ELEC 5200-001/6200-001 Computer Architecture and Design 
Fall 2007
Homework 9 Solution
Assigned 11/16/07, due 11/26/07
Problem 1: Interpret the following numbers, given in IEEE754 floating point format, as decimal numbers. Do you recognize any physical constants?

(a)   0   1000 0000    1001 0010 0001 1011 0000 000

(b)   0   0011 0011    0000 1011 0000 0000 0000 000

Answer:
(a) Sign bit, S 

= 0

Biased exponent 
= 128

Unbiased exponent, E = 128 – 127 

= 1

Fraction, F 

= 2-1 + 2-4 + 2-7 + 2-12 + 2-13 + 2-15 + 2-16




= 0.5707244873046875

Significand, 1 + F 
= 1.5707244873046875

Number
 
= (-1)S × (1+F) × 2E
 = (-1)0 × 1.5707244873046875 × 2




= 3.1414 . . (π, circumference to diameter ratio for a circle)

(b) Sign bit, S 

= 0


Biased exponent 
= 32 + 16 + 2 + 1 
= 51


Unbiased exponent, E = 51 – 127 

= – 76


Fraction, F 

= 2-5 + 2-7 + 2-8 





= 0.04296875


Significand, 1 + F 
= 1.04296875


Number
 
= (-1)S × (1+F) × 2E
 = (-1)0 × 1.04296875 × 2-76




= (1.04296875 / 64) (1000 / 1024)7 ×10-21







(Because 2-10 = (1000 / 1024) ×10-3)




= 0.01380358 ×10-21




= 1.38 ×10-23
(Boltzmann’s constant, k = 1.38 × 10-23 J/K)
Problem 2: One reason overflow may not generate a hardware exception is because it serves a useful function in random number generation. A simple pseudorandom sequence of q-bit 2’s complement integers may be generated from the formula:





Xn+1 = Xn + K

(ignore overflow)

Where the integers K and 2q are relative primes. For K = 7 and X0 = 4, using 4-bit 2’s complement integers, generate the sequence that the formula will produce. Write decimal values of the numbers in the sequence and verify that all sixteen positive and negative numbers will be generated before the sequence repeats.

Answer: 

	n
	Xn
	Calculation in 2’s complement
	Decimal value of Xn+1

	0
	4
	0100 + 0111 = 1011
	– 5 

	1
	– 5 
	1011 + 0111 = 0010
	2

	2
	2
	0010 + 0111 = 1001
	– 7 

	3
	– 7 
	 1001 + 0111 = 0000
	0

	4
	0
	0000 + 0111 = 0111
	7

	5
	7
	0111 + 0111 = 1110
	– 2 

	6
	– 2 
	1110 + 0111 = 0101
	5

	7
	5
	0101 + 0111 = 1100
	– 4 

	8
	– 4 
	1100 + 0111 = 0011
	3

	9
	3
	0011 + 0111 = 1010
	– 6 

	10
	– 6 
	1010 +0111 = 0001
	1

	11
	1
	0001 + 0111 = 1000
	– 8 

	12
	– 8 
	1000 + 0111 = 1111
	– 1 

	13
	– 1 
	1111 + 0111 = 0110
	6

	14
	6
	0110 + 0111 = 1101
	– 3 

	15
	– 3 
	1101 + 0111 = 0100
	4

	16
	4
	Same as for n = 0
	Sequence repeats


Column 2 of the table shows the sequence, which generates all sixteen numbers before repeating.

Problem 3: Consider hardware implementations of arithmetic circuits:
(a) Show that the time complexity (critical path delay) of an n-bit ripple-carry adder is O(n).
(b) Show that the time complexity of an n-bit integer multiplier built with ripple-carry adders is O(n2).

(c) Can multiplication be done in hardware with linear time complexity? How?

Answer:

(a) In a ripple-carry adder the carry input must propagate through all n single-bit adder stages to produce the final carry output. This defines the critical path. For any fixed delay d for the single-bit adder circuit, the critical path delay is therefore nd, which increases linearly with n and hence is O(n).
(b) Integer multiplication requires addition of n partial products and can be achieved by a cascade of n – 1 ripple-carry adders, each with a time complexity of O(n). Thus, the total complexity of multiplication is proportional to n(n – 1), or is O(n2).
(c) An array multiplier contains n2 cells, each with an approximate complexity of a single-bit adder. As shown in the figure, for n = 4 the critical path contains 8, or 2n cells. Thus, the time complexity of an array multiplier is O(n).
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