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Abstract This paper is an exposition of recent ad-
vances made in polynomial coefficient and V-transform
coefficient based testing of parametric faults in linear
and non-linear analog circuits. V-transform is a non-
linear transform that increases the sensitivity of poly-
nomial coefficients with respect to circuit component
variations by three to five times. In addition, it makes
the original polynomial coefficients monotonic. Using
simulation, the proposed test method is shown to un-
cover most parametric faults in the range of 5–15 % on
a low noise amplifier (LNA) and an elliptic filter bench-
mark. Diagnosis of parametric faults clearly illustrates
the effect of enhanced sensitivity through V-transform.
Finally, we report an experimental validation of the
polynomial coefficient based test scheme, with and
without V-transform, using the National Instruments’
ELVIS bench-top testbed. The result demonstrates the
benefit of V-transform.
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1 Introduction

Non-linear circuit testing has been researched and
different methods have been proposed for finding para-
metric faults [1–5, 7, 9, 12]. Prominent among them in
the industry is the IDDQ based testing where current
from the supply rail is monitored and sizable deviation
from its quiescent value is reported. However this re-
quires augmentation of the CUT. For example, in the
simplest case a regulator supplying power to any sizable
circuit has to be augmented with a current sensing re-
sistor and an ADC (for digital output) and then there is
subsequent analysis to be performed on sensed current.
Further IDDQ is suitable only for catastrophic faults as
the current drawn from the supply is distinguishable
only when there is some “big enough” fault so as to
change the current drawn from the supply from its
quiescent value to a region where it is distinguishable.
For example with resistor R2 being open in Fig. 1, the
current drawn from supply can change by 50 % of its
quiescent value. Such faults can typically be found by
monitoring IDDQ using a current sensor. However para-
metric deviations say lesser than 10 % from its nominal
value cannot be observed using this scheme, specially so
in the deep submicron era where the leakage currents
can be comparable with defect induced current [6]. It
is therefore interesting to develop a method to detect
parametric faults while DC testing with lesser circuit
augmentation.

To address the issue of parametric deviation, we
would typically need more observables to have an idea
about the parametric drift in circuit parameters. This
would mean an increase in complexity of the sens-
ing circuit. However, we would also want only little
augmentation to tap any of the internal circuit nodes
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Fig. 1 Cascade amplifier

or currents. To overcome these seemingly contrasting
requirements the method intended should have some
way of “seeing through” the circuit with only the out-
puts and inputs at its disposal. References [8, 10] have
accomplished this sort of a strategy for linear circuits in
a different context as described next.

Savir and Guo describe a method [8] based on trans-
fer function description of CUT. The transfer function,
H(s), of the CUT is expressed as in Eq. 1:

H(s) =

M∑

i=0
aisi

N∑

i=0
bisi

(M < N) (1)

Here, ai and bi are referred to as transfer function
coefficients (TFCs). The CUT is subjected to frequency
rich input signals and the output at these frequencies is
observed. With these input-output pairs they estimate
the TFCs of CUT. These coefficients are now com-
pared with the ideal circuit TFCs, which are known
a priori. The CUT is classified faulty if any of the
estimated coefficients are beyond the tolerable range.
This method necessarily needs the CUT to be linear, as
transfer functions are possible only for LTI systems.

To extend the above idea to more general non-
linear circuits we adopted a strategy in [15] where we
expand the function of the circuit as a polynomial by
the Taylor’s series expansion about the input voltage
magnitude vin at a given frequency, as follows:

vout = f (vin) = f (0) + f ′(0)

1! vin + f ′′(0)

2! v2
in + f ′′′(0)

3! v3
in

· · · + f (n)(0)

n! vn
in + · · · (2)

where f (x) is a real function of x. Ignoring the higher
order terms in Eq. 2, we can expand vout up to the nth

power of vin (RMS value of the input), which gives us
the approximation in Eq. 3:

vout = a0 + a1vin + a2v
2
in + · · · + anv

n
in (3)

where a0, a1, a2, . . . , an are all real-valued functions of
circuit parameters pk∀k. Further, assume that normal
parameter variations (normal drift) in a good circuit
are within a fraction α of their nominal value, where
α << 1. This means that every parameter pi is al-
lowed to vary within the range pk,nom(1 − α) < pk <

pk,nom(1 + α) ∀k, where pk,nom is the nominal value of
parameter pk. Whenever one or more of the coefficient
values slip outside its individual hyper-cube we get a
different set of coefficients that reflects a detectable
fault. Therefore, Eq. 4 describes a hypercube for all
parameters that correspond to either good machine
values or undetectable parameter faults [2, 8, 12]:

ai,min < ai < ai,max ∀ai, 0 ≤ i ≤ n (4)

Test methodology: The magnitude of the input sig-
nal is swept from 0 through the maximum DC sup-
ply voltage (Vdd). The magnitude of the circuit out-
put to this input signal is used to compute the poly-
nomial coefficients or V-transform coefficients (de-
scribed later). Each of the computed coefficients is
compared against the minimum/maximum bound on
the coefficient found by simulating the circuit for all
the parametric faults exhaustively (while allowing other
components to assume values everywhere in their fault
free range.) If any of the computed coefficients lie
outside the pre-computed minimum/maximum range,
then the circuit is classified as faulty else it is passed.

