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ABSTRACT

Two overlapping confidence intervals have been used in the past to conduct statistical
inferences about two population means and proportions. Several authors have
examined the shortcomings of Overlap procedure and have determined that such a
method distorts the significance level of testing the null hypothesis of two population
means and reduces the statistical power of the test. Nearly all results for small samples
in Overlap literature have been obtained either by simulation or by formulas that may
need refinement for small sample sizes, but accurate large sample information exists.
Nevertheless, there are aspects of Overlap that have not been presented and compared
against the standard statistical procedure. This article will present exact formulas for
the maximum % overlap of two independent confidence intervals below which the null
hypothesis of equality of two normal population means or variances must still be
rejected for any sample sizes. Further, the impact of Overlap on the power of testing the
null hypothesis of equality of two normal variances will be assessed. Finally, the
noncentral t-distribution is used to assess the Overlap impact on type II error prob-

ability when testing equality of means for sample sizes larger than 1.
© 2010 Elsevier B.V. All rights reserved.

1. Introduction

When testing equality of two normal population means, the sampling distribution (SMD) of the difference of two
sample means must be used to conduct statistical inference (i.e., estimation and test of hypothesis) about the
corresponding populations mean difference u,— p,. An interesting problem arises as to whether the same conclusions will
be reached if the SMD of individual sample means is used to construct separate confidence intervals (CIs) for u, and p, and
examine the amount of overlap of the individual Cls in order to make statistical inferences about p,— u,. Asymptotic
relationships are given by Schenker and Gentleman (2001) about the changes in the type I and Il error probabilities (Prs) if
the overlapping of two confidence intervals are used to make inferences about the difference in two population quantities
Q; and Q, (such as two population proportions, two means, etc), where the authors made no assumptions about the two
underlying populations. The authors used the geometry in their Fig. 1 (p. 183) to show that the total length of two
overlapping intervals is longer than that of the corresponding CI from the Standard procedure. Further, in section 3 (p. 184)
they proved the asymptotic deficiencies of Overlap relative to the Standard method for both type I and II error
probabilities. We will use the restricted assumption of normal underlying populations and an analytical procedure to
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Nomenclature SEx-y) = \/m

N(u, 62) anormal universe with population mean gand ~ SeX-Y) =,/S2/nx+S;3/ny

variance ¢ PWF  power function
z N(O, 1) ARE asymptotic relative efficiency
CIL confidence interval length B type II error rate
L) lower CI limit k sample se ratio=(Sx [/Tx)/(Sy [/Ty)
SE standard error

obtain similar results at a level of significance, o, and will verify that in order to attain a nominal type I error rate of 5%, the
corresponding two confidence levels must be set at 83.4224%, which is consistent with the simulated 85% value reported
by Payton et al. (2000, p. 547).

When the process variances are unknown and sample sizes are not large (i.e., the real-life encountered cases), this paper
will obtain exact formulas for the Overlap type I Pr, and also for Overlap type Il error probability at a specified standardized
difference. Further, the computation of type II error probability (when testing Ho: px— 1t,=0) requires the use of noncentral
t-distribution, although Schenker and Gentleman (2001) provide the impact of Overlap on the Power Function (PWF=1 —f3)
for the limiting case in terms of n, and n, (which also includes the known-variances case).

We will use the noncentral t-distribution to obtain the PWF of testing Ho: px— pt,=0 (in the unknown variances case,
which has been available in statistical literature for many years) and also the Overlap PWF for sample sizes ny & n, > 2.
Even if the underlying distributions are not Laplace-Gaussian, the t-distribution can still be used for statistical inferences
about two process means for moderate and large sample sizes, because the application of t-distribution requires the
assumption that only sample means be approximately normally distributed (due to the Central Limit Theorem).

Although Payton et al. (2000), Schenker and Gentleman (2001), Payton et al. (2003), and others have somewhat rectified
the Overlap problem and have pointed out the misconceptions therein, there are still some details to be worked out. Thus,
the objective of this paper is to investigate the exact differences between the Overlap and the Standard [a term coined by
Schenker and Gentleman (2001)] methods for testing the null hypotheses Ho: ox=0, and Ho: ux=p,. We will also use the
last two authors’ terminology “Standard” to imply the exact correct statistical procedure. Schenker and Gentleman (2001)
report results for the impact of Overlap on type I and II error Prs in testing Hy: Q;=Q- for the case of large sample sizes,
where they refer to Q; and Q» as quantities (or parameters) of any two, not necessarily normal, populations. Therefore, this
work will investigate the same only for underlying normal populations, and other aspects of Overlap but for all sample
sizes > 2. To be on the conservative side, we refer to n <20 as small, 20 < n < 50 as moderate, and n > 50 as large, although
some statisticians prefer n > 60 as large because for n > 60, t,, =~ Z, to one decimal place, where the degrees of freedom
(dfyjy=n—1, and Z, represents the (1—o) quantile of a standard normal deviate.

In summary, the primary objectives of this article are: (1) To quantify the impact of the Overlap procedure on type |
error probability (Pr) for a LOS o when testing equality of two normal process variances, or two normal population means
for unknown process variances and sample sizes > 2. Payton et al. (2000) obtained results for the latter objective, but used
simulation to obtain their Table 1, p. 551; further, the former objective has not been investigated. (2) To determine the
maximum % overlap of two individual CIs below which the null hypothesis (either Ho: gx=0,, or Ho: px=u,) must still be
rejected at a given LOS «. (3) To examine the impact of Overlap procedure on type II error rate for sample sizes > 2 and
unknown normal population variances.

Note that all primed symbols in this article pertain to the Overlap procedure, and we denote X as the larger of the two
sample means.

