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Abstract—A method of testing for parametric faults of analog parametric drift in circuit parameters. This would mean an
circuits based on a polynomial representation of fault-free func-  increase in the complexity of the sensing circuit. However,

tion of the circuit is presented. The response of the circuit under we would also want minimal augmentation to tap any of the

test (CUT) is estimated as a polynomial in the applied input . 1 circuit nod T h inol
voltage at relevant frequencies in addition to DC. Classification Internal circuit nodes or currents. 1o overcome these seemingly

of CUT is based on a comparison of the estimated polynomial ~contrasting requirements the method intended should have
coefficients with those of the fault free circuit. This testing method some way of “seeing through” the circuit with only the outputs
requires no design for test hardware as might be added to apd inputs at its disposal. References [10], [11] give such
the circuit by some other methods. The proposed method is strategies for linear circuits as described earlier.

illustrated for a benchmark elliptic filter. It is shown to uncover T d this id | i .. hile it i
several parametric faults causing deviations as small as 5% from © extend this 1dea to general non-hinear circuits, while 1t 1s

the nominal values. also remains applicable to linear circuits, we adopt a strategy,
Index Terms—Multi-tone test, Parametric faults, Analog circuit ~ where in, we express the function of the circuit as a polynomial
test, Curve fitting, Polynomial coefficient testing. using a Taylor series expansion [12] in terms of input voltage

Vin, about the point v;, = 0 as follows:
I. INTRODUCTION
Several methods have been proposed for parametric fault 0 "0 "o
testing of analog circuits [1], [2], [3], [4], [5, (6], [7], (8]. A Vout = f(Vin) = f (0) + (f fo)vm + L0, + L5002 4
prominent method in the industry is the Ippq testing where 4+ ,( : Vin + -
quiescent current from the supply rail is monitored and sizable ) ) ) M
deviations from its expected value are used for classifying the ~Where ‘f (x) is a real function of z. Note that in the above
circuit as faulty or good. However, this requires augmentation ~€Xpansion the point of eXxpansion Of. Vin can be about any
of the CUT. For example, in the simplest case a regulator operating voltage of the circuit at desired frequencies.
supplying power to any sizable circuit has to be augmented This n.lethoq is very general as any ana.log circuit can be
with a current sensing resistor and an ADC (for digital output). ~tested using this model. The technique applies equally well to
Subsequently, analysis is performed on the sensed current. li.nea? circuit§, whigh ar§ a subclass of the general nop-linear
Ippq is found suitable only for catastrophic faults as the Clrcuits c.o.nmdered in this paper. The accuracy, resolution and
current drawn from the supply may be distinguishable when observability of faults uncovered depends on the degree of
there is some “large enough” fault to change the quiescent expansion of the coefficients in (2). Ignoring the higher order
current by a distinguishable amount. For example, with resistor ~ (€rms in.(l), we can expan.d Vout UP 10 the n'" power of vin,
R, being open in Figure 1, the current drawn from supply can which gives us the approximation in (2). In order to increase
change by 50% of its nominal quiescent value. Such faults can the available observables to better track down parametric faul.ts
typically be found by monitoring Ippq using a current sensor. W€ €an expand oy at multiple freq u?ncies - Thus, we will
However, parametric deviations, say, less than 10% from their have m X(”+ 1) observables where mn is the number of tones
nominal value cannot be observed using this scheme. This (frequencies) including DC at which v, is expanded and n

is especially so for the very deep submicron circuits where is the degree of expansion [13]:

the leakage currents can be comparable to the defect induced

ge curr p Vout = G0 + Q1 Vin + 207, + -+ + anv}, @
current [9]. It is therefore useful to develop a method to
detect parametric faults while testing with little or no circuit where ag, a1, ae,...,a, are all real functions of circuit pa-
augmentation. rameters piV k.