This paper is organized as follows. Section 2 we state
previously published results [14, 15] on the polynomial
expansion of function f (vin) and notions of detectable
fault sizes. Section 3 outlines V-transform and the re-
sulting sensitivity improvement. In Section 4 we de-
scribe the problem at hand and discuss the proposed
solution with an example. In Section 5 we generalize
the test solution to an arbitrarily large circuit. Section 6
outlines fault diagnosis. Section 7 presents the simu-
lation results for a low noise amplifier and an elliptic
filter. Section 8 presents an experimental validation of
both the test schemes on a benchmark elliptic filter. We
conclude in Section 9.

2 Background

The coefficients ai, 0 ≤ i ≤ n, are in general non-linear
functions of circuit parameters pk∀k. The rationale in
using these coefficients as metrics in classifying CUT as
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faulty or fault free is based on the premise of depen-
dence of coefficients on circuit parameters.

Theorem 1 If coef f icient ai is a monotonic function of
all parameters, then ai takes its limit (maximum and
minimum) values when at least one or more of the
parameters are at the boundaries of their individual
hypercube.

Lemma 1 If coef f icient ai is a non-monotonic function
of one or more circuit parameters pi, then ai can take its
limit values anywhere inside the hypercube enclosing the
parameters.

By Theorem 1 and Lemma 1 it is clear that by
exhaustively searching the space in the hypercube of
each parameter we can get the maximum and minimum
values of the polynomial coefficient. Typically this can
be formulated as a non-linear optimization problem to
find the maximum and minimum values of coefficient
with constraints on parameters allowing only a normal
drift.

Theorem 2 In polynomial expansion of Non-Linear
Analog circuit there exists at least one coef f icient that
is a monotonic function of all the circuit parameters.

In conclusion, from Lemma 1 and Theorem 2, circuit
parameter deviations have a bearing on coefficients and
the monotonically varying coefficients can be used to
detect parametric faults of the circuit parameters [15].

Definition A minimum size detectable fault (MSDF),
ρ, for a parameter is defined as the minimum fractional
deviation of the circuit parameter from its nominal
value for it to be detectable with all other parameters
held at their nominal values. The fractional deviation
can be positive or negative and is named upside-MSDF
(UMSDF) or downside-MSDF (DMSDF) accordingly.

If ψ is the set of all coefficient values spanned by the
parameters while varying within their normal drifts, i.e.,

ψ = {υ0, υ1, · · · , υn |υ0 ∈ A0, υ1 ∈ A1, · · · , υn ∈ An}
∀k pk,nom(1 − α) < pk < pk,nom(1 + α)

then by definitions of MSDF, ψ includes all possible
values of coefficients that are not detectable. Any para-
metric fault inducing coefficient value outside the set ψ

will result in a detectable fault.

3 The V-Transform

V-transform coefficients as an analog test metric were
first introduced in reference [13]. However, in the in-
terest of completeness of this article, we reproduce all
the major details of the transformation. We define V-
transform coefficients as follows: if C1, C2 · · · Cn are
polynomial coefficients of CUT then their V-transform
coefficients, VC1, VC2 · · · VCn , are

VCi = eγ C
′
i ∀ 0 ≤ i ≤ n (5)

where C′
i are the modified polynomial coefficients

defined indirectly as follows

dC′
i

dp j
=

∣
∣
∣
∣
dCi

dpj

∣
∣
∣
∣ ∀ 0 ≤ i ≤ n (6)

The modification C′
i according to Eq. 6 ensures that the

modified polynomial coefficients are monotonic with
the polynomial coefficients. Further, the V-transform
coefficients (VTC) are exponential functions of the
modified polynomial coefficients and γ is a sensitivity
parameter chosen according to the desired sensitivity.
The gain in sensitivity of V-transform coefficients to
circuit parameters over the sensitivity of ordinary poly-
nomial coefficients is given by

S
VCi
pi

SCi
pi

=

∣
∣
∣
∣
dCi

dpi

∣
∣
∣
∣ γ eγ C′

i • pi

eγ C′
i

dCi

dpi
• pi

Ci

= γ Ci (7)

Choices of γ = 3, for instance, results in a 3 times
more sensitive coefficient to circuit parameters. The
sensitivity increase is due to enhancement of correla-
tion of the V-transform coefficient to specific compo-
nents, unlike amplification, where each coefficient is
multiplied by a factor (in which case immunity to noise
of these coefficients becomes a concern.) Put another
way, observing V-transform coefficient makes variation
of a specific component perceptible while masking (or
inhibiting the impact of) variation in other components.

