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On Multisensor Detection of Improper Signals
Jitendra K. Tugnait, Life Fellow, IEEE

Abstract—We consider the problem of detecting the presence
of a complex-valued, possibly improper, but unknown signal,
common among two or more sensors (channels) in the presence of
spatially independent, unknown, possibly improper and colored,
noise. Past work on this problem is limited to signals observed in
proper noise. A source of improper noise is in-phase/quadrature-
phase (IQ) imbalance during down-conversion of bandpass noise
to baseband. A binary hypothesis testing approach is formulated,
and a generalized likelihood ratio test (GLRT) is derived using
asymptotic distribution of a frequency-domain sufficient statistic,
based on the discrete Fourier transform of an augmented
measurement sequence. An asymptotic analytical solution for
calculating the test threshold to yield a desired false alarm
rate, is provided. The performance of the GLRT is analyzed by
deriving an approximate asymptotic distribution of the GLRT
statistic under a sequence of local alternative hypotheses. These
results (GLRT and test threshold calculation) are then modified
to address two special cases: detection of improper signals in
proper noise, and detection of proper signals in proper noise.
Simulation examples are presented in support of the proposed
approaches.

Index Terms—Improper complex random signals; generalized
likelihood ratio test (GLRT); multichannel signal detection;
spectral analysis.

I. INTRODUCTION

We consider the problem of detecting the presence of
a complex-valued, possibly improper, but unknown signal,
common among two or more sensors. The unknown com-
mon signal is observed at multiple sensors in the presence
of unknown, possibly improper and colored, noise that is
independent across sensors.
A zero-mean complex-valued random sequence is called

proper if the cross-correlation function of the sequence with its
complex conjugate (called complementary correlation) is van-
ishing [1]. Typically, algorithms for complex signal processing
in communications and statistical signal processing have been
derived assuming that the complex signals are proper [1], [2].
However, this assumption of propriety is not always justified.
For example, binary phase shift keying (BPSK), offset quadra-
ture phase shift keying (QPSK), Gaussian minimum shift
keying (GMSK) and amplitude shift keying (ASK) modulation
based signals are improper [1]. Also, in-phase/quadrature-
phase (IQ) imbalance during down-conversion of bandpass
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signals to baseband can result in impropriety in both signals
and noise [3]. If the underlying signals are improper, much
can be gained in performance if the information contained in
the complementary correlation is also exploited [1], [4], [5].
A potential application of this problem is in spectrum

sensing for cognitive radio (CR) to decide if the received
signal, in addition to noise, contains signals from a single or
multiple primary users (PUs); for other potential applications,
see [6]. This is formulated as a binary hypothesis testing
problem and is a well-investigated topic [7]. If the underlying
communications channel is frequency-selective, the received
signal will be colored. An irreducible source of noise at the
receiver is thermal noise which is zero-mean white Gaussian
and whose baseband-equivalent model is that of a zero-mean,
white, proper complex Gaussian random process. Often, as
a result of receive filters at the cognitive user’s receiver, the
filtered thermal noise will not be white. Before processing the
(continuous-time) received noisy signal, at the receiver front-
end, the noisy (baseband-equivalent) signal is passed through
a receive filter hr(t). Let w̃(t) denote the filtered noise and
w(t) denote the thermal noise. Then

w̃(t) =

∫ ∞

−∞
w(t− λ)hr(λ) dλ .

The autocorrelation function of w̃(t) is

Rw̃(τ) = E{w̃(t)w̃∗(t− τ)} =
N0

2

∫ ∞

−∞
hr(t)h

∗
r(t− τ) dt

where Rw(τ) = N0

2 δ(τ), and superscript ∗ denotes the
complex conjugate operation. If hr(t) is a square-root raised
cosine filter with bandwidth (1 + α)/(2Ts), 0 ≤ α ≤ 1,
where Ts is the symbol interval, then Rw̃(nTs) = 0 for
n = ±1,±2, · · · . That is, {w̃(t)∣∣

t=nTs
}n is white Gaussian

sampled sequence when w̃(t) is sampled at the symbol rate.
But if one oversamples (more than one sample in Ts sec, called
fractional sampling), then {w̃(t)∣∣

t=nT
}n, T < Ts, is colored.

Thus, if the receive filters are not necessarily the ones that
yield white noise at symbol rate sampling, or the sampling
rate exceeds the symbol rate, the sampled filtered thermal noise
will be a colored random sequence. For CR applications, active
RC filters with tunable cut-off frequencies have been proposed
in the literature [8], [9]. Sampling of the filtered thermal
noise using such RC filters will invariably result in colored
noise. The effect of noise correlation on spectrum sensing
performance for a class of spectrum sensing algorithms has
been analyzed in [10].
Several approaches exist for detection of random signals in

random noise, based on differing signal and noise models [7].
A widely used model is that of temporally white but spatially
correlated proper complex Gaussian PU signal in temporally
and spatially uncorrelated proper complex Gaussian noise [11].
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Temporally colored, proper signals in spatially uncorrelated
but temporally correlated proper Gaussian noise have been
considered in [12] assuming multiple independent realizations
(snapshots) and Gaussian PU signals. The noise and signal
model parameters and/or statistics are unknown in [12], hence,
a generalized likelihood ratio test (GLRT) framework is used
to derive a test statistic. The test threshold is selected via
Monte Carlo simulations in [12] to yield a specified false
alarm rate. The work of [12] has been extended in [6],
where also one needs multiple independent realizations, with
number of realizations becoming large for certain theoretical
results, such as analytical threshold selection. The GLRT
framework is also used in [11] to handle the unknown pa-
rameters. The approaches of [6], [11], [12] are based on time-
domain consideration. A frequency-domain approach based on
estimated power spectral density (PSD) of the measurements
and the GLRT framework, has been proposed in [13] for
temporally colored, proper signals in spatially uncorrelated but
temporally correlated proper Gaussian noise, as in [12]. But
unlike [12] where multiple independent realizations of noisy
signal are required, only one data realization is needed in [13].
Moreover, an analytical formulation for test threshold selection
is provided in [13], unlike [12].
Improper complex signals are considered in [14], which is

limited to temporally white but spatially correlated improper
complex Gaussian PU signals in temporally and spatially
uncorrelated proper complex Gaussian noise. The model of
[15] allows temporal correlation for both improper signal and
proper noise. Both show improved performance compared
to the case where improper signals are treated as proper.
The model of [15] is limited to improper signals in spatially
independent proper noise. In this paper we allow noise to be
improper also.
A preliminary conference version of this paper is [16]. Our

derivation of the GLRT in this paper is significantly different
from that in [16]. In [16], the starting point is the estimated
PSD of an augmented complex vector sequence consisting
of the original measurement sequence augmented with its
complex conjugate. In this paper, we first develop a frequency-
domain sufficient statistic (Sec. II-C), and then under certain
sufficient conditions ((A1)-(A3) in Sec. II-D), we derive the
GLRT in Sec. III based on the frequency-domain sufficient
statistic, in a principled way. The estimate of the PSD of the
augmented measurements follows from the frequency-domain
sufficient statistic as a maximum likelihood (ML) estimate (see
(26) in Sec. III).
The main contributions of this paper are as follows. Detec-

tion of improper signals has been considered in [14] for tempo-
rally white but spatially correlated improper complex Gaussian
signals in temporally and spatially uncorrelated proper com-
plex Gaussian noise. In [15], both improper signal and proper
noise are allowed to be temporally correlated. In this paper
we allow noise to be improper also. We follow a frequency-
domain approach by first developing a frequency-domain suf-
ficient statistic based on the discrete Fourier transform (DFT)
of the time-domain data. This approach is novel. For a large
class of stationary random processes, the DFT of a given
stretch of measurements is complex, asymptotically jointly

proper Gaussian, and independent at distinct frequencies on
an appropriate frequency grid [17]. The random process need
not be Gaussian. This allows one to readily write down an
expression for the likelihood function of observations in terms
of the asymptotic distribution of its DFT. Detailed parametric
modeling of the underlying signal or noise to capture any
dependencies in the noisy signal samples is not essential,
and neither is the (widely used) assumption that the observed
signal is Gaussian. A binary hypothesis testing approach is
formulated and GLRT is derived using the the frequency-
domain sufficient statistic. An asymptotic analytical solution
for calculating the test threshold is provided. The performance
of the GLRT is also analyzed. The results are illustrated via
computer simulations.
In Sec. II, we introduce notation and state the binary

hypothesis testing problem of interest in this paper. We also
develop a frequency-domain sufficient statistic (Sec. II-C),
introduce certain sufficient conditions ((A1)-(A3) in Sec. II-D)
needed later, and review asymptotic distribution of the suf-
ficient statistic as number of measurement samples become
large. We derive the GLRT in Sec. III based on the frequency-
domain sufficient statistic and its asymptotic distribution. An
asymptotic analytical solution for calculating the test threshold
is provided in Sec. IV. In Sec. V, the performance of the GLRT
is analyzed by deriving an approximate asymptotic distribution
of the GLRT statistic under a sequence of local alternative
hypotheses. The results of Sec. III are then modified to address
two special cases in Sec. VI: detection of improper signals in
proper noise (Sec. VI-A), and detection of proper signals in
proper noise (Sec. VI-B). Simulation examples are presented
in Sec. VII in support of the proposed approaches.

