ELEC 5970-001/6970-001 Special Topics in Electrical Engineering
Low-Power Design of Electronic Circuits 
Fall 2005
Homework 3 Solution
Assigned 10/27/05, due 11/03/05

Power Estimation
Problem 1: An adder circuit produces a 2-bit sum and a 1-bit carry for two 2-bit positive binary integers. All four input bits are assumed to have equal and independent probabilities for 0 and 1. Compute input and output entropies. If the total capacitance in the circuit is C, supply voltage is 2.5V and inputs are applied at the rate of 100 million per second, compute a high-level estimate of power.
Solution:
There are four input lines and all values are equiprobable, therefore, input entropy is,





Hi
= 
4 bits

Considering two integers at the input, the output values are given below:

	Adder

 output
	First input integer

	
	0
	1
	2
	3

	Second

 input

integer
	0
	0
	1
	2
	3

	
	1
	1
	2
	3
	4

	
	2
	2
	3
	4
	5

	
	3
	3
	4
	5
	6


We see that on the three output lines, only 7 combinations occur and their probabilities are, P(0)=1/16, P(1)=2/16, P(2)=3/16, P(3)=4/16, P(4)=3/16, P(5)=2/16, and P(6)=1/16. The output entropy is calculated as,
Ho = – 2×(1/16)log2(1/16) – 2×(2/16)log2(2/16) – 2×(3/16)log2(3/16) – (4/16)log2(4/16)

      = 0.5 + 0.75 + 0.9056 + 0.5 = 2.6556 bits

Considering the given data, we need the average activity factor for the circuit. We use the average activity formula for an n input and m output circuit:
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Average entropy
=
─── (Hi + 2Ho)







n+m

where n = 4 and m = 3.

Because entropy is twice the node activity, to determine the fraction of the total capacitance C that is switched every vector, we take half of the average entropy. The power is estimated as:
Power
=
½ CV2f × (Average activity)


=
½ C × 2.52 × 100 × 106 × (2/21) (4 + 2×2.6556)/2


=
1.3857 × 108 C watts, where C is the total chip capacitance in Farads

Problem 2: A multiplier circuit produces a 4-bit product for two 2-bit positive binary integers. All four input bits are assumed to have equal and independent probabilities for 0 and 1. Compute input and output entropies. The supply voltage is 2.5V and inputs are applied at the rate of 100 million per second. Assuming that the multiplier circuit uses same type of gates as the adder circuit in Problem 1, and the number of gates equals the square of the number of gates in the adder circuit, compute a high-level estimate of power. Compare the power consumption of the circuits in Problems 1 and 2.
Solution:
There are four input lines and all values are equiprobable, therefore, input entropy is,





Hi
= 
4 bits

Considering two integers at the input, the output values are given below:

	Multiplier

 output
	First input integer

	
	0
	1
	2
	3

	Second

 input

integer
	0
	0
	0
	0
	0

	
	1
	0
	1
	2
	3

	
	2
	0
	2
	4
	6

	
	3
	0
	3
	6
	9


We see that on the four output lines, only 7 combinations occur and their probabilities are, P(0)=7/16, P(1)=1/16, P(2)=2/16, P(3)=2/16, P(4)=1/16, P(6)=2/16, and P(9)=1/16. The output entropy is calculated as,

Ho = – (7/16)log2(7/16) – 3×(1/16)log2(1/16) – 3×(2/16)log2(2/16)

      = 0.5218 + 0.75 + 1.125 = 2.3968 bits

Considering the given data, we need the average activity factor for the circuit. We use the average activity formula for an n input and m output circuit:
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Average entropy
=
─── (Hi + 2Ho)







n+m

where n = 4 and m = 4. Given the proportion of gates in the multiplier with respect to the adder, we assume that the total capacitance for the multiplier is gaC, where C is the total capacitance and ga is the number of gates for the adder circuit. Because entropy is twice the node activity, to determine the fraction of the total capacitance gaC that is switched every vector, we take half of the average entropy. The power is estimated as:

