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Abstract. Neural network research over the past 3 decades 

has resulted in improved designs and more efficient training 
methods. In today’s high-tech world, many complex 
non-linear systems described by dozens of differential 
equations are being replaced with powerful neural networks, 
making neural networks increasingly more important. 
However, all of the current designs, including the Multi-Layer 
Perceptron, the Bridged Multi-Layer Perceptron, and the 
Fully-Connected Cascade networks have a very large number 
of weights and connections, making them difficult to 
implement in hardware. The Parallel Multi-Layer Perceptron 
architecture introduced in this article yields the first neural 
network architecture that is practical to implement in 
hardware. This new architecture significantly reduces the 
number of connections and weights and eliminates the need 
for cross-layer connections. Results for this new architecture 
were tested on parity-N problems for values of N up to 17. 
Theoretical results show that this architecture yields valid 
results for all positive integer values of N. 
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I. INTRODUCTION 

EURAL network architectures vary in complexity and 
efficiency. Over the past 3 decades, a significant 

amount of research has been invested in improving designs, 
training methods, and efficiency[1-20]. Research has thus 
far shown that some of the most efficient and reliable 
networks have fewer neurons, but also require multiple 
layers with connections between all layers [4-5, 10]. In fact, 
more and more complex non-linear systems, such as those 
in the oil industry, are described by a set of up to 25 
differential equations. These complex systems are 
beginning to be replaced by neural networks [22-23]. Until 
now, neural networks that utilize connections across layers 
have been considered the most powerful [5, 10], however 
this type of design is especially difficult to implement in 
hardware [21]. A better solution is now available. This 
article will review the progression of network architectures 
from the simple Multi-Layer Perceptrop (MLP) to the 
Bridged Multi-Layer  
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Perceptron (BMLP) to the Fully-Connected Cascade (FCC) 
Networks. This article will introduce a new architecture, 
the Parallel Muli-Layer Perceptron (PMLP) architecture, 
which utilizes linear neurons in parallel with non-linear 
neurons to eliminate cross-layer connections, resulting in 
an architecture that is just as powerful as previously 
discovered architectures, but is much more feasible to 
implement in hardware [21]. 

II. MULTI-LAYER PERCEPTRON WITH ONE HIDDEN LAYER 

For the MLP architecture with one hidden layer, a 
generalized solution for all parity-N cases is easily derived.  
First, the number of neurons in the network must be 
determined.  For a MLP network with one hidden layer, the 
total number of neurons in the network, J, is determined by 
[8]: 

J=N+1 
 

where N is the parity number as well as the number of 
neurons in the hidden layer.  The net values for the hidden 
neurons in a bipolar network are given by [8]: 
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The output neuron performs the AND operation on all 
neuron outputs from the hidden layer.  The outputs of odd 
numbered neurons in the hidden layer are negated by the 
outputs of the even numbered neurons.  This is 
accomplished by assigning a +1 weight to all inputs coming 
from the odd numbered neurons and a –1 weight to all 
inputs coming from the even numbered neurons if N is odd.  
These input weights are negated if N is even.  

Figure 1 shows the bipolar implementation of a parity-8 
network with one hidden layer.  While this particular 
implementation is easy to train, it requires an excessive 
number of neurons for large parity-N or other complex 
problems as well as an excessive number of connections 
and weights. Although this architecture is functionally 
sound, it is not practical to implement in hardware , 
especially for large values of N [13]. 
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FIG. 1: MLP NEURAL NETWORK WITH ONE HIDDEN LAYER FOR 

THE PARITY-8 PROBLEM. 

III. BRIDGED MULTI-LAYER PERCEPTRON WITH ONE 

HIDDEN LAYER 

Use of a BMLP with one hidden layer can significantly 
reduce the number of neurons in the hidden layer as it 
allows connections between all layers [10].  In this 
configuration, all of the inputs are connected to the output 
neuron as well as the neurons in the hidden layer.  The total 
number of neurons in the hidden layer of a BMLP parity-N 
network is: 

2
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where N is the number of inputs and also the parity number.  
Notice that in this configuration, n only represents the 
number of neurons in the hidden layer, not the total number 
of neurons in the network.  This more powerful network is 
able to solve the parity-(2n-1) problem with only n neurons 
in one hidden layer. Addition of the output neuron brings 
the total number of neurons in the network to n + 1 [8]. 

