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Abstract -- This paper introduces independence fault collapsing. Faults are 
grouped into independent fault subsets such that each subset has some faults 
that cannot be covered by the tests derived for any other subset. Using these 
fault subsets, optimally compact tests can be found. For an equivalence or 
dominance collapsed fault set an independence graph is generated using 
structural and functional independences. Each fault is represented as a node 
and an undirected edge between two nodes indicates independence of the 
corresponding faults; two independent faults cannot be detected by the same 
vector. A “similarity-based” collapsing procedure reduces the graph to a fully-
connected graph, whose nodes specify concurrently-testable (possibly testable 
by a common vector) fault targets for the ATPG. For the four-bit ALU (74181) 
circuit, our procedure produced 12 independent fault subsets. Each fault set 
produced one vector thus giving the smallest possible test set. 
 
1. Introduction 

The present automatic test pattern generation (ATPG) methodology is based 
on test generation for single fault targets, followed by fault simulation for fault 
dropping. Results of Table 1 [15] give the numbers of 100% coverage vectors 
from a typical ATPG program using various collapsed fault sets and show that, 
in general, we get more than the necessary number of tests. Most dynamic 
compaction procedures rely on the single fault ATPG [9, 12]. Although we cite 
only two papers, much work has been published in this area. For larger circuits, 
however, in spite of significant compaction, the minimum test set size is either 
not possible or too costly. We have not seen an ATPG or a vector compaction 
program that will produce 12 vectors for the four-bit ALU circuit [6, 10]. With 
this motivation, we intend to develop a new test generation methodology based 
on independence fault collapsing and concurrent-test generation [8]. The first of 
these concepts and its application are discussed in this paper. 

 
2. Reexamination of Fault Collapsing 

Four possible test conditions can exist between two faults. These are shown 
in Figure 1, where T(Fi) denotes the set of all test vectors for fault Fi. For 
ATPG, faults are frequently collapsed via equivalence or dominance [7]. In 
equivalence collapsing, the faults are partitioned into disjoint equivalent sets and 
then one fault from each set is targeted by the ATPG. Detection of the targeted 
faults thus implies detection of all faults. In dominance collapsing, the target set 
is further reduced. When two faults, F1 and F2, in an equivalence collapsed set 
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satisfy the relation T(F2)⊃ T(F1), meaning T(F2) dominates T(F1), fault F2 is 
dropped from the target fault set. 

Structural fault collapsing Functional fault collapsing [15] 
Equivalence Dominance Diagnostic dom. Detection dom. Circuit name 

Faults Vect. Faults Vect. Faults Vect. Faults Vect. 

Minimum 
vectors 
needed 

Full adder 38 6 30 6 12 7 6 6 5 

2-bit adder 74 9 58 8 24 6 12 9 5 

8-bit adder 290 33 226 28 96 32 48 28 5 

4-bit ALU (74181) 293 44 240 44 155 39 92 38 12 

Table 1.  Numbers of collapsed faults and vectors from an ATPG program. 
 

T(F2)

(a) F1 and F2 are equivalent. (b) F1 dominates F2.

T(F1) T(F1) T(F2)

(c) F1 and F2 are independent.

T(F2)

(d) F1 and F2 are concurrently testable. 

T(F1)=T(F2)

T(F1)

 
Figure 1. Test relations of faults F1 and F2 with tests T(F1) and T(F2). 

An equivalence collapsed fault set always, and a dominance collapsed set 
mostly, generates tests covering all or most faults. However, as Table 1 shows, 
the number of test vectors is significantly larger than the essential minimum 
number required. The reason for this is explained by Figures 1 (c) and (d). Two 
faults, F1 and F2, in the collapsed set can be either independent [5, 6], i.e., they 
have no common test, or concurrently-testable, i.e., they have some common 
tests. In the absence of any knowledge of these behaviors, we target both faults. 
If they are independent then we get two tests, which are essential. If they are 
concurrently testable then we may get one vector (if we were lucky) or two 
vectors, although only one would have been sufficient. Thus, independence and 
concurrently-testable properties of faults can improve the efficiency of tests. 

