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Abstract The objective of this work is to minimize test-
ing cost of analog and RF circuits for which complete
specification tests are available. We use an integer lin-
ear program (ILP) to eliminate as many tests as possible
without exceeding the required defect level. The method
leverages correlation among specifications, thereby avoid-
ing the tests for specifications that are sufficiently covered
by tests for other specifications. First, Monte Carlo sim-
ulation determines probabilities for each test covering all
other specifications it was not originally intended for. These
probabilities and the given defect level then define an ILP
model for eliminating unnecessary tests. An hypothetical
example illustration of ten specifications demonstrates that
depending on the defect level requirement up to half of the
tests may be eliminated. Monte Carlo simulation using spice
for probabilistic characterization of tests versus specifica-
tions followed by ILP optimization for two commercially
available integrated circuits, an operational amplifier and a
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radio frequency power controller (RFPC), are presented as
evidence of effectiveness of the technique.
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1 Introduction

1.1 Test Cost and Defect Level

Testing an integrated circuit chip more than what is neces-
sary adds to the cost of testing and, consequently, increases
the total cost of shipping the chip. The amount of testing to
be done on a chip should be based on the acceptable defect
level. Defect level is the fraction of bad devices passing the
test [6].

1.2 Rising Specification Test Cost of Analog Circuits

Classifying an analog, mixed-signal, or radio-frequency cir-
cuit as “good” or “bad” requires it to be tested against
a set of specifications it was designed for. These speci-
fications usually have a nominal value and an acceptable
bound of a continuous range between minimum and max-
imum values. Tests, henceforth referred to as specification
tests, often require expensive test instruments and com-
plex test setups [5, 21] depending on specifications and
the circuit being tested. At modern technology nodes, test-
ing analog and RF circuits against all their specifications
is becoming expensive and costs as much as manufacturing
the integrated circuit as shown in the International Tech-
nology Roadmap for Semiconductors (ITRS) prediction of
Fig. 1 [9].
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Fig. 1 Manufacturing cost per transistor has steadily declined over the
years, whereas test cost per transistor has remained fairly steady over
the years and is expected to remain so, catching up with manufacturing
cost by 2015 or so per the ITRS prediction [9]

1.3 Prior Work

Specification test minimization for analog circuits is a well
researched topic. We will briefly compare several existing
methods with the ideas proposed in this paper. In one of the
earliest studies of specification test minimization, Brock-
man and Director [4] use Monte Carlo method to arrive at
a joint probability distribution between specifications and
circuit process parameters. They then eliminate a subset
of specifications that have correlation with the remaining
specifications. Their process of eliminating redundant spec-
ifications must rely on combined knowledge of the designer
and test engineer and hence significantly differs from the
systematic integer linear programming (ILP) approach of
the present work.

Selecting a subset of tests that sensitize parametric faults
based on a structural fault model to reduce test time has
been proposed [8, 17]. In contrast, we target specification
tests directly and make no assumptions about faults or fault
models considering that analog and radio-frequency cir-
cuits, in general, are designed to meet specifications and
tested against those specifications. Moreover, fault models
do not satisfactorily capture different specification viola-
tions leading to false-positives and false-negatives [10].
Past [18] and recent [24] studies have proposed signatures
of circuit specifications that are easier and hence cheaper to
measure than the specifications themselves. The proposed
approach in this paper can be used to minimize the cir-
cuit specifications or their low-cost signatures as the ILP
model remains agnostic to the specifications (or their sig-
natures) used, giving further savings in addition to what
is possible from low-cost signatures alone. Biswas et al. [2, 3]
use boolean minimization to identify redundant tests from

production test pass-fail data and achieve impressive test
cost reduction. But that may not be useful in the test gen-
eration phase where we do not yet have the pass-fail data.
More recent work [7, 13, 33] uses the inter-die (i.e., die
on the same wafer) spatial correlation of analog specifica-
tions to minimize the number of measurements to be made
on individual dice by predicting specifications based on
measurements made on die in the neighborhood. The idea
is based on correlations that exist among specification for
any given die. As a result the proposed method can give
cost savings in addition to what is possible using inter-die
correlation.

1.4 Contributions of This Paper

This paper provides a framework to reduce the testing cost
by compacting specification test set. In order to do this, we
leverage the inherent correlation that exists among any pair
of specifications of a circuit. These correlations allow us to
define an integer linear program that minimizes the final test
set while ensuring that the defect level does not exceed a
desired threshold. The correlations among specifications of
the circuit are estimated through Monte Carlo simulation,
which is done off line and only once before the start of the
actual manufacturing test.

