best overall objective function value yet found, and the exponent k is
a parameter which adjusts the “severity” of the penalty function. After experimentation, we
choose k = 3, although performance of the adaptive penalty function was robust across k ranging
from 1 to 5 [20]. We emphasize that the purpose of the penalty function is to guide the search to
include near feasible solutions, not to replace the constraints of the original problem formulation.
The value of our penalty alters over evolution, through the values Vfeas and Vall, in a sense
learning how highly-constrained this problem instance is without manual tuning. Since, for
problems with difficult shape constraints finding any feasible solution can be nearly as difficult
as finding near-optimal solutions, heuristics which always preserve feasibility at intermediate
points in the search will be unable to operate effectively. Our adaptive penalty method, on the
other hand, found feasible solutions to even the most highly-constrained problem instances.
4. Computational Results
4.1 The Smaller Test Problems
We selected the most widely known unequal area facility layout test problems for study.
The smaller test problems have 10 through 14 departments, all with symmetric flows, as
published in [2, 9, 27]. For the van Camp et al. [27] problem we used a minimum side length of
5 as specified in that paper. For the Bazaraa [2] problems we used a minimum side length of 1,
as used by van Camp et al. in their study. We note that the Bazaraa problems had areas within
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the facility which were not assigned to departments, and the first test problem (12 departments)
had a notch in the lower right hand corner which was unavailable for assignment to a
department. We modeled the notch as one department with area = 2 and no interactions. The
excess area was handled in two ways. First, the two smallest departments (each of unit area)
were temporarily enlarged to area of 2 and minimum side length of 1. Second, three dummy
departments of unit dimension with no interactions or shape restrictions were added. This
brought the 12 department problem up to 16 departments for our formulation. The second
Bazaraa problem of 14 departments specifies that department 14 be of unit area and have no
interactions; we allowed this department to take any shape.
Table 2 shows our results for these three test problems, along with the results reported by
previous researchers. Since the GA approach is stochastic, we show the best, mean and worst
solution found over 10 runs. The GA approach dominates all other published results, even with
the worst of 10 runs. Our best solutions improved upon the previously published best solutions
by 16.3%, 16.2% and 19.9% respectively. Since we had ceased search after approximately
60,000 solutions had been generated, we decided to extend the search for only the best GA run
for each of the three problems. These longer runs continued until approximately 300,000
solutions had been generated. While the 12 department Bazaraa problem was not improved
upon, the other two problems were. Our new solution to the van Camp problem had a cost of
20320.5. Our new solution to the 14 department Bazaraa problem had a cost of 5077.0. When
incremental improvement is desired, this strategy may be useful: begin with multiple short runs,
then extend the run of the best solution. For the 12 department Bazaraa problem, we obtained
further improvement by making obvious adjustments to the given layout in the course of
restoring the 12 departments to their original areas. Our hand-modified solution had a cost of
8768.2. The Appendix shows our best solution to each of the three test problems as well as the
adjusted solution for the first Bazaraa problem.
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Table 2. Results for the van Camp and Bazaraa Test Problems.
Solution
GA Best
GA Mean
GA Worst
van Camp's NLT [27]
Bazaraa [2]
Hassan's PLANET [9]
Hassan's SHAPE [9]

10 Dept. van Camp
20472.2
21745.7
23612.6
24445
-

12 Dept. Bazaraa
8861.0 (8768.2)
9509.9
9894.3
11910
14079
11664-11808
10578-11140

14 Dept. Bazaraa
5080.1
5318.9
5506.8
6875
8170.5
6399-6480
6339-6462

4.2 The Armour and Buffa Problem
The largest well known unequal area test problem is that of Armour and Buffa [1], a 20
department problem with symmetrical flows (note that we have corrected the flow matrix as
originally published in [1] following Scriabin and Vergin [18] and Huntley and Brown [12]). As
mentioned earlier, Armour and Buffa did not fix a minimum side length or maximum allowable
aspect ratio; however from their solutions it can be seen that their maximum aspect ratio was
approximately 3 (department M). The maximum allowable aspect ratios we tested for this
problem were, in ascending constrainedness, α = 1000 (essentially unconstrained), 50, 25, 15,
10, 7, 5, 4, 3, 2, and 1.75. We also altered our objective function to search for minimum feasible
aspect ratio, and this search yielded α = 1.70667. Using α = 1.70667, we resumed the search for
best layout, as reported in Table 3.
Table 3 lists the mean, best and worst solutions found over the 10 runs for each degree of
constrainedness for the Armour and Buffa problem. As degree of constrainedness increased, the
mean best solution found increased because departments had to assume a squarer shape, forcing
centroids apart. To compare results, Armour and Buffa reported a best solution found of
7862.09 [1]; our worst solution for α = 3 improves upon Armour and Buffa's best by 15.7%,
while our best solution improves upon their's by 25.8%. Tong reported a best solution of 5204.5
using the flow matrix as originally published, which omitted one direction of the heaviest single
flow [26]. She used minimum side lengths roughly equivalent to an α of 10. Our best solution
for α = 10 improved upon Tong by 11.0%. The researchers cited in section 4.1 did not report
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results for the Armour and Buffa problem.