Figure 2 shows the bipolar implementation of a BMLP 
parity-8 network with one hidden layer.  Notice that this 
architecture reduces the required number of neurons by 
nearly half from the MLP architecture in Figure 1. While 
this reduction in neurons cuts the number of required 
connections and weights by over half, it does introduce N 
cross-layer connections where N is the parity number. 
These cross-layer connections do introduce some 
complexity in hardware implementation, making this 
architecture less than optimal and not the architecture of 
choice.  

 
FIG. 2: FULLY CONNECTED BMLP BIPOLAR NEURAL 

NETWORK WITH ONE HIDDEN LAYER FOR THE PARITY-8 

PROBLEM. 

IV. BRIDGED MULTI-LAYER PERCEPTRON WITH MULTIPLE 

HIDDEN LAYERS 

Use of a BMLP with multiple hidden layers further 
reduces the number of neurons required to solve a given 
parity-N problem [10].  In this configuration, all of the 
inputs are connected to the output neuron as well as the 
neurons in all hidden layers. 

With two hidden layers, as seen in Figure 3, the largest 
parity-N problem that can be solved by this network is 
defined by:  

N = 2(n1+1)(n2+1)-1 
where n1 and n2 are the number of neurons in the first and 
second hidden layers, respectively. Wilamowski, Yu, and 
 

 
FIG. 3: FULLY CONNECTED BMLP NEURAL NETWORK WITH 

TWO HIDDEN LAYERS FOR THE PARITY-11 PROBLEM. 
 
Chung show that this equation can be generalized for k  
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hidden layers. For k hidden layers with ni neurons in each 
layer, the largest parity-N problem that can be solved is 
defined by [10]: 
 

N = 2(n1+1)(n2+1)…(nk-1+1)(nk+1)-1 
 

where: N represents the parity number; n1 is the number of  
neurons in the first hidden layer; n2 is the number of 
neurons in the second hidden layer; and so on; until nk 
which is the number of neurons in the last hidden layer. 

By introducing additional hidden layers in the BMLP 
network, the power of the network is significantly 
increased. Larger parity-N problems can be solved with 
fewer neurons, but additional cross-layer connections are 
introduced. With each additional hidden layer, this 
architecture becomes more and more difficult to implement 
in hardware. 

V. FULLY CONNECTED CASCADE NETWORK 

Use of a fully connected cascade (FCC) network can 
further reduce the number of neurons in the network.  This 
configuration has multiple hidden layers connected in 
cascade with only one neuron in each hidden layer.  All of 
the inputs are connected to all neurons in the network.  
Additionally, the output of each hidden neuron is connected 
to the inputs of all neurons in front of it.  By deduction, the 
total number of neurons in a FCC parity-N network is [8]: 

  1)(log2  NJ  

where N is the number of inputs and the parity number.  
Notice that the floor function, (expression), is used in the 
previous equation.  This function returns the largest integer 
less than or equal to the evaluated expression inside the 
brackets. Similar to the BMLP architecture, the largest 
parity-N problem that can be solved by this network is 
defined by:  

N = 2n – 1 
where n is the total number of neurons in the network. 

Figure 4 shows the bipolar implementation of a FCC 
network for the parity-8 problem.  Notice that this network 
would also be capable of solving parity-15 by simply 
adding the additional inputs and changing the biasing 
weights.  

 

 
FIG. 4: BIPOLAR IMPLEMENTATION OF A FCC NETWORK FOR 

THE PARITY-8 PROBLEM. 
 

As previously discussed with the previous architectures, 

one of the difficulties in implementing the FCC network is 
the large number of total connections and weights and the 
large number of cross-layer connections. This large number 
of connections and weights make it difficult to implement 
this architecture in hardware.  