4 Problem and Approach

We shall first illustrate with an example the calculation
of limits of the polynomial coefficients for a simple
circuit using MOS transistors. We shall follow this up
with MSDF values for the circuit parameters.
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Example 1 Two stage amplifier: Consider the cascade
amplifier shown in Fig. 1. The output voltage Vout

in terms of input voltage results in a fourth degree
polynomial:

Vout = a0 + a1vin + a2v
2
in + a3v

3
in + a4v

4
in (8)

where constants a0, a1, a2, a3 are defined symbolically
in Eq. 9 for transistors M1 and M2 operating in the sat-
uration region. Nominal values of VDD = 1.2 V, VT =
400 mV,

( W
L

)
1 = 1

2

( W
L

)
2 = 20, and K = 100 μA/V2 are

used for this example.

a0 = VDD − R2 K
(

W
L

)

2

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(VDD − VT)2 +

R2
1 K2

(
W
L

)2

1
V4

T−

2(VDD − VT)R1

(
W
L

)

1
V2

T

⎫
⎪⎪⎪⎪⎪⎬
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a1 = R2 K
(

W
L

)

2

⎧
⎪⎪⎨

⎪⎪⎩

4R2
1 K2

(
W
L

)2

1
V3

T
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(
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)

1
VT

⎫
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a2 = R2 K
(

W
L

)

2

⎧
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2(VDD − VT)R1 K
(

W
L

)

1

−6R2
1 K2

(
W
L

)2

1
V2

T

⎫
⎪⎪⎬
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a3 = 4VT K3
(

W
L

)2

1

(
W
L

)2

2
R2

1 R2

a4 = −K3
(

W
L

)2

1

(
W
L

)2

2
R2

1 R2

(9)

To find the limit values of the coefficient a0 we
assume that parameters R1 and R2 deviate by fractions
x and y from their nominal values, respectively. To
maximize a0 we have the objective function (10) subject
to constraints (11) through (15). Note that here we have
set out to find MSDF of R1. Similar approach can be
used to find the MSDF of R2.

1.2 − R2,nom(1 + y)

⎧
⎪⎨

⎪⎩

2.56 × 10−3+
1.024 × 10−7 R2

1,nom(1 + x)2

−5.12 × 10−4 R1,nom(1 + x)

⎫
⎪⎬

⎪⎭

(10)

Table 1 MSDF for cascade amplifier of Fig. 1 with α = 0.05

Circuit % upside % downside
parameter MSDF MSDF

Resistor R1 10.3 7.4
Resistor R2 12.3 8.5

4.096 × 10−9 R2
1,nom(1 + x)2 R2,nom(1 + y)

+ 5.12 × 10−6 R1,nom(1 + x)R2,nom(1 + y)

= 4.096 × 10−9 R2
1,nom(1 + ρ)2 R2,nom

+ 5.12 × 10−6 R1,nom(1 + ρ)R2,nom (11)

1.28 × 10−5 R1,nom(1 + x)R2,nom(1 + y)

− 1.536 × 10−8 R2
1,nom(1 + x)2 R2,nom(1 + y)

= 1.28 × 10−5 R1,nom(1 + ρ)R2,nom

− 1.536 × 10−8 R2
1,nom(1 + ρ)2 R2,nom (12)

2.56 × 10−8 R2
1,nom(1 + x)2 R2,nom(1 + y)

= 2.56 × 10−8 R2
1,nom(1 + ρ)2 R2,nom (13)

1.6 × 10−8 R2
1,nom(1 + x)2 R2,nom(1 + y)

= 1.6 × 10−8 R2
1,nom(1 + ρ)2 R2,nom

(14)

−α ≤ x, y ≤ α (15)

The extreme values for x and y are obtained by solving
the set of Eqs. 10–15. We get x = −α and y = −α and
this gives the MSDF for R1, as

ρ = (1 + α)1.5 − 1 ≈ 1.5α − 0.375α2 (16)

Table 1 gives the MSDF for R1 and R2 based on the
above calculation.

5 Generalization

The computation of the previous section is too complex
for arbitrarily large circuits. Such circuits are handled
by first obtaining a nominal numeric polynomial ex-
pansion for them. This is done by sweeping the input
voltage across all possible values and noting the corre-
sponding output voltages. The output voltage is plotted
against the input voltage. A polynomial is fitted to this
curve and the coefficients of this polynomial are taken
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Fig. 2 Fault simulation
process and bounding of
coefficients (Flowchart I),
and complete test procedure
(Flowchart II)
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to be the nominal coefficients for the desired poly-
nomial. A V-transform curve is now obtained based
on the polynomial curve using the transformation in
Eq. 5. The circuit is simulated for different drifts in the
parameter values at equally spaced points from inside
the hypercube enclosing each circuit parameter, spaced
ε apart. Polynomial coefficients and hence V-transform
coefficients are obtained for each of these simulations.
The maximum and minimum values of coefficient in
this search are taken as the limiting values for that
coefficient. Once the limiting values for all coefficients
have been determined the CUT is subjected to a DC
sweep at the input and the output response is curve-
fitted using a polynomial of the same order as that used
for the fault free circuit. The V-transform coefficients
for CUT are now obtained. If there are any coefficients
that lay outside the limiting values of the correspond-
ing coefficients of the fault free circuit, we conclude
that CUT is faulty. The converse need not be true as
there could be other specifications, the circuit needs
to meet, which are not captured by polynomial based
test. Flowchart I of Fig. 2 summarizes the process of

numerically finding the V-transform coefficients and
their bounds. Flowchart II in Fig. 2 outlines a procedure
to test CUT using the V-transform coefficients. The
bounds on coefficients of fault free circuit are found a
priori as shown in Flowchart I of Fig. 2.