2. The Overlap against Standard method for difference in means of two normal populations with known variances

Consider random samples of sizes n, and n, from two independent normal populations N(u, known ¢2) and N(u,,
known aﬁ). It is widely known that the (1—o)x 100% confidence interval lengths are CIL(ux)=2Z,; x 0x/+/Tix, and
CIL(py)=2Z,)> x 0y//Ty. Suppose the two Cls for u, and p, are disjoint; then, it follows that either L(u,)> U(y,), or
L(y) > U(uy), where L(uy) and U(uy) represent the lower and upper CI limits for u,, respectively. These two possibilities
lead to the mutually exclusive requirements that either X—Z,,,0x//Mx >YV+Z,2 x 6y/ /My, OF Y—Z,,0y/ /Ty >X+
Zy20x//Mx. Combining these two conditions leads to the Overlap rejection of Ho: puy=p, iff |[X—y|>Z,,x
(ox//Mx+0y/ /). If o is set at the nominal rate of 5%, this last inequality will lead to the same asymptotic condition
(4) of Schenker and Gentleman (2001, p. 183). In the balanced case of o,=0,=0, because statistical theory dictates that n,/
ny should equal o4/ay, then ny=n,=n, and the above rejection condition reduces to [x—y| > 2Z, ,6/+/n at the significance
level o based on the Overlap method.

Let K = (0x//Tlx)/(0y//Tly) = SE(X)/SE(y) > 0 represent the ratio of two independent normal population standard errors
(SEs) for any sample sizes n, and n,. It can be shown (all omitted proofs are available on request from the first author) that
if the Standard type I error rate is o, but we reject Hy when the two independent Cls are disjoint, then the Overlap type I
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error Pr is given by

o =2 x PrR—Y > Z,20y(1+K)/ /iyl = 2 x PHZ > Z,, (1 +K)//1+K?], (1a)

which is identical to that of asymptotic Eq. (7) provided by Schenker and Gentleman (2001, p. 184) when their stand-
ardized difference, d, is set equal to 0. Eq. (1a) shows that as K— 0 or oo, the value of o’ slowly (from below) approaches
the exact type I error probability o [consistent with Table 3, p. 3 of Payton et al. (2003)]. Further, since (1+K)/~/1+K2 > 1
and Z,,(14+K)/~1+K? > Z, 5, then o =2 x Pr[Z > Z, 5(1+K)/~/1+K?] is smaller than =2 x Pr(Z > Z,,), which means that
Overlap always leads (except in the limiting case of K=0 or o) to a smaller type I error Pr than that of the Standard
method, consistent with Figure 3 of Schenker and Gentleman (2001, p. 184). With the aid of calculus, we can show that the
minimum value of o’ occurs when the SE ratio K=1. For the case of K=1 (which includes the special case of 6y=0,=0 and
ny=n,=n), the Overlap type I error Pr from Eq. (1a), [using & as the cumulative distribution function (cdf) of a N(0O, 1)
density], reduces to

o =2 x PI(Z > Z,/5v/2) =2 x D(~Z,3/2) (1b)

e Setting o at 0.01, Eq. (1b) leads to the Overlap LOS of &’=0.00026971696 < 0.01. The % relative error in the Overlap type I
Pr is [(0.01-0.00026971696)/0.01] x 100%=97.303%.
e For the nominal significance level =0.05, from (1b) the value of &’'=0.0055746 < 0.05.

This last value is consistent with the limiting value of 0.006 provided by Payton et al. (2003, p. 2) in their Eq. (6). The %
relative error of Overlap to the Standard method is 88.851%. As a result, the larger the LOS « is, the smaller the % relative
error becomes. Payton et al. (2000) provide simulation results, for run sizes of 10,000 pairs from the N(0, 1) distribution in
their column 3 of Table 1, p. 551, where the value of ' ranges from 0.0039 at n=5 to 0.0055 at n=50 (n incremented by 5).
Eq. (1b) shows that in the case of known equal variances and equal sample sizes, the value of Overlap type I error Pr, o/,
does not depend on n. However, in a later article Payton et al. (2003) provide more accurate results in their Table 4, page 3,
again through simulation run sizes of 10,000 pairs from a N(0, 1) distribution.

At K=2 or 1/2, 2=0.05, Eq. (1a) gives o’ =0.0085494; at K=5, or 1/5, &/=0.021095, and at K=10, or 0.10, «'=0.031932.
Clearly, Eq. (1a) shows that as K— < or 0, then o — . If the alternative H, is one-sided, say Hy: px— u, > 0, then from the
Overlap standpoint, H, must be rejected only if both conditions X—y > 0 and L(x) > U(u,) hold, and as a result [for details
see Huang (2008, Chapter 3)] the overlap type I error Pr for the case of o,=0, and ny=n, reduces to

o'y =Pr[Z > Z,5(0x+0y)/ /02 + 02| =P(Z > Z,/3/2)

which is equal to %2 of the 2-sided o’ from Eq. (1b). Thus, the impact of Overlap on type I error Pr is even greater for an
one-sided alternative than the 2-sided case.

Let O represent the amount of overlap length between two individual CIs. From Fig. 1(a and b), the value of O will be
zero if either L(p) > U(u,) or L(uy) > U(ux), in which case Ho: ux=p, is rejected at the LOS < a. Thus, O is larger than 0
when U(p) > U(py) > L(px), or U(uy) > U(uy) > L(py). The overlap is 100% if U(ux) > U(py) > L(uy) > L(p), or if U(py) >
U( ) > L(ux) > L(uy). Without loss of generality, X denotes the sample for which x—y > 0, and Fig. 1(a) shows that

0 = U(py)—L(pt) = Zy2(0x//Tix+ 0y / /1ly)—~(X~Y) @)

Let O, be the critical value of O at which Hy is barely rejected at an a-level. Substituting the Standard critical rejection
limit of X—y =Z, »0yv/1+K?/ /My into (2) results in

Oy =Z,20y x 1+K—/1+K?)/ /1, (3a)

Eq. (3a) indicates that Ho: px— 1t,=0 must be rejected at the LOS < o if the amount of overlap O < O,. Further, the span of
the two individual Cls, assuming x >y, is

Uu)~L(uy) = Z,p(1+K)ay / /Ny + x-Y) (3b)
a b
L(p, ): U(/J,;) L(n,) U(u,)
L(n,) U(u,) L(ny) Ulsy)
—> —>
Fig. 1.
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Combining Egs. (2) and (3b), the exact percent «-Overlap is given by

_ Zupoy(1+K)/T-E-)
Z,p0y (K[ /1y +E—3)

As Xx—y > 0 increases, the P-value of the Z-test decreases, and Eq. (3c) shows that the % overlap also decreases. Because
Ho: px— p1,=0 must be rejected at the LOS « iff |x—y| > Z, »oyv/1+K? / /A, the maximum % overlap above which Hy cannot
be rejected at an «-level, from (3c), is given by

14+K—v/14+K2
1+K++V1+K?