VI. SIMPLIFIED FULLY CONNECTED CASCADE NETWORK 

With the introduction of a linear or summing neuron to 
the FCC network, the total number of connections and 
cross-layer connections is drastically reduced. This 
summing neuron is used as the single point for all input 
connections. This neuron performs the summing function 
for all inputs and passes the summed input to all forward 
neurons via a single connection.  

Figure 5 shows the implementation of a linear neuron in 
the FCC network architecture to reduce needed 
connections. 
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FIG. 5: INTRODUCING THE LINEAR NEURON INTO THE FCC 

NETWORK FOR THE PARITY-7 PROBLEM. 
 

Notice that the number of connections and weights is 
reduced by (n-1)(N-1) where n is the number of non-linear 
neurons in the network and N is the parity number. This is a 
significant improvement over the previous network as its 
only practical limitation for hardware implementation is 
cross-layer connections. 

VII. MLP, BMLP, AND FCC SUMMARIZED 

The three architectures shown so far represent a 
tremendous amount of research and are effective at solving 
the parity-N problem; however, each of these architectures 
presents a problem with practical implementation in 
hardware. Figure 6 compares architecture efficiency. 

The MLP architecture is very inefficient and requires 
many neurons, typically N+1 to solve the parity-N problem. 
With this large amount of neurons comes a tremendous 
amount of connections and weights, making this 
architecture impractical to implement in hardware.  

The BMLP architecture with one hidden layer improves 
upon the MLP by significantly reducing the number of 
required neurons, connections, and weights; however, it 
requires connections across hidden layers which are 
difficult to implement in hardware on a large scale. The 
BMLP with multiple hidden layers provides additional 
improvements over the BMLP with one hidden layer, but is 
still plagued by cross-layer connections. 
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FIG. 6: EFFICIENCY COMPARISON OF VARIOUS NEURAL NETWORK 

ARCHITECTURES [7]. 
 

The FCC architecture provides a slight improvement in 
efficiency over the BMLP, requiring fewer neurons than 
the BMLP for the same parity-N problem. Yet, this 
architecture still requires connections across hidden layers 
as well as a large number of weights. With the 
implementation of a single linear neuron, used to sum all 
inputs and propagate the sum to all forward neurons, the 
number of cross-layer connections is drastically reduced. 
Of all the architectures presented thus far, this one is the 
most efficient and most feasible to implement in hardware. 

Table 1 shows a summary of the number of neurons and 
weights required by different architectures [5]. 

 

Architecture Parity-3 Parity-7 Parity-15 Parity-31 Parity-63

MLP 4/16 8/64 16/256 32/1024 64/4096

BMLP-1 
hidden layer

3/14 5/44 9/152 17/560 33/2144

BMLP-2 
hidden layers

N/A 3/27 5/88 7/239 11/739

BMLP-3 
hidden layers

N/A N/A 4/70 6/203 8/530

FCC 2/9 3/27 4/70 5/170 6/399

Neuron/Weight ratios for different Parity 
Problems using neural network archtectures

 
TABLE 1: NEURONS AND WEIGHTS REQUIRED BY VARIOUS 

ARCHITECTURES. 

VIII. THE PARALLEL MULTI-LAYER PERCEPTRON 

While the BMLP and FCC architectures are very 
efficient in solving the parity-N problem, their major 
drawback is the number of weights required and the need 
for cross-layer connections. It is possible to get the benefits 
of these types of architectures with a significantly reduced 
number of weights and no cross-layer connections. This is 
possible in a new architecture which utilizes one linear 
neuron in parallel with 1 or more non-linear neurons per 
hidden layer. This architecture will be referred to as the 
Parallel Muli-Layer Perceptron (PMLP).  

To understand the development of the PMLP, it is helpful 
to see its roots. Figure 7 shows the genesis of the PMLP in 
the FCC network. If one creates a network similar to that in 

Figure 5, for parity-15, the result can be seen in Figure 6 
below. Note that the neuron numbers have changed to 
correlate with Figure 8 as this will be helpful in 
understanding the upcoming proof of concept. 
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FIG. 7: MODIFIED FCC NETWORK WITH LINEAR NEURON FOR 

THE PARITY-15 PROBLEM. 
 