6 Fault Diagnosis

Fault diagnosis involves the location of likely fault sites
in a CUT given that the CUT has failed an applied
test giving a particular response. Fault diagnosis using
sensitivity of output to circuit parameters has been
investigated [16, 17]. We have extended this approach
of diagnosis exploiting the sensitivity of polynomial
coefficients to circuit parameters. The advantage of this
approach is improved fault diagnosis without circuit
augmentation. Sensitivity of ith coefficient Ci to kth

parameter pk is represented by SCi
pk

and is expressed as,

SCi
Pk = pk

Ci

∂Ci

∂pk
(17)
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Fig. 3 Low noise amplifier (LNA) schematic

6.1 Computation of Sensitivities

Numerical computation of sensitivities given by Eq. 17
is accomplished by introducing fractional drifts (= α)

in each component (pk ∀k); simulating the circuit and
measuring the fractional drift in each coefficient of the
polynomial resulting from curve fitting operation. This
way the numerical sensitivities are computed and a
dictionary is maintained for sensitivities. The order of
complexity in computation of sensitivities is linear in
the number of circuit parameters (N), i.e., O(N).

Table 2 LNA specification

Performance parameter Nominal value

Gain (dB) 16
I I P3 (dBm) −18
Noise figure (dB) 9.1
S11 (dB) −16.5

Fig. 4 I/O response of LNA at four frequencies
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Fig. 5 Comparison of I/O plots of LNA at 3 different values of
load resistance RL = 95 k	, 100 k	 (nominal), 105 k	

6.2 Diagnosing Parametric Faults

Restricting to single parametric faults, we find the
descending order of sensitivities of all coefficients to
parameters, depending on the coefficients that have
exceeded their limit values. The parameter with high-
est sensitivity is said to be at fault with a probability
P(δpk|δCi) which can be interpreted as the confidence
in diagnosing the fault, given by:

P(δpk|δCi) = φ

(
SCi

pk
δpk

δCi

)

(18)

where δpk is the suspected drift in parameter pk and
δCi is the measured drift in coefficient. Note that φ

in Eq. 18 is a probability measure [11], dependent on

Table 3 Parameter combinations leading to maximum values of
coefficients with α = 0.05

Component a0 a1 a2 a3 a4 a5

(ohm, nH, fF)

Rbias = 10 10 10 10.5 10.5 9.5 10.5
LC = 1 1 0.95 1.05 0.95 1.05 1
CC1 = 100 95 95 95 95 95 105
L1 = 1.5 1.425 1.5 1.5 1.425 1.575 1.425
L2 = 1.5 1.5 1.425 1.425 1.575 1.5 1.5
Lf = 1 1.05 1.05 1.05 1 1.05 1
Cf = 100 105 95 95 105 95 95
CC2 = 100 95 100 105 95 95 95
Rbias1 = 100k 105k 105k 100k 105k 105k 95k
Rbias2 = 100k 105k 95k 100k 95k 95k 95k
RL = 100k 100k 95k 95k 100k 105k 100k

Table 4 Parameter combinations leading to Min values of
coefficients with α = 0.05

Component a0 a1 a2 a3 a4 a5
(ohm, nH, fF)

Rbias = 10 10 9.5 9.5 10 10 10
LC = 1 1.05 0.95 0.95 1 1 0.95
CC1 = 100 100 105 95 100 95 105
L1 = 1.5 1.425 1.5 1.575 1.575 1.575 1.575
L2 = 1.5 1.5 1.575 1.5 1.425 1.425 1.5
Lf = 1 1.05 1.05 0.95 0.95 1 0.95
Cf = 100 105 95 95 105 105 105
CC2 = 100 95 105 100 105 95 105
Rbias1 = 100k 100k 95k 105k 105k 95k 100k
Rbias2 = 100k 100k 105k 95k 95k 105k 95k
RL = 100k 95k 100k 95k 100k 105k 95k

δpk, δCi and SCi
pk

. For example, if sensitivity of some
coefficient, say C1 to parameter p1 is 5 %, measured
drift in coefficient value is 10 % and we suspect that
the parameter drift is 10 % then the probability of
this being true, by assuming φ to be an exponential
probability measure, is e

−.05×.1
.1 = .95. Single parametric

faults in the LNA of Fig. 3 were diagnosable with up
to 95 % confidence level. The results are tabulated in
Table 5 for several injected single parametric faults.

