ELEC 6270-001 Low-Power Design of Electronic Circuits 
Fall 2007
Homework 4 Solution
Assigned 11/21/07, due 11/29/07
Problem 1: A CMOS processor has a rated supply voltage 1.5V and clock frequency 2GHz. Its average power consumption is 100W, which consists of 75W dynamic power and 25W static power. Assuming that the delay of a gate in the technology is proportional to VDD/(VDD – Vt), where threshold voltage Vt = 0.5V. A low energy mode uses a lower supply voltage and a reduced frequency clock. Determine the voltage and clock frequency that will minimize the average energy consumption per cycle. Compare the power consumption and energy per cycle for the rated and low energy modes.
Solution:
We use the given data to establish the following for a supply voltage V:

(a) Dynamic power, 

Pdyn
=
C V2f

where C is the total average capacitance switched per cycle. At the rated voltage and frequency, we have


Pdyn
=
C (1.5)2 2
=
75 nJ

or
C = 16.67 nF

Therefore


Pdyn
=
16.67 V2f

(b) Dynamic energy per cycle, Edyn
=
Pdyn / f
=
16.67 V2
(c) Clock frequency, f, is inversely proportional to gate delay:



f
=
k(V – Vt)/V, where k is a constant of proportionality
Using rated voltage and frequency, we get
k = 3 GHz. Therefore,



f
=
3 (V – Vt)/V
GHz

(d) Static power is proportional to supply voltage:


Pstat
=
k’ V2, where k’ is a constant of proportionality
Using the rated voltage data, we get
k’ = 25/1.52   =
11.11
Therefore

Pstat
=
11.11 V2
Static energy per cycle is obtained by multiplying Pstat with clock period (1/f). Thus,



Estat
=
(11.11/3) V3/(V – Vt)

=
3.703 V3/(V – 0.5)
(e) Total energy per cycle is given by,



Etotal
=
16.67 V2 + 3.703 V3/(V – 0.5)

To minimize this, we set its derivative to 0 and obtain the following quadratic equation:


30.75 V2 – 38.9 V + 8.34
=
0

There are two roots, V = 0.992 and 0.270. We discard the second root as it is lower than the threshold voltage of 0.5 V. The following table compares the two modes of operation. Voltage, clock frequency, power and energy per cycle are highlighted.
	
	Rated mode
	Low energy mode
	Reduction (%)

	Voltage
	1.5 V
	0.992 V
	33.9%

	Clock frequency
	2 GHz
	1.488GHz
	25.6%

	Dynamic energy/cycle
	37.5 nJ
	16.4nJ
	56.3%

	Static energy/cycle
	12.5 nJ
	7.35nJ
	41.2%

	Total energy/cycle
	50.0 nJ
	23.75nJ
	52.5%

	Dynamic power
	75.0 W
	24.4W
	67.5%

	Static power
	25.0 W
	10.9W
	56.4%

	Total power
	100.0 W
	35.3W
	64.7%


Problem 2: Starting with zero charge, a capacitor C is charged through a series resistance R to voltage V by a current source I(t) in a fixed given charging time T. Show that the energy dissipation during the charging of the capacitor is minimum when I(t) is a constant current source. Find the minimum value for the energy dissipation.

[image: image1]
Solution:
The charge on the capacitor after it has been charged to a voltage V in time T is given by,





T



T

Q
= 
CV
=
∫   I(t) dt
=
I0T  +  ∫  i(t) dt
=   I0T




0



0

where I0 is the average current and i(t) is its time variation. Thus,




T


T

I(t) = I0 + i(t)
and
(1/T)
∫  I(t)  dt  =  I0, i.e.,
∫  i(t) dt  =  0





0


0

Energy dissipation is obtained as,



T


T

E
=     R
∫  I2(t) dt
=     R
∫  [I0 + i(t)]2 dt


0


0



T


=     R
∫  [I02 + 2I0i(t) + i2(t)] dt



0





T


T

=    RI02T    +     2RI0  ∫  i(t) dt        +         R 
∫  i2(t) dt
≥
RI02T





0


0
The inequality holds for any arbitrary variation i(t) because the second term is 0 by definition and the third term is non-negative. The minimum value E = RI02T occurs when i(t) ≡ 0 making the third term take its lowest value 0, i.e., charging current is a constant I(t) = I0, whose value is obtained from the first equation as I0 = CV/T. Therefore, the minimum value of energy is
E
=
RC2V2/T
which is inversely proportional to the charging time T.
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