The paper is organized as follows. Section 2 formally
states the problem being solved. Section 3 elucidates the
problem through a graphical representation. Section 4 for-
mulates an integer linear program whose result will yield
an optimized test set given a defect level threshold and
cross-correlations among specification tests. The numerical
example of Section 5 illustrates the methodology demon-
strating the potential savings that can be achieved. Section 6
describes an operational amplifier circuit example for which
cross correlation among specification tests is estimated
through Monte Carlo simulation and an optimized test set
is arrived at using the framework proposed in this paper.
Section 7 is a case study of a radio frequency power con-
troller (RFPC) specification test minimization using the
proposed ILP. We conclude in Section 8.

2 Problem Statement

Consider a circuit under test (CUT) that has specifications
S1, S2, · · · Sk . A test Ti is used to check the correctness of
specification Si . We assume that these k tests are “perfect”;
ith test will detect any out of range deviation of the ith spec-
ification. Such tests are often derived and used in practice
because they guarantee a “zero” (assumed perfect) defect-
level. Defect-level refers to test escapes or faulty devices
passing test [6] and it is often measured in parts per million
(PPM).
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The specification-based test is very thorough (almost
zero defect-level) but it can be very long. Typically, it
requires long test time on the automatic test equipment
(ATE), making the test expensive. A significant problem in
the industry is to reduce the cost of testing without raising
the defect level. In this work we propose an optimization
solution.

In general, for k specifications the number of tests may
or may not be exactly k. But, that does not affect the way
the following analysis is done.

3 A Graph Representation

Figure 2 shows a bipartite graph [1] with two sets of ver-
tices representing tests and specifications, respectively. In
the graph an edge label pij represents the probability of
test Ti testing for specification Sj . In general, the test Ti is
designed to test for specification Si . Therefore, we assume
pii = 1.0 for all i. For edges for which i �= j we find the
probabilities pij by Monte Carlo simulation as described in
Section 6. Note that, in general, pij �= pji . Also, a spec-
ification may be testable only by a subset of tests. That
accounts for the missing edges in the graph for which the
label pij = 0.

4 An Integer Linear Program (ILP)

We define a [0,1] integer variable xi for each test Ti . We will
formulate an integer linear program (ILP) to determine the
values {xi} such that if xi = 1, test Ti will be retained and
if xi = 0, Ti will be discarded. Thus, the objective function
for the ILP is,

minimize
k∑

i=1

xi (1)

Specifications

T T T T T1 2 3 4 5

1 2 3 4 5S S S S S

11
p

p
14

12
p

Tests

Fig. 2 Bipartite graph [1] of tests {Ti} and specifications {Si} of a
circuit under test (CUT). The edge label pij is the probability of testing
specification Sj by test Ti

Next, we derive a set of linear constraints. Suppose, we
wish the defect-level not to exceed a given value dl. Let,
P(Sj ) be the probability of fully testing (covering) the
specification Sj . Then,

1 −
k∏

j=1

P(Sj ) ≤ dl (2)

If we assign equal significance to all specifications,
then each specification should identically contribute to the
defect-level. Thus,

(1 − dl)1/k ≤ P(Sj ), ∀j (3)

This can also be expressed as,

1 − P(Sj ) ≤ 1 − (1 − dl)1/k, ∀j (4)

Since any specification j may be covered by multiple
tests, we determine its coverage probability as,

P(Sj ) = 1 −
k∏

i=1

(1 − pij )
xi (5)

When xi = 1, i.e., test Ti is retained, it contributes a
factor (1 − pij ) to the product in Eq. 5, and when xi = 0,
i.e., Ti is discarded, it contributes 1 to the product. We can
also write,

ln[1 − P(Sj )] =
k∑

i=1

xi ln(1 − pij ) (6)

From Eqs. 4 and 6, we get the linear constraints for the
ILP:

k∑

i=1

xi ln(1−pij ) ≤ ln[1− (1−dl)1/k], j = 1, 2, · · · k (7)

5 A Hypothetical Example

Consider ten specifications, S1, · · ·S10, and their respective
tests, T1, · · ·T10. Probabilities of each test covering var-
ious specifications are summarized in Table 1. We have
skewed the test coverage probabilities to demonstrate the
compaction of tests as the defect level is varied, but such
high cross correlation in analog circuit specification tests is
not uncommon and has been reported in the literature [12].
For an illustration, we assume a defect level 1,000 parts per
million (PPM), i.e., dl = 10−3.