II. PRELIMINARIES AND SYSTEM MODEL

Here we first introduce notation in Sec. II-A, and state the
binary hypothesis testing problem of interest in this paper in
Sec. II-B. Then we motivate a frequency-domain sufficient
statistic in Sec. II-C. Certain reasonable sufficient conditions
are presented in Sec. II-D, for use later in the derivation of the
GLRT. In Sec. II-E we review asymptotic distribution of the
sufficient statistic as number of measurement samples become
large.

A. Notation
We use S � 0 and S � 0 to denote that Hermitian S is

positive semi-definite and positive definite, respectively. For
a square matrix A, |A| and etr(A) denote the determinant
and the exponential of the trace of A, respectively, i.e.,
etr(A) = exp(tr(A)), [Bk]i:l,j:m denotes the submatrix of
the matrix Bk comprising its rows i through l and columns
j through m, [Bk]ij is its ijth element, Bij is the ijth
element of B, and I is the identity matrix. The superscripts
∗, � and H denote the complex conjugate, transpose and
Hermitian (conjugate transpose) operations, respectively, and
E denotes the expectation operation. The set of integers 1
through n is denoted by [1, n]. The sets of real and complex
numbers are denoted by R and C, respectively. The notation
y = O(g(x)) means that there exists some finite real number



3

b > 0 such that limx→∞ |y/g(x)| ≤ b. Given square matrices
Ai, i = 1, 2, · · ·n, block-diag{A1, A2, · · · ,An} denotes a
square matrix with Ais along its main block-diagonal and
zeros everywhere else.
The notation χ2

n represents central chi-square distribution
with n degrees of freedom, whereas χ2

n(λ) denotes the non-
central chi-square distribution with n degrees of freedom and
non-centrality parameter λ. The notation x ∼ Nc(m,Σ)
denotes a random vector x that is proper complex Gaussian
with mean m and covariance Σ, and x

a∼ Nc(m,Σ) implies
that x is asymptoticallyNc(m,Σ) as number of measurements
tend to ∞. The notation a∼ applies to other distributions (χ2,
Wishart, etc) as well. Also, for real x, x ∼ Nr(m,Σ) denotes
a real random vector x that is Gaussian with mean m and
covariance Σ. The abbreviations w.p.1. and i.i.d. stand for with
probability one, and independent and identically distributed,
respectively.

B. Binary Hypotheses
Let n(t) ∈ C

p denote a zero-mean spatially independent,
stationary, possibly improper, random (noise) sequence and
s(t) ∈ C

p denote a zero-mean stationary, possibly improper
random (signal) sequence which is independent of {n(t)}.
Both noise and signal may be non-Gaussian. Let H0 denote
the null hypothesis that the user is receiving just noise, and
H1 is the alternative that signal common to all sensors is
also present. We consider the following binary hypothesis
testing problem for the measurement sequence x(t), t =
0, 1, · · · , N − 1,

H0 : x(t) = n(t), noise only
H1 : x(t) = s(t) + n(t), signal and noise. (1)

We assume that noise is independent across sensors.

C. Frequency-Domain Sufficient Statistic
Define the augmented complex process {y(t)} and the real-

valued process {z(t)} as

y(t) =

[
x(t)
x∗(t)

]
, z(t) =

[
xr(t)
xi(t)

]
(2)

where x(t) = xr(t) + jxi(t), with xr(t) and xi(t) denoting
its real and imaginary components, respectively. We have

y(t) = T z(t), T =

[
I jI
I −jI

]
∈ C

(2p)×(2p). (3)

Consider the (normalized) DFT dz(fn) of real-valued z(t),
t = 0, 1, · · · , N − 1, given by

dz(fn) :=
1√
N

N−1∑
t=0

z(t)e−j2πfnt (4)

where fn = n/N , n = 0, 1, · · · , N − 1. Note that dz(fn) is
periodic in n with period N , and is periodic in normalized
frequency fn with period 1. Since z(t) is real-valued, we
have d∗

z(fn) = dz(−fn) = dz(1 − fn), so dz(fn) for
n = 0, 1, · · · , (N/2) completely determines dz(fn) for all
integers n.

As proved in [20, p. 280, Sec. 6.2], for any statistical infer-
ence problem, the complete sample is a sufficient statistic, and
so is any one-to-one function of a sufficient statistic. Hence,
given the complex-valued sample x(t), t ∈ [0, N − 1], the
real-valued sample z(t), t ∈ [0, N −1], is a sufficient statistic.
Since the inverse DFT yields (one-to-one transformation)

z(t) =
1√
N

N−1∑
n=0

dz(fn)e
j2πfnt, (5)

the set {dz(fn)}N−1
n=0 is a sufficient statistic, which can

be further reduced to {dz(fn)}N/2
n=0, exploiting symmetries

d∗
z(fn) = dz(−fn) = dz(1− fn). As in (4), define

dy(fn) :=
1√
N

N−1∑
t=0

y(t)e−j2πfnt. (6)

Then we have dy(fn) = T dz(fn). Invoking [20, p. 280, Sec.
6.2], it follows that the set of complex-valued random vectors
{dy(fn)}N/2

n=0 is a sufficient statistic for our binary hypothesis
testing problem.

D. Model Assumptions

Here we assumptions on z(t) or y(t) used later in the paper.
(A1) Assumption 2.6.1 [17]. Random sequence {z(t)} ∈ R

2p

is stationary with components za(t), a = 1, 2, · · · , 2p,
such that E{|za(t)|k} <∞, satisfying

∞∑
τ1,τ2,··· ,τk−1=−∞

|cz:a1,a2,··· ,ak
(τ1, τ2, · · · , τk−1)| <∞

(7)
for a1, a2, · · · , ak = 1, 2, · · · , 2p and k = 2, 3, · · · ,
where cz:a1,a2,··· ,ak

(τ1, τ2, · · · , τk−1) is the joint cumu-
lant function of order k of stationary {z(t)}.

(A2) The PSD matrix of y(t), Sy(f) � 0 for any 0 ≤ f ≤ 1.
(A3) The PSD matrix Sy(fn) is locally smooth such that it

is constant over K (≥ 2p) consecutive frequency points,
where fn = n/N , n ∈ [0, N − 1].

See [18, Appendix A] (also [19, Appendix A]) for more details
regarding satisfaction of Assumption 2.6.1 of [17] for a class
of stationary improper sequences. If x(t) is Gaussian, then it is
sufficient to verify (7) only for k = 2. Regarding assumption
(A2), one can always add artificial proper white Gaussian noise
to x(t) to achieve Sy(f) � 0. Assumption (A3) is a standard
assumption in PSD estimation literature [17].

E. Asymptotic Distribution of Sufficient Statistic

Under (A1), it follows from [17, Theorem 4.4.1] that
asymptotically, dz(fn), n = 1, 2, · · · , (N/2)−1, (N even), are
independent proper complex Gaussian Nc(0,Sz(fn)) random
vectors, respectively, where Sz(f) is the PSD matrix of z(t).
Also, asymptotically, dz(f0) and dz(fN/2) (N even) are in-
dependent real Gaussian Nr(0,Sz(f0)) and Nr(0,Sz(fN/2))
random vectors, respectively, independent of the previous ran-
dom vectors for n = 1, 2, · · · , (N/2)−1. Using (3), it follows
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that dy(fn), n = 1, 2, · · · , (N/2) − 1, (N even), are asymp-
totically independent proper complex Gaussian Nc(0,Sy(fn))
random vectors, respectively, where [18]

Sy(f) =

[
Sx(f) S̃x(f)

S̃∗
x(−f) S∗

x(−f)
]

(8)

=

[
Sx(f) S̃x(f)

S̃H
x (f) S�

x (−f)
]
, (9)

Sx(f) =
∑∞

τ=−∞ Rx(τ)e
−j2πfτ denotes the PSD of

{x(t)}, Rx(τ) = E{x(t + τ)xH(t)}, S̃x(f) =∑∞
τ=−∞ R̃x(τ)e

−j2πfτ is the complementary PSD (C-PSD)
of {x(t)}, and R̃x(τ) = E{x(t+τ)x�(t)}. While dy(f0) and
dy(fN/2), (N even), are independent Gaussian random vec-
tors, also independent of dy(fn) for n = 1, 2, · · · , (N/2)−1,
they are, in general, improper whereas dy(fn) for n =
1, 2, · · · , (N/2)− 1 is proper. In our derivation of the GLRT
in the next section, we will ignore these two frequency points.