To address the issue of parametric deviation, we would The special case of DC test, that detects a subset of faults,
typically need more observables to have an idea about the was given in our recent paper [14]. Further, we assume that
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Fig. 1. Cascade amplifier.

normal parameter variations (normal drift) in a good circuit
are within a fraction « of their nominal value, where o << 1.
That is, every parameter p; is allowed to vary within the range
pkﬁnom(l - 04) <Pk < pk,nom(l + O‘) vk, where Pk.nom is
the nominal value of parameter p;. Whenever one or more
of the coefficient values slip outside its individual hypercube
we get a different set of coefficients reflecting a detectable
fault. Therefore, equation (3) describes the hypercube for all
parameters that correspond to either good machine values or
undetectable parametric faults [10], [2], [8]:

Vi,

0<i<n 3)

This paper is organized as follows. Section 2 analyzes the
coefficients of the polynomial expansion of the function f(v;;,)
and determines the detectable fault sizes of parameters. In
Section 3, we describe the problem at hand and discuss
the proposed solution with an example. In Section 4, we
generalize the solution to an arbitrarily large circuit. Section 5
presents the simulation results for some standard circuits and
we conclude in Section 6.

i min <a; < Gj max

II. PRELIMINARIES

The coefficients a; Vi 0 < ¢ < n are, in general, non-linear
functions of circuit parameters p, Vk. The rationale behind
using these coefficients as metrics in classifying CUT as faulty
or fault free is based on the dependence of the coefficients on
circuit parameters.

A. Analysis of Polynomial Coefficients

We derive several significant results.

Theorem 1: If coefficient a; iS a monotonic function of
all parameters, then a, takes its limiting (maximum and
minimum) values when at least one or more of the parameters
are at the boundaries of their individual hypercube [14].

Lemma 1: If coefficient a; is a non-monotonic function
of one or more circuit parameters p;, then a; can take its
limiting values anywhere inside the hypercube enclosing the
parameters.

From Theorem 1 and Lemma 1 it is clear that by exhaustively
searching the space in the hypercube of each parameter we
can get the maximum and minimum values of the polynomial
coefficient. Typically this can be formulated as a non-linear
optimization problem to find the maximum and minimum
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values of coefficient with constraints on parameters allowing
only a normal drift.

Theorem 2: In polynomial expansion of non-linear analog

circuit there exists at least one coefficient that is a monotonic
function of all circuit parameters [14].
From Lemma 1 and Theorem 2 we find that circuit parameter
deviations have a bearing on coefficients and monotonically
varying coefficients can be used to detect parametric faults of
the circuit parameters.

Theorem 3: A continuous non-monotonic function f : & —
R can be decomposed into piecewise monotonic functions
[15] as follows:

f(@) = f(@)u(zo — ) + f(2) (u(z — o) — u(x —z1)) +

f(@) (u(e —21) —u(e —x2)) +- -
+f(x) (u(x — Tpo1) — u(z — z))
C)]
where xg,x1, -, are all stationary points of f(z) and
|1 Vx>0
ww) =10 ve<o

Using Theorem 3, we can express every polynomial coefficient
as a monotonic function of circuit parameters and thus we can
use every coefficient to track the drifts in circuit parameters.

B. Definitions

Definition 1: Minimum size detectable fault (MSDF), (p)
of a parameter is defined as the minimum fractional deviation
of a circuit parameter from its nominal value for it to be
detectable with all other parameters being held at their nominal
values. The fractional deviation can be positive or negative
and is named upside-MSDF (UMSDF) or downside-MSDF
(DMSDF), accordingly.

Definition 2: Nearly-minimum size detectable fault
(NMSDF), (p*) of a parameter is defined as some fractional
deviation of the circuit parameter from its nominal value with
all the other parameters being held at their nominal values that
is close to its MSDF with an error, € (infinitesimally small).
That is to say,

e<<1 4)

NMSDF also has notions of upside and downside as in case
of MSDF. In equation (5), € can be perceived as a coefficient
of uncertainty about the MSDF of a parameter. Let ¢ be the
set of all coefficient values spanned by the parameters while
varying within their normal drifts, i.e.,

Y ={vo,v1,- -, Un|vo € Ag,v1 € Ay, v, € Ap}
Vk pk,'nom(l - a) <pr < pk,nom(l + CM)

€= |lp—px|

Note that by Definitions 1 and 2, ¢ includes all possible values
of coefficients that are not detectable. Any parametric fault
inducing coefficient value outside this set ¢ will result in a
detectable fault.