Eq. (3d) shows that the maximum percent overlap, below which Hy must be rejected, does not depend on o and reduces to
17.1573% at K=1, which includes the special case of 6x=0,=0 and ny=n,=n. Again, calculus shows that [for details see Huang
(2008)] K=1 maximizes w{K), and as K—0 or «, w{K)—0, and Overlap very gradually approaches an exact o-level test
[consistent with Table 3 of Payton et al. (2003, p.3)], i.e., Overlap gradually becomes less deficient as K departs from 1.

Next, what should the individual confidence levels, (1—7), be so that the comparisons of individual CIs will lead to an
exact o—level test? It can be proven that

1=y =1-2 x B[~Z, v/ T+K2/(1+K)] 4)

Eq. (4) shows that the level of each CI must be set at 1-2 x ®[-Z,,,+/1+K?/(1+K)] in order to reject Ho at the o LOS
iff the two Cls are disjoint, which is in agreement with Eq. (8) of Payton et al. (2003, p.2). Calculus will show that
K=1 maximizes 7y, and Eq. (4) shows that 1-7y approaches 1—o as K departs from 1. If «=0.05 and K=1, then
Y =2®(=Zp025/v/2) =0.165776273, 1 —y=0.834223727, which implies that the confidence level of each individual interval
must be set at 83.4224% in order to reject Hy at the 5% level iff the two CIs are disjoint. This assertion is in complete
agreement with the value of 83.4% in Table 3 at K=1 of Payton et al. (2003, p.3). Further, at «=0.05, K=2 or 1/2, the value of
1-y=0.85595; at K=3, or 1/3, 1—-7=0.87874; at K=4, or 1/4, 1—-y=0.89395, while at K=5, or 0.20, 1—-y=0.90422, all of
which are in agreement with row 2 in Table 3 of Payton et al. (2003, p.3). At 2=0.05, K=20 or 0.05, 1 —7=0.93837, showing
that 1 -y very slowly approaches 95% as K— oo or 0, i.e., the Overlap method becomes less deficient as K departs from 1.

Finally, the impact of Overlap on type II error Pr for the known-variance normal case is investigated. It can be proven
that the Overlap type II error Pr, is given by

x 100% (30)

wp(K) = x 100% (3d)

o A+K) N o[, (A+K)
p=o(zn ) -0 (-2 ) G

where d = (1,—f1,)/ /02 /Nx+ 02 /ny = 5. /Ty /(0yv/1+K?), K2 =V(X)/V({¥), and 6= pi,— p, > 0. Eq. (5a) at K=0 (or oo ) gives the

type Il error Pr, f3, from the Standard method. Thus, the PWF of the Overlap procedure in the case of known-variances is

’ (1+K) 1+K)
1o = (a2 ) vo (2 g 1) e

Eq. (5b) is identical to the asymptotic PWF given in Eq. (7) of Schenker and Gentleman (2001, p. 184), where they provide
the expression for 1— ' at the nominal value of ¢=0.05. Because the function (1+K)/~/1+K? lies within the interval [1, /2]
forall K>0, Z,;, > 0 for 0 <o < 0.50, and @ is a monotonically increasing function of its argument, it follows from (5b), that the
PWF, 1— /', attains its maximum when K=0 or oo, which represents the case of Standard procedure.

If the alternative is one-sided, say H;: ux— u, > 0, clearly the expression for 1— f’ given in Eq. (5b) stays intact, but the
Standard method type II error Pr becomes f; = ¢(Z,—Jd+/n/2/0), so that the impact of Overlap on type II error Pr for the
one-sided H; is greater than that of the two-sided case.

3. Comparing the overlap of two independent CIs with a single CI for the ratio of two normal population variances

Because there are two different t-tests (the pooled and two-independent-sample t-tests) to compare independent
normal means when variances are unknown, it is prudent to pretest Hy:02 = 05 at an o —level. Consider random samples of
sizes ny and n, from normal universes N(u,, 02) and N(y, af,). It is widely known that the confidence interval length
CIL(62) = U(02)—L(02) = vxS2 x [(X%_a/z,‘,x)*] —(;(f{/z'vx)’l], where 77, ,, represents the «/2 quantile of chi-square with
vx=nNx—1 df , and similar expression for C[L(O'}Z,) . Based on the Standard method, Ho: a,%/af =1 must be rejected at the o-
level if either Fo = S /S2 < F1_u/2.0,v, OF Fo =S2/S2 > Fy 34,4, The type 1 error Pr for the Standard method using the null SMD
of S2/S2, which is Fisher’s F, v, is o It can be proven that the Overlap type I error Pr from the two disjoint Cls is given by

o/ (two disjoint Cls) = Pr(FvX,vy < :—y x C1,1/2,vx,‘,,y> +Pr (va,vy > :—y X Cx/zv‘wy) (6)
X X

. . . 2 ),
where Gy, .0, =X§/2,VX/X%7Q/2,W- Thus, based on Overlap we reject Ho: o7 =g} if either Fy= §—§ < % Ci_g2m, OF

Fo= g_i > :’—y x xCyy2,v,.v,- EQ. (6) verifies that at «=0.05, as vy = vy, increase, o’ decreases toward 0.0055746, similar to the
2 »
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overlapping of CIs for two normal means, while at vy = v,=1, &’=0.0178. However, as vx/v,—0 or oo, the value of o very
slowly approaches a.
Let @, be the maximum percent overlap below which Hg:02 = crf must be rejected at an o-level. It can be proven that

Vy X Cayzuevy X X2 /29, —Vx X Fapan, < X2
o, — 'y /2, V5, Vy a/2,v, VX h o/2,vx,Vy 29(/2,\},, « 100% (7a)
Vx X Cot/2,\’x X Fy/z,vx,vy X Xc{/Z,vy_Vy X ng/z,vx

Eq. (7a) shows that Hy: 62 = 032, must not be rejected at an «-level if the percent overlap exceeds w,. For the balanced
case of ny=n,=n, the percent overlap in Eq. (7a) reduces to

C _1—F, e
wr:< w/2,n-1—Fo2n-1n-1 ) « 100% (7b)
Coj2,n-1 X Fypon1n-1—1

Eq. (7b) shows that the rejection percent overlap between the two Cls for the ratio of two variances will increase as n
increases, and unlike normal population means, is o-dependent for finite sample sizes. Matlab shows that at
v=n-1=7,819,285 df, the 0.05-level overlap is 17.157261356%, which is very close to the overlap for two independent
normal population means discussed in Section 2. Further, for sample sizes within the interval [2, 3], the variance-Overlap
method is almost an «-level test, like the case of Cls for population means when K is far away from 1.