III. GENERALIZED LIKELIHOOD RATIO TEST

In this section we derive the GLRT. We will use the
frequency-domain sufficient statistic {dy(fn)}N/2

n=0 after dis-
carding the end frequency points f0 and fN/2, as the asymp-
totic distribution of the latter is improper Gaussian, whereas
the DFT at other frequencies is proper complex Gaussian.
Define

D = [dy(f1) dy(f2) · · · dy(f(N/2)−1)]
H ∈ C

((N/2)−1)×(2p) .
(10)

The asymptotic joint probability density function (pdf) of D
is given by

fD(D) =

(N/2)−1∏
n=1

exp
(−dH

y (fn)S
−1
y (fn)dy(fn)

)
π2p |Sy(fn)| (11)

where we do not distinguish between a random vector/matrix
and the values taken by them in our notation (for simplicity).
The PSD matrix Sy(fn) is unknown. Under H0, the �th
component x�(t) of x(t) is independent of xm(t) for � �= m.
Let (� = 1, 2, · · · , p)

S(�)
y (f) :=

[
[Sy(f)]�� [Sy(f)]�(�+p)

[Sy(f)](�+p)� [Sy(f)](�+p)(�+p)

]
. (12)

Then in terms of Sx and S̃x,

S(�)
y (f) =

[
[Sx(f)]�� [S̃x(f)]��
[S̃∗

x(−f)]�� [S∗
x(−f)]��

]
. (13)

Under H0, all entries in Sy(f) are zeros except for those
in S

(�)
y (f), � = 1, 2, · · · , p. Under H1, x(t) is improper

with Sy(f) � 0 (assumption (A2) of Sec. II-D) with no
specific structure. Testing for the presence of an improper
common signal in spatially independent improper noise is then
reformulated as the problem

H0 : Sy(fn) is such that Sx(±fn) and S̃x(±fn)
are diagonal ∀n ∈ [1, (N/2)− 1]

H1 : Sy(fn) � 0 with no specific structure
∀n ∈ [1, (N/2)− 1].

(14)

By (8), (12) and (13), the above constraint under H0 is
equivalent to [Sy(fn)]�m = 0 ∀l,m, except for the entries
in S

(q)
y (fn), q = 1, 2, · · · , p, ∀n ∈ [1, (N/2)− 1].

Now assume that Sy(fn) is locally smooth (assumption
(A3) of Sec. II-D), so that Sy(fn) is (approximately) constant
over K = 2mt + 1 ≥ 2p consecutive frequency points. Pick

f̃k =
(k − 1)K +mt + 1

N
, k = 1, 2, · · · ,M, (15)

M =

⌊
N
2 −mt − 1

K

⌋
, (16)

leading to M equally spaced frequencies f̃k in the interval
(0, 0.5), at intervals of K/N . It is assumed that for each f̃k
(local smoothness),

Sy(f̃k,�) = Sy(f̃k) for � = −mt,−mt + 1, · · · ,mt , (17)

where
f̃k,� =

(k − 1)K +mt + 1 + �

N
. (18)

Using (17) in (11), we have

fD(D) =
M∏
k=1

[ mt∏
�=−mt

1

πp |Sy(f̃k)|
× exp

(
−dH

y (f̃k,�)S
−1
y (f̃k)dy(f̃k,�)

) ]
(19)

=

M∏
k=1

etr
(
−S−1

y (f̃k)D̃(f̃k)
)

π2Kp |Sy(f̃k)|K

=
M∏
k=1

f
Ď(f̃k)

(Ď(f̃k)) (20)

where K × (2p) Ď(f̃k) is

Ď(f̃k) =
[
dy(f̃k,−mt

) dy(f̃k,−mt+1) · · · dy(f̃k,mt
)
]H

,

(21)
and (2p)× (2p) D̃(f̃k) is

D̃(f̃k) =

mt∑
�=−mt

dy(f̃k,�)d
H
y (f̃k,�). (22)

Explicitly indicating the dependence on the underlying
hypothesis Hi, i = 0, 1, the pdf of D under Hi is given by

fD|Hi
(D|Hi) =

M∏
k=1

f
Ď(f̃k)|Hi

(Ď(f̃k)|Hi) (23)

where

f
Ď(f̃k)|Hi

(Ď(f̃k)|Hi) =
etr(−S−1

y (f̃k)D̃(f̃k))

π2Kp |Sy(f̃k)|K
. (24)

Under H1 where there is no specific structure to the PSD
matrix, the unknowns in (23)-(24) are Hermitian positive
definite matrices Sy(f̃k), k = 1, 2, · · · ,M . By [21, Theorem
1.10.4], for any positive definite m ×m matrices A and B,
and for any scalars a > 0 and b > 0, one has

|A|−betr
(−aA−1B

) ≤ |aB/b|−b exp(−mb), (25)
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with equality if and only if A = aB/b. Applying (25) to (24)
with a = 1, b = K, A = Sy(f̃k), B = D̃(f̃k) and m = 2p, it
follows that the ML estimate Ŝy(f̃k) of Sy(f̃k) is given by

Ŝy(f̃k) =
1

K
D̃(f̃k) =

1

K

mt∑
l=−mt

dy(f̃k,�)d
H
y (f̃k,�). (26)

Setting Sy(f̃k) = Ŝy(f̃k) in (23) and (24) yields

sup
Sy(f̃k) under H1

fD|H1
(D|H1) =

e−2MKp

π2MKp

M∏
k=1

|Ŝy(f̃k)|−K .

(27)
Exploiting the structure of Sy(f̃k) under H0, the pdf of

Ď(f̃k) under H0 can be simplified as

f
Ď(f̃k)|H0

(Ď(f̃k)|H0) =

p∏
q=1

etr(−S
−(q)
y (f̃k)D̃

(q)(f̃k))

π2Kp |S(q)
y (f̃k)|K

(28)
where S

(q)
y (f̃k) is defined as in (12), S

−(q)
y (f̃k) is its inverse,

and D̃(q)(f̃k) is defined similarly as (q = 1, 2, · · · , p)

D̃(q)(f̃k) :=

[
D̃qq(f̃k) D̃q(q+p)(f̃k)

D̃(q+p)q(f̃k) D̃(q+p)(q+p)(f̃k)

]
. (29)

Under H0, the unknowns in (23) and (28) are Hermitian
positive definite matrices S

(q)
y (f̃k), q = 1, 2, · · · , p, k =

1, 2, · · · ,M . Applying (25) to (28) with a = 1, b = K,
A = S

(q)
y (f̃k), B = D̃(q)(f̃k) and m = 2, it follows that

the ML estimate Ŝ
(q)
y (f̃k) of S

(q)
y (f̃k) is given by

Ŝ(q)
y (f̃k) =

1

K
D̃(q)(f̃k) ∈ C

2×2 (30)

where

D̃
(q)
i1i2

(f̃k) =

mt∑
l=−mt

[dy(f̃k,�)]i1 [dy(f̃k,�)]
∗
i2 . (31)

Setting S
(q)
y (f̃k) = Ŝ

(q)
y (f̃k) in (23) and (28) leads to

sup
Sy(f̃k) under H0

fD|H0
(D|H0) =

e−2MKp

π2MKp

M∏
k=1

p∏
q=1

|Ŝ(q)
y (f̃k)|−K

(32)
Using (27) and (32) we obtain the GLRT

L :=
sup

Sy(f̃k) under H1
fD|H1

(D|H1)

sup
Sy(f̃k) under H0

fD|H0
(D|H0)

(33)

=
M∏
k=1

∏p
q=1 |Ŝ(q)

y (f̃k)|K
|Ŝy(f̃k)|K︸ ︷︷ ︸

Lk

H1

�
H0

τ1 (34)

where the threshold τ1 is picked to achieve a pre-specified
probability of false alarm Pfa = P{L ≥ τ1 |H0}. This
requires pdf of L under H0 which is discussed in Sec. IV.
Note that Ŝy(f̃k) in (26) is an estimator of the PSD of

y(t) at frequency f̃k, based on unweighted smoothing in
frequency-domain, as given in [17, Eqn. (7.3.2)]. Based on
[17, Theorem 7.3.3], it is shown in [18, Sec. II-A.3] that as
N → ∞, Ŝy(f̃k) is distributed as WC