If one examines the weights that are circled in Figure 7, 
one can see that neuron weights are multiplied by 2 as they 
cross each layer. For example the output of neuron 2 gets a 
weight of -16 going into neuron 4, a weight of  -32 going 
into neuron 6, and a weight of -64 going into the output 
neuron. Likewise, the output of neuron 4 has a weight of 
-16 going into neuron 6 and a weight of -32 going into the 
output neuron. In other words, the initial weight, -16, is 
multiplied by 2 each time it crosses a hidden layer. 
Similarly, one may notice that the outputs of the linear 
neuron to all subsequent neurons are increased by a 
multiple of 2 for each subsequent layer starting with an 
initial weight of +1. 

Understanding the pattern of weights in Figure 7 enables 
one to prove the concept of the new architecture which 
utilizes additional linear neurons and eliminates cross layer 
connections. This new architecture is called the Parallel 
Multi-Layer Perceptron. An example of a PMLP network 
for the parity-15 problem is seen in Figure 8. 
 Proof of concept for the PMLP is obtained by deriving 
the neuron input sum for neurons 2, 4, 6, and the output 
neuron for both Figure 7 and Figure 8. The derived inputs 
for each neuron can be found in Table 2 and Table 3. 

 

 
TABLE 2: DERIVED INPUTS FOR NETWORK IN FIG. 7 

 
Notice that for the FCC network in Figure 7, it is 

relatively simple to derive the input sums for each neuron 
as the connections feeding each neuron are well defined 
and easily seen. In the derivations, a “Sum” term stands for 
the total summed input at a given neuron while an “Out” 
term stands for the bipolar output of the given neuron. Also, 
observe that if you look at the Sum equations in Table 2 that 
in each successive row the contribution (highlighted with 
blue dotted circle for clarity) from any given neuron is 2

SumN2 = (1) x SumN1 
SumN4 = (2) x SumN1 + (-16) x OutN2 
SumN6 = (4) x SumN1 + (-32) x OutN2 + (-16) x OutN4 
SumOUT = (8) x SumN1 + (-64) x OutN2 + (-32) x OutN4  

    + (-16) x OutN6
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FIG. 8: BIPOLAR IMPLEMENTATION OF A PMLP NETWORK FOR THE PARITY-15 PROBLEM. 

 
times that of the previous row. For example, the 
contribution of N1 in SumN4 is 2 x SumN1. For SumN6, it is 4 
x SumN1. This pattern repeats and is key to determination of 
the weights for the linear neurons in Figure 8. Now, we will 
derive the input sums for the same neurons in Figure 8. If 

 

 
TABLE 3: DERIVED INPUTS FOR NETWORK IN FIG. 8 

they are the same as those found in Table 2, then we have 
proven that the PMLP concept in Figure 8 yields identical 
results as the Modified FCC network in Figure 7 without 
the use of cross-layer connections. 

Note that the four highlighted equations in Table 3 are 
identical to the four equations in Table 2. This proves that 
the networks in Figure 7 and Figure 8 produce the same 
output result for any given input. Thus the adaptation of the 
network in Figure 7 to that found in Figure 8 is complete. 

The PMLP network found in Figure 8 provides many 
advantages over other network architectures. These 
advantages include: 
 All inputs only have to connect to one neuron instead of 

many. 
 All input weights are +1 and there are no biases on any of 

the neurons. 
 The number of required weights is significantly reduced. 
 There are no connections across hidden layers. 
 Weights are uniform and fixed, making design simple. 
 The only practical limitation to this design for 

implementation in hardware is the number of inputs 
into the first neuron. 

