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Abstract —Previous test generators for combinational and 

sequential circuits used a decision tree to systematically explore 
the search space while trying to generate a test vector. Recursive 
learning was introduced as an interesting alternative. Using 
recursive learning, sufficient depth of recursion during the test 
generation process guarantees that implications are performed 
precisely, i.e., all necessary assignments for fault detection are 
identified at every stage of the algorithm so that no backtracks 
can occur. But its applications were not just restricted to test 
vector generation. This method helped make significant progress 
in redundancy identification, logic verification, boolean 
satisfiability and logic synthesis to name a few areas. This paper 
attempts to describe the concept in detail and illustrate it with a 
few examples. 

 
Index Terms — Recursive Learning, Boolean satisfiability. 

I. INTRODUCTION 

Recursive learning can be understood as a general method 
to conduct a logic analysis deriving a maximum amount of 
information about a logical circuit in a minimum amount of 
time. First introduced in [1] and [2] and further developed in 
[3] and [4], learning is defined to mean the temporary 
injection of logic values at certain signals in the circuit to 
examine their logical consequences. By applying simple logic 
rules, certain information about the current situation of value 
assignments can be known.  

The problems of test generation, verification and 
optimization are inter-related [5] - [6] and NP complete [7]. 
Test generation for combinational circuits has been viewed as 
an implicit enumeration of an n-dimensional Boolean search 
space, where n is the number of primary input signals. 
Traditionally, a decision tree is used to branch and bound 
through the search space until a test vector has been generated 
or a fault has been proven redundant. However, it is the nature 
of this classical searching technique that it is often very 
inefficient for hard-to-detect and redundant faults; i.e. in those 
cases where only few or no solutions exist. Recursive learning 
presents a new technique that can handle these pathological 
cases in test generation much more efficiently than the 
traditional search.  

Boolean satisfiability (SAT) is intrinsic to many problems 
in Electronic Design Automation (EDA). In most cases, the 
problem formulation starts from a circuit description, for a 
given (circuit) property that needs to be validated for at least 
one primary input vector. The resulting circuit formulation, 
which may only be implicitly specified, is then mapped into 
an instance of SAT, in most cases using Conjunctive Normal 

Form (CNF) formulas. This allows the usage of existing and 
extensively validated algorithms instead of dedicated ones. 
But mapping can take up a good percentage of the running 
time and computed input patterns are in general over 
specified. These problems can be overcome using recursive 
learning. 
   Section II describes the concept of recursive learning in 
good detail. Section III gives an insight into combinational 
test pattern generation with an example. Section IV describes 
an example to illustrate the use of recursive learning in CNF 
formulae. Section V briefly covers other different promising 
applications of recursive learning to verification and synthesis 
problems.  

II. OVERVIEW OF RECURSIVE LEARNING 

While performing logic synthesis of a circuit, some 
assignments of signal values are found to be necessary; i.e. 
those assignments can be implied in any way and therefore 
they must be satisfied for the given combination of value 
assignments. Other assignments are optional and their 
assignment represents a decision in the decision tree. 
Significant progress has been made especially in redundancy 
identification; however, all these techniques are limited in that 
they fail to produce all necessary assignments. Recursive 
learning can provide for this completeness. For example, 
traditional test generation is a search for one sufficient 
solution whereas recursive learning may be viewed as 
searching for those conditions that enable purging the non-
solution area from the search space.  

Recursive learning is not restricted to any particular logic 
alphabet and can be used for any logic value system such as 
five-valued logic, nine-valued logic or sixteen-valued logic. 
Also, the learning routines can be called recursively and thus 
provide for completeness. The maximum recursion depth 
determines how much is learned about the circuit. The time 
complexity of this method is exponential in the maximum 
depth of recursion rmax. Memory requirements however grow 
linearly with rmax. As noted earlier, any methods that identify 
all necessary assignments must be exponential in time 
complexity because this problem is NP complete.  

Some formal definitions of terms are presented below. Def. 
1 uses a common notation of a specified signal by which we 
understand a signal with a fixed value. In a five-valued 
logic, ),,,1,0(5 XDDB = , a signal is specified if it has one of 

the values 0, 1, D or D . It is unspecified if it has the value X. [4] 
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Def.1: Given a gate G that has at least one specified input or 
output signal. Gate G is called unjustified if there is at least 
one or several unspecified input or output signal combinations 
of G for which it is possible to find a combination of value 
assignments that yields a conflict at G. Otherwise G is called 
justified.  

The concept of unjustified gates can be used to give a 
definition of precise implications and necessary assignments.  

Def.2: For a given circuit and a given situation of value 
assignments, let f be an arbitrary but unspecified signal in the 
circuit and V be some logic value. If all consistent combinations 
of value assignments for which no unjustified gates are left in the 
circuit contain the assignment f = V, then the assignment f = V is 
called necessary for the given situation of value assignments. 
Implications are called precise or complete when they determine 
all necessary assignments for a given situation of value 
assignments.   

Unjustified gates describe the locations where learning has 
to be performed. The next definition determines what signal 
values have to be injected at the unjustified gates in order to 
perform learning.  