 
3. Independence Fault Collapsing 

Two faults are called independent if and only if they cannot be detected by 
the same test vector [5, 6]. Two faults that are not independent must have at 
least one common test. Such fault pairs can be classified into three categories 
shown as (a), (b) and (d) in Figure 1. Categories (a) and (b) conform to 
equivalence and dominance as have been defined in the literature [7]. We define 
(d) below: 

Definition: Two faults that neither have a dominance relationship nor are 
independent are defined as concurrently-testable faults. 
A pair of concurrently-testable faults has two types of tests: 

1. Each fault has an exclusive test that does not detect the other fault [1]. 
2. A common test detects both faults. We define this as a concurrent test. 
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Figure 2. Structural independences of faults of Boolean gates and fanout. 

 
Structural independences of faults of Boolean gates can be easily found and 

are shown in Figure 2. Here we have shown the faults after equivalence and 
dominance fault collapsing. This is because the faults with equivalence or 
dominance cannot be independent. Using the known results, many other 
independences can be determined: 

1. Implication of equivalence: If two faults are equivalent then all faults that 
are independent of one fault are also independent of the other fault. 

2. Implication of dominance: If one fault dominates a second fault then all 
faults that are independent of the first fault are also independent of the 
second fault. 
In a large circuit, not all independences can be derived by structural 

analysis. The most general independence relations are functional and we give a 
procedure to find them. Consider a combinational circuit with output function C0 
and two single stuck-at faults, Fi and Fj. We denote the faulty functions as Ci 
and Cj, respectively. For Fi and Fj to be independent, the following equation 
must be satisfied for all inputs: 

0 0(   ).(   )  0i jC C C C⊕ ⊕ =                                          (1)  
This can be written as, 

0 0 0(   )   (   )   0i i jC C C C C C⊕ ⊕ ⊕ =                                    (2) 
Equation 2 shows that if we construct a circuit 0 0(   )iC C C⊕ , then a faulty 
circuit 0(   )i jC C C⊕  will be indistinguishable when Fi and Fj are independent, 
i.e., they satisfy Equation 1. Figure 3 shows an independence identification 
procedure using an ATPG that checks for redundant faults. Here, three copies of 
the circuit under test (CUT) are made. In the third copy a fault Fi is permanently 
inserted. All three copies have the same primary inputs and their outputs are 
connected as shown in Figure 3 to construct one or more primary outputs for the 
composite circuit. An ATPG is used to detect faults in the top CUT. All faults 
that are found to be redundant are independent of Fi. If a fault Fj is found to be 
testable, the test is a concurrent test for faults Fi and Fj and can be saved for 
later use. It is assumed that both faults Fi and Fj are testable in CUT. 

By successively inserting each fault in the lower copy of CUT in Figure 3 
all pair-wise fault independences can be determined. We might point out that 
this procedure can be expensive and may be useful for small circuits only, which 
can be handled by an ATPG. For larger circuits one has to rely on the structural 
independences. Other procedures for independence identification use Boolean 
satisfiability or binary decision diagram analyses [16]. 
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Figure 3. An ATPG-based method to find all faults independent of Fi. 
 

(a) Multiplexer circuit.
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Figure 4. A multiplexer circuit and its independence graphs. 

 
3.1. Independence Graph 

An independence graph shows the independence relations between the 
faults of a circuit [16]. Each fault is represented by a node and the independence 
of two faults is represented by an undirected edge between the corresponding 
nodes. If all pairwise independences are known, then the absence of an edge 
between two nodes means that the two faults are testable by a common test; they 
can be equivalent, dominant or concurrently-testable. If the graph contains a 
dominance collapsed fault set, then the absence of an edge between two nodes 
means that the two faults are concurrently-testable. 

