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Abstract

In the design of asphalt paving mixtures, aggregates from the
stockpiles are blended at selected proportions to satisfy specified
gradation ranges. In a laboratory environment, the mix designer
controls the proportion from each stockpile so that the proportions (or
weights) can be assumed fixed. This is unlike in a plant operation
where aggregates are fed from bins into a mixing-drum so that the
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proportion of each aggregate, from each bin is a random variable.
Statistical analyses of the former case are well-known and are first
repeated in Sections 2 and 3. The objective of this article is to provide
statistical information for the case when aggregate proportions are
treated as random variables. The formulas in Section 4 provide the
reader with a method of calculating approximate first two moments of
asphalt paving mixture characteristic treated as random variables
witnessed in plant operations.

1. Introduction

Historically, asphalt is a derivative of petroleum and was first used more
than 5000 years ago [6]. Typically, asphalt is produced from a petroleum
residuum. A residuum or resid (pl. residua, resids) is the non-distillable
fraction of petroleum [12].

The aggregate is the hard-inert material, such as sand, gravel, crushed
stone, slag or rock dust that are mixed with the asphalt (binder) for the
construction of roadways. However, the choice of aggregate is not an easy
“pick-any material” choice and is far from being a simple procedure. The
aggregate must be selected according to the properties of the asphalt binder
as well as the conditions that will exist when the roadway is completed [6].
Aggregate gradation plays an important role in the behaviors of asphalt
mixtures [4].

Many works are published regarding the aggregate gradation [14, 9],
effect of aggregate properties, size and type on asphalt mixtures [2, 11, 7]
and measurement of the variability of material properties of asphalt. Valle
and Thom [10] present the results of a review on variability of key pavement
design input variables and assess effects on pavement performance. They
address the statistical characterization of layer thickness variation, asphalt
stiffness and subgrade stiffness.

There are various properties of asphalt mixes that can be considered.
However, this paper analyzes the variability related with aggregate
proportions of asphalt mixtures specifically focusing on analyzing aggregate
proportions as random variables.
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In the design of asphalt paving mixtures, aggregates from n stockpiles
(generally n =2, 3, 4, ...,10) are blended at selected proportions to satisfy
specified gradation ranges. In a laboratory environment, the proportion w;
(i=2,3, ..,10) from each stockpile is controlled by the mix designer so

that the n proportions (or weights) can be assumed fixed. This is unlike a
plant operation where aggregates are fed from n bins into a mixing-drum so
that the proportion of each aggregate, W;, from each bin is a random

variable.

Let Xq, X5, ..., X,, be aggregate characteristics from n stockpiles.
Suppose X1, X», ..., X, are random variables with known process means
Wi, Mo, ..., bp, Known process variances o7y, 77, ..., Gpn, respectively,
and known covariances COV (X, Xj) = cjj(i # ]) = pjjoicj, where pj; is
the correlation coefficient between the inputs X; and X;. In the field of
statistics, p;’s are also referred to as the population first origin moments, and
cji’s are called the population second central moments. Let the
characteristic of a mixture, such as %-passing through a sieve, having n

n
aggregates be denoted by Y, = ZWiXi, where the proportions W;’s are
i=1

random variables with also known first two moments. This paper obtains the
first two moments of the output Y,, under all different scenarios based on the

nature of W;’s and their relationships to X;’s. The developments are
presented in the order of the simplest to the most complicated, where W;’s

and X;’s are correlated variates and pair-wise correlated together.

2. W;’s = w; ’s are Known Constants

n
In this case, the output Y, reduces to > w;X; and is referred to as a
i=1

linear combination (LC). Thus, we have complete information about the first



430 Saeed Maghsoodloo, Randy West and Dilcu Barnes

two moments of the n inputs X;’s, and the objective is to use them to
compute the first two moments of the linear output Y,,. Such LCs occur

frequently in industrial applications and in the field of statistics (the simplest
of all examples is the case of sample mean Y, = X, which is a LC with each

= 1/n),
u(Yn) = E(Yp) = > wini, (1a)
i=1

where E represents the linear expected-value operator throughout this paper.
Equation (1a) shows that the mean of the mixture E(Y,) is the same LC of

wi’sas Y, is of X;’s. The variance V(Y,) = o2(Y,), whose expression is

also given in numerous sources, can be computed by applying the nonlinear
variance-operator V and is provided below,