For minimizing the tests we use the ILP formulation of
Section 4. The objective function (1) is:

minimize
10∑

i=1

xi, (8)

where, {xi} = integer[0, 1], 1 ≤ i ≤ 10, subject to a set of
constraints given by Eq. 7. Right hand side of inequality (7)
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Table 1 Test coverage probabilities (pij ) in a hypothetical example with 10 specifications and 10 tests

Specification pij values for tests

T1 T2 T3 T4 T5 T6 T7 T8 T9 T10

S1 1.00 0.97 0.94 0.91 0.88 0.85 0.82 0.79 0.76 0.73

S2 0.73 1.00 0.97 0.94 0.91 0.88 0.85 0.82 0.79 0.76

S3 0.76 0.73 1.00 0.97 0.94 0.91 0.88 0.85 0.82 0.79

S4 0.79 0.76 0.73 1.00 0.97 0.94 0.91 0.88 0.85 0.82

S5 0.82 0.79 0.76 0.73 1.00 0.97 0.94 0.91 0.88 0.85

S6 0.85 0.82 0.79 0.76 0.73 1.00 0.27 0.26 0.17 0.03

S7 0.88 0.85 0.82 0.79 0.76 0.15 1.00 0.36 0.30 0.04

S8 0.91 0.88 0.85 0.82 0.79 0.02 0.41 1.00 0.37 0.04

S9 0.94 0.91 0.88 0.85 0.82 0.25 0.17 0.39 1.00 0.40

S10 0.97 0.94 0.91 0.88 0.85 0.38 0.15 0.14 0.06 1.00

is evaluated as, ln[1 − (1 − 10−3)1/10] = −9.21. To avoid
ln 0 = −∞ coefficients on the left hand side, we approxi-
mate probabilities like pii = 1.0 ≈ 1 − 10−15. Therefore,
the corresponding coefficients evaluate to ln(10−15) =
−34.54. The ten constraints are:

−34.54x1−3.51x2−2.81x3−2.41x4−2.12x5−1.90x6−
1.71x7 − 1.56x8 − 1.43x9 − 1.31x10 ≤ −9.21,
−1.31x1 −34.54x2 −3.51x3 −2.81x4−2.41x5 −2.12x6 −
1.90x7 − 1.71x8 − 1.56x9 − 1.43x10 ≤ −9.21,
−1.43x1 −1.31x2 −34.54x3 −3.51x4−2.81x5 −2.41x6 −
2.12x7 − 1.90x8 − 1.71x9 − 1.56x10 ≤ −9.21,
−1.56x1 −1.43x2 −1.31x3 −34.54x4−3.51x5 −2.81x6 −
2.41x7 − 2.12x8 − 1.90x9 − 1.71x10 ≤ −9.21,
−1.71x1 −1.56x2 −1.43x3 −1.31x4 −34.54x5−3.51x6 −
2.81x7 − 2.41x8 − 2.12x9 − 1.90x10 ≤ −9.21,
−1.90x1 −1.71x2 −1.56x3 −1.43x4 −1.31x5 −34.54x6−
0.31x7 − 0.30x8 − 0.19x9 − 0.03x10 ≤ −9.21,
−2.12x1 − 1.90x2 − 1.71x3 − 1.56x4 − 1.43x5 − 0.16x6 −
34.54x7 − 0.45x8 − 0.36x9 − 0.04x10 ≤ −9.21,
−2.41x1 − 2.12x2 − 1.90x3 − 1.71x4 − 1.56x5 − 0.02x6 −
0.53x7 − 34.54x8 − 0.46x9 − 0.04x10 ≤ −9.21,
−2.81x1 − 2.41x2 − 2.12x3 − 1.90x4 − 1.71x5 − 0.29x6 −
0.19x7 − 0.49x8 − 34.54x9 − 0.51x10 ≤ −9.21,

−3.51x1 − 2.81x2 − 2.41x3 − 2.12x4 − 1.90x5 − 0.48x6 −
0.16x7 − 0.15x8 − 0.06x9 − 34.54x10 ≤ −9.21.