III. PROBLEM DESCRIPTION AND SKETCH OF SOLUTION

We shall first give an illustrative example of calculation of
limits for polynomial coefficients for a simple circuit using
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MOS transistors. We shall follow this up with MSDF values
for the circuit parameters.

Example. Two stage amplifier
Consider the cascade amplifier shown in Figure 1. The output
voltage Vs in terms of input voltage results in a fourth degree
polynomial equation as follows:

2 3 4
Vout = Ao + A1Vin + G205, + azvj, + agv;, (6)

where the constants ag, a1, as, a3 are defined symbolically in
(7) for M1 and M2 operating in saturation region. Nominal
values of Vpp=1.2V, Vo= 400mV, (%)1 =1 (%)2 = 20,
and K = 100pA /V? are substituted to get coefficients in terms

of parameters R; and Ry as given by (8).

(Vop — V)2 +
B w 2702 (W2 /4
ap = Vpp — Ro K (f)g RiK (T)l Vr—
2(Vop = Vr)Ry (), Vi

ARIK? (W) v

_ w
a; = R2K<L>2{ +2(Vpp — V)R K (%), Vr }

|

as = AV K* ()] (), RiR,

a9 IRQK(

~=

2Vop — V)R K (),
—6RIK? (L) V7

as = —K* (W) (W)2 RIR,

(M
q9_p, [ 296x107% +1.024 x 1077 R
a0 == 2\ -5.12x 1074R,
a1 =4.096 x 1079R?Ry + 5.12 x 107 SR R
as =1.28 x 107°R1 Ry — 1.536 x 1078 R2 R, ®

as =256 x 10°R2R,

as =16 x 1078R2R,

To find the limiting values of the coefficient ay we assume
the parameters R; and Ry deviate by fractions x and y from
their nominal values, respectively. Maximizing ao we have
the objective function as given by (9), subject to constraints
in (10-14). Note that here we have set out to find MSDF of
R;. Similar approach can be used to find the MSDF of Rs.

2.56 x 1073+
1.024 x 107"R% (1 + z)?
—5.12 x 107* Ry nom(1 + )

1.2 = Ronom (1 + )
€

4.096 x 107°R? ... (14 2)*Ranom (1+y)

+5.12 x 107°Ry iom (1 + =) Ra nom (1 + )
=4.096 x 107°R? . (1+ p)’*Ronom
+5.12 X 10_6R1,7mm(1 + p)RQ,nom

(10)

TABLE I
MSDF FOR CASCADE AMPLIFIER OF FIGURE 1 WITH o = 0.05.

Circuit oupside | %downside
parameter MSDF MSDF
Resistor Ry 10.3 7.4
Resistor Ra 12.3 8.5

1.28 X 107°Rinom(l+ 2)R2 nom (1 +y)
—1.536 x 107°R% (1 4+ 2)?Ranom (1+7Y)

=1.28 x 1075R177wm(1 + ,O)R2,nom (b
—1.536 x 107°R?, ... (1+ p)*Ranom
2.56 x 1075R? ., (1 + 2)*Ra nom (1 + y) 12)
=256 x 1078R?,,,.,(1 + p)*Ra.nom
1.6 x 107%R? (14 x)2Ro nom(1 +7)
’ —8p2 ’ 2 (13)
=1.6x10 Rl,no’m(l + p) R2777«0m
—a<z,y<a (14)

The extreme values for x and y on solving the set of equations
(10-14) are obtained as, x = —a and y = —q, this gives us
the MSDF value for Ry, as p in (15).

p=(1-a)"’ -1~ 15a—0.3750> (15)

Table I gives the MSDF for R; and Ry based on above
calculation.