V(Yy) = 62(Y,) = ZW, oj +ZZZW|WJGU

i=1 j>i

i=1 j=1 i=1 j=1
where Gij = E[(Xl _“i)(xj —uj)], pij = Gij /(GiGj), and variances V(X|)

= Cjj = csiz, i =1 2, .., n areall known parameters. If Xq, X5, ..., X, are

stochastically independent, then oj in equation (1b) for all i j is

n
identically zero, and as a result the V(Y,,) reduces to ZWiZG” ZW, G,
i=1

For example, if Y, is the mean of a random sample from an infinite

population, then the previous formula yields the very well-known expression

2 is the

for the variance of the mean as V(X) = o2 /n [20-22], where o
variance of individuals in the target population. Further, if X;’s are also

normally distributed (besides being jointly independent), then Y, is also
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n n
normally distributed and expressed as N[z Wi L, Zwizcizj. However, if
i=1 i=1

Xj’s are correlated (i.e., oj; = 0 fori # j) and are also normally distributed,

n
then from statistical theory the linear combination Y, = > w;X; is still
i=1

n
normally distributed (or Laplace-Gaussian) with E(Y,) = > wip; and V(Y,)
i=1

n
= Z ZWinGij.

i=1j=1

The simple LC, Y, = Zn:wixi, occurs frequently in many industrial
i=1

applications, and specifically, in the design and production of asphalt paving
mixtures, where a laboratory combines aggregates from n stockpile samples
in such a manner that the blend of aggregates meets certain design
specifications. The aggregate characteristics, X;’s, from each stockpile have
known mean and variance based on quality control tests on samples obtained
from the stockpiles. An example is provided below.

Example 1. Suppose an asphalt mixture (or a job-mix formula) is
designed to contain aggregates from n = 3 stockpiles, having means E(X;)
= =351 py, =E(X,)=46.4, and pz = 62.8% passing through the
2.36mm-sieve, and variances V(X;) = o711 = 8.60, V(X,)= 09 =16.40,

and V(X3) = 033 = 12.96%2. The percentages passing certain sieve sizes are
key characteristics used in the design and control of asphalt paving mixtures.
For the design of asphalt paving mixtures in a laboratory environment, the
proportion w; (i =1, 2, 3) from each of the 3 stockpiles can be controlled
precisely by the mix designer. Thus, for a Laboratory Job Mix Formula
(JMF), unlike a plant operation, we can assume that the proportions from
each stockpile can be controlled and are not random variables. If w; = 0.40,
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w, = 0.35, and ws = 0.25, the characteristic of interest for the combined
blend is obtained from the LC: Y3 = 0.40X; + 0.35X, + 0.25X3. Then, for

the combined % passing the 2.36mm-sieve, equations (1a) and (1b) yield the
mean E(Y3) = 0.40 x 35.1+ 0.35x 46.4 + 0.25 x 62.8 = 45.98%, and variance

V(Y3) = 0.40% x 8.60 + 0.35? x 16.40 + 0.252 x12.96 = 4.195 — o(Y3) =
2.05%. The coefficient of variation (or variation coefficient) of Y3 is given
by CV(Y3) = 2.05/45.98 = 4.45%. Thus, assuming the X;’s are normally
distributed, then the overall % passing the 2.36mm-sieve has a sampling
distribution which is normal with process mean 45.98% and process variance
4.195%2, designated as N(45.98, 4.195).