Def.3: A set of signal assignments, J = (f1=V1, f2=V2… 
fn=Vn), where f1, f1,… fn are unspecified input or output signals 
of an unjustified gate G, is called justification for G, if the 
combination of value assignments in J makes G justified.  

At every unjustified gate it is necessary to examine the 
logical consequences for a complete set of justifications.  

Def.4: Let Gc be a set of m justifications J1, J2,…Jm  for an 
unjustified gate G. If there is at least one justification Ji Є Gc, i 
= 1,2, … m for any possible justification J* of G  such that 

*JJ i ⊆ , then set Gc is called complete. 
For a given unjustified gate, it is straightforward to derive a 

complete set of justifications. In the worst case, this set 
consists of all consistent combinations of signal assignments 
that represent a justification of the considered gate. Often the 
set can be smaller. All learning operations rely on a basic 
implication technique. These basic implications are called 
direct implications. A well-known example of direct 
implications in combinational circuits is the implications as 
performed in FAN [9]. Direct implications are performed in 
an event-driven way by evaluating the truth tables of gates 
that have an event and by propagating the signal values 
according to the connectivity in the circuit. For example, if the 
output of an AND gate is 1, then from the truth table we see 
that the only possibility of that event is when all the inputs to 
the AND gate are 1. Indirect implications are performed by 
learning. Learning means justifications for unjustified gates 
are temporarily injected in order to examine their logical 
consequences. By performing this process recursively, it is 
possible to determine all necessary assignments.  

It is wise to keep the maximum recursion depth rmax as small 
as possible so as not to spend much on learning operations. 
Only if the precision is not sufficient to avoid wrong 
decisions, is it sensible to increment rmax. Intuitively, a lot of 
recursions are only needed if there is a lot of redundant 

circuitry. As we will see later in examples, at some point the 
justifications must reach the primary inputs and output so that 
no new unjustified gates requiring further recursions can be 
caused. In most cases, a recursion depth of 5 is about as high 
as rmax will go to. 

There are many possibilities for choosing rmax. Figure 1 
shows one such algorithm [11]. The idea behind the routine is 
that we use learning only to leave the non-solution areas as 
quickly as possible. If a conflict arises, the previous decision 
will be erased. If there is no conflict, it can mean two things: 
either the current precision rmax is not sufficient to detect that, 
there is still a conflict or we have actually returned into the 
solution area of the search space. Therefore, it is checked if 
the opposite of the previous (wrong) assignment is one of the 
assignments that have to be learned to be necessary. This is a 
good heuristic criterion to determine whether the precision has 
to be. This criterion also makes sure that we can never enter 
the same non-solution area twice. And the algorithm 
guarantees the completeness of test generation and 
redundancy identification without the use of a decision tree. 

 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 

 
  Fig. 1. Algorithm for choosing rmax [11] 

III. DEMONSTRATING FAULT PROPAGATION LEARNING 

In principle, the problem of test generation is solved using 
precise implication techniques. Observability constraints can 
always be expressed in terms of unjustified lines by means of 
Boolean difference. However, most ATPG algorithms use  the  
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  Fig. 2. An example for D-frontier. [11] 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
   
   Fig. 3. An algorithm for fault propagation learning. [11] 
 
 

 
 
 
 
 
 
 
 
 

 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
  
 

Fig. 4. Fault propagation using recursive learning[11] 
 
concept of a D-frontier. This makes it easier to consider 
topological properties of the circuit. This section shows how 
recursive learning can derive all conditions for fault 
propagation by injecting sensitizations [8] at the D-frontier. 
The D-frontier in a recursion level r shall be denoted Fr and 
consists of all signals that have a faulty value and a successor 
signal that is still unspecified. Figure 2 show an example for a 
D-frontier. If we set-up the fault signal D for the stuck-at-0 
fault at a line a, we obtain F0

 = {b, e, g, h}. Figure 3 lists the 
procedure employed. Procedure fault_propagation_learning() 
which calls procedure make_all_implications(), learns all 
assignments that are necessary to sensitize at least one path 
from the fault location to an arbitrary output. Note that we are 
not only considering single path sensitization. Along every 
path that is sensitized in the fault_propagation_learning() 
procedure, gates become unjustified if there is more than one 
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possibility to sensitize them. It will be seen shortly that gate 
G, falls in this category.  
   Figure 4 explains the recursive learning process in detail. 
The aim of this example is to propagate the stuck-at-0 fault of 
a through b, e, g, h to any one of the outputs s, t, u, v, w. This 
is shown in Column 1 of ‘0 learning level’. Each of the D-
frontier signals b, e, g, h are tested in the ‘learning level 1’, 
Column 2. Let us first examine if the path from b to s will 
ensure the propagation of the fault. Since b = D, the only way 
this fault will be propagated through an AND gate is when c is 
1. This makes j = D. If this fault is successfully propagated, 
then s = D. This possibility is studied in Column 3, ‘learning 
level 2’. Here we see that for s = D when j = D, k must be 1, 
but k cannot be 1 because e = D. So, due to this inconsistency, 
the sensitization fails for gate G. This information is sent back 
to Column 2. 
   Now, the D-frontier signal e is sensitized in Column 2. This 
sensitization also fails since an inconsistency develops when j 
needs to be set to 1. This is not possible since b = D. The 
failure of this sensitization is passed on to Column 2 which 
then proceeds with the next D-frontier signal g.  