IV. GENERALIZATION

In general, the calculation as described above cannot be
done for an arbitrarily large circuit. Such circuits are handled
by obtaining a nominal numeric polynomial expansion of the
fault free circuit. This is done by sweeping the input voltage
across all possible values and noting the corresponding output
voltages using any of the standard circuit simulators like
SPICE. Now, the output voltage is plotted against the input
voltage. A polynomial is fitted to this curve and the coefficients
of this polynomial are taken to be the nominal coefficients of
the desired polynomial. The circuit is simulated for different
drifts in the parameter values at equally spaced points from
inside the hypercube enclosing each circuit parameter, spaced
at a suitably chosen resolution(=¢). Polynomial coefficients
are obtained for each of these simulations. The maximum
and the minimum values of a coefficient in this search are
taken as the limiting values on that coefficient. This process of
modeling the circuit as a polynomial expansion and obtaining
limit values on coefficients is repeated at “key” frequencies of
interest. For example, the cut-off frequency in case of a non-
linear filter can be a good candidate for such characterization.
Once the limit values on all coefficients have been determined
the CUT is subjected to full range of input at DC and each
of the “key” frequencies. Its response to input sweep is curve
fitted to a polynomial of order same as the fault free circuit.
If there are any coefficients that lay outside the limit values
of corresponding coefficients of the fault free circuit, we can
conclude the CUT is faulty. The converse is also true with a
high probability that is inversely proportional to coefficient of
uncertainty €. Flow chart in Figure 2 summarizes the process
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R2

3 Choose frequency for fault simulation ! ¢
3 Il ‘ Vin
' : R1
i Sweep the input voltage across its range i
i Polynomial Curve fit the obtained I/0 data -- :
! |find the coefficient values of fault free circuit| !
3 Simulate for all parametric faults at the :
! simplex of hypercube '
i Find min-max values of each coefficient (C;) 3
: from i =1...N across all simulations '
Repeat process at all chosen
frequencies
¢ 5 T T T
-~
/ - a5 =0.049
Stop Simulated ad=—0.78

Sth degree Polynomial

Fig. 2. Flow chart showing fault simulation process and bounding of
coefficients.

Output Voltage, Vout(v)
(S}

Choose a frequency

Sweep the input across its range
and note corresponding
output voltage levels

:

Polynomial Curve fit the I/0 data
points; Obtain the coefficients i = 0...N

!

_1 . . . . .
0 0.5 1 L5 2 2.5 3 35 4 4.5 5

Input Voltage, Vin(v)

Fig. 5. Curve-fitting polynomial with coefficients at frequency = 100Hz.

We subjected an elliptic filter shown in Figure 4 to Polyno-
mial Coefficient based test. The circuit parameter values are as
in the benchmark circuit maintained by Stroud et al. [16]. We
simulated the circuit at four different frequencies. Two of them
were chosen close to its 3-dB cut-off frequency (f.), which
is 1000Hz. The estimated polynomial expansion obtained by

IC{| > |C,,(1+py] or
[Cl<IC,(1-pyl

3 V. EXPERIMENTAL RESULTS

7777777777777777777777777 e curve fitting the I/O data at DC and the frequencies f=100Hz,
* 900Hz, 1000Hz, 1100Hz are given by equations 16 through 20.

Repeat process The plots tracing 1/O response with polynomial at frequencies

frequencies from 100Hz through 1100Hz is shown in Figures 5 through 8.

i v The combinations of parameter values leading to limits on

liﬂfﬁlﬂc{gg @ the coefficients for the tone at 1000Hz are shown in Table II.

Further, the pass/fail detectabilities of several injected faults

Fig. 3. Flow chart outlining test procedure for CUT. are tabulated in Table IIL.