For the multiplexer circuit of Figure 4(a), we have a set of eight faults, {a0, 
a1, b0, b1, c0, c1, d1, e0} obtained after structural dominance collapsing by the 
Fastest program [11]. In the subscripted fault notation fault a0 means “line a 
stuck-at-0”. We construct an independence graph as shown in Figure 4(b) where 
each fault is represented as a node and an undirected edge between two nodes 
indicates the independence of the corresponding faults. The edges shown by thin 
lines are structural and are found from Figure 2. The bold-line edges in the 
independence graph represent functional independences and are found through 
the ATPG-based procedure of Figure 3. Since this graph is small, we can easily 
identify the largest clique of size four. Such identification will be impossible for 
large circuits due to the high complexity of the largest clique problem [4]. The 
heuristic algorithm of Subsection 3.3 is found to work well.  

In general, for large circuits one must rely only on structural independences 
and, therefore, the independence graph will be only partially complete. This 
would affect the minimality of the tests. In the following discussion, however, 
we will assume that all edges of the independence graph are known. An 
alternative representation of the independence graph is its connectivity matrix, 
which we will call independence matrix. The independence matrix for the eight-
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node graph of Figure 4(b) is shown in Table 2. Here an edge between the ith and 
jth faults is indicated by 1s at the intersections of the ith row and jth column. The 
independence matrix has a diagonal symmetry because independence is a 
bidirectional property. 
 
3.2. Graph Collapsing and Test Set Size 

Theorem 1 [5]: A lower bound on the number of tests required to cover all 
faults of an irredundant combinational circuit is given by the size of the largest 
clique of the independence graph, in which all edges are known.                        ■ 

A Clique is defined as a fully-connected subgraph, i.e., a subgraph in which 
every node is connected to every other node. Thus, the largest clique in the 
independence graph of Figure 4(b), as shown by a dashed line enclosure, has a 
size 4. The above theorem follows from the fact that a test for a fault in the 
clique will not detect any other fault in that clique. Finding the largest clique in a 
graph (or even the chromatic number, i.e., the size of the largest clique) is an 
NP-complete problem [4]. Heuristically, two nodes that are not connected by an 
independence edge can form a single node whose label combines the fault labels 
of both nodes. Then, all nodes that had edges connecting to the two nodes will 
have edges to the combined node. This collapsing procedure ends when the 
graph becomes fully-connected. However, depending on the order in which the 
nodes are collapsed the size of the collapsed graph can vary. We have found that 
for larger circuits it produces non-optimum result. For improved collapsing, we 
propose a new heuristic method in the next subsection.  

Once the independence graph is collapsed into a fully-connected graph (a 
single clique), the faults in each node label may require one or more tests. 
However, the concurrent tests generated for one node cannot completely detect 
all faults in any other node. Thus, the number of nodes in the clique is a lower 
bound on the number of tests. Suppose ith node contains ki faults, then any pair 
of those faults can be detected by a concurrent test. Therefore, we have 

1

  Number of tests  
2

N
i

c

i

kN
=

⎡ ⎤≤ ≤ ⎢ ⎥⎢ ⎥
∑                                     (3) 

where Nc is the number of nodes in the single-clique collapsed graph. How 
exactly those tests can be generated is discussed elsewhere [8]. 
 
3.3. A Graph Collapsing Algorithm 

For a fault, we define two metrics, computed from the independence matrix: 
 

Degree of independence (DI): This is the number of edges attached to the fault 
node and is computed for the ith fault by adding all the elements of either the ith 
row or the ith column of the independence matrix: 

1 1

 (  )    
N N

th
ij ji

j j

DI i fault x x
= =

= =∑ ∑                                      (4) 

Where xij is the element belonging to the ith row and jth column of the N×N 
independence matrix. Thus, for the fourth fault, b0, of the multiplexer circuit, the 
matrix of Table 2 gives: 

8

0 4

1

( )   = 6i

i

DI b x
=

= ∑                                             (5) 
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Similarity metric (SIM): This is a measure defined for a pair of faults that 
determines how similar they are in their independence and concurrent-testability 
with respect to the entire fault set of the circuit: 