(
2p,K,K−1Sy(f̃k)

)
(denoted as Ŝy(f̃k)

a∼ WC(2p,K,K
−1Sy(f̃k))) where

WC

(
2p,K,K−1Sy(f̃k)

)
denotes the complex Wishart dis-

tribution of dimension 2p, degrees of freedom K, and mean
value Sy(f̃k). If a random matrix X ∼ WC (m,K,S(f)),
then by [17, Sec. 4.2], E{X} = KS(f), cov {Xjk,Xrs} =
KSjr(f)S

∗
ks(f), and for K ≥ m, the probability density

function (pdf) of X is given by

fX(X) =
1

Γm(K)

1

|S(f)|K |X|K−m etr{−S−1(f)X} (35)

where the pdf (35) is defined for S(f) � 0 and X � 0, and
is otherwise zero, and

Γm(K) := πm(m−1)/2
m∏
j=1

Γ(K − j + 1) (36)

where Γ(n) denotes the (complete) Gamma function Γ(z) :=∫∞
0
tz−1e−t dt.
Remark 1. Assumption (A3) is crucial in deriving (34). The

true PSD Sy(fn) is unknown and must be estimated from
data, e.g., as in (26). One needs K ≥ 2p for Ŝy(f̃k) to
be of full rank w.p.1. But since dy(f0) and dy(fN/2) are
statistically different from dy(fn) for n = 1, 2, · · · , (N/2)−1,
(the former are improper while the latter are proper), one can
not average as in (26) by including dy(f0) and/or dy(fN/2)
therein. On the other hand, as N increases, we still have
just two frequencies f0 and fN/2 where dy(.) is improper,
thereby precluding sufficient number of samples for estimators
of Sy(f0) or Sy(fN/2) to be of full rank. This leaves us
with no choice but to exclude dy(f0) and dy(fN/2) from the
proposed GLRT. The impact of such an exclusion on the test
performance is not clear. �

A. Invariance of GLRT
Note that Lk =

∏p
q=1 |Ŝ(q)

y (f̃k)|K/|Ŝy(f̃k)|K , defined
in (34), is invariant to the transformation Ŝ

(q)
y (f̃k) →

A
(q)
k Ŝ

(q)
y (f̃k)A

(q)H
k for any non-singular Hermitian A

(q)
k ∈

C
2×2, leaving the other entries of Ŝy(f̃k) unchanged. More

explicitly, define (k = 1, 2, · · · ,M )

Ak = block− diag
{
A

(1)
k , A

(2)
k , · · · ,A(p)

k

}
, (37)

and ỹ(t) ∈ C
(2p)×(2p),

ỹ(t) =
[
x1(t) x

∗
1(t) x2(t) x

∗
2(t) · · · xp(t) x

∗
p(t)

]�
. (38)

Then there exists a permutation matrix J such that ỹ(t) =
Jy(t). Define Ãk = JAk. The statistic Lk is invariant to the
transformation Ŝy(f̃k) → ÃkŜy(f̃k)Ã

H
k , as can be verified

via direct substitution. To consider invariance of L, define
S = block− diag

{
Ŝy(f̃1), Ŝy(f̃2), · · · , Ŝy(f̃M )

}
, (39)

and also define

A = block− diag {JA1, JA2, · · · , JAM} . (40)

Let G denote the group of transformations G =
{A as in (40)}, where A acts on S as S → ASAH . It is
easily verified via direct substitution that under the action of
group G, L in (34) is invariant.
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The invariance under G allows us to transform any
Ŝy(f̃k) to S̃y(f̃k) such that S̃

(q)
y (f̃k) ∼ WC (2,K, I) and

S̃y(f̃k) ∼ WC (2p,K, I) under H0, by choosing A
(q)
k =√

K(S
(q)
y (f̃k))

−1/2 for q ∈ [1, p]. Then L is invariant, and
the transformed S̃y(f̃k)s now correspond to a proper i.i.d.
(white) sequence {x(t)}, which can be used to compute the
test threshold via Monte Carlo simulations. This threshold is
valid for any other PSD. However, in Sec. IV, we offer an
analytical approach that is valid for large sample sizes.

IV. THRESHOLD SELECTION
We now turn to determination of an asymptotic expansion of

the distribution of L under H0 following [22]–[24]. Our main
result is in Theorem 1, which allows us to calculate the test
threshold analytically. Theorem 1 is stated below, and proved
in Appendix A.
In the following, χ2

n denotes a random variable with central
chi-square distribution with n degrees of freedom as well
as the distribution itself. Also, Br(t) denotes the Bernoulli
polynomial of degree r and order unity. The first five Bernoulli
polynomials are (B0(t) = 1):

B1(t) = t− (1/2), B2(t) = t2 − t+ (1/6),

B3(t) = t3 − (3/2)t2 + (1/2)t,

B4(t) = t4 − 2t3 + t2 − (1/30),

B5(x) = t5 − (5/2)t4 + (5/3)t3 − (1/6)t.

Theorem 1. The GLRT for (14) is given by

2ρ ln(L)
H1

�
H0

τ

where
ρ = 1− 2(p+ 1)

3K
, (41)

ln(L) = K
M∑
k=1

([ p∑
q=1

ln |Ŝ(q)
y (f̃k)|

]− ln(|Ŝy(f̃k)|)
)
. (42)

The threshold τ is picked to achieve a pre-specified Pfa =
1− P{2ρ ln(L) ≤ τ |H0} where

P{2ρ ln(L) ≤ z |H0} = P{χ2
ν ≤ z}+ ω2

[
P{χ2

ν+4 ≤ z}
−P{χ2

ν ≤ z}]+ ω3

[
P{χ2

ν+6 ≤ z} − P{χ2
ν ≤ z}]

+
{
ω4

[
P{χ2

ν+8 ≤ z} − P{χ2
ν ≤ z}]+ 1

2
ω2
2

[
P{χ2

ν+8 ≤ z}

−2P{χ2
ν+4 ≤ z}+ P{χ2

ν ≤ z}] }+O(M/K5) , (43)

ν = 4Mp(p− 1) (44)

and

ωr =
(−1)r+1M

r(r + 1)(ρK)r

{( 2p∑
l=1

Br+1((1− ρ)K + 1− l)

)

− p

(
2∑

l=1

Br+1((1− ρ)K + 1− l)

)}
. (45)

The discussion in [18, Remark 1] applies here as well, and
is restated below.
Remark 2. It follows from (16) that MK = O(N). As
N → ∞, we let both M and K → ∞. Let K = O(Nβ),
0 < β < 1. Then M = O(N1−β). We also require
limN→∞(M/K) = 0, which implies that 0.5 < β < 1.
It is also worth noting that for a given p, we must have
K ≥ 2p, otherwise the Wishart density such as (35) does
not exist. Therefore, by (41), limN→∞ ρ = 1, and by (45),
ωr = O(M/Kr) → 0 for r ≥ 1 as N → ∞. Hence, by (43),
as N → ∞, under H0, we have

2 ln(L) ∼ χ2
4Mp(p−1) (46)

based on P{2 ln(L) ≤ z |H0} = P{χ2
ν ≤ z}+O(M/K). As

pointed out in [22]–[24], under H0, the distribution χ2
4Mp(p−1)

is often not accurate unless N is “quite large;” hence the extra
terms and the Bartlett scale factor ρ in Theorem 1. Also, by
Theorem 1, we have the following modifications to (43):

P{2ρ ln(L) ≤ z |H0} = P{χ2
ν ≤ z}+O(M/K2), (47)

P{2ρ ln(L) ≤ z |H0} = P{χ2
ν ≤ z}

+ ω2

[
P{χ2

ν+4 ≤ z} − P{χ2
ν ≤ z}]+O(M/K3),

(48)

and

P{2ρ ln(L) ≤ z |H0} = P{χ2
ν ≤ z}

+ ω2

[
P{χ2

ν+4 ≤ z} − P{χ2
ν ≤ z}]

+ ω3

[
P{χ2

ν+6 ≤ z} − P{χ2
ν ≤ z}]+O(M/K4),

(49)

where ν = 4Mp(p−1). How many terms to use is application
dependent. �
Remark 3. For a given N , how should one chooseM and K

(= 2mt+1)? This is an unresolved issue. As noted in Remark
1, in (26) one averages over K samples, based on model
assumption (A3). One must have K ≥ 2p for Ŝy(f̃k) to be
of full rank w.p.1. Larger values of K will lead to smaller M
and more accurate PSD estimators, provided that the true PSD
is approximately constant over the chosen K samples. This is
problem dependent, and exploratory PSD analysis should offer
some guidance in this respect. In Sec. VII (see Fig. 4), we
investigate the influence of various choices of M and K via
simulations. This examples does show improving performance
with increasing K. �

V. PERFORMANCE: PROBABILITY OF DETECTION

In this section, we derive asymptotic distribution of the
test statistic under H1, so that one can calculate the power
(probability of detection) of the GLRT. We first derive a result
similar to (46) invoking [28] under local alternatives, and
then heuristically extend it to an expression similar to (43).
Arguments are offered for this heuristic extension, and later it
is illustrated via simulations in Sec. VII and is shown to offer
very good agreement with the empirical results.
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Let Sy0(fn) denote the restriction of Sy(fn) to null hypoth-
esis H0 (see (14)). Similar to [28], [29], consider a sequence
of local alternatives H1K

H1K : Sy(fn) = Sy0(fn)+
1√
K

Sy∗(fn), n ∈ [1, (N/2)−1]

(50)
where Sy∗(fn) � 0 is some fixed Hermitian matrix. As
K → ∞, the hypothesis sequence H1K approaches H0, hence
the term local alternative. Under a fixed (non-local) alterna-
tive, we would have a fixed Sy(fn) = Sy0(fn) + Sy∗(fn).
As observed in [29] in a different context, the asymptotic
distributions under a fixed non-local alternative hypothesis do
not give good approximation when the alternative is close to
the null hypothesis. Invoking [28, Theorem 1], one can prove
Theorem 2.
Theorem 2. Under the sequence of local alternatives (50) for
some fixed Sy∗(fn)s, n ∈ [1, (N/2)− 1], where Sy0(fn) and
Sy∗(fn) satisfy model assumption (A3), the statistic ln(L)
specified in (42) satisfies

P{2 ln(L) ≤ z |H1} = P{χ2
ν(λ) ≤ z}+O(M/

√
K), (51)

for some λ > 0, and ν = 4Mp(p− 1) as in (44).
Proof. Consider Lk in (34) which is given by

Lk =
sup

Sy(f̃k) under H1
f
Ď(f̃k)|H1

(Ď(f̃k)|H1)

sup
Sy(f̃k) under H0

f
Ď(f̃k)|H0

(Ď(f̃k)|H0)
. (52)

The sample Ď(f̃k) given by (21) consists of K indepen-
dent and identically distributed, proper complex Gaussian
vectors dy(f̃k,�), � = −mt,−mt + 1, · · · ,mt − 1,mt,
each ∼ Nc

(
0,Sy(f̃k)

)
. The augmented real-valued vector

[real(d�
y (f̃k,�) imag(d�

y (f̃k,�)]
�] ∈ R

2p is multivariate real
Gaussian, and by Example 1 of [28], the derivatives up to
and including those of order three, of ln(f

Ď(f̃k)
(Ď(f̃k))) with

respect to (w.r.t.) the elements of Sy(f̃k), are bounded and
integrable w.r.t. dy(f̃k,�), � = −mt,−mt + 1, · · · ,mt. That
is, all regularity conditions are satisfied for [28, Theorem 1]
to hold true, which when applied to Lk, leads to

P{2 ln(Lk) ≤ z |H1} = P{χ2
νk
(λk) ≤ z}+O(1/

√
K),
(53)

where λk > 0 and νk = 4p(p − 1). Note that νk equals
the number of unknowns under H1 minus the number of
unknowns under H0. Since Sy(f̃k) ∈ C

(2p)×(2p) is Hermitian,
its 2p diagonal elements are real, with 2p unknowns, and off-
diagonal elements are complex-valued with 2p(2p− 1)/2 real
as well as imaginary unknowns in the upper triangle, leading
to total 4p2 unknowns under H1. Under H0, there are p
nonzero 2×2 Hermitian submatrices, with total 4p unknowns.
In our later developments, we do not use the expression for
λk as given in [28], except to note that λk > 0, and it
equals zero only if Sy∗(fn) ≡ 0. Since Lks are independent,
ln(L) =

∑M
k=1 ln(Lk), and for M independent chi-square

random variables,
∑M

k=1 χ
2
νk
(λk) ∼ χ2

ν(λ) for λ =
∑M

k=1 λk
and ν =

∑M
k=1 νk, we have the desired result (51). �

We now use an indirect approach to compute an ap-
proximation to λ (also used in [18], [19] in a different

problem). We note that asymptotically, under H1, we must
have E{2 ln (L)} = 4Mp(p − 1) + λ, since 2 ln (L) a∼
χ2
4Mp(p−1)(λ) by Theorem 2, assuming M/

√
K → 0 as

N → ∞. We now derive an expression for the non-centrality
parameter λ via E{2 ln (L)}. In Appendix B, we establish
Lemma 1.
Lemma 1. Under H1, we have

E{2 ln(L) |H1} = 2K
[( M∑

k=1

{ p∑
q=1

ln
∣∣S(q)

y (f̃k)
∣∣}

− ln
∣∣Sy(f̃k)

∣∣)+ 2Mp(p− 1)

K
+O(M

K2

)]
. (54)

Using Lemma 1, we have an expression for the non-
centrality parameter as

λ =E{2 ln(L |H1} − 4Mp(p− 1)

=2K
M∑
k=1

{( p∑
q=1

ln
∣∣S(q)

y (f̃k)
∣∣)− ln

∣∣Sy(f̃k)
∣∣}

+O(M/K) . (55)

Remark 4. As discussed in Remark 1, under H0, the
distribution χ2

4Mp(p−1) is often not accurate, hence the ex-
tra terms and factor ρ in Theorem 1. Any expression for
P{2ρ ln(L) ≤ τ |H1} must be such that, as the hypothesisH1

approaches H0, it approaches P{2ρ ln(L) ≤ τ |H0}. Notice
that as λ → 0, i.e., H1 approaches H0, (51) tends to the
distribution specified by (46). Just as Theorem 1 modifies the
distribution χ2

2Mp2 under H0, we follow (43) to modify the
distribution χ2

2Mp2(λ) under H1, exploiting Theorem 1:

P{2ρ ln(L) ≤ τ |H1} = P{χ2
ν(ρλ) ≤ τ}

+ ω2

[
P{χ2

ν+4(ρλ) ≤ τ} − P{χ2
ν(ρλ) ≤ τ}]

+ ω3

[
P{χ2

ν+6(ρλ) ≤ τ} − P{χ2
ν(ρλ) ≤ τ}]

+
{
ω4

[
P{χ2

ν+8(ρλ) ≤ τ} − P{χ2
ν(ρλ) ≤ τ}]

+
1

2
ω2
2

[
P{χ2

ν+8(ρλ) ≤ τ} − 2P{χ2
ν+4(ρλ) ≤ τ}

+ P{χ2
ν(ρλ) ≤ τ}]}+O(M/K5) , (56)

where ν = 4Mp(p − 1), and λ is given by (55). Under H0,
λ = 0, and under H1, as the hypothesis H1 approaches H0,
λ → 0, since 1√

K
Sy∗(f̃k) becomes vanishingly small ∀f̃k.

Under both these cases, (43) and (56) become the same. Thus,
use of (56) is well justified. We do need M/

√
K → 0 as

N → ∞. �
Remark 5. Theoretically more sound expressions and

methodology (as opposed to heuristic arguments used in
deriving (56)) for probability of detection may be found
in [28]–[33] for a wide variety of detection problems (but
not for the problem considered in this paper). In [30], [31]
a moment-matching approach is used to approximate the
non-null distribution via a beta random variable, whereas in
[32], [33], a chi-square distribution approximation is utilized.
All these approaches require a detailed examination of a
series expansion of the characteristic (or moment generating)
function of the test statistic under the alternative hypothesis.
The application of such techniques to our problem is of
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considerable interest but appears to be rather involved, and is
left for future research. Our (56) is illustrated via simulations
in Sec. VII (see Fig. 5) where very good agreement with the
empirical results can be seen. �

VI. GLRTS FOR TWO SPECIAL CASES

Here the results of Secs. III and IV are modified to address
two special cases: detection of improper signals in proper
noise (Sec. VI-A), and detection of proper signals in proper
noise (Sec. VI-B). The main results are in Theorem 3 for
detection of improper signals in proper noise, and in Theorem
4 for detection of proper signals in proper noise. A version
of Theorem 3 was previously presented in [15], but was
derived directly from estimated PSD of augmented complex
measurement vector sequence in an ad hoc fashion, whereas in
Sec. VI-A, we derive it using the frequency-domain sufficient
statistic introduced in Sec. II-C. A version of Theorem 4 was
previously presented in [13], but was derived directly from
estimated PSD of the complex measurement vector sequence
(not augmented), whereas in Sec. VI-B, we derive it using
the frequency-domain sufficient statistic introduced in Sec.
II-C and based on augmented complex measurement vector
sequence.

