ELEC 5200-001/6200-001 Computer Architecture and Design 
Fall 2007
Homework 7 Solution
Assigned 11/5/07, due 11/12/07
Problem 1: Some people believe that when two 2’s complement integers are added, a “true” carry signals overflow. Either prove or disprove this rule.
Solution: Any belief, conjecture or so called “rule” can be disproved by counter-examples. We use 4-bit 2’s complement integers. Consider the following examples:

Example 1: Consider decimal addition 6 + (– 4) = 2, or in binary,






0 1 1 0

=
6




      +    1 1 0 0

=       – 4 



carry →        1 0 0 1 0

=
2, no overflow
The answer is correct, i.e., there is no overflow although carry = 1 is generated.

Example 2: Consider decimal addition 4 + 5 = 9, or in binary,






0 1 0 0

=
4





       +
0 1 0 1

=
5




no carry →
1 0 0 1

=       – 7, overflow

The correct answer, 9, cannot be represented in the 4-bit format, where the largest positive integer is 7. So, an overflow occurs although no carry is generated.

The two examples disprove the stated belief.
Problem 2: An n-bit 2’s complement integer is expanded into an m-bit representation (m > n) by copying the most significant bit (MSB) into m – n leading bit positions on the left. Prove that the new integer has the same value as the original integer.
Proof: We consider the signs and magnitudes of the original n-bit integer and the extended m-bit integer:
Sign: The sign-bit extension rule used ensures that the two integers will have the same sign.

Magnitude: If the n-bit integer is positive, then the leading 0s do not contribute to the magnitude. Therefore, the magnitudes are the same. If the original n-bit integer is negative, then to find the magnitude we complement all bits in both integers giving us positive integers, which are 1 less than the actual magnitudes. Once again the leading m – n 0s contribute nothing and the remaining n bits are identical for both numbers. Hence the magnitudes are equal.
Given that the original n-bit integer and the extended m-bit integer have the same sign and magnitude, their values are the same.





■
Problem 3: Perform a bit by bit addition with carry for the following 2’s complement integers and write the decimal value of the result:





1111 1111 1111 1101





0000 0000 0000 0100

Answer:





1111 1111 1111 1101

=       – 3 





0000 0000 0000 0100

=
4
                                             1 0000 0000 0000 0001

=
1

Overflow check: Carry bit is ignored. Because the two arguments have opposite signs, overflow is impossible. The result is decimal integer 1.
Problem 4: Consider n-bit integers in 2’s complement binary format. Devise an algorithm using bit shifting to multiply an integer by 2±m, where 0 ≤ m ≤ n – 1. Specify shift amount and direction, how bits are to be filled, and the method of overflow detection.
Answer: The product will contain 2n bits. We initialize a 2n-bit product by placing the n-bit multiplicand in the lower order n bit positions and extending the sign bit n bits on the left. Then consider two cases:
Multiplier 2m, 0 ≤ m ≤ n – 1, is a positive integer. We carry out the following steps:

(a) Form a product by left shifting the integer multiplicand through m bits, filling the bits on the right with 0s.

(b) Overflow check: If the sign bit of multiplicand was 1, then there is no overflow because the multiplier is positive and the product is correct. If the sign bit of multiplicand was 0, and the sign bit after m-bit left shift is 1, then overflow is indicated and the product is incorrect.
Multiplier 2–m, 0 ≤ m ≤ n – 1, is not an integer but is a fraction. An integer product can still be obtained as follows:

(a) Form a product by right shifting the integer multiplicand through m bits, extending the sign bit on the left.

(b) Overflow and accuracy: Because of sign bit extension, the product will always have the same sign as the multiplicand. So no overflow is possible. However, this product is really the result of division of two integers, where any fractional part is simply truncated and we get the nearest lower integer.































































































































