It should be highlighted that the output, Y,, is not the same as in the

classical mixture experiments, where X;’s themselves are proportion of n

n
ingredients that constitute a mixture so that Z X is constrained to equal 1
i=1
(or 100%). The mere objective in statistical mixture designs is to identify
(n—1) of the X;’s in such a manner that some characteristic of the final
mixture is optimized. Cornell [3] provides an example of a mixture

experiment where n =3 ingredients, X; = proportion of polyethylene,
X, = proportion of polystyrene, and X3 = proportion of propylene, were
blended to form fiber that would be spun into yarn for draperies. The
objective of this mixture experiment was to determine the approximate
values of Xq, Xy, (and by necessity X3) such that the resulting yarn
elongation, measured in kilograms of force applied, was maximized, bearing
in mind that the constraint X, + X, + X3 =1 among the 3 ingredients must
be satisfied. While in this paper, as illustrated in Example 1 above, the output
Y,, represents the overall characteristic of a mixture, comprised of aggregates

n
with differing known proportions from n stockpiles with constraint ZWi =1.
i=1
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3. W;’s Are Correlated Random Variables but Independent

of Correlated X;’s

Before we formulate results for the sum of products of n random

n
variables given by Y, = > W;X;, we first obtain the mean and variance of
i=1

the product of two independent random variables, which has been known in
statistical literature for well over 60 years (e.g., see [18, p. 99]) but repeated
below for completeness.

Let W; and X, be two independent random variables with known process

means &;, Mg, and known process variances wp; = 0012 and o1 = 512,
respectively. Let Y; =W;X;; our objective is to obtain the expected-value
(or mean) and the variance of the random variable Y;, assuming W; and X;
are independent,

E(Yy) = EWiXq) = EWp)E(Xy) = Equy, (2a)
V(Yy) = E[WyXy - &qup)®] = E[Wo Xy — Wiy + Wy = Equy)°]
= EWi(Xq — py) + Wy — &)
= E[W(Xy - 1)1+ nfEW - &) + 21 E[Wg(Xg — pg) Wy - &)]
= EW)of +ufof + 2E(Xy — 1) EMA Wy — &)]
= (0f +&)of +pfof +0 = ofof + Efof + ufef. (2b)

In the above developments leading to equations (2a) and (2b), we have used
the well-known fact that the expected-value of a product of two independent
random variables is equal to the product of their expectations, i.e.,
E(W;X1) = EWp)E(Xq) [1, pp. 213-220], [8, pp. 259-260]. However, the
converse of this last statement is not necessarily true; in other words, the
equality E(W;X;)=EW;)E(X;) may hold, but still the two random
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variables may not be stochastically independent. In the case of a bivariate
normal random vector [W;  X4], the equality E(W;X;) = E(W;)E(X;) does
guarantee that the random components W; and X; are independent [5, pp.
181-183], [13, p. 315]. The probability density function (pdf) of Y; = W; X4,

when the two variates are independent and normal, is provided by Springer
[19] and has been studied by other authors such as [15, 17].

n
Now consider the general nonlinear combination, NLC, Y, = > W;X;,
i=1

where W;’s have known covariances oj (i = j) but are stochastically
independent of all X;’s, and X;’s have also known covariances cjj (i # ).
Further, the 1st two moments are also known (or can be estimated accurately)
and given by EW;) =&, E(X;)=p;, V(W)= wj =of and V(X;) =
Cji = ciz, i =1 2, .., n. As before, our objective is to obtain the first two
moments of the output Y, using the known first origin moments of W;’s,

Xi’s, and known covariance structures ojj and ojj.

The first origin moment (or the mean) of Y, is easily obtained by

applying the linear expected-value operator to Y,,,

E(Yn) = E[ZWiXiJ = Y EWiX) = Y EWHEX) = Y (& x ). (3)
= = = =

The second central moment of Y,, can be obtained by applying the variance-

operator Vto Y,
n n n-1n
V(Yy) :V(ZWiXiJ = D VWiX{)+2) > COVWiXj, WjXj). (4)
i-1 i-1 i=1 joi
However, by definition
COV(W;Xj, WjXj) = E(W;Xj, WjXj) - &iri&ju

= BE(WW;) x E(XiXj) = &€ jrik
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= (ojj +&i&j) x (oij + pinj) — Ei& juik |
= 0jjOjj + Mkt jOjj + &i& jGij- (®)

Substituting equation (5) into (4) using results of (2b),

n n-1 n
V(Yp) = D (@5icii + Efoii +1fwi) + 2D D (0401 + ikt jo +EiE0j)):
i=1 i=1 j>i