Although the PMLP network uses almost twice the 
number of neurons as the FCC network for the same 
parity-N problem, half of the PMLP network’s neurons are 
linear neurons which have a gain of +1 and are simple to 
implement. The benefit that these linear neurons add is that 
they eliminate the need for cross-layer connections. In 
essence, the linear neurons take the place of the cross-layer 
connections of the FCC network, significantly enhancing 
the practical implementation of this network architecture.  
 When working with this architecture, it is designed for 
Parity-(2N-1) (i.e. Parity-15 for N=4 and Parity-31 for 
N=5). This design will require N linear neurons and N 
bipolar neurons. The first linear neuron stands alone in the 
first hidden layer and the last bipolar neuron stands alone in 
the output layer. All output weights for the linear neurons 
will be +2, except for the first linear neuron which is +1. All 
output weights for the bipolar neurons will be –(2N). This 
architecture and design not only eliminates the need for 
cross-layer connections and significantly reduces the 

SumN2 = (1) x SumN1 

SumN3 = (1) x SumN1 

SumN4 = (-16) x OutN2 + (2) x SumN3  
 

Substitute SumN3 = (1) x SumN1  
into SumN4 equation to obtain: 

 
SumN4 = (2) x SumN1 + (-16) x OutN2 
SumN5 = (-16) x OutN2 + (2) x SumN3  
 

Substitute SumN3 = (1) x SumN1  
into SumN5 equation to obtain: 

 
SumN5 = (2) x SumN1  + (-16) x OutN2 
SumN6 = (-16) x OutN4  + (2) x SumN5  
 

Substitute SumN5 = (2) x SumN1  + (-16) x OutN2 

into SumN6  equation to obtain: 
 

SumN6 = (4) x SumN1 + (-32) x OutN2 + (-16) x OutN4 
SumN7 = (-16) x OutN4  + (2) x SumN5  
 

Substitute SumN5 = (2) x SumN1  + (-16) x OutN2 

into SumN7  equation to obtain: 
 

SumN7 = (4) x SumN1  + (-32) x OutN2 + (-16) x OutN4   
SumOUT = (-16) x OutN6 + (2) x SumN7 

 
Substitute SumN7 = (4) x SumN1  + (-32) x OutN2 
+ (-16) x OutN4  into SumN6  equation to obtain: 

 
SumOUT = (8) x SumN1 + (-64) x OutN2 + (-32) x OutN4  
                + (-16) x OutN6 
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number of total connections and weights, it is extremely 
easy to design for any positive integer, N. Results for this 
architecture were verified using the Neural Network 
Trainer [9]. 

Table 4 revisits the data summarized in Table 1 while 
adding PMLP data for comparison. As shown in Table 4, 
the PMLP architecture requires the same number of 
non-linear neurons as the FCC architecture, but requires 
significantly fewer connections and weights. Additionally, 
no cross-layer connections are required. Implementation of 
neural networks in hardware has been hindered by the 
difficulty of implementing large numbers of connections 
and weights in integrated circuits [13]. The PMLP 
architecture presented in this article provides solutions to 
these barriers. In addition to conquering these hardware 
barriers, this design significantly improves efficiency over 
the FCC architecture which has been the most efficient 
architecture to date. 

 

Architecture Parity-3 Parity-7 Parity-15 Parity-31 Parity-63

MLP 4/16 8/64 16/256 32/1024 64/4096

BMLP 3/14 5/44 9/152 17/560 33/2144

BMLP-2 
hidden layers

N/A 3/27 5/88 7/239 11/739

BMLP-3 
hidden layers

N/A N/A 4/70 6/203 8/530

FCC 2/9 3/27 4/70 5/170 6/399

PMLP* 2/7 3/15 4/27 5/47 6/83

* Number of neurons for PMLP architecture  does not include linear neurons.

Neuron/Weight ratios for different Parity 
Problems using neural network archtectures

 
TABLE 4: NEURONS AND WEIGHTS REQUIRED BY VARIOUS 

ARCHITECTURES INCLUDING PMLP. 

I. CONCLUSION 

In conclusion, neural network architectures vary in 
complexity and efficiency. Decades of research has been 
invested in improving designs, training methods, and 
efficiency yielding designs such as the MLP, BMLP, and 
FCC. The most powerful and efficient networks have been 
those with fewer neurons and connections across layers. 
Hardware implementation of the previously mentioned 
architectures is not practical due to the large number of 
connections and weights. The PMLP architecture, which 
utilizes linear neurons in parallel with non-linear neurons, 
eliminates cross-layer connections and drastically reduces 
the total number of connections and weights, resulting in a 
more powerful, more efficient architecture which is the first 
architecture that is practical to implement in hardware.  
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