A. Improper Signals in Proper Noise
Here we consider the hypothesis testing problem (1) under

the restriction that noise n(t) is known to be proper (e.g.,
thermal noise at the receiver with no IQ-imbalance), but signal
could be improper. If {x(t)} is proper, its C-PSD vanishes,
rendering S

(�)
y (f) defined in (13) diagonal

S(�)
y (f) =

[
[Sx(f)]�� 0

0 [S∗
x(−f)]��

]
. (57)

We will denote this restriction of S(�)
y (f) as S(�P )

y (f), and as
in (12), it is then given by

S(�P )
y (f) :=

[
[Sy(f)]�� 0

0 [Sy(f)](�+p)(�+p)

]
. (58)

Mimicking Sec. III, testing for the presence of an improper
common signal in spatially independent proper noise is then
reformulated as the problem

H0 : [Sy(fn)]�m = 0 ∀l,m, except for the entries in
S
(qP )
y (fn), q = 1, 2, · · · , p, ∀n ∈ [1, (N/2)− 1]

H1 : Sy(fn) � 0 with no specific structure
∀n ∈ [1, (N/2)− 1].

(59)
Mimicking the developments in Sec. III leading to (34), for
problem (59), we obtain the GLRT

L(P ) :=
sup

Sy(f̃k) under H1
fD|H1

(D|H1)

sup
Sy(f̃k) under H0

fD|H0
(D|H0)

(60)

=

M∏
k=1

∏p
q=1

(
[Ŝy(f̃k)]qq × [Ŝy(f̃k)](q+p)(q+p)

)K
|Ŝy(f̃k)|K

H1

�
H0

τ2 , (61)

where (cf. (30)-(31)),

[Ŝy(f̃k)]ii =

mt∑
l=−mt

|[dy(f̃k,�)]i|2. (62)

Pick A
(q)
k of Sec. III-A to be diagonal. Then L(P ) is

invariant under the group action S → ASAH , where S and
A are as in Sec. III-A with A

(q)
k a non-singular, positive-

definite diagonal matrix. In particular, if we pick A
(q)
k =√

Kdiag{([Sy(f̃k)]qq)
−1/2, ([Sy(f̃k)](q+p)(q+p))

−1/2}, then
L(P ) is invariant, and transformation of Ŝy(f̃k) to S̃y(f̃k)

leads to S̃
(q)
y (f̃k) ∼ WC (2,K, I) and S̃y(f̃k) ∼

WC (2p,K, I) under H0.
The counterpart to Lemma 3 turns out to be

E

{
1(L(P )
)h |H0

}
=

∏2p
k=1 Γ

M (K(1 + h)− k + 1)

Γ2Mp(K(1 + h))

× Γ2Mp(K)∏2p
�=1 Γ

M (K − �+ 1)
. (63)

Comparing (95) with (63), we find the correspondence

a = 2Mp, b = 2Mp, xk = K,

ξk = −[(k − 1)mod(2p)] for k = 1, 2, · · · , a,
yj = K, ηj = 0 for j = 1, 2, · · · , b,

C =
Γ2Mp(K)∏2p

�=1 Γ
M (K − �+ 1)

. (64)

Comparing (63) and (95), we further have

βk = (1− ρ)K ∀k, εj = (1− ρ)K ∀j. (65)

Using the above values in Lemma 4, we have
a∑

k=1

ξk = −M
2p∑
k=1

(k − 1) = −Mp(2p− 1)

a∑
k=1

ξ2k =M

2p∑
k=1

(k − 1)2 =Mp(2p− 1)(4p− 1)/3

b∑
j=1

ηj = 0,
b∑

j=1

η2j = 0.

Using these sums in (96) and (97) and simplifying, we obtain

ν = 2Mp(2p− 1), ρ = 1− 2p+ 1

3K
. (66)

Similarly, it follows that
a∑

k=1

Br+1(βk + ξk)

(ρxk)r
=M

2p∑
l=1

Br+1((1− ρ)K + 1− l)

(ρK)r
,

(67)
b∑

j=1

Br+1(εj + ηj)

(ρyj)r
= 2Mp

Br+1((1− ρ)K)

(ρK)r
. (68)

Therefore, we have

ωr =
(−1)r+1M

r(r + 1)(ρK)r

{( 2p∑
l=1

Br+1((1− ρ)K + 1− l)

)

− 2pBr+1((1− ρ)K)

}
. (69)



9

Thus we have Theorem 3 applicable to problem (59).
Theorem 3. The GLRT for (59) is given by

2ρ ln(L(P ))
H1

�
H0

τ3

where ρ and ln(L(P )) are given by (66) and (70), respectively,

ln(L(P )) = K
M∑
k=1

(
− ln(|Ŝy(f̃k)|) +

p∑
q=1

[
ln[Ŝy(f̃k)]qq

+ ln[Ŝy(f̃k)](q+p)(q+p)

] )
. (70)

The threshold τ3 is picked to achieve a pre-specified Pfa = 1−
P{2ρ ln(L(P )) ≤ τ3 |H0} where P{2ρ ln(L(P )) ≤ τ3 |H0}
is given by (43) with L replaced by L(P ) and the various
parameters needed therein specified in (66)-(69) •

B. Proper Signals in Proper Noise

Here we consider the case where both signal and noise
are known to be proper, hence, {x(t)} is proper under both
hypotheses. If {x(t)} is proper, its C-PSD vanishes, and
therefore, S(�)

y (f) satisfies (57) (and is denoted by S
(�P )
y (f),

as in Sec. VI-A), and (8) is modified as

Sy(f) =

[
Sx(f) 0

0 S∗
x(−f)

]
. (71)

Testing for the presence of a proper common signal in spatially
independent proper noise is then reformulated as the problem

H0 : [Sy(fn)]�m = 0 ∀l,m, except for the entries in
S
(qP )
y (fn), q = 1, 2, · · · , p, ∀n ∈ [1, (N/2)− 1]

H1 : Sy(fn) � 0 is block-diagonal as in (71)
∀n ∈ [1, (N/2)− 1].

(72)
Mimicking the developments in Sec. III leading to (34), for
problem (72), we obtain the GLRT

L(PP ) :=
sup

Sy(f̃k) under H1
fD|H1

(D|H1)

sup
Sy(f̃k) under H0

fD|H0
(D|H0)

(73)

=
M∏
k=1

∏p
q=1

(
[Ŝy(f̃k)]qq × [Ŝy(f̃k)](q+p)(q+p)

)K
|[Ŝy(f̃k)]1:p,1:p|K × |[Ŝy(f̃k)]p+1:2p,p+1:2p|K

H1

�
H0

τ4 . (74)

As in Sec. VI-A, pick A
(q)
k of Sec. III-A to be di-

agonal. Then L(PP ) is invariant under the group ac-
tion S → ASAH , where S and A are as in
Sec. III-A with A

(q)
k a non-singular, positive-definite

diagonal matrix. In particular, if we pick A
(q)
k =√

Kdiag{([Sy(f̃k)]qq)
−1/2, ([Sy(f̃k)](q+p)(q+p))

−1/2}, then
L(PP ) is invariant, and transformation of Ŝy(f̃k) to
S̃y(f̃k) leads to S̃

(q)
y (f̃k) ∼ WC (2,K, I) and S̃y(f̃k) ∼

WC (2p,K, I) under H0.

The counterpart to Lemma 3 now is

E

{
1(L(PP )
)h |H0

}
=

∏p
k=1 Γ

2M (K(1 + h)− k + 1)

Γ2Mp(K(1 + h))

× Γ2Mp(K)∏p
�=1 Γ

2M (K − �+ 1)
. (75)

Comparing (95) with (75), we find the correspondence

a = 2Mp, b = 2Mp, xk = K,

ξk = −[(k − 1)mod(p)] for k = 1, 2, · · · , a,
yj = K, ηj = 0 for j = 1, 2, · · · , b,

C =
Γ2Mp(K)∏p

�=1 Γ
2M (K − �+ 1)

. (76)

Comparing (75) and (95), we further have

βk = (1− ρ)K ∀k, εj = (1− ρ)K ∀j. (77)

Using the above values in Lemma 3, we have

a∑
k=1

ξk = −2M

p∑
k=1

(k − 1) = −Mp(p− 1)

a∑
k=1

ξ2k = 2M

p∑
k=1

(k − 1)2 =Mp(p− 1)(2p− 1)/3

b∑
j=1

ηj = 0,
b∑

j=1

η2j = 0.