(6)
One special case of equation (6), that occurs frequently in the production
control of asphalt paving mixtures is when aggregate characteristics from n
stockpiles (i.e., X;’s) are independent (that is o3 = 0 forall i # j), but the
feed rates from each stockpile into a mixing-drum are constrained such that

the variable proportions from the n stockpiles that enter the mixing-drum add

n
to 1, i.e., the constraint ZWi =1 must be satisfied. Thus, in this special
i=1

case, equation (3) still holds true except for the fact that &, = E(W,) =
1-& — &y —---— &p_1, While equation (6) reduces to
n n-1 n
V(Yn) = Z((’)iicii +Efoj + uioy) + ZZZMiHj(ﬂij- (7
i—1 i=1 j>i
n

Due to the constraint ZWi =1, equation (7) further reduces to a special
i=1

form, which is proven below by starting with Y, =W;X; + W, X,, with
Wl +W2 =1.

For n = 2 stockpiles, my, =V(W5) =V(1-W;)=V(W;) = o4, and
w1 = COV (Wi, Wp) = E[(Wy — &) x (W — &3)]
= E[Wy - &) x(1-Wy —1+¢&)]

= —E[W; — &) x Wy - &)] = —o1.
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Thus, when n = 2, equation (7) reduces to

2
2 2
V(Y2) = D (0jicii + Efoji + nfoji) + 2upp01,
=
: 2 2
= (wjioii + Efaii + nfoij) - 2uup0;.
=

Substituting wy, =V(W,) =aw; and &, = E(W,)=1-§; into this last

expression and combining common terms yield

2
V(Y2) = > foii + [(1ng — 12)° + (011 + 022)] % 011, ®)
izl

Equation (8) shows that if an asphalt mixture in a plant-operation is blended
from two stockpiles with variable feed rates such that W; + W, =1, then the

exact variance of any characteristic of the mixture is given by equation (8).
Bonaquist and Christensen [16] report the following equation for the
variance of a two-stockpile mixture characteristic, m = aa + (1 — a)b, as

V(m) = a?c3 + (1 - a)’ch +(Xa — Xp)? 0.
In our notation, n=2, m=Yy, a=W;, 1-a=W,, a= X, b= Xy,
X, = E(X1)=ny, and Xp = E(X5) = py. Note that the Bonaguist and
Christensen’s [16] formula for V(m) is an approximation to our equation (8)
because the last two terms, (o171 + 0p)x 11, are left out of V(m).
However, the last two terms of equation (8), (o711 + o7 ) x @11, are small
relative to the other 3 terms unless the CV(X1)=o01/11, CV(X,)=
cy/up, and CV(W;) = o/&; all exceed 30%. It can be shown, see

Appendix, that the V(Y,) given by equation (8), where n =2 stockpiles,

generalizes to our main result

n n-1
V(¥p) = D (& +i)aii + ) (i — ) o, (%)
= =
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for n > 2 stockpiles. Further, if we apply the approximation recommended
by Bonaquist and Christensen [16] for n = 2 stockpiles, then equation (9a)
further reduces to

n n-1
V(Yn) = D Efoi + ) (0 — o) o (9b)
= =

Equations (9a) and (9b) assume that only (n-—1) out of the random

n
proportions Wy, W, ..., W, are independent due to the constraint » W; =1,
i=1

i.e., there are only (n—1) degrees of freedom among the variates Wy, W5,
... W,,. Clearly, the stockpile designated as n impacts the variance given in
equations (9a) and (9b). If the user denotes either the stockpile with
maximum (or minimum) characteristic as n, then V(Y,) of equations (9)
attain its near maximum (or conservative) value. Example 2 provides an
application of the special case of V(Y,) as provided by equations (9a) and

(9b).

Example 2. Suppose an asphalt plant produces a paving mixture from
n =3 stockpiles with the same parameter values as in Example 1, i.e.,