Solving this by an open source ILP solver [14] results in a
minimized test set of only six tests by eliminating T1, T2, T3
and T5 from the original test set of ten tests, T1 through T10.

Table 2 summarizes the optimized tests for various defect
levels in the range 1 PPM through 10,000 PPM using the
ILP formulation of Section 4 for the test coverage probabil-
ities given in Table 1. As can be seen in the table, test size
reduction of 40% is achieved at a defect level of 1,000 PPM,
which is a typical test escape accepted in custom analog cir-
cuits in deep sub-micron technology nodes such as 180nm
or lower [3]. As one would expect, the test set size reduction
varies directly as the defect level is allowed to increase. For
example 20% reduction at dl = 10 PPM, whereas it is 50 %
at dl = 10, 000 PPM. The potential test reduction could be
higher if there is stronger cross-correlation between circuit
specifications, or if a higher defect level can be tolerated, or
both.

In Table 2 we notice that even for 1 PPM, which rep-
resents a very high quality level, two tests have been
eliminated. This is quite a normal occurrence consider-
ing the fact that each test may have originally targeted a

Table 2 ILP optimization in 10-test hypothetical example

Defect level ILP result: xi = 1, Ti selected, else discarded Number of Test size

dl in PPM x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 selected tests reduction (%)

1 1 0 1 1 0 1 1 1 1 1 8 20

10 0 1 0 1 0 1 1 1 1 1 7 30

100 1 1 0 0 0 1 1 1 1 1 7 30

1,000 1 0 0 0 0 1 1 1 1 1 6 40

10,000 1 1 1 1 1 0 0 0 0 0 5 50
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separate specification. Case studies discussed next support
this observation.

6 Case Study I: Operational Amplifier

In order to obtain realistic values of test coverage proba-
bilities for specifications of a given analog circuit, we use
Monte Carlo simulation by spice program with integrated
circuit emphasis [26]. We intend to demonstrate the test
minimization procedure illustrated in Section 5 on a com-
mercially available operational amplifier tested across seven
specifications, namely:

• S1: DC gain
• S2: Slew rate
• S3: 3-dB bandwidth
• S4: Input referred offset voltage
• S5: Power supply rejection ratio
• S6: Common mode rejection ratio
• S7: Input bias current

6.1 Circuit Details

The Texas Instruments (TI) LM741 operational ampli-
fier circuit is shown in Fig. 3 with nominal values of

components. This is a simplified schematic as provided
in the data-sheet [27]. The circuit has 22 active devices
(bipolar junction transistors or BJT), 12 resistors, and one
capacitor. Five thousand instances of the circuit are cre-
ated by sampling passive component (resistor and capacitor)
values from normal distributions, with the mean for each
component set to its nominal value (shown alongside the
component in Fig. 3) and standard deviation set to 5 % of
the mean. For active components (NPN and PNP BJT), β or
dc current gain is sampled from a normal distribution with
mean set to the nominal value of 625 and standard deviation
set to 62.5, i.e., 10 % of the mean. All other parameters of
the BJT are left unchanged at their nominal values specified
in the model file [28].

6.2 Calculating pij

Table 3 lists the minimum, nominal, and maximum values of
specifications S1 through S7 as given in the TI LM 741 data-
sheet [27]. A circuit instance is considered to “fail” a given
specification if the simulated value for that circuit instance
lies outside the minimum-maximum range. Note that some
specifications are “single-ended,” that is, they may not have
either a minimum or a maximum bound. In such a cases, a
circuit instance would be labeled as “fail” if it lies outside
the “single-ended” range.

Fig. 3 Circuit schematic of operational amplifier LM741 [27] with nominal values of the components. This is the circuit example used for
estimating correlation among specifications through Monte Carlo simulation
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Table 3 Operational amplifier
specifications from LM 741
data-sheet [27] used in case
study I

Specification Values Unit

Label Description Minimum Nominal Maximum

S1 Dc gain 50 200 V/mV

S2 Slew rate 0.3 0.5 V/μs

S3 3-dB bandwidth 0.4 1.5 MHz

S4 Input referred offset voltage ±10 ±15 mV

S5 Power supply rejection ratio 86 96 dB

S6 Common mode rejection ratio 80 95 dB

S7 Input bias current 30 80 nA

We calculate the conditional test coverage of specifica-
tion Sj by Si or, in other words, the likelihood of test Ti for
Si covering Sj , as follows:

pij = Number of instances failing both Si and Sj

Number of instances failing Sj

(9)