Third, what should each individual confidence level, 1—7, be so that the two independent CIs lead to an exact «-level
test on Ho:02 = 03? It can be proven that the value of y can be obtained from

VxFac/z,vx,vy/Vy = Cy/z,vx,vy (8a)
Eq. (8a) clearly shows that the value of 1y, similar to Eq. (4), depends only on the LOS « of testing Hp:02 = 6)2, and the
sample sizes n, and n,. For example, when =0.05, n,=21 & n,=11, Eq. (8a) reduces to 6.8371 = 12, 5,/%3_, 2,10- Through

trial & error, the solution to this last equality is 7/2=0.07119 (and y=0.14238). In the case of balanced sampling, Eq. (8a)
reduces to

Fyan-1,n-1=Cy2.n-1 (8b)

where Cyon 1= 7720 1/%3_y/2.n_1 > 1 for all finite n. For a specified «, the value of /2 from (8b) is an increasing function of
n. For a 0.05-level test, at n=4, the solution is y/2=0.07127; for moderate sample sizes 10 <n < 30, the approximate
solution is 7/2=0.08. As n— oo, y—0.1657760, similar to overlapping of CIs for means.

Finally, the impact of Overlap on the type II error Pr is investigated. The OC (Operating Characteristic) curve of the
Fisher F-test on equality of two normal process variances has been numerously documented in statistical literature, and at
the o-level, it is repeated below

B = cdfFy, v, (a2, /22 —CAfFy v, (Fi 2, v, /22, (9a)

where /=0,/0,. It can be shown [see Huang (2008, Chapter 5)] that the type II error Pr for Overlap of two variance-ratio CIs
is given by

ﬂ/(),) = Cd_ﬂ:yx.vy (% X C?f/zy\"x,\/y/};) —Cdfva.Vy (? X C],a/zv\%\;y/)?), (gb)
X X

To evaluate the approximate RELEFF (Relative Efficiency) of Overlap to the Standard method at «=0.05, we make use of
Eq. (10), listed below, and determine n’, and n’, by equating the approximate value of f'() to that of (1), i.e.,

v/
Cdﬂ:v’x,v’y <v_/y x CO.OZS,V’X,V’,, /;vz) = CdeVx,vy (FO.OZS, vx,vy/j-z) (10)
X

It is impossible to find a general closed-form solution from (10) for n’y and n’y, whose values depend on n,, n, and A.
Accordingly, we used MS Excel and Matlab to ascertain some knowledge about the Overlap RELEFF. Our findings are as
follows:

e As / increases, the RELEFF increases. For example, at ny=n,=20 and 4=1.20, the RELEFF is 26.32%, while at 1=1.6 the
same RELEFF is equal to 45.60%.

e Matlab shows that the asymptotic RELEFF is 100% as ny, & n,— co. The farther / is from 1, the more rapidly the ARE
approaches 100%.

4. The impact of Overlap on type I error PR of testing Hy: u.=u, for unknown normal population variances and sample
sizes > 2

4.1. The case of Hp:0x=0,=0 not rejected leading to the pooled t-test

In practice, a preliminary test on Hp: 02 :ajz, =02 is advisable before deciding whether to use the pooled t-test in

preference to the two-independent samples t-test. For the sake of being conservative and cautious, we will use the pooled
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t-test if the P-value of the pretest on Hy:o1=0,=0 exceeds 20%, although some authors, such as Browne (1979, Sec. 3,
p. 658), recommend just the nominal significance of 5% level for the pretest. Further, according to Devore (2008, p. 340)
“the F test of equal variances is quite sensitive to the assumption of normal population distributions much more so than t
procedures.” Accordingly, if n, and n, both are less than or near 10, pooling should be avoided unless the P-value of testing
Ho:0x=0,=0 exceeds 40%. When Ho:0x=0y=0 is tenable, it is well-known that the CIL for p,— py is 2t, /2., x Sp\/1/nx+1/ny,
i.e., Ho: itx=pt, must be rejected at the Standard LOS o if [X—y| =t 2., x Sp\/T/nx+1/ny, where S2 = [(n,—1)S2 +(n,—1)SZ]/v
and v=(ny+n,—2). However, for the individual two t-Cls, the Overlap type I error Pr for testing Ho: =Ly, bearing in mind
that t2 = Fy ,, is given by [see Huang (2008), Chapter 6]

o = PF{F],nX +ny—2 > V(k X tfx/2,vx + toc/2,vy)2/[(vy+l:0vx)(1 +Rn)]} (113)

where R,=n,[n,, and k = \/RnFy = (Sx,/Tly)/(Sy/Tx) is the sample se ratio. For the pooled t-test, in the most common case of
balanced sampling design, Eq. (11a) reduces to

2
o =Pr [Fuw > Fyna (14VF) /01 +F0)}. (11b)

where the pretest statistic Fp =S§/S§ must range within the interval (Fogoon_1n-1, Fo.ion—1n_1)- The random function

1+ \/F_o)z/(l +Fp) inside the argument of the RHS of (11b) attains its maximum at Fy=1 and its minimum at Fo 10— 1.n_1.
or Fooon_1n_1. As a result, the minimum value of o’ occurs at Fp=1 and its maximum occurs at either Fo10n_1n_1 OF
Fo.90n—_1.n_1- At the same Fp, o in (11b) is a monotonically increasing function of n. As n— oo, o in Eq. (11b) approaches
0.0055746, which is very close to the known-variance case of testing Ho: px=pn,. Eq. (11b) for Overlap type I error Pr is
different from 1—Pr(A) atop p. 549 of Payton et al. (2000) because theirs pertains to the general two-independent samples
t-statistic, discussed in the next section, while (11b) pertains only to the pooled t-test. As before, it can be shown [for
details see Huang (2008, Chapter 6)] that o <o for all finite n > 1.