E(Xy)=p; =351 upp, =E(X,)=464, pz3 =628%, V(X;)=o01 =
8.60, V(X5) =09 =16.40, and V(X3) =033 = 12.96%2. However, the
feed rates cannot be exactly controlled such that CV (W;) = o;/&; = 15% for
i=1 2,3 but W +W, +W3z =1 at any point in time during the process
with & = E(W;)=0.40, &, =0.35 and &3 = E(W3)=0.25. As noted
above, E(Y3) remains unaffected and remains as E(Y3) = 45.98% passing

the 2.36mm-sieve, but the variance now must be computed from equation
(9a). Because the coefficient of variation of each W; is assumed to be 15%,

then & =0.40, &, =0.35, &3 = E(W3) =0.25 imply that oy =V (W)
= (0.15 x 0.40)% = 0.0036, @y, = (0.15% 0.35)> = 0.0028, and wsg =
(0.15x 0.25)% = 0.0014. Substituting oj;’s (i =1,2,3) and py = 35.1,
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Ly =464, u, =62.8%, opy =860, oy =16.40, o33 =12.96 into
equation (9a) results in V(Y3) =V (WX, + WX, +W3X3) =(7.805356,
o(Y3) = 81, and CV(Y3) = 6.0@ As expected, if W;’s are random
variables, then o(Y3) of Example 1 increases from 2.050% to 2.794%. This
36.283% increase clearly depends on the CV(W;); e.g., at CV(W;) = 10%,
o(Y3) = 2.4071%, which is an increase of 17.42%. Further, if we use the
approximation of equation (9b), used by [16], then at CV(W;) = 15%,
o(Y3) = 2.77675%; compared to the exact 2.794%, demonstrating a close

approximation to our exact value. It should be highlighted that in general the
in-plant variability for X;’s are larger than those in the lab. In Example 2, we

assumed the same variability for X;’s as those of Example 1 for accessing

the increase in the V(Yz) when W;’s are random variables.

4, The Mean and Variance of Product of Two Correlated
Random Variables

Consider the product Y; =W;X;, where v;; =COV(W, Xq)=
@161pwy, x, # 0 is known and the objective is to compute the mean and
variance of the product Y; = W; X;. By definition, COV (W, X;) = E(W;X;)
— &nq, and thus

E(Y1) = EW1X1) = &y + gy, (10)
Because W; and X are not independent, then the V(Y;) is no longer given
by equation (2a) as illustrated below:
2 2 2y 2 2
V(WiXq) = E[WiXq)"] = E[(W1X1)]" = EW"X{) = (Egpg + v11)7. (11)

The 1st term on the RHS of equation (11) cannot be exactly computed unless
the COV (W12, Xf) is known. Therefore, we resort to a Taylor’s expansion

of any function f (W, X;) about & and p;:
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o

of
fW, Xq) = F(&, mp) + = Wy — &)+ (X1 =)
oW (E1,m1) Xy (E1.1)
1 0°f 10°f
t 5o Wy - &)? t5 o7 (X1 - m)?
oWy (E1.1) OX{ (E1m1)
0% f
* SWiax Wy — &) (X1 = pg) + RWy, Xq), (12)
10X1
(E1,m1)

where R(Wj, Xq) is of order 3 or higher. Because in our special case
f(Wy, Xq) =W, X, then its Taylor’s expansion from equation (12) reduces
to

Y1 =WiXq = &g + ug(Wy — &) + &(Xq —pug) + Wy — &) (Xq — pg). (13)

Note that in the special case of f (W, X1) =W;X;, the Taylor expansion in
(12) is an exact identity. To obtain the mean of W;X;, we apply the
expected-value operator to both sides of equation (13):

EW1Xp) = &g + 0+ 0 + E[(Wy — &) (Xq — )]
= &y + Cov(Wy, X1) = &uy + V19 (14)

The mean of W;X; given in equation (14) is identical to that of equation
(10), as expected.

To approximate the variance of Y; =W;X;, we apply the variance
operator to equation (13) and ignore the last order-2 term. Thus,

V(Wi X1) = Vg Wy — &) + &(Xq — )]
= pV (W — &) + GV (X — by ) + 2COV [ug Wy — &), E1(Xq — )]
= pfogg + Efoy + 2851COV (Wy, X;)

= nforg + Eforg + 28011, (15)
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The approximate V(W;X;) in equation (15) is fairly close to the exact
V() = &12012 + Mfmf + (olzcslz given in equation (2b) for the case when W;
and X; are independent. Unfortunately, the approximation in equation (15)
does not reduce to the exact result of &12012 + ulzcolz + c012012 when W; and