For LM 741 operational amplifier circuit of Fig. 3 all
seven specifications S1 through S7 for the 5,000 circuit
instances, generated as described in Section 6.1, are first
measured from simulation. Next, the conditional test cov-
erage between all pairs of specifications is obtained using
Eq. 9. For example, out of the 5,000 circuit instances S1 is
violated in 45 circuit instances while S2 is violated in 81
instances as shown in the graph of Fig. 4. Seventeen circuit
instances fail both S1 and S2 (labeled on the edge between

nodes S1 and S2 in the graph.) This gives probability p12,
which is the probability of test for specification S1 (i.e., T1)
covering specification S2 as p12 = 17

81 = 0.21. Similarly,
p21, which is the probability of test for specification S2 (i.e.,
T2) covering specification S1 is p21 = 17

45 = 0.38. Values
of pij for the LM 741 circuit across all seven specifications
are listed in Table 4, where for the sake of clarity Ti is used
as column header to signify the test for specification Si .

6.3 ILP Solution

Choosing a desired defect level dl anywhere in the range
1 to 100 PPM, the ILP reduces the number of specifications
to be tested by one, from 7 to 6, by eliminating test T4 for
specification S4. It is also intuitively clear why this may

Fig. 4 A graph depicting the
number of circuit instances
failing each specification (noted
inside the node) and the number
of circuit instances failing both
specifications (noted on the
edges)
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Table 4 Probabilities pij for
Opamp LM 741 example Specification pij values for tests

T1 T2 T3 T4 T5 T6 T7

S1 1.00 0.38 0.78 0.51 0.76 0.93 0.98

S2 0.21 1.00 0.75 0.20 0.27 0.35 0.27

S3 0.56 0.97 1.00 0.19 0.21 0.51 0.38

S4 0.92 0.64 0.48 1.00 0.84 0.76 1.00

S5 0.92 0.59 0.35 0.57 1.00 0.59 0.84

S6 0.81 0.54 0.62 0.37 0.42 1.00 0.87

S7 0.61 0.31 0.33 0.35 0.43 0.62 1.00

be so from Table 4 as test T7 covers S4 with probability
1. Upon relaxing defect level, dl, further to 1,000 PPM,
the number of specifications to be tested is reduced by one
more specification as test T1 for specification S1 is elimi-
nated, thereby giving a compacted set of 5 tests. Defect level
10,000 PPM allows elimination of T3 leaving only four tests.
Further test compaction could be possible by varying the
minimum/maximum thresholds used for the specifications.
This line of research is currently being pursued.

7 Case Study II: RF Power Controller

We now apply the ILP based test minimization procedure
to a commercially available RF power controller (RFPC)
circuit, LTC 4400 from Linear Technology [15].

7.1 Circuit Description and Specifications of RFPC

This circuit controls the gain of RF power amplifier and
is a critical component in the up-link signal chain of an
RF transceiver. Functional diagram of LTC 4400 used in a
typical up-link signal chain is shown in Fig. 5. The RFPC
supplies a control voltage to the RF power amplifier based
on frequency of transmission and the desired gain at that

frequency. RFPC has two inputs as shown in Fig. 5: 1) input
RF monitors the output of the antenna through a feedback
network, and 2) input PCTL provides a control signal that
traces the desired power amplifier gain. The only output of
RFPC, VPCA, drives the control signal of the power ampli-
fier. The small signal equivalent circuit of the LTC 4400 is
shown in Fig. 6. It should be pointed out that there are three
more physical pins in a common variant of the LTC 4400
chip. These include VCC for power, GND and a control pin
(SHDN, not shown in the functional diagram of Fig. 5) for
putting the device in a sleep mode.

Important specifications of an RFPC include slew rate,
bandwidth, and drive current of the output, VPCA, and the
RF input resistance. Specifications of LTC 4400, the RFPC
considered in this case study, are shown in Table 5. The min-
imum, nominal and maximum values of each specification
(if available) are taken from the LTC 4400 data-sheet [15].