For the fault g = D to be propagated to l, f must be 1. Once 
that is taken care of, for the next successive sensitizations, this 
enters ‘learning level 2’. It turns out that l = D propagates to t 
when n = 0. Also, for l = D to show up at u, the sensitization 
required is n = 0. Therefore, the only necessary assignment 
for the fault to be propagated has been learnt as n = 0.  

This example underscores two important phenomena - the 
learning procedure can bring itself out of the non-solution 
area of the search space and it can also successfully pick out 
the indirect implications necessary for the process. 

IV. SOLVING SATISFIABILITY IN COMBINATIONAL CIRCUITS 

   SAT is a widely used modeling tool in EDA. It finds 
application in test pattern generation for Stuck-at faults, delay-
fault testing, redundancy removal, logic synthesis and 
equivalence checking and circuit delay computation among 
many other problems. Given a Boolean function ψ with n 
variables, the SAT problem consists of assigning values to the 
variables such that ψ assumes the value 1, or proving that no 
such assignment exists and the function is equal to 0. A 
Boolean product of sums, or CNF formula [12], is the most 
often used representation of the Boolean function. A CNF 
formula is a conjunction of clauses, each of which is a 
disjunction of literals. A literal is either a variable or its 
negation. For example, CNF formula ))(( dcbba +++=ψ  

contains two clauses )(),( dcbba +++  and five literals. A 
clause is satisfied if at least one of its literals assumes value 1, 
unsatisfied if all its literals assume value 0, unit if all but one 
literal assume value 0, and unresolved otherwise. Literals with 
no assigned boolean value are free literals [13]. A formula is 
satisfied if all its clauses are satisfied and unsatisfied if at least 

one clause is unsatisfied. It is often simpler to refer to clauses 
as sets of literals, and to the CNF formula as a set of clauses. 

Figure 5 gives an example of a depth-2 recursive-learning 
procedure on CNF formulas. We can initiate the recursive-
learning process on ω7 because y = 1. Assignments c = 0 and f 
= 0 satisfy clause ω7. The recursive-learning process for depth 
1 considers each of these assignments separately. Assignment 
c = 0 implies no assignments. However, clause ω3 now 
exhibits a new literal with value 0. Hence, at depth 2 of the 
recursive learning process, we analyze clause ω3. Assignments 
a = 0 or b = 0 can satisfy ω3. Considering each assignment 
individually yields the implied assignment x = 0. For a = 0, 
we get x = 0 from clause ω1; for b = 0, we get the implied 
assignment from ω2 because v = 0.  

We perform a similar analysis for f = 0. Because f = 0, 
clause ω6 exhibits a literal with value 0. Hence, we analyze ω6 
at depth 2 and find that assignments d = 0 and e = 0 can 
satisfy it. Both d = 0 and e = 0 imply assignment x = 0. For d 
= 0, we get x = 0 from clause ω4; for e = 0, we get x = 0 from 
ω5 because u = 1.  

Hence, (y = 1) Λ (v = 0) Λ (u = 1) →(x = 0); or in clausal 
form, xuvy +++ .Thus, the recursive-learning process 
identifies a new clause that implies assignment x = 0.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  Fig. 5. Recursive learning on a CNF formula. [14] 
 
When solving SAT on a CNF formula derived from a 
combinational circuit for which we have structural 
information (using the additional layer described earlier), we 
can improve the recursive-learning procedure’s performance 
by restricting it to unjustified node assignments. In addition, 
for each unjustified node assignment, y = vy, we can restrict 
the reasoning procedure to unresolved clauses that relate y to 
immediate fan-in nodes. This approach yields a significantly 
faster recursive-learning procedure, similar to the original 
procedure for circuits, and can also identify implicates of the 
CNF formula. 
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V. OBSERVATIONS  

Figure 6 helps get a grasp of the actual values of 
computation times, recursion depths, etc. It shows a 
comparison between FAN algorithm using decision tree and 
recursive learning methods. The decision tree method has an 
upper limit on backtracks of 1000 per fault while the recursive 
learning method has an rmax of 5. We can observe that for 
small circuits like c1355 and c5315, both perform similarly. 
But in other cases, recursive learning does not have any 
aborted faults, uses much less computation time and rarely 
reaches rmax. 

It is not wise to use recursive learning where many 
solutions exist that are easy to find. For such cases, it is faster 
to perform a few backtracks with the decision tree. 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 6. Comparison of decision tree and recursive learning [11] 

VI. SUMMARY 

Recursive learning is a powerful technique toward 
identifying indirect implications between two circuits under 
consideration, when they exist. It has a wide range of 
applications including test pattern generation, boolean 
satisfiability, combinational equivalence checking and logic 
synthesis. The concept has been described with examples 
from a couple of applications. It is important to note that 
recursive learning is not limited to combinational circuits 
alone. [15] describes a method similar to FIRES for sequential 
circuits to identify redundant and untestable vectors.  
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