ELEC 5200-001/6200-001 Computer Architecture and Design 
Spring 2008
Homework 5 Solution
Assigned 3/10/08, due 3/24/08
Problem 1: We can consider a single-cycle datapath as a one-stage pipeline. Suppose it consists of combinational and asynchronous circuitry followed by a single clocked register, the program counter. Its total cycle time consists of time q required by the register and h used by the rest of the circuitry:


[image: image1]
(a) Assume that the datapath can be partitioned into n equal delay stages. Neglecting the latency and the occurrence of hazards, compute the execution time of an instruction by an n-stage pipeline.

(b) Show that the performance limit for the pipeline when we neglect hazards is determined by the register delay q.
(c) For an n-stage pipeline, suppose the average hazard penalty is α(n – 1) cycles per instruction, where 0 < α < 1.0 and n > 1. Find the optimum number of pipeline stages.
(d) For a hardware design it is estimated that h = 10q and for the ISA, α ≈ 0.217, what is optimum number of stages for the pipeline and what is the corresponding speed up over a single-cycle datapath?
Solution: An n-stage pipeline is shown below:


[image: image2]
(a) The total time taken by the combinational and asynchronous circuitry is h. This is equally divided among n stages. Each stage also contains a pipeline register requiring time q. The cycle time of the n-stage pipeline is q + h/n, which is also the execution time per instruction if we neglect the latency and hazards.

(b) The pipeline cycle time continues to reduce as the number of stages increases. In the hypothetical limit, n = ( and the cycle time or the execution time of an instruction becomes q, the register delay.
(c) Average execution time per instruction is given by,


t
=
(q + h/n) (1 + αn – α)
=  q + qαn – qα  + h/n + αh – αh/n
To minimize t, we differentiate it with respect to n:



∂t/∂n
=
qα – h/n2 – αh/n2
=
0
or

n
=
[h(1 – α)/(qα)]1/2
This gives the minimum cycle time because ∂2t/∂n2 is positive.

(d) For h = 10q and α = 0.217, optimum stages n = [10q(1 – 0.217)/(0.217q)]1/2  =  6
For 6-stage pipeline,

Av. execution time per instruction
= 
(q + 10q/6) (1 + 0.217×6 – 0.217)  =  5.56q

For single-cycle datapath,

Av. execution time per instruction
=
h + q
    =
    10q + q
        =  11q

Pipeline to single-cycle performance ratio
=
11q/5.56q
=
1.98
Problem 2: Consider the following MIPS instructions being executed on a five-stage pipeline:

 sw    $6, 0($7)                      # Mem($7) = $6

 lw    $8, 0($7)                      # $8 = Mem($7)

 add  $9, $8, $2                     # $9 = $8 + $2

(a) What kind of hazard, if any, is generated? What action the pipeline should take for correct execution?

(b) Can a compiler reorder these instructions to eliminate any possible hazard penalty?

(c) How will a compiler optimize these instructions for a pipeline that is implemented without forwarding and hazard detection hardware?
Solution: 

(a) Suppose we begin in Cycle 1. Following operations are performed:


[image: image3]
The second instruction, lw, obtains the new data of $8 in cycle 5. But this data is required by the third instruction, add, in cycle 4. To alleviate this data hazard, the hazard detection unit suspends the operation of ALU in cycle 4 by inserting a bubble (or no-op). The add instruction is processed one cycle later and this time, as the ALU operation is being performed in cycle 5, the new data of $8, though not yet written to $8, is forwarded to the ALU. The three instructions are executed as four instructions including one bubble.
(b) To avoid the bubble, we change the instructions as follows:

 sw    $6, 0($7)                      # Mem($7) = $6

 add  $8, $6, $0                      # $8 = $6 + 0

 add  $9, $8, $2                     # $9 = $8 + $2

Now the pipeline executes as follows:


[image: image4]
The first instruction (sw) saved $6 in memory and the second instruction (lw) brought that value to $8. We can replace lw by an add instruction that directly transfers $6 to $8. Since the new content of $8 will now be available at the ALU output at the end of cycle 4, it can be forwarded to the input of ALU in cycle 5. When these three instructions are completed, registers 2, 6, 8 and 9 will contain the same values as when the three original instructions. However, the bubble has been eliminated.

(c) An alternative compilation, which does not require forwarding, recognizes that at the time add is performed $8 contains the value that is also contained in $6. Thus, the instructions are changed as below:

sw  $6, 0($7)

lw  $8, 0($7)

add $9, $6, $2

Neither bubble nor forwarding is required. An inferior solution, because it will require more instructions, will be to simply insert nop’s in the original code.
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