Power
=
½ gaCV2f × (Average activity)


=
½ gaC × 2.52 × 100 × 106 × (2/24) (4 + 2×2.3968)/2


=
1.1450 × 108 gaC watts, where C is the total chip capacitance in Farads

The ratio of power consumptions:

Power consumed by multiplier

1.1450 × 108 gaC
──────────────────
=
─────────
=
0.8263 ga







1.3857 × 108 C
Thus, the multiplier has lower average gate activity, but it consumes more power because it has more gates.
Problem 3: For equiprobable inputs analyze the 0→1 transition probabilities of all gates in the two implementations of a four-input AND gate shown below. Assuming that the gates have zero delays, which implementation will consume less average dynamic power?


[image: image1] 
Solution:
Given the primary input probabilities, P(A) = P(B) = P(C) = P(D) = 0.5, signal and transition (0→1) probabilities are as follows:
	Signal

name
	Chain
	Tree

	
	Prob(signal = 1)
	Prob(0→1)
	Prob(signal = 1)
	Prob(0→1)

	E
	0.2500
	0.1875
	0.2500
	0.1875

	F
	0.1250
	0.1094
	0.2500
	0.1875

	G
	0.0625
	0.0586
	0.0625
	0.0586

	Total transitions/vector
	
	0.3555
	
	0.4336


The tree implementation consumes 100×(0.4336 – 0.3555)/0.3555 = 22% more average dynamic power. This advantage of the chain structure may be somewhat reduced because of glitches caused by unbalanced path delays.
Problem 4: Assume that the two-input AND gates in Problem 3 each has one unit of delay. Find input vector pairs for each implementation that will consume the peak dynamic power. Which implementation consumes less peak power?
Solution:

For the chain structure, a vector pair {A B C D} = {1110},{1011} will produce four gate transitions as shown below.


[image: image2]
The tree structure has balanced delay paths. So it cannot make more than 3 gate transitions. A vector pair {ABCD} = {1111},{1010} will produce three transitions as shown below.


[image: image3]
Therefore, just counting the gate transitions, we find that the chain consumes 100(4 – 3)/3 = 33% higher peak power than the tree.
Problem 5: Suppose that in the circuits of Problem 3, the probabilities of 1 at inputs are p1(A) = p1(B) = 0.9 and p1(C) = p1(D) = 0.1. Assuming zero-delay gates, how should we connect the inputs to minimize the average dynamic power consumption?
Solution:
By connecting low 1-probability signals to gates that are away from the primary output gate in an AND function, signal probabilities of internal gates can be reduced. This will in turn reduce the total activity.
Chain: The following table shows the change in the total gate activity from 0.4728 to 0.0537.
	Chain
	E=AB, F=EC, G=FD
	E=CD, F=CA, G=FB

	
	p1( )
	2p1(1 – p1)
	p1( )
	2p1(1 – p1)

	E
	0.8100
	0.3078
	0.0100
	0.0198

	F
	0.0810
	0.1489
	0.0090
	0.0178

	G
	0.0081
	0.0161
	0.0081
	0.0161

	Total Activity
	
	0.4728
	
	0.0537


Tree: The possible change is to distribute low activity (p1=0.1) signals among the input gates. Result is shown in the following table. Here, the total activity is unchanged, mainly because all inputs are at the same distance from the output.
	Tree
	E=AB, F=CD, G=EF
	E=AC, F=BD, G=EF

	
	p1( )
	2p1(1 – p1)
	p1( )
	2p1(1 – p1)

	E
	0.8100
	0.3078
	0.0900
	0.1638

	F
	0.0100
	0.0198
	0.0900
	0.1638

	G
	0.0081
	0.0161
	0.0081
	0.0161

	Total Activity
	
	0.3437
	
	0.3437
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