7 Simulation Results

Example 1 Low Noise Amplif ier (LNA). We simulated
a Low noise amplifier shown in Fig. 3 for polynomial
coefficient based test. Notice that the bias current Ibias

shown in the figure is derived from a current mirror
powered by band-gap reference circuitry (not shown).
The circuit parameter values were chosen to meet
performance specifications tabulated in Table 2. We
used parametric faults of sizes α = 5 % from their
nominal value to find min-max values of coefficients.
Figure 4 shows the simulated response at four different
frequencies, namely, f = 1, 10, 15 and 35 GHz and

Table 5 Results of test and diagnosis of some injected faults for
LNA.

Circuit parameter Coefficients that Detected Diagnosed
are out of bounds fault sites

Rbias down 25 % a0 − a4 Yes Rbias

LC down 15 % a2, a5 Yes LC or CC1

CC1 up 10 % a1, a2, a3 Yes CC1 or LC

L1 down 25 % a0 − a4 Yes L1

L2 up 15 % a0, a4 Yes L2

Lf up 10 % a1, a2 Yes Lf or Cf

Cf up 10 % a4, a5 Yes Lf

CC2 down 10 % a4, a5 Yes CC2
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Fig. 6 Elliptic filter

the estimated polynomials obtained by curve fitting a
fifth order polynomial are given by Eqs. 19 through 22,
respectively. To obtain these curves, input offset volt-
age is varied from 0 through 5 V as shown (on X-axis),
while measuring the output voltage magnitude at each
of these input voltage points. As we can see in the figure
(on the far right), the output magnitude at 35 GHz,
drops to about 72 % its value at preceding three fre-
quencies, which confirms (in close neighborhood of)
35 GHz as the 3dB cut-off, and thereby the ultra-wide
bandwidth LNA designed and tested in this example.
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Fig. 7 Curve-fitting polynomial with coefficients at frequency =
100 Hz

Figure 5 compares the I/O response of the LNA for
three different value of the load resistance RL.

vout = (
2.5 − 1.498vin − 1.2688v2

in

+ 1.139v3
in − 0.88514v4

in + 0.039463v5
in

) × 10−3

(19)

vout = (
2.36 − 1.348vin − 1.3268v2

in

+ 1.049v3
in − 0.63614v4

in + 0.04443v5
in

) × 10−3

(20)
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Fig. 8 Curve-fitting polynomial with coefficients at frequency =
900 Hz
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The combinations of parameter values leading to
limits on the coefficients are as shown in Tables 3
and 4. Some of the circuit parameters are not shown
in the table because they do not appear in any of
the coefficients and are kept at their nominal values.
Further, results on pass/fail detectability of few injected
faults are tabulated in Table 5. Last column in Table 5
shows the diagnosed results of a few injected faults
using sensitivity of polynomial coefficients to circuit
parameters as described in Section 6.

Table 6 Parameter combinations leading to Max and Min values of polynomial coefficients of elliptic filter with α = 0.05 at 1,000 Hz

Nominal values a0,max a1,max a2,max a3,max a4,max a5,max a0,min a1,min a2,min a3,min a4,min a5,min

Circuit parameters: resistance in 	, capacitance in Farad
R1 = 19.6 k 18.6k 18.6k 20.5k 20.5k 20.5k 18.6k 18.6k 18.6k 18.6k 18.6k 20.5k 20.5k
R2 = 196k 205k 205k 205k 205k 186k 186k 205k 186k 186k 205k 205k 205k
R3 = 147k 139k 139k 154k 139k 139k 139k 139k 139k 154k 139k 139k 139k
R4 = 1k 950 950 1.05k 1.05k 1.05k 1.05k 1.05k 950 1.05k 950 950 1.05k
R5 = 71.5 75 67 75 67 67 75 75 75 67 67 75 67
R6 = 37.4k 35k 39k 39k 35k 35k 39k 39k 39k 35k 35k 35k 35k
R7 = 154k 146k 146k 161k 161k 146k 146k 146k 146k 161k 161k 146k 146k
R8 = 260 247 273 273 247 247 273 273 247 273 247 273 247
R9 = 740 703 777 703 703 777 703 703 703 777 703 703 703
R10 = 500 475 525 525 475 525 525 475 525 475 475 525 475
R11 = 110k 115k 115k 115k 104k 104k 104k 115k 115k 104k 115k 104k 104k
R12 = 110k 104k 104k 115k 115k 115k 115k 115k 115k 104k 104k 115k 104k
R13 = 27.4k 28.7k 26k 26k 26k 28.7k 28.7k 26k 26k 28.7k 26k 28.7k 26k
R14 = 40 42 38 42 38 38 42 42 38 42 42 38 42
R15 = 960 912 912 912 912 912 1k 1k 1k 912 1k 912 912
C1 = 2.67n 2.5n 2.5n 2.5n 2.5n 2.5n 2.5n 2.8n 2.5n 2.8n 2.8n 2.8n 2.5n
C2 = 2.67n 2.5n 2.8n 2.8n 2.5n 2.8n 2.8n 2.8n 2.8n 2.5n 2.8n 2.5n 2.8n
C3 = 2.67n 2.8n 2.8n 2.8n 2.5n 2.8n 2.8n 2.8n 2.8n 2.8n 2.5n 2.8n 2.8n
C4 = 2.67n 2.5n 2.8n 2.5n 2.5n 2.5n 2.5n 2.5n 2.5n 2.8n 2.5n 2.5n 2.8n
C5 = 2.67n 2.5n 2.5n 2.5n 2.5n 2.5n 2.8n 2.8n 2.8n 2.8n 2.8n 2.8n 2.8n
C6 = 2.67n 2.5n 2.8n 2.5n 2.8n 2.5n 2.8n 2.5n 2.5n 2.8n 2.8n 2.8n 2.5n
C7 = 2.67n 2.5n 2.8n 2.8n 2.8n 2.8n 2.5n 2.8n 2.5n 2.5n 2.5n 2.5n 2.8n