The Appendix shows the layout for our best

solutions for selected values of α. Note that, in general, square shapes for large departments
must be forced by tight constraints.
Table 3. Solutions Over 10 Runs of the Armour and Buffa Test Problem.
α
1000
50
25
15
10
7
5
4
3
2
1.75*
1.70667#

Mean
1639.6
3062.2
4029.4
4762.4
5094.5
5479.6
6045.6
6001.0
6285.3
6669.8
7638.8
7110.8

Best
1638.5
3009.5
3635.9
4296.1
4633.3
5255.0
5524.7
5743.1
5832.6
6171.1
7205.4
6662.9

Worst
1648.7
3299.1
4627.2
5352.2
5930.1
6144.5
6539.3
6492.3
6625.3
7226.5
8085.8
7585.8

* For α = 1.75, only 3 runs found feasible solutions.
# For α = 1.70667, only 8 runs found feasible solutions.
4.3 Computational Effort
To compare computational effort, we list the number of solutions generated before
finding the best solution and the number of solutions generated per CPU second. All CPU times
reported were using a DEC 3000-400 AXP workstation. The number of solutions generated
before finding the best solution had an upper bound of 60,000 for the three smaller test
problems, and 500,000 for the Armour and Buffa problem with α = 5. These were the limits we
imposed on each run. Table 4 shows the best, mean and worst number of solutions required to
find the best in each run, and the average number of solutions generated per CPU second. CPU
effort grows roughly proportional to the square of the number of departments, and the Euclidean
distance metric (van Camp problem) is much more CPU intensive due to the square root
evaluation. Number of solutions needed before the best is found is highly variable, however,
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later-found best solutions are generally small improvements over some solution found much
earlier.
Table 4. Computational Effort.
Problem
van Camp
Bazaraa 1
Bazaraa 2
Armour & Buffa

Least # of
Soln.
440
13517
2868
406

Mean # of
Soln.
11202
33940
25642
69525

Most # of Soln.
28112
55821
55704
144842

Mean #
Soln./CPU Sec.
3068
3628
4431
2640

4.4 Discussion
We have shown the robustness of the GA approach over various test problems, parameter
settings, random number seeds, and degrees of constrainedness. We were able to substantially
improve upon previously published results for all the unequal area flow matrix test problems
considered. The primary reason genetic algorithms have not been used often in constrained
optimization has been the lack of a satisfactory method for directing search to near-feasible
regions. Our adaptive penalty method solves this problem, opening the door to convenient GA
implementation for many classical NP hard problems.
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Figure 1. The GA Encoding.
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Figure 2. Breeding Mechanism.
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Appendix
Encoding of Single Best Solution for the Smaller Test Problems
van Camp
Permutation = (1,2,6,9,10,7,8,4,5,3)
Breakpoints = (1,3,4,6,8)
Cost = 20320.5

Bazarra 1 (12 Departments)
Permutation = (12,6,7,1,2,3,8,9,4,14,5,16,15,11,10,13)
where departments 13-16 are dummy departments
Breakpoints = (3,4,5,6,8,9,12,13)
Cost = 8861.0

Bazaraa 1 (12 Departments) - Adjusted Solution
Permutation = (12,6,7,1,2,3,8,9,4,5,11,10)
where there are no dummy departments
Breakpoints = (3,4,5,6,8,9,10)
Cost = 8768.2

Bazaraa 2 (14 Departments)
Permutation = (10,6,14,11,5,13,1,3,2,4,7,8,9,12)
Breakpoints = (3,6,7,8,9,10)
Cost = 5077.0
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Layout of Single Best Solution for the Armour and Buffa Problem

A. Armour and Buffa for α = 1000.
Cost = 1638.5.

B. Armour and Buffa for α = 25.
Cost = 3538.6.
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C. Armour and Buffa for α = 10.
Cost = 4633.3.

D. Armour and Buffa for α = 5.
Cost = 5524.7.
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E. Armour and Buffa for α = 3.
Cost = 5832.6.

F. Armour and Buffa for α = 1.70667.
Cost = 6662.9.
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