4.2. The case of Hy: ox=0, rejected leading to the two-independent sample t-test

In this section, Hyp:0x=0, is rejected at the 20% level leading to the assumption that the F-statistic Fp = S,%/Sﬁ is outside
the interval (Fo.g0,nx—1,1y—1, Fo.10,1x—1,11y—1). It has been shown in statistical literature, Winer (1971), that if the assumption
0x=0y is not tenable, the random variable [X—Y)—(1t,—£)]/, /(S,%/nx)+(S§/ny) has an approximate Student’s
t-distribution with df

; (12)

V= Sy | [(52/"x> (55/”y)2]:vyvx(k2+1>2

ny,—1 Vyk4 + vy
the B.L. Welch approximation improving as sample sizes increase. Eq. (12) shows that v depends only on n,, ny, and the
sample se ratio k = \/FoRn = (Sx/Ty)/(Sy~/Tx) and will always lie within the interval Min(vy, v,) <v < vx+v,. When Hp:0x=0,
is rejected at the 20% level, the approximate LOS of testing Hy: i, — i, =0 from the Standard method is given by

o =Pr(t2 > t2 | fty— iy, = 0) = Pr(Fy , > F;1,,[6 =0) (13)

Note that because the sample mean and variance from an underlying normal population are independent, the LOS
in (13) of testing Ho:ux—t,=0 is not altered based on the decision of pre-testing Ho:0x=0,. For disjoint t-Cls, it can be
proven that

o A Pr{Fy > (K X bz, +ap2,)* /(1+K7)] (14a)
When ny=ny=n, R,=1, k=5,/S,, k?=F,, then Eq. (14a) reduces to
o ~PrlFyy > Fy1 0ot x (14/Fo)/(1+Fo)), (14b)

and Eq. (12) simplifies to v = (n—1)(1+Fp)?/(1 +F2). Note that this last formula for v reduces to 2(n—1) at Fo=1, which is
the df of the pooled t-test, as it should because the unlikely realization Fo=1 (for which the P-value=100%) is in perfect
agreement with Hyp: 02 = 02 Eq. (14a) shows that o does not depend on the specific values of S2 and S2 but only on their
ratio through k= \/FORH For Payton et al.’s (2000) example of n;=n,=n=10, $;=0.80, S,=1.60, Fo (0.8/1.6)%=0.25,
v=(10—1)(1+0.25)%/(1+0.25%)=13.2353, and at «=0.05, the use of Eq. (14b) shows that the value of o ~ 0.00940573,
which is different from 0.0149 reported by Payton et al. (2000, p. 549). The df used by them was 9 (=n— 1), which resulted
in an imprecise value of «'=0.0149, also partially due to small sample sizes.

4.3. Comparing the paired t-CI with two independent t-Cls from normal populations
Unlike the two independent samples t-CI for u,— u, for a completely randomized design (CRD), the paired t-CI must be

formed only for a randomized complete block design (RCBD), where the rvs X and Y are paired observations, or a random
vector [x y]”, from a single bivariate normal population. The objective here is merely to assess the impact of correlation
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on Overlap, because the paired and two-independent t-tests occur from two completely different sampling designs. It can
be proven that for the two individual non-overlapping Cls

o =Pt = Fa (14VR0) /(14 Fo-2r Vo) | 15)

Eq. (15) shows that the effect of negative correlation is to increase ¢’ toward ¢, i.e., as r— —1, o’ »« for all n and Fy so
that Overlap becomes less and less deficient. When r=0, o’ in Eq. (15) becomes similar to Eq. (14b), as it should because
zero correlation implies independence in the case of underlying bivariate normal populations. Further, Eq. (15) shows
that the impact of positive correlation is to reduce o, i.e., Overlap becomes more and more deficient (or the power of
Overlap—0 as r—1), consistent with Section (5.2) of Schenker and Gentleman (2001, p. 185).

5. The percent overlap that leads to rejection of Hy: u,=u,
5.1. The case of unknown normal populations with ox=0,=0 and sample sizes > 2

Throughout this section, it is understood that a pretest on Ho: ox=0,=0 has yielded a P-value > 0.20 so that the null
hypothesis Hy: 0x=0,=0 is tenable leading to a pooled t-test on Ho: 1ix= .
It can be proven that the exact % «-Overlap is given by

= (toc/Z,vXSX/x/n—x‘Ftot/Z,\r'ySy/\/m)_(?_y)
(/2,0 Sx/ N/ Tix + Lo /2,0, Sy / /Thy) + (X=Y)

x 100% (16a)

As X—y > 0 increases, the P-value of the t-test decreases (i.e., Ho: tix=, must be rejected more strongly) and the statistic
o in Eq. (16a) decreases. Because Ho: px=u, must be rejected at the o-level iff x—y| > t, 2, x Sp+/1/nx+1/ny, where v=n,+
n, —2, then on substitution of this last borderline value into (16a), Ho: tx— tt,=0 must be rejected at the level < o iff

W< ke x toz/z,vx +to¢/2,vy*t1/2,v \/(1 +Rn)(VxFO+Vy)/V

< « 100% (16b)
ke x tyy2,v, +tas2,, + taj2o /(T +R)(veFo+vy) /v

where R,=ny/n,, Fo = S2 /Sf and k = /Ry Fy = se(X)/se(y). Thus, the maximum percent overlap at or below which Ho must be
rejected at the o-level is given by

_ |:k X ty/z,vx + toc/Z,vy_t:x/Z,v \/(1 +Rn)("xF0 + Vy)/v
r=

x 100% (16¢)
k x ta/Z,vX +t1/2,vy + toz/Z,v \/(1 +Rn)(VxF0 +Vy)/V

Notice that unlike the maximum percent overlap in (16c) above which Hy cannot be rejected, Browne (1979, p. 658)
defines a measure, D, that gives the proportion of separation of the shorter to the longer interval. His Table 1, p. 660,
provides the minimum values of D above which Ho: px=u, must be rejected at the 5% level. Further, Browne’s measure D
is not in general equal to 1—w,. For the case of balanced CRD, the maximum overlap at the rejection limits in (16c)
reduces to

wn = | f2n10 4+ VFo)~typon-1v/1+Fo
=
ty2n-1(1+/Fo)+ty22m-1)v/ 1+Fo

As n— oo and per force Fo— 1, ty2—Zyp, and Eq. (16d) yields or = [(2—+v/2)/(2++/2)] x 100% = 17.1573%, which is
identical to the known-&-equal variances case given in Eq. (3d) at K=1. Note that unlike the case of known-variances, @, in
(16c) is a-dependent unless n, & n, > 150.