Xy are independent for which vy; = 0 because the Taylor expansion was

truncated. However, when both /&, and oy/py are less than 30%, the
product mlzclz < (0-30§1)2(0-30M1)2 = 0.0081§12p12 so that colzcslz is much

smaller than either ulz(olz or (:12612, and thus, the approximation in (15) is fair

agreement with equation (2b). For the worst-case scenario of CV > 30%,

equation (15) further shows that the V(Y;)=V(W;X;) is an increasing

function of the process correlation coefficient, py, x,. between Wy and X;.
n

Now consider the most general output Y,, = > W;X;, where all the 2 x n
i=1

random variables are correlated with covariance structure

0y 012 m3 0 Oy

Wy W2 W23 - Op
Ly =|®31 3 33 - O |,

LOn1  Onp2 ®p3 0 Opp

where wjj = E[(W; - &;)x (W - &;)] represents the covariance between W;
and W;. Similarly, X;’s are correlated random variables with means E(X;)

= p; and covariance structure

o11 012 013 o O1n
0621 022 0623 o O1n

Lx =|031 O3 O33 - Oy

LOn1 ©Sn2 Op3 - Opnl
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and W; and X; also are correlated with covariance structure

V11 V12 = Vg

5 Y21 V22t Lpp
WX a . . e . !

Ung  Yp2 = UYpp

then we have the following 2nd-order approximation for the mean of Y,:
n n
E(Ya) ~ D &ini + D vii (16a)
i=1 i=1
and rough 1st-order approximation for the variance of Y,, is given by

V(Yy) = Z(Hl ojj + Gn)"'ZZZ(“lH](’)u +&E.>JGIJ)

i=1 j>i

ZZ iSjVij- (16b)

i=1 j=i
5. Conclusions

This article first generalized the known approximate result for the
variance of a mixture characteristic having two ingredients to the case of
more than n = 2 ingredients. Equation (9a) is an exact formula and (9b) is
the corresponding approximation for the practitioner. Secondly, equations
(16a) and (16b) give the approximate formulas for the mean and variance,

n
respectively, of an output Y, = ZWi X; under the most general case that the
i=1

2n random variables W; and X; are correlated. These formulas provide the
reader with a method of calculating approximate mean and variance of an
asphalt paving mixture treated as random variables witnessed in plant
operations. We have prepared an Excel® spreadsheet to assist with
calculations. The spreadsheet is available upon request.
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Appendix

n n
The derivation of V[ W; Xi} for n > 2, under the constraint > W,
i=1 i=1

=1 and the assumption of independent X;’s

n n-1
The constraint > W; =1 implies that E(W,)=¢, =1- > &;, and
i=1 i=1
n-1
V(Wn) = Opnp =V(1—W1 —W2 —W3 — . _Wn—l) = Z(Dii. Further, Wl' W2,
i=1

..., Wy_1 are jointly independent but Wy, W, ..., W,_; are correlated with
W, ie., ojj = COV(W;, Wj)=0 foralliand j = n, but

W = COV(W]_, Wn) = COV(W]_, 1—W1 —W2 — e _Wn—l)

= —COV(W]_, Wl +W2 + - +Wn_1) = —V(Wl) = —1.
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Similarly, oj, = —wj; for all i=1 2,..,n-1. The use of equation (9)
leads to
n
V(Yy) = V{Z\Ni J Z(wucu + &I Gii + Hj co,,) + ZZZMHJ(‘)U
i=1 i=1 j>i

= Z wjicii + Eloii) + ZHl 0jj + ZZZHIHJO‘)IJ
i=1

i=1 j>i

n-1
Substituting ©p, = Y_ oj; and wjj = COV(W;, W) =0 foralliand j=n
i=1

into the last formula, we obtain
n ) n-1 ) ) n-1
V(Yp) = D (0iicii + Efoii) + D ufoji + fom + 2D Hiltnoin
i=1 i=1 i=1

n

= Z((’)ucn + E:l Gii) + ZHl jj + uan” ZZ HiHnji

i=1

>

n—

-1
Z(mncu + i. Gii ) + Z(Hl + Hn 21k ) 0ji

i= i=1

[5N

M-

(oji + §| )Gii + Z(M Hn) Ojj

Il
—

completing the proof.