7.2 Calculating pij Matrix for RFPC

We resort to Monte Carlo simulations for computing the
probabilities, pij , as described in [22] and similar to [25].
However, in this work we have not used any speed-up over
conventional Monte Carlo approach as proposed in [25].
Ten thousand instances of the small signal equivalent circuit

Fig. 5 Functional diagram of
RF power controller as used in
the up-link of a typical RF
transceiver. Notice that the
RFPC provides the power
amplifier with the necessary
control voltage to control its gain
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Fig. 6 Small signal equivalent circuit schematic of radio frequency power controller LTC4400, reproduced from data-sheet [15], showing nominal
values of components

of LTC 4400 are created. The component values for circuit
instances are sampled as follows:

• Inductor, resistor and capacitor values are random sam-
ples from a normal distribution with mean as the
nominal value noted on the corresponding compo-
nent in Fig. 6 and standard deviation as 15 % of
the nominal value. These values for absolute variation
are typical for passive components such as diffusion-
based polycrystalline-resistors [16], metal-oxide-metal
(MOM) capacitors [29], and high metal layer induc-
tors [19] that are normally used in integrated cir-
cuits [11, 31, 32].

• Transconductance, GM, and voltage gain, VAMP, are
sampled from a normal distribution with mean as

nominal value noted on the corresponding element in
Fig. 6 and standard deviation as 20 % of the nominal
value [11, 20, 31, 32].

Inaccuracies in Monte Carlo simulations result from two
sources 1) small number of samples used for sampling the
distribution of an input parameters, and, 2) periodicity bias
of the pseudo random number generator used to generate
samples. To eliminate the first source of inaccuracy, we use
10,000 samples in the Monte Carlo simulation so that the
standard error in the sample mean is less than 5 % for each
of the input parameters. To eliminate the second source of
inaccuracy, we rely on a pseudo-random number generator,
with a return period of 21492, which is much greater than the
number of samples (10,000) generated for the simulation.

Table 5 RF Power Controller specifications from LTC4400 data-sheet [15] used in case study II

Specification Values Unit

Label Minimum Nominal Maximum

S1 Shutdown current 10 20 μA

S2 Operating current 1.2 1.9 mA

S3 VPCAbandwidth 350 450 560 kHz

S4 VPCA slew rate 1.8 2.5 3 V/μs

S5 VPCA start voltage 270 450 550 mV

S6 VPCA output current 7 10 mA

S7 PCTL input resistance 60 90 120 k�

S8 RF inputresistance 150 250 350 �

S9 PCTL referenced output voltage (@RFin=-10dBm) 40 50 60 mV

S10 PCTL referenced output voltage (@RFin=-6dBm) 90 100 110 mV

S11 PCTL referenced output voltage (@RFin=6dBm) 375 400 425 mV

S12 PCTLreferenced output voltage (@RFin=10dBm) 650 700 750 mV
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Table 6 Probabilities pij for RF power controller LTC 4400

Specification pij values for tests T1 through T12

T1 T2 T3 T4 T5 T6 T7 T8 T9 T10 T11 T12

S1 1.00 0.55 0.66 0.50 0.50 0.94 0.80 0.63 0.46 0.63 0.68 0.73

S2 0.45 1.00 0.65 0.58 0.73 0.92 0.45 0.80 0.85 0.76 0.62 0.77

S3 0.91 0.46 1.00 0.61 0.76 0.63 0.50 0.81 0.78 0.85 0.91 0.54

S4 0.50 0.52 0.55 1.00 0.75 0.89 0.85 0.77 0.84 0.66 0.67 0.46

S5 0.77 0.57 0.62 0.54 1.00 0.65 0.53 0.65 0.86 0.69 0.75 0.46

S6 0.69 0.79 0.62 0.46 0.49 1.00 0.86 0.89 0.46 0.59 0.48 0.70

S7 0.55 0.47 0.59 0.76 0.80 0.56 1.00 0.52 0.78 0.94 0.71 0.50

S8 0.93 0.93 0.76 0.49 0.46 0.81 0.93 1.00 0.58 0.95 0.46 0.73

S9 0.64 0.56 0.78 0.77 0.60 0.55 0.72 0.72 1.00 0.78 0.50 0.63

S10 0.92 0.66 0.56 0.49 0.66 0.84 0.81 0.83 0.53 1.00 0.76 0.65

S11 0.83 0.91 0.56 0.51 0.69 0.49 0.86 0.62 0.69 0.76 1.00 0.71

S12 0.57 0.75 0.93 0.47 0.67 0.81 0.48 0.80 0.51 0.56 0.61 1.00

Table 7 Summary of ILP based optimization of specification tests of LTC 4400

Defect level ILP result: xi = 1, Ti selected, else discarded Number of Test size

dl in PPM x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 selected tests reduction (%)