It can be proven [see Huang (2008, Chapter 7)] that the exact value of y for all sample sizes n, & n, > 2 can be obtained
from the following equation:

x 100% (16d)

Ey/my K X o = tyjay X \/(Rn +1)(veFo+1)/v (17a)
where v=n,+n,—2 and k = (Sx,/My)/(Sy+/Mx). When sampling is balanced, Eq. (17a) reduces to

Fyino1 =Fu12m1y) x (1+k%)/(1+k)? (17b)

For a 0.05-level t-test, ny=n,=n, and Fo=k?=1, the values of y from (17b) range from 0.2021653 at n—1=1 down to
0.166305 at n—1=100. In order to obtain the limiting value of y , we let n— oo in (17a), and per force Fo— 1 because the
pooled t-test requires that o2 = 05, resulting in the limit ty;,_1(n— o )=1.959964/+/2=1.385904 - Limit y (as n—
o0 )=Pr(|Z| = 1.385904)=0.16578, which is identical to the known-&-equal population variances case obtained from Eq. (4)
at K=1.
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5.2. The case of Hp:ox=0, rejected leading to Welch’s Approximate two-sample t-test

Without proofs we provide all the pertinent formulas below.

o (/2,0 5%/ /Tix Lo /2,9,Sy / /Tiy) —(X—Y)
(tot/z,\/xsx/\/n_x+ tx/z,\f'ysy/m)"‘(y_y)

x 100% (18a)

W, — (kta/z,vx+t1/2,vy)_toc/2.v x ~1+k?
;=
(ktoc/z,vx +ta/2,vy)+t7,/2,v x v/ 1+k2

where v is computed from Eq. (12) and Ho: ux=p, must not be rejected iff % overlap exceeds (18b). When the sampling
design from the two independent normal populations is balanced, the maximum % overlap in Eq. (18b) that still leads to
the rejection of Ho: ux=pu, at the o-level reduces to

W — tuj2n-1(1++/Fo)—ty2y x \/1+Fo
=
tyan-1(1++/Fo)+typy x /1+Fo

where in the balanced case v = (n—l)(S§+S§)2/(S§+S§) = (n—1)(1+Fo)*/(1+F3). When n,=n,, the value of w, in (18c) lies
within the interval (0, 20.548028%), where zero pertains to the limiting value as k=+/Fo—0 or o, and the upper limit
pertains to k?=Fyg933 OF Fy1033. The limiting (as either Rn=ny[n, or k—0 or oo) value of (18b) is 0, so that the Overlap
approaches an o-level test.

For the case of rejected Hy:0x=0, at the 20% level, the value of y for Welch’s approximate t-test is obtained [see Huang
(2008, Chapter 7)] from the following Eq. (19a):

x 100% (18b)

x 100%, (18¢)

ty/2,vy+k X by 2y, =Utyjay X \/m (19a)
For the case of a balanced sampling design, (19a) reduces to
Fpin1=Fu1 x A+k2)(1+/Fo)® (19b)

For example, using (19b) at «=0.05, n,=n,=n=10, k= /Fy = 0.5, Fo=k?=0.25, from Eq. (12) the value of v=13.2353, and
Fo.05,1,13.2353=4.6503672 results in F,;9=2.58353732 —)=Pr(F;,9 > 2.583537)=0.142442. Payton et al. (2000) report this
last value as 0.1262 because the denominator df of F,;, on the far RHS in the formula atop their page 550 should be
v=13.2353, not 9 (=n—1) as reported. However, for larger n values, their formula becomes more accurate. The limiting

value of y in Eq. (19a), as n— oo, can easily be obtained from Z,, =Z,/, x 0§+a§/(ax+ay). This last result is consistent
with the case of ox=0, of Eq. (4) because its solution at «=0.05 is y=0.16578.

5.3. Comparing paired t-CI with two independent t-CIs for underlying normal populations

For the paired t-test, the % «-Overlap is given by

taz/z,n—l (Sx +Sy)/ﬁ—(2—y)
= 100% 20
@ to/2,n-1(5x +sy)/«/ﬁ+()7(7m x (20a)

where the X-variate has the larger or equal mean. Because Hp: pg=0 must be rejected at the level<a
iff X—=y > t,5n_1 x Sq/+/n, then from (20a) Ho must be rejected at the o x 100% level or less if

tajan-1(8x+Sy) /v N—Ltyjan_1 X Sq//1
w< . L x 100% 20b
|:t<x/2,nl(sx+sy)/\/ﬁ+toc/2,nl x Sq/v/M ! (20b)

Thus, the maximum % overlap below which Hyp: ;=0 must be rejected at the «-level is given by

14 /Fo—\/1+Fo—2r/F,
oy = vFo o—2rvFo x 100% (200)

1+ F0+\/1+F0—2r\/F()

The % overlap in (20c) depends only on the correlation coefficient r and the ratio of the two observed standard
deviations, i.e., it does not depend on « and specific values of S, and S,. It is interesting to note that when r=0 (i.e., X and Y
are independent) and Fy=1, then Eq. (20c) reduces to 17.1573%.

Next, what should the individual confidence levels, 1—7 , be so that the two independent CIs lead to an exact a-level
test on Hp: [14=07? It can be shown [see Huang (2008, Chapter 7)] that the value of y is obtained from:

ty2.n-1 =ty2n—1 x \/ 1+Fo=2r\/Fo /(1++/Fp) 21)

As r— —1, Eq. (21) shows that y— o, and consequently, the Overlap procedure becomes an exact «-level test, while if
r=1, the RHS of (21) attains its minimum leading to maximum value of . When r=0 (i.e., independent X & Y), for very large
or very small values of Fy (=k?), in the limit Overlap becomes an a-level test.
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6. The impact of Overlap on f for unknown variances and n > 2
6.1. The case of Hy: ox=0,=0 not rejected leading to the pooled t-test

If the assumption gx=0,=0 is tenable and because statistical theory dictates that the total resources, N=n,+n,, should
be allocated according to ny=0,N/(ox*0,)=N/2=n,, then the most common applications of the pooled t-test occur under
equal sample sizes. Because type II error Pr can be computed only when a LOS is specified and «=0.05 is nominal for most
applications, throughout this section all computations will be performed for a 0.05-level test. However, our results are
applicable to any LOS o by replacing 0.025 with «/2.