Vout = 4.5341 — 3.498v;,, — 2.5487v2,

+ 2.1309v3, — 0.50514v# + 0.039463v7 (16)
of numerically finding the polynomial and finding the bounds
on coefficients. Flow chart in Figure 3 outlines the procedure Vout = 3+ 7.9v;, — 1111?” a7
to test CUT using the described method. + 4.4v3, — 0.78v} + 0.04907,
66
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a5 =0.054
al Simulated ad=-0.77] |
— — — 5th degree Polynomial | |a3 =4
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g al=54 |
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>
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g

S

> 4
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&
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Input Voltage, Vin(v)

Fig. 6. Curve-fitting polynomial with coefficients at frequency = 900Hz.

1.8
1.6 // N Simulated a5=0.024 |
\ . a4 =-0.35
— — — 5th degree Polynomial
L4p gree oy B3=18 |
= a2=-39 | |
~§ 1.2¢ al =24
S a0=12 | |
o
o0
=S 08f 1
o
>
5 0.6 1
&
3 o04f 1
021 1
of —_— -
02 . . . . . . . . .
0 0.5 1 1.5 2 25 3 3.5 4 4.5 5
Input Voltage, Vin(v)
Fig. 7. Curve-fitting polynomial with coefficients at frequency = 1000Hz.

Vout = 2.5 + 5.4v;, — 8.6v2,

+ 4v}, — 0.77v}, + 0.054v3 (s

Vour = 1.1707 + 2.4132v;,, — 3.8777v2, (19)
+ 1.803503, — 0.3465v7, + 0.023962v2,

Vout = 0.23 + 0.48v;, — 0.740v2, 20)

+ 0.34v3, — 0.063v, + 0.0043v,
VI. CONCLUSION

A new approach for testing non-linear circuits based on
polynomial expansion of the circuit function has been pro-
posed. By expanding polynomial coefficients at critical fre-
quencies the fault coverage is significantly improved, yielding
a minimum size of detectable faults in some parameters as low
as 5%. The method can be extended to sensitivity based fault
diagnosis with probabilistic confidence levels in parameter
drifts. In our ongoing work we are trying to enhance the
sensitivity of polynomial coefficients further to the circuit
parameters so that parametric faults of smaller sizes can be
uncovered.
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Fig.
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8. Curve-fitting polynomial with coefficients at frequency = 1100Hz.
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PARAMETER COMBINATIONS LEADING TO MAX AND MIN VALUES OF COEFFICIENTS WITH « = 0.05 AT 1000HZ.

TABLE I

Circuit Parameters (Resistance in {2,Capacitance in Farad)

Nominal Values ‘ a0, max ‘ a1, mazx ‘ a2 max ‘ a3, max ‘ a4 max ‘ as, max ‘ a0, min ‘ a1,min ‘ a2 min ‘ as min ‘ A4, min ‘ as, min

Ri1 = 19.6k 18.6k 18.6k 20.5k 20.5k 20.5k 18.6k 18.6k 18.6k 18.6k 18.6k 20.5k 20.5k
Ro = 196k 205k 205k 205k 205k 186k 186k 205k 186k 186k 205k 205k 205k
Rs = 147k 139k 139k 154k 139k 139k 139k 139k 139k 154k 139k 139k 139k

R4 =1k 950 950 1.05k 1.05k 1.05k 1.05k 1.05k 950 1.05k 950 950 1.05k
Rs =71.5 75 67 75 67 67 75 75 75 67 67 75 67
Re¢ = 37.4k 35k 39k 39k 35k 35k 39k 39k 39k 35k 35k 35k 35k
R7 = 154k 146k 146k 161k 161k 146k 146k 146k 146k 161k 161k 146k 146k
Rg = 260 247 273 273 247 247 273 273 247 273 247 273 247
Rg = 740 703 777 703 703 777 703 703 703 777 703 703 703