1 1 1 1 1 1 1 1 1 1 0 1 1 11 8.3

10 1 1 1 1 1 1 1 1 0 0 1 1 10 16.6

100 1 1 1 1 1 1 0 1 0 1 0 1 9 25.0

250 1 1 1 1 1 1 0 0 0 1 0 1 8 33.3

500 1 1 0 1 0 1 0 0 1 1 0 1 7 41.67

700 1 1 0 1 0 0 1 0 0 1 0 1 6 50.0

1,000 1 1 0 0 0 1 0 0 0 1 0 1 5 58.3

As a result, we expect no bias due to periodicity in sampling
the input parameters.

To compute pij , we consider twelve specifications S1
through S12 listed in Table 5 and their dedicated tests T1
through T12. These tests are outlined in the LTC 4400 data-
sheet [15]. We use Eq. 9 to compute pij entries of Table 6.
For example, 455 circuit instants failed test T8. Of these
455 circuits, 287 circuits also failed test T1 for specifica-
tion S1, thereby giving 287

455 = 0.63 as the eighth entry in the
first row. It can be seen that the overall correlation among
tests for various specifications is fairly high, majority of
the entries being above 0.5, and one can expect significant
reduction in tests.

7.3 ILP Solution

We constrained the defect level to seven different values
starting from 1 PPM through 1,000 PPM, minimizing the
tests at each of these defect level thresholds. We list the cor-
responding optimized test set in Table 7. The column on the
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Fig. 7 Plot of percentage reduction in test set size versus defect level
for the RFPC LTC 4400

extreme right shows the percentage reduction in test set size
relative to the original test set size of 12. Figure 7 shows
a plot of percentage reduction in test set size versus defect
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level. As seen here, even for a conservative defect level of
100 PPM, a 25 % reduction in test size is achieved. Relax-
ing the defect level constraint to 1,000 PPM allows test set
reduction by 58 %.

8 Conclusion

Considering that there is a pressing need to reduce test-
ing costs of analog, RF and mixed signal circuits we have
shown how to leverage the cross-correlations among circuit
specifications and tests. An integer linear program optimally
minimizes the test set while ensuring that the quality of the
tested circuit does not degrade below a given defect level
threshold. An illustrative example shows test size reduc-
tion of 40 % at defect level of 1,000 PPM. Even more test
reduction is possible if there is better correlation among
circuit specifications, or if a higher defect level can be tol-
erated. Test reduction by 30 % and 58 % for a commercially
available opamp (LM 741) and an RF power controller
(LTC 4400), respectively, at a defect level of 1,000 PPM
are obtained by the ILP approach, making it viable for
real-world analog and RF circuits.

In Section 4, the objective function of Eq. 1 gives equal
weight to all tests. In reality, however, different tests may
have different complexities and they may require different
application times. The test application time of test Ti can be
used as a weight factor wi to redefine the objective function
as,

minimize
k∑

i=1

wixi (10)

While deriving (3) we made a simplifying assumption
that each of the k specifications was equally significant. We
thus distributed the defect level (dl) equally over all specifi-
cations, which allowed us to derive the linear constraints of
Eq.7. Lifting this assumption, i.e., treating some specifica-
tions as more critical (or expensive) than others, will require
reformulation of the ILP model. Cost asymmetry in speci-
fication tests as described in [23] could be used for guiding
such an ILP model formulation.

Improving the efficiency of compute-intensive Monte
Carlo simulation and meaningful modeling of parameter
variations are problems to be explored. We are investigating
the application of recently published techniques [25].

Any test minimization that preserves the defect level can,
in general, reduce the diagnostic capability of tests. In high-
volume production testing, test time reduction is usually a
priority. In characterization testing, such as during the ini-
tial yield ramp up, diagnosis is important. An alternative
criterion for test optimization might be to preserve or max-
imize the diagnostic resolution instead of defect level. Our

future research will focus on diagnostic tests as well. The
ILP formulation described in this paper can also be used for
minimizing alternate tests [30] for a given circuit, much like
minimizing conventional specification tests demonstrated
here.

Another application of the defect level preserving test
minimization method is in generation of tests. New tests
may be generated to cover multiple specifications. New tests
may also be supplied by users after a device has been in
production. Once such tests are inserted in the minimization
procedure, further reductions are possible.
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