It is well known [see Johnson et al. (1995), Chapter 31] that the Standard type II error rate, for underlying normal
populations, is given by (a proof is also available on request)

p= Pl‘{—t0.0ZS,v < t/nx+ny—2 [5 nxny/(nx+ny)/o'] < t0.025} (22a)

where t'y, 4 n,—2[0/nxny/(Nx+ny)/0] represents a noncentral t—rv with v=n,+n,—2 df and noncentrality parameter
& =0\/nxny/(nx+ny)/o; further, too25=to025, only for notational convenience. Note that only when =0, the nan,-2 IN
(22a) becomes the central t and f becomes equal to 1— . When the sampling design is balanced, the OC function of (22a)
reduces to

p=Pr [—fo.ozs <thn-1(0v/n/2)/o < to.ozs] (22b)

As an example, suppose we draw a random sample n,=9 from a N(g,, unknown ¢2) and one of size n,=9 from another
N(ty, ¢2) with the objective of testing Ho: Ux— y=0 at the nominal significance level of 5% versus the 2-sided alternative
Hy:px—py#0. We wish to answer the question “what is the Pr of accepting Hy if the true mean difference 6= p,— u, were
not zero but were equal to 0.8057?", i.e., we wish to compute the type Il error Pr at 6=0.80¢. Then, the value of the
noncentrality parameter is equal to ¢ =(6/0)./nxny/(nx+ny) =(0.800/0),/81/18 = 1.69706 and the corresponding type II
error Pr from Eq. (22b) is equal to f=Pr(—to02516 < t'16(1.69706 ) < to02516)=cdf[of t'16(1.69706) at 2.119905]— cdfof
t'16(1.69706) at (—2.119905)]. Fortunately, both Minitab and Matlab provide the cdf of the noncentral t-distribution. Using
Minitab, we obtain f(at §=0.800)=0.64205 so that the power of the pooled t-test at =0.800 is equal to 1—=0.35795.

It can be proven that the corresponding type II error Pr for Overlap is given below.

B = Pr{—Ap <Cnoin 2 [5 ey /(N +11y) /a] < Ap}, (23a)

where Ap = (ty/2,,5%/~/Tix +tu2.0,Sy / /Ty ) /(Sp/1/nx+1/ny). Note that if §=0, Eq. (23a) reduces to 1—o' obtained from
Eq. (11a). In the case of balanced design, Eq. (23a) reduces to

y tupn-1(1++/Fo) <5 n) tu/2.n—1(1++/Fo)
—pr|- 2 VID) (0 Yy Lyan-1C VTO) 23b
p r[ R ClevgVz)= T+Fo (23h)

Unfortunately, unlike the Standard f from Eq. (22a), the Overlap type Il error Pr in Eq. (23b) not only depends on the
specified value of 6/a but also on the realized value of F,. Thus, it is impossible to compute a priori Pr of Overlap type II
error, unless some rough value of Fg is available; this implies that there are an uncountable number of Overlap OC curves at
a=0.05, each valid for a realized value of F.

As an example, suppose samples of sizes n,=n,=9 are drawn from two independent normal populations with
unknown but equal population variances. We wish to compute the Pr of accepting Ho: tix— i, =0 at =0.05 if px— pt,=0.800
and the sample statistics are available as S,=0.650 and S,=0.540. Note that when n,=n,=n, it is sufficient to provide the
statistic Fg= sﬁ/sﬁ instead of the specific values of Sy and S,. Because tyn_1=t00255=2.306004, the noncentrality
parameter ¢=(0.800/0),/81/18=1.6970563, Eq. (23b) yields f'(at 8=pux—u,=0.800, ny=9, n,=9)=Pr[—3.247338 <
t'16(1.6970563) < 3.247338]=0.904231. This last value of ’ is much larger than =0.64205 from the Standard method, as
expected. The % relative error depends on ny, n, and d/o.

6.2. The case of Hyp:0x=0, rejected leading to Welch’s Approximate two-sample t-test

The formulas for degrees of freedom in Eq. (12) rarely lead to an integer and is generally rounded down to make the test
on Ho:ux— uy,=0 conservative, i.e., the rounding down v in (12) increases the P-value of t-test. However, programs like
Matlab and Minitab provide the cdf and quantiles of the t-distribution for non-integer values of v. It has been verified by
the authors that v in Eq. (12) attains its minimum when the smaller sample has much larger variance and vice a versa. Even
then, it is for certain that Min(vy, v,) <V <v.Vy, and hence the two-sample approximate t-test, as expected and well
known, is less powerful than the pooled t-test. When Ho:0x=0), is rejected at the 20% level, the type II error Pr of a 5%-level
test, for underlying independent normal populations, is approximately given by

B~ Pr(—to 025,y < to < to.025,v | ly— 1ty = O), (24)
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where to = (X-Y)/,/(52/n)+(S3/ny) is approximately central ¢ distributed when Hy is true with df, v, given in Eq. (12).
When Hy is false, the authors have also verified that the exact SMD of the statistic to = (X—¥)/,/(52/nx)+ (5% /ny) under the

alternative Hy: ux— py=0+0, unlike the case of 6x=0,=0, is intractable using a central ,(3 due to the fact that ty is not a
likelihood ratio test statistic. As far as we know, the exact PWF of the t-Prime test (or the two-independent samples t-test)
has not yet been derived in statistical literature. The following, results existing in statistical literature, is only an
approximation because, to our knowledge, there does not exist an exact equation for type II error Pr of testing Ho: ttx— 1t,=0
when the two underlying normal population variances are unknown and also unequal. Consequently,

B~ Pr(—toas—A <ty < too2s—4), (25)
where the Studentized true mean difference 4 =4/,/(S52/nx)+(S2/ny), and v is computed from (12). Unfortunately, the

approximate expression for f§ in Eq. (25) still depends on the sample se(x—y) = ,/(5%/nx)+(S2/ny), and therefore, the
approximation in (25) can be carried out if J is specified in terms of se(X—Y), or in units of px— 1, in which case the realized
values of S2 and S; have to be used posteriori in order to approximate a priori type II error probability.