Using these sums in (96) and (97) and simplifying, we obtain

ν = 2Mp(p− 1), ρ = 1− p+ 1

3K
. (78)

Similarly, it follows that

a∑
k=1

Br+1(βk + ξk)

(ρxk)r
= 2M

p∑
l=1

Br+1((1− ρ)K + 1− l)

(ρK)r
,

(79)
b∑

j=1

Br+1(εj + ηj)

(ρyj)r
= 2Mp

Br+1((1− ρ)K)

(ρK)r
. (80)

Therefore, we have

ωr =
2(−1)r+1M

r(r + 1)(ρK)r

{( p∑
l=1

Br+1((1− ρ)K + 1− l)

)

− pBr+1((1− ρ)K)

}
. (81)

Thus we have Theorem 4 applicable to problem (72).
Theorem 4. The GLRT for (72) is given by

2ρ ln(L(PP ))
H1

�
H0

τ5
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where ρ and ln(L(PP )) are given by (78) and (82), respec-
tively,

ln(L(PP )) = K
M∑
k=1

(
− ln(|[Ŝy(f̃k)]1:p,1:p|)

− ln(|[Ŝy(f̃k)]p+1:2p,p+1:2p|) +
p∑

q=1

[
ln[Ŝy(f̃k)]qq

+ ln[Ŝy(f̃k)](q+p)(q+p)

] )
. (82)

The threshold τ5 is picked to achieve a pre-specified Pfa =
1 − P{2ρ ln(L(PP )) ≤ τ5 |H0} where P{2ρ ln(L(PP )) ≤
τ5 |H0} is given by (43) with L replaced by L(PP ) and the
various parameters needed therein specified in (78)-(81) •

VII. SIMULATION EXAMPLES

We now present some computer simulation examples to
illustrate the proposed approach and the analytical results.

A. Signal and Noise Models
We generate stationary x(t) ∈ C

p as a noisy improper signal
given by

x(t) = s(t) + n(t) , (83)

where {n(t)} is spatially uncorrelated, colored, proper or
improper complex Gaussian noise, and {s(t)} is the signal
sequence. If proper, the noise sequence {n(t)} ∈ C

p is
generated as

n(t) = nc(t) + nw(t) , (84)

where nw(t) ∼ Nc(0, σ
2
wI) is i.i.d., and nc(t) is generated as

follows. The various components of nc(t) are i.i.d., and each
component is generated by filtering an i.i.d. scalar sequence,
distributed as Nc(0, σ

2
c ), through a linear filter with impulse

response {0.3, 1, 0.3}, normalized to unit norm. Therefore,
E{‖nc(t)‖2} = pσ2

c , leading to E{‖n(t)‖2} = p(σ2
c + σ2

w) =
pσ2

n. We pick σ2
w = 0.2σ2

n for a given value of σ2
n. To generate

improper noise sequence {n(t)}, we still use (84) except that
nc(t) is generated differently. Let ñi(t), i ∈ [1, p], denote
p independent zero-mean white proper Gaussian sequences.
We generate [nc]i(t) = aIhI(t) � ñi(t) + aQhQ(t) � ñ∗

i (t)
where aI = a∗Q = (1 + j1)/

√
2, � denotes convolution,

hI(t) = [0.3 1 0.3], and hQ(t) = [0.4 1 0.5]. Thus noise
nc(t), hence n(t), is spatially independent, improper Gaussian.
The signal {s(t)} is a filtered digital communications signal

generated by passing an information sequence through a
frequency-selective Rayleigh fading channel as follows:

s(t) =

4∑
l=0

h(l)d(t− l) (85)

where d(t) is a scalar i.i.d. BPSK information sequence,
with equally likely binary values d(t) ∈ {−1,+1}, filtered
through a random time-invariant, frequency-selective Rayleigh
fading channel h(l) ∈ C

p with 5 taps, equal power delay
profile, mutually independent components, which are identi-
cally distributed zero-mean proper complex Gaussian random
variables. For different ls, h (l)s are mutually independent and

identically distributed as h(l) ∼ Nc(0, σ
2
hI). Since d(t) is a

BPSK signal, it is improper. Since any linear filtering pre-
serves propriety/impropriety property [1], we have an improper
{s(t)} for BPSK d(t).
We pick σ2

h to achieve the desired average signal-to-noise
ratio (SNR) across p components (receive antennas in the
communications context), defined as ratio of the sum of signal
powers at the p antennas to the sum of noise powers:

SNR = E{‖s(t)‖2}/E{‖n(t)‖2} .

10-3 10-2 10-1 100

 design Pfa

10-4

10-3

10-2

10-1

100

 a
ct

ua
l P

fa

 256 samples; 10000 runs; K=15; M=8

p=2
p=3
p=4

Fig. 1: Actual Pfa vs. design Pfa using the GLRT detector of The-
orem 1, designed for improper signals in improper noise. N = 256,
K = 15, M = 8.

B. Threshold Calculation
First we investigate the efficacy of Theorem 1 in computing

the GLRT threshold for a given probability of false alarm Pfa.
In this case, we set x(t) = n(t), just noise, given by (84),
where n(t) is improper. We consider up to four antennas (p =
2, 3 or 4). We used unweighted smoothing in the frequency-
domain to estimate PSD (see (26)). To estimate the PSD of
augmented y(t), for N = 256, we choose mt = 7 leading
to K = 15 and M = 8. In Fig. 1, we compare the actual
Pfa and design Pfa based on 10,000 runs for N = 256. The
threshold values were calculated based on (43). It is seen that
Theorem 1 is effective in accurately calculating the threshold
value for N = 256, for all values of p used.

C. Detection Performance
Next, we show the receiver operating characteristic (ROC)

curves (probability of detection Pd versus Pfa) to illustrate
the detection performance, based on 10,000 runs. In this case,
we set x(t) = s(t)+n(t), given by (83), where n(t) and s(t)
are as in (84) and (85), respectively, with improper nc(t),
d(t) is BPSK, and p = 2 or 3. Thus, both signal and noise
are improper. The empirical probability of detection Pd versus
empirical false-alarm rate Pfa results, based on 10,000 runs,
are shown in Fig. 2 for three different SNR values (-10, -7.5
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0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
 P

d
 256 sample; 10000 runs; K=15, M=8

improper, snr=-10dB, p=2
proper, snr=-10dB, p=2
improper, snr=-7.5dB, p=2
proper, snr=-7.5dB, p=2
improper, snr=-5dB, p=2
proper, snr=-5dB, p=2

Fig. 2: ROC curves (probability of detection Pd versus Pfa) for
improper signal in improper noise, N = 256, K = 15, M = 8,
SNR= -10, -7.5 or -5dB. The curves labeled “improper” are based
on the GLRT statistic ln(L) of (42) designed for improper signals in
improper noise. The curves labeled “proper” are based on the GLRT
statistic ln(L(P )) of (70) (Theorem 3), designed for improper signals
in proper noise.

or -5dB), p = 2, N=256, K=15 and M=8, using the GLRT
statistic ln(L) of (42). These curves are labeled “improper” in
Fig. 2. It is seen that the performance improves with increasing
SNR, and our approach is able to detect improper random
signals quite well at low SNRs.
We also show the ROC curves for the detector of Theorem

3 with GLRT statistic ln(L(P )) of (70), which is designed
for improper signals in proper noise. These curves are labeled
“proper” in Fig. 2. There is a model mismatch as the noise
is treated as proper by the detector whereas, in reality, it is
improper. This detector applied to this problem treats improper
noise as signal; under H0, ln(L(P )) is not invariant to changes
in impropriety of noise. As the ROC curves labeled “proper”
show, the detector of Theorem 3 fails for this problem.
In Fig. 3, we show the ROC curves for the detector of

Theorem 4 with GLRT statistic ln(L(PP )) of (82), which is
designed for proper signals in proper noise. These curves are
labeled “all proper” in Fig. 3. The signal and noise, however,
are as for Fig. 2, i.e., improper signal in improper noise, except
that now p = 3. The statistic ln(L(PP )) uses only the PSD of
the measurements, ignoring the C-PSD. For comparison, we
also show the ROC curves for the statistic ln(L) of Theorem
1, labeled “improper.” It is seen that, unlike the GLRT statistic
ln(L(P )) shown in Fig. 2, the statistic ln(L(PP )) works well,
but not as well as ln(L), since the latter also exploits the C-
PSD of the improper data. One expects the difference between
the performances of ln(L) and ln(L(PP )) to lessen with
increasing N .
In Fig. 4, we investigate via simulations the effect of varying

K (= 2mt +1) on the performance of ln(L) for the example
of Fig. 3. For a given N , as K increases, M must decrease. It
is seen that as K increases, the performance improves (higher
Pd for a given Pfa) for the presented example.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
 Pfa

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

 P
d

 256 samples; 10000 runs; K=15, M=8

improper, snr=-10dB, p=3
all proper, snr=-10dB, p=3
improper, snr=-7.5dB, p=3
all proper, snr=-7.5dB, p=3
improper, snr=-5dB, p=3
all proper, snr=-5dB, p=3

Fig. 3: ROC curves for improper signal in improper noise, N = 256,
K = 15, M = 8, SNR= -10, -7.5 or -5dB. The curves labeled
“improper” are based on the GLRT statistic ln(L) of (42) designed for
improper signals in improper noise. The curves labeled “all proper”
are based on the GLRT statistic ln(L(PP )) of (82) (Theorem 4),
designed for proper signals in proper noise.
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 256 samples; 10000 runs; p=3

K=11, M=11

K=15, M=8

K=25, M=5

K=31, M=4

Fig. 4: ROC curves for improper signal in improper noise, with
varying (K,M)=(11,11), (15,8), (25,5), (31,4): p = 3, N = 256,
SNR= -10dB, 10,000 runs.

D. Corroboration of Performance Analysis

Here we compare the theoretical performance based on
(56) with the simulations-based performance for the proposed
detector ln(L). We use the improper signal in improper noise
model of Fig. 3 with p = 3. Fig. 5 shows the probability
of detection versus SNR results based on 10,000 runs under
the set-up for Fig. 3, except that the channels after having
been randomly generated, were then fixed for all runs – the
results of Sec. V apply to processes with fixed PSDs. Fig.
5 shows the results based on 10,000 runs for N =128,
256 and 512, with corresponding values (K,M) = (11,5),
(15,8) and (25,10), respectively, using (56) for theoretical
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results. It is seen from Fig. 5 that the agreement between the
theoretical and simulation-based results is very good, although
not “perfect,” and it improves with increasing N .
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 SNR (dB) 
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d

theory: N=128
simulation: N=128
theory: N=256
simulation: N=256
theory: N=512
simulation: N=512

Fig. 5: Theoretical and empirical detection probability Pd vs. SNR,
based on 10,000 runs: p = 3, Pfa = 0.01, (N,K,M) =
(128, 11, 5), (256, 15, 8), (512, 25, 10).

VIII. CONCLUSIONS

We investigated the problem of detection of a common
improper signal among two or more sensors, in the presence
of spatially independent improper noise. A source of improper
noise is IQ imbalance during down-conversion of bandpass
noise to baseband. Our proposed approach is based on the
GLRT framework, and it exploits the asymptotic distribution
of the DFT of an augmented measurement sequence. An
analytical method for calculation of the test threshold was
provided. We also analyzed the performance of the GLRT by
deriving an approximate asymptotic distribution of the GLRT
statistic under a sequence of local alternative hypotheses. Two
special cases of detection of improper signals in proper noise,
and of detection of proper signals in proper noise, were also
investigated using the same theoretical approach. The signal
or the noise need not be Gaussian. Simulation examples were
presented which show the efficacy of analytical threshold
calculation, and also show improved detection performance
compared to the case where both signal and noise are treated
as proper (even if they are improper).

APPENDIX A
PROOF OF THEOREM 1

First we need to introduce some notation and recall/develop
several auxiliary results.
As noted in [18, Appendix B], similar to the real case in

[22, Def. 2.1.10], the complex multivariate gamma function
Γm(α) is defined to be [25, Def. 2.1], [26, (83)]

Γm(α) =

∫
X=XH�0

|X|α−metr(−X) dX, Re(α) > m− 1

(86)

where X ∈ C
m×m. It turns out that [25, (1.2)], [26, (83)]

Γm(α) = πm(m−1)/2
m∏
i=1

Γ(α− i+ 1), Re(α) > m− 1 .

(87)
Note that (87) is the same as the expression (36), except that
here α can be a complex variable whereas in (36), α = K, an
integer.
The complex counterpart to [22, Theorem 2.1.11] is proved

in [18, Lemma 3] and is stated below in Lemma 2.
Lemma 2. Let X, Σ ∈ C

m×m, X = XH � 0 and Σ = ΣH �
0. Then∫

X=XH�0

|X|α−metr(−Σ−1X) dX = Γm(α)|Σ|α (88)

for Re(α) > m− 1 •
We use Lemma 2 to prove the following result, needed to

invoke [24].
Lemma 3. Under H0, for any h with Re(h) ≥ 0,

E

{
1

Lh
|H0

}
=

∏2p
k=1 Γ

M (K(1 + h)− k + 1)∏2
j=1 Γ

Mp(K(1 + h)− j + 1)

×
∏2

�=1 Γ
Mp(K − �+ 1)∏2p

�=1 Γ
M (K − �+ 1)

. (89)

Proof: First we use the transformation specified in Sec. III-A to
obtain S̃y(f̃k) ∼WC (2p,K, I) underH0. This transformation
leaves L unchanged, hence, we can compute E{ 1

Lh |H0}
under this distribution. To simplify notation, we will use Yk

to denote S̃y(f̃k) in the rest of the proof. We have

E
{
1/Lh

k |H0

}
=

∫ |Yk|Kh+K−2p∏p
q=1 |Y(q)

k |Kh

etr{−Yk}
Γ2p(K)

dYk

=
Γ2p(K +Kh)

Γ2p(K)
E

{
p∏

q=1

Ỹ
(q)
k |−Kh

}

=
Γ2p(K +Kh)

Γ2p(K)

p∏
q=1

E
{
|Ỹ(q)

k |−Kh
}
, (90)

where Ỹ
(q)
k is defined similar to (12) and (29), Ỹk ∼

WC (2p,K(1 + h), I), hence, Ỹ(q)
k s are independent for q ∈

[1, p] and Ỹ
(q)
k ∼WC (2,K(1 + h), I). We have

E{|Ỹ(q)
k |−Kh} =

∫
|X|−Kh |X|K(1+h)−2etr {−X}

Γ2(K(1 + h))
dX

=
1

Γ2(K(1 + h))

∫
|X|K−2etr {−X} dX

=
Γ2(K)

Γ2(K(1 + h))
(91)

where, in the last step above, we used Lemma 2 with α = K,
m = 2 and |Σ| = |I| = 1. Thus, we have

E
{
1/Lh

k |H0

}
=

Γ2p(K +Kh)Γp
2(K)

Γ2p(K)Γp
2(K(1 + h))

. (92)
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Now we use (87) with m = 2p or 2, and i expressed as k or
j in Γ2ps and Γ2s in (92), to obtain

E

{
1

Lh
k

|H0

}
=

∏2
�=1 Γ

p(K − �+ 1)∏2p
�=1 Γ(K − �+ 1)

×
∏2p

k=1 Γ(K(1 + h)− k + 1)∏2
j=1 Γ

p(K(1 + h)− j + 1)
. (93)

By (34) and independence of Lks for 1 ≤ k ≤M , we have

E
{
1/Lh |H0

}
=

M∏
k=1

E
{
1/Lh

k |H0

}
. (94)

Using (93) and (94), we get the desired result. �
We also need Lemma 4 which follows from [22, Sec. 8.2.4],

[23, Sec. 8.5.1], but is proved in [18, Lemma 9] in the stated
form. In order to exploit Lemma 4 (stated next), we need to
establish that 0 ≤ L−1 ≤ 1. Since Ŝy(f̃k) � 0 w.p.1 for
K ≥ 2p (hence Ŝ

(q)
y (f̃k) � 0 w.p.1 ∀q), L−1 ≥ 0 follows

immediately. By Fischer’s inequality [27, p. 477], we have
|Ŝy(f̃k)| ≤

∏p
q=1 |Ŝ(q)

y (f̃k)| which implies L−1 ≤ 1.
Lemma 4. Consider a random variable W (0 ≤ W ≤ 1) with
hth moment

E{Wh} = C

(∏b
j=1 y

yj

j∏a
k=1 x

xk

k

)h ∏a
k=1 Γ(xk(1 + h) + ξk)∏b
j=1 Γ(yj(1 + h) + ηj)

(95)

where a and b are integers, C is a constant such that E{W 0} =
1 and

∑a
k=1 xk =

∑b
j=1 yj . Define

ν =− 2
[ a∑
k=1

ξk −
b∑

j=1

ηj − 1

2
(a− b)

]
, (96)

ρ =1− 1

ν

[ a∑
k=1

x−1
k

(
ξ2k − ξk +

1

6

)

−
b∑

j=1

y−1
j

(
η2j − ηj +

1

6

)]
, (97)

βk = (1− ρ)xk, εj = (