766 J Electron Test (2012) 28:757–771

Fig. 11 DC response of
elliptic filter with curve fitting
polynomial and V-transform
plot
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Simulated
5th degree polynomial Vc5 = 1.0402

Vc4 = 1.6572
Vc3 = 8.4224
Vc2 = 12.7904
Vc1 = 33.0492
Vc0 = 93.1396

a5 = 0.039463
a4 = −0.50514
a3 = 2.1309
a2 = −2.5487
a1 = −3.498
a0 = 4.5341

Table 7 Parameter
combinations leading to
minimum values of
V-transform coefficients for
elliptic filter with α = 0.05 at
DC

Circuit Vc0 Vc1 Vc2 Vc3 Vc4 Vc5

parameter (	)

R1 = 19.6k 20.5k 18.6k 18.6k 20.5k 20.5k 20.5k
R2 = 196k 205k 186k 205k 205k 205k 186k
R3 = 147k 150k 139k 139k 146k 154k 139k
R4 = 1k 1010 950 950 950 950 950
R5 = 71.5 80 70 70 80 70 80
R6 = 37.4k 39.2k 39.2k 39.2k 39.2k 35.5k 39.2k
R7 = 154k 146k 146k 161k 146k 161k 161k
R11 = 110k 104k 104k 115k 104k 115k 115k
R12 = 110k 115k 104k 115k 115k 115k 115k

Table 8 Parameter
combinations leading to
maximum values of
V-transform coefficients for
elliptic filter with α = 0.05 at
DC

Circuit Vc0 Vc1 Vc2 Vc3 Vc4 Vc5

Parameter (	)

R1 = 19.6k 18.6k 20.5k 20.5k 20.5k 18.6k 18.6k
R2 = 196k 186k 205k 186k 186k 186k 205k
R3 = 147k 139k 154k 154k 154k 139k 154k
R4 = 1k 950 1010 1010 1010 1010 1010
R5 = 71.5 70 80 80 70 80 70
R6 = 37.4k 37.4k 37.4k 37.4k 37.4k 37.4k 37.4k
R7 = 154k 161k 161k 146k 161k 146k 146k
R11 = 110k 115k 115k 104k 115k 104k 104k
R12 = 110k 104k 115k 104k 104k 104k 104k

Table 9 Simulation results
for some injected faults in
elliptic filter

Circuit Out of bound Fault Out of bound Fault
Parameter polynomial detection? V-transform detection?

coefficient coefficient

R1 down 5 % a3, a4 Yes Vc0 − Vc4 Yes
R2 down 10 % a2 Yes Vc2 , Vc5 Yes
R3 up 5 % a3 Yes Vc1 , Vc2 , Vc3 Yes
R4 down 10 % a0 Yes Vc0 − Vc4 Yes
R5 up 10 % a4 Yes Vc0 , Vc4 Yes
R7 up 5 % None No Vc1 , Vc2 Yes
R11 up 5 % None No Vc4 , Vc5 Yes
R12 down 5 % None No Vc4 , Vc5 Yes
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Table 10 Parametric fault
diagnosis of elliptic filter with
confidence levels ≥ 88 %

Injected Diagnosed fault sites Deduced
fault DC 100 Hz 900 Hz 1,000 Hz 1,100 Hz fault