1
 ( , )    (1  )   ij

N
x ij ik jk

k
SIM fault i fault j N x x x

=
− − = + − −∑               (6) 

The similarity metric ranges between 0 and N. When fault-i and fault-j are 
independent, xij = 1, and the metric assumes the largest value N. When the faults 
are not independent, the metric is simply the Hamming distance between the 
corresponding row or column vectors of the independence matrix. Although a 0 
value may not indicate equivalence of any pair of faults, the similarity metric of 
two equivalent faults will be exactly 0. The pair-wise similarity metrics for the 
eight faults of the multiplexer circuit (Figure 4(a)) are shown in Table 2. 

    
Table 2. Independence matrix (left) and similarity matrix (right)  for 

multiplexer of Figure 4(a). 
The similarity metric and similarity index (defined below) are used to 

determine how likely a fault is for detection by a vector that also detects another 
fault or a group of faults. Notice that the faults that we are considering are 
neither equivalent nor have dominance relations because of the prior fault 
collapsing. These measures differ from the “level of similarity” defined in the 
literature [13], which determines how close a fault is to being equivalent or 
dominant with respect to another fault. Independence collapsing algorithm is: 
• Compute the degree of independence for all faults and the similarity metric 

for each pair of faults. 
• Starting with an empty graph, place faults in an order of decreasing degree 

of independence. Create the first node consisting of the fault with the 
highest degree of independence. 

• Until all faults placed, place a fault F with the same or the next highest 
degree of independence: 

- Compute a similarity index for F for each existing node i as: 
1  ( ,      )thK

k SIM F k fault of node iMax =  
where K is the number of faults in node i. 

- If the similarity index for all nodes is N (maximum value), i.e., all 
nodes contain at least one fault that is independent of F, then create a 
new node for F. Otherwise, place F in the node for which it has the 
smallest similarity index.                                                                        ■ 

This algorithm groups faults into nodes such that the similarity metrics 
among faults within each group are minimized. This increases the possibility of 
finding a single concurrent test for the group. For the multiplexer circuit, we 
order the faults in the decreasing order of their degree of independence (shown 
in parenthesis) as: a0 (6), b0 (6), a1 (5), b1 (5), d1 (5), e0 (5), c1 (4), and c0 (4). The 
collapsed graph is shown in Figure 4(c). We start with a0 and create the first 

  a1 a0 b1 b0 c1 c0 d1 e0 
a1 0 8 8 8 8 1 8 0 
a0 8 0 8 8 8 2 8 8 
b1 8 8 0 8 1 8 0 8 
b0 8 8 8 0 2 8 8 8 
c1 8 8 1 2 0 8 1 8 
c0 1 2 8 8 8 0 8 1 
d1 8 8 0 8 1 8 0 8 
e0 0 8 8 8 8 1 8 0 

 a1 a0 b1 b0 c1 c0 d1 e0 
a1 0 1 1 1 1 0 1 0 
a0 1 0 1 1 1 0 1 1 
b1 1 1 0 1 0 1 0 1 
b0 1 1 1 0 0 1 1 1 
c1 1 1 0 0 0 1 0 1 
c0 0 0 1 1 1 0 1 0 
d1 1 1 0 1 0 1 0 1 
e0 0 1 1 1 1 0 1 0 
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node for it. Since SIM (b0, a0) = 8 (indicating independence), we create a new 
node for b0. Similarly, two new nodes are created for a1 and b1 because they are 
independent of each other as well as independent of both a0 and b0. Next, d1 is 
placed in the node with b1 because it has the lowest similarity index for that 
node. Proceeding in similar ways, all other faults are placed as shown in Figure 
4(c). The edges in the collapsed graph indicate that a minimal set of tests for 
faults in any node cannot completely cover the faults in any other node.  