Rio = 500 475 525 525 475 525 525 475 525 475 475 525 475
Ri1 = 110k 115k 115k 115k 104k 104k 104k 115k 115k 104k 115k 104k 104k
Ri2 = 110k 104k 104k 115k 115k 115k 115k 115k 115k 104k 104k 115k 104k
Ris = 27.4k 28.7k 26k 26k 26k 28.7k 28.7k 26k 26k 28.7k 26k 28.7k 26k

Ris =40 42 38 42 38 38 42 42 38 42 42 38 42

Ris = 960 912 912 912 912 912 1k 1k 1k 912 1k 912 912
Cy =2.6Tn 2.5n 2.5n 2.5n 2.5n 2.5n 2.5n 2.8n 2.5n 2.8n 2.8n 2.8n 2.5n
Cy =2.6Tn 2.5n 2.8n 2.8n 2.5n 2.8n 2.8n 2.8n 2.8n 2.5n 2.8n 2.5n 2.8n
C3 =2.6Tn 2.8n 2.8n 2.8n 2.5n 2.8n 2.8n 2.8n 2.8n 2.8n 2.5n 2.8n 2.8n
Cy =2.6Tn 2.5n 2.8n 2.5n 2.5n 2.5n 2.5n 2.5n 2.5n 2.8n 2.5n 2.5n 2.8n
Cs =2.6Tn 2.5n 2.5n 2.5n 2.5n 2.5n 2.8n 2.8n 2.8n 2.8n 2.8n 2.8n 2.8n
Ce = 2.67Tn 2.5n 2.8n 2.5n 2.8n 2.5n 2.8n 2.5n 2.5n 2.8n 2.8n 2.8n 2.5n
C7 =2.6Tn 2.5n 2.8n 2.8n 2.8n 2.8n 2.5n 2.8n 2.5n 2.5n 2.5n 2.5n 2.8n

TABLE III
RESULTS OF SOME INJECTED FAULTS AT DIFFERENT FREQUENCIES.
Injected fault Coefficients out of Bounds at [ Detected
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I
[

DC [ f1=100Hz [ f5=900Hz [ f3=1000Hz | f4=1100Hz |
R1 down 15% ag — aq a1 — aq as,as a2, a4 ai,az Yes
Ra down 5% as,as ai,as ai,as ai,as,as ai,az Yes
Rg3 up 10% ai,az,as as, as ao,a3,a4 | a1,as, a4 ai,as Yes
R4 down 20% ag — as a1 —ag az,as ai,a2,as az,as Yes
Rs up 15% aop, as ai aop, a2 ap,a2,as as Yes
Re up 5% — ai,az az,as, as ai,as al Yes
R7 down 10% ag,aq as,as ap,ai,as ai,aq,as az,as Yes
Rs up 10% — az ag, aq ag, as,as as, aq Yes
Rg down 5% — as,as ai,as,aq ag,as,as ai,as Yes
Rio up 15% — ai,aq ai,as, a4 ag, a1, aq ai, a2 Yes
Ri1 down 10% ag, a2 as, a4 ag,al ai,az,aq ai,as Yes
Ri2 down 15% ag, a4 ai,as ai,az,as ai,az ag,as Yes
Ri3 up 5% — asz,as ai,az ai,a2,a4 ag, a2 Yes
R4 up 20% — ai,as ap, as, a4 ag,a1,as as, aq Yes
Ri5 up 5% — as as,as ag,ai,as ag, as Yes
C1 down 10% — a4, as aq,as ai,az,as ai,aq Yes
Cs up 10% — az,as ai,as ag,as,aq ag, a4 Yes
Cg down 15% — ai,as ap,al,a2 a4, as agp, al Yes
Cy4 down 10% - ap, a1 ai,az az,as az,as Yes
Cs up 5% — ag, al ai,as ai,as as,aq Yes
Cg up 15% — as, a4 ai, a2, a4 as,a4,as ai,az Yes
Cr up 15% — ai,aq ai,as,aq ai,as,as as, a4 Yes
68