For example, suppose samples of sizes ny=11 and n,=7 are drawn from two independent normal populations with
unknown and unequal variances. We wish to compute the Pr of accepting Ho:ux— tt,=0 at o=0.05 if u,—p,=8=0.4, the
sample statistics are S,=0.880, S,=0.540, Fy=2.65569 (note that this is not significant at the 20% level but sample sizes are
too small), and the sample se ratio k=1.30000. Eq. (12) gives v=60(1.3000%+1)?/(6 x 1.3000%+10)=15.99928 df, to.g25=

f0_025‘15.99928=2.1 19913, 4= (,ux—,uy)/ (Sf/nx)+(S§ /ny) =1.194924, so that — to.ozs—A=—3.314837, tgo25—4=0.92499,

and f (at 0=0.40) ~ Pr(—3.314837 < t15.99928 < 0.92499)=0.8156432 —0.00219022=0.813453. Note that this last approx-
imate type II error Pr would be in precise agreement with what UCLA’s Statistics Department Power Calculator may have
on their website (www.stat.ucla.edu), as stated by Devore (2008, pp. 340-341), because Eq. (25) exactly checked against
Devore’s (2008) examples atop his p. 341, to 4 decimals, which used the Power Calculator.

The type II error Pr from the Overlap is given below [for details see Huang (2008), Chapter 8].

B~ Pr[(—A—3)/se(X—Yy) < t, < (A—9J)/seX—Y)], (26)

where A = t,/3,Sx//x+tu/2.,Sy/ /Ay and v is given by Eq. (12). For example, if 6=0.40, n,=11, and n,=7, 5,=0.880 and
5,=0.540, A=1.090609, v=15.9993 as before, se(x—y)=0.33475, and Eq. (26) now gives f'(at6=0.40) ~ Pr[—1.49061/
se(Xx—y) < t15.9993 < 0.69061/0.33475]=0.971937, as compared to the Standard value of f(at =0.40)=0.813453, resulting in
a % relative error of 19.483% in type II error Pr.

6.3. The impact of Overlap on type Il error probability for correlated samples

Consider a 5%-level test of Ho:ux— tt,=pqa=0 versus the 2-sided alternative H;: uq#0, where the paired response (x, y)
comes from a bivariate normal universe so that X and Y are correlated random variables with unknown correlation
coefficient p. It is widely known that for a 5%-level test

B =Pr[—to025n-1 < t'n_1(£) < to.025.n-1] (27)
Eq. (27) shows that the exact SMD of to = d/n/S; under the alternative H;: ug+0 is the noncentral t with v=n—1 df and
noncentrality parameter &= u,+/n/c, (a proof is also available on request), while the null SMD of t; is the central
tn_1=t'n_1(0). For example, suppose we wish to compute the type Il error Pr when testing Ho: 14=0 at the 5% level with a
random sample of size n=10 blocks from a bivariate normal population versus the alternative H;: pz=0.50G,4. From
Eq. (27), f(at ug=0.5004)=Pr( —too2s9 <t'n_1(E) <toozs9), Where ¢=0.5004+/10/04=1.581139. Consequently using
Matlab, we obtain f§ (at u4=0.5004, n=10)=Pr(—2.262157 <t'9(1.581139) < 2.262157)=0.7068244.
It can be proven [see Huang (2008, Chapter 8)] that the type II error Pr for the paired t-test using the Overlap is given by

1+/F ) 1+/F
V0 <t < tuj2.n-1 SR AL (28)
1+F0—2r\/E 1+F0—2r\/F70
where & = u,./n/0,4 as before. Eq. (28) shows that the impact of negative r is to reduce the Overlap type Il error Pr while the

impact of positive correlation is to increase f’. As r—0, f’ in (28) does not approach /' in (23b) because (28) was derived
from a RCBD, while (23b) was derived from a CRD.

B =Pr|—tynn

7. Summary and conclusions

Section 2 used the normal underlying populations with known variances to prove asymptotic results that already
existed in Overlap literature, some of which were also obtained only through simulation. It was proven that for the
nominal significance level «=0.05, the corresponding 95% overlapping ClIs provide a much smaller LOS «'=0.0055746.
Although, the Overlap literature has never considered the one-sided alternative, we showed that the Overlap LOS is %2 of
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the corresponding two-sided alternative (i.e., the Overlap procedure becomes even more conservative for a one-sided
case). Second, a concept that had not been discussed in Overlap literature is the maximum % overlap that two independent
CIs can have below which the null hypothesis of equality of means or variances must still be rejected at a pre-assigned
LOS . It was proven that this maximum % overlap depends only on the standard error ratio, K, and in the case of known-
variances is equal to 17.1573% only at K=1, and uniformly diminishes to zero as K—0 or oo, i.e., the Overlap slowly
converges to an exact a-level test for the limiting values of K.

Section 3 examined the overlapping Cls for the ratio of two normal population variances against the Standard method
that uses Fisher's F, , distribution. Statistical literature had not investigated the Overlap procedure for the ratio of two
variances. As in the case of process means, Overlap greatly reduces the LOS of the test, and the limiting value (i.e., as
ny=n,— oo) of o at «=0.05 is also 0.0055746, while at n,=n,=2, «’=0.0178. Further, as ny/n,— o0 or 0, &’ —a.

Section 4 examined the impact of Overlap on type I error Pr for underlying normal populations with unknown
variances, but sample sizes n, & n, > 2, using the pooled t and two-independent sample t statistics, and also examined the
effect of negative and positive correlations on the Overlap procedure. We also highlighted some inexact results reported in
Overlap literature for small sample sizes.

Section 5 derived the % overlap and the individual confidence levels of two independent CIs when variances are
unknown for all sample sizes > 2.

Section 6 used the noncentral t-distribution to obtain formulas for the OC curve (and also power function) of Overlap
in the case of underlying normal populations with unknown variances and sample sizes n, and n, > 2, which also holds
approximately true when the underlying distributions are non-normal but both n, & n, > 60.
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