The independence graph and its collapsed clique of size 4 (Nc = 4) are 
shown in Figure 4(c). Formula 3 gives the lower and upper bounds on the 
number of test vectors as 4 and 6, respectively. In Section 4, we will see that 
concurrent test generation provides four vectors for this circuit. This circuit has 
a reconvergent fanout, which can cause additional (functional) fault dominances 
not found by structural fault collapsing. If we use functional dominance 
collapsing [2, 3, 14] we will find that faults b1 and c1 can be eliminated because 
they functionally dominate d1. Similarly, a1 and c0 can be eliminated because 
they dominate e0. That will leave just one fault in each node of the collapsed 
graph of Figure 4(c). 
 
4. Concurrent Test Generation 

Using a concurrent test generation algorithm [8], we derived tests for faults 
in each node of Figure 4(c). Four tests were obtained, {a, c, b} = 011, 100, 110 
and 001, for fault sets, {b1, d1, c1}, {a1, e0, c0}, a0 and b0, respectively. 

The circuit diagram of the four-bit ALU (74181) used in this work is given 
in [8]. The exclusive-OR gates were implemented by four-NAND gate 
subcircuits. We obtained a collapsed set of 92 faults through functional 
dominance collapsing [15]. From this set, eight redundant faults were removed 
leaving 84 faults to be tested. An independence graph was obtained using the 
structural and functional independence identification methods of Section 3. The 
algorithm of Subsection 3.3 collapsed all faults into 12 nodes shown in Table 3. 
The maximum similarity indexes of faults within groups range between 21 and 
49. Further shuffling of faults may reduce this but we did not attempt that. 

 
Faults in node 

Detected from Node 
no. 

Max. 
sim. 

index 
in node 

Total Targeted This 
node 

Other 
nodes 

Cumu- 
lative 
fault 

coverage 

Test vectors 
(input bit order 

as in circuit 
diagram of [8]) 

1 21 5 5 5 6 11 01001111010001 
2 29 3 3 3 2 16 01001111110101 
3 41 8 7 7 3 26 01011101000001 
4 37 3 3 3 3 32 101x0101010000 
5 43 5 3 3 4 39 10100101011000 
6 49 6 6 6 2 47 11111000001001 
7 49 7 4 4 3 54 11100000100000 
8 38 14 11 11 1 66 11100110101011 
9 47 8 6 5 1 72 10010100110101 

10 41 8 4 3 2 77 1x101011101100 
11 43 8 3 3 1 81 01010000101100 
12 36 9 2 2 1 84 1x011110001100 

Table 3. Concurrent test generation for 4-bit ALU (74181) circuit. The 
input bit order for vectors in the last column is [8]: {s3, s2, s1, s0, b3, a3, b2, 
a2, b1, a1, b0, a0, m, c_n}. 
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For concurrent test generation, nodes were targeted in the order they are 
listed in Table 3. For example, the first node has 5 faults and all were targeted 
simultaneously [8]. The test vector, shown in the last column, detected all 5 
targeted faults. Fault simulation of that vector showed that it detected 6 faults 
from other nodes, giving a cumulative coverage of 11. Although there were very 
few don't care bits in these vectors they were enumeratively filled during fault 
simulation and the combination of values that covered most extra faults was 
retained. The don't care bits shown in Table 3 are those that did not affect the 
fault coverage. For subsequent nodes, already detected faults were not targeted. 
Thus, node 3, which has 8 faults, only provided 7 target faults. By the time we 
reached the twelfth node, 7 of its faults had been detected and one fault from a 
previous node was left over. All three were detected by the twelfth vector. The 
set of 12 vectors in Table 3 is the smallest possible for this circuit [6, 10]. 
 
6. Conclusion 

This paper is an attempt to present new ideas that have not been discussed 
before. Our search of the literature has found no references to the independence 
fault collapsing and concurrent test, introduced in this paper. The algorithms 
presented here give minimal test sets. However, the problem of completely 
determining all edges of the independence graph is complex and there is need to 
extend the procedure for incompletely-specified independence graph [8]. 
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