R1 R1 R1 R1, R2 R1, R2 R1 R1
dn 15 % R4 C1 C1
R2 R2 R2 R2, R3 R2, R3 R2 R2

dn 10 % C1 C1 C1
R3 R1 R3 R3, R4 R3 R3, C3 R3

up 5 % R3 C3 C3 C3

R4 R1 R1 R2, R4 R1, R2 R1, R2 R4
dn 20 % R4 R4 C1 R4 R4
R5 R5 R5 R4, R5 R4, R5 R5, R6 R5
up 15 % C2 C2 C3
R7 R3 R7 R3, R7 R3, R6 R3, R7 R7

dn 10 % R7 C3 R7 C3

Example 2 Elliptic f ilter. We simulated an elliptic filter
shown in Fig. 6 at four different frequencies namely
f = 100, 900, 1,000 and 1,100 Hz and DC. The circuit
response, superposed with a fifth order curve fit poly-
nomial is plotted in Figs. 7, 8, 9 and 10. The polynomial
coefficient expressions for each of these and used both
the V-transform and polynomial based test schemes to
uncover injected faults. Table 6 shows the combination
of component values that lead to minimum and maxi-
mum values of polynomial coefficients at 1000 Hz. This
computation of min-max polynomial coefficient devia-
tions should be carried out at other frequencies as well
if we need better diagnostic resolution. Figure 11 shows
the polynomial curve fit response and the V-transform
response of the elliptic filter at DC. Tables 7 and 8
give the combinations of component values that lead
to minimum and maximum values of the V-transform
coefficients at DC. Notice that we have only resistance
elements in Tables 7 and 8 as the results shown here
correspond to DC and capacitances have no role at DC.
Results of some injected parametric faults are shown in
Table 9. Notice that for some smaller faults of sizes 5 %,
V-transform coefficients are able to detect while poly-
nomial coefficients cannot. Table 10 shows the fault
diagnosis of injected parametric faults with faults sites
deduced from diagnosis at all the four frequencies. The
confidence of diagnosis improves with fault diagnosis
carried out at larger number of frequencies.

vout = 4.5341 − 3.498vin − 2.5487v2
in

+ 2.1309v3
in − 0.50514v4

in + 0.039463v5
in (23)

vout = 3 + 7.9vin − 11v2
in

+ 4.4v3
in − 0.78v4

in + 0.049v5
in (24)

vout = 2.5 + 5.4vin − 8.6v2
in

+ 4v3
in − 0.77v4

in + 0.054v5
in (25)

vout = 1.1707 + 2.4132vin − 3.8777v2
in

+ 1.8035v3
in − 0.3465v4

in + 0.023962v5
in (26)

vout = 0.23 + 0.48vin − 0.74v2
in

+ 0.34v3
in − 0.063v4

in + 0.0043v5
in (27)

Fig. 12 Test setup with elliptic filter built on the prototyping
board, which is in turn mounted on the NI ELVISII+ bench-top
module. Voltage and frequency control of the applied signal is
handled through the PC which is connected through USB port
to the bench-top module. Output from the circuit is sampled and
transferred through the same USB connection to the PC (where
it can be post-processed). Also, circuit output can be displayed on
the PC using a virtual oscilloscope utility available in the ELVIS
software (see Fig. 13)
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The min/max bounds on the coefficients were com-
puted by placing all the non-faulty components every-
where in their fault-free range (for all parametric
faults), the min/max bounds is immune to any random
variation in the non-faulty component values as long
as the value is in the fault-free range of that compo-
nent. Furthermore, if the non-faulty component value
exceeds out of its fault free range (in which case this
component becomes faulty), it amounts to a double
parametric fault. Though such faults are not addressed
in this paper, in the experiments we tried all such
double faults were detected.

8 Experimental Verification

Besides the simulation results presented in the previous
section, we carried out an experimental validation of
polynomial and V-transform coefficient based scheme
for test and diagnosis of parametric faults in the fifth-
order elliptic filter that was analyzed in the previous
section. For all stimulus application and measurement,
we used the National Instruments Educational Labora-
tory Virtual Instrumentation Suite ELVIS-II+ bench-
top module. In the sequel, we will briefly outline the
details of the ELVIS II+ bench-top module and our test
setup. In Section 8.2, we present the measured results.

8.1 Test Setup

The NI ELVIS-II+ system consists of two modules. A
hardware module comprises of a bench-top module that
houses a detachable prototyping board, several power

supplies, a function generator, multiple channel digital
to analog and analog to digital converters and terminals
for oscilloscope and digital multimeter (DMM), all in
one portable unit. The second module, a computer
interface referred to as ELVIS instrument launcher,
provides a software interface to control various utilities
available on the hardware module.

The experimental set-up for our test scheme is shown
in Fig. 12. The test circuit under test (CUT), a fifth-
order elliptic filter, was realized using discrete, off-
the-shelf components such as three μA-741 type op-
amps, seven electrolytic capacitors, and fifteen carbon
coated resistors. These components were mounted on
the prototyping board that is housed in the NI ELVIS
bench-top module. Inputs can be applied directly from
the bench-top module through dedicated pins available
on the prototyping board. Frequency and amplitude of
the applied inputs can be controlled through a software
interface. Thus, a discrete component breadboard im-
plementation in conjunction with virtual instruments
for signal generation and response capture gave us the
flexibility to inject a variety of parametric faults that
might occur in an actual integrated circuit. This allowed
us to automate the post-processing analysis of the cap-
tured response on the available PC of the system.

8.2 Measured Results

Typical input-output waveform pair for the elliptic
filter as captured on the PC based ELVIS virtual oscil-
loscope is shown in Fig. 13. There are two display chan-
nels in the oscilloscope. However, up to eight different

Fig. 13 Input/output, to/from
the elliptic filter displayed on
the PC based virtual
oscilloscope at a frequency f
= 100 Hz
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Table 11 Measured results
for some injected faults in
elliptic filter

Circuit Out of bound Fault Out of bound Fault
parameter polynomial detection? V-transform detection?

coefficient coefficient

R1 down 5 % a3 Yes Vc1 − Vc4 Yes
R2 down 10 % a2 Yes Vc2 , Vc5 Yes
R3 up 5 % None No Vc1 , Vc2 , Vc3 Yes
R4 down 10 % a0 Yes Vc0 − Vc3 Yes
R5 up 10 % None No Vc0 , Vc4 Yes
R7 up 5 % None No Vc1 , Vc2 Yes
R11 up 5 % None No Vc4 , Vc5 Yes
R12 down 5 % None No Vc4 , Vc5 Yes

inputs can be transferred to the PC, simultaneously,
from the ELVIS hardware module. We injected the
same set of parametric and catastrophic faults used
for the simulated circuit in Section 7 (see Tables 9
and 10). Using V-transform coefficients, all the faults
that were identified in the simulation were also de-
tected by measurement. When polynomial coefficients
were used without the V-transform, the measurement
setup of Fig. 12 detected fewer faults as recorded in
Table 11. This reduced performance in fault clas-
sification when relying just on polynomial coefficients
is due to the measurement noise, whose primary con-
tributor is the ADC-DAC quantization noise from the
ELVIS module. We see pronounced reduction in per-
formance when there are fewer than two coefficients
that are pushed out of their respective nominal range by
the injected parametric fault. However, the increased
sensitivity of V-transform coefficients is able to over-
compensate for any additional measurement noise and
gives the same performance as predicted by simulation.

While there is no loss of test quality with V-
transform coefficients, we observe that sometimes
coefficients of certain order do not fall out of the
nominal range when a fault is introduced. For example,
the first fault in Table 11, R1 down 5 %, had Vc0 − Vc4

going out of the nominal range in simulation, but on
measurement we see only coefficients Vc1 − Vc4 falling
out of nominal range.

9 Conclusion

This paper described two analog circuit test schemes
for high resolution fault detection. The first scheme
leverages polynomial coefficients of the circuit’s input-
output response for fault detection. The second scheme
uses a transformation on the polynomial coefficients for
fault detection. Further, these methods are extended
to sensitivity based fault diagnosis of parameter drifts
with probabilistic confidence levels. An experimental
validation of the test techniques on an elliptic filter with
the aid of the National Instrument ELVIS bench-top

testbed shows that the V-transform coefficient based
test could uncover faults of size as small as 5 % in
the circuit. In the future, we will consider built in self
test for the proposed test procedures by implementing
“store-compare” structures as digital circuits in silicon
along side the circuit under test.

Appendix

Theorem 1 If coef f icient ai is a monotonic function of
all parameters, then ai takes its limit (maximum and
minimum) values when at least one or more of the
parameters are at the boundaries of their individual
hypercube.

Proof Let ai be a function of three parameters say x, y
and z. Let ai reach its maximum value for (x0, y0, z0).
Further let x0, y0 �= α. Now if we can show that the
maximum value of the coefficient ai occurs at the
z0 = α we have proved the theorem. From definition
of monotonic dependence of ai on circuit parameters,
it follows that ai(x0, y0, α) ≥ ai(x0, y0, z0), ∀z0 ≤ α.
Because the maximum value taken by z is α, it follows
that z0 = α. With similar arguments we can show that
the minimum value for the coefficient occurs when z0 =
−α. Hence, the statement of theorem follows. 	


Theorem 2 In polynomial expansion of a non-linear
analog circuit there exists at least one coef f icient that is
a monotonic function of all of the circuit parameters.

Proof Consider the block diagram in Fig. 14, which
models an 2nth order non-linear analog circuit. It has an
input x and an output y. Constants a1 · · · an are added at
the input of each stage. The coefficient corresponding
to input x raised to the 2nth power is given by G, as
follows:

G =
n∏

i=1

g2i
i (28)
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Fig. 14 A system model for a
non-linear circuit
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where gi ∀i = 1 . . . n are the monotonic gains of indi-
vidual stages in the cascaded blocks. As the product of
two or more monotonic functions is also monotonic we
have G to be a monotonic function. G constitutes the
coefficient of the nth power of x in this expansion, as it
lines in the main signal flow path from input to output.
Thus, it is proved that there is at least one monotoni-
cally varying coefficient in a polynomial expansion of
a Non-Linear analog circuit. Further, in general the
coefficient of 2nth power of such a polynomial expan-
sion is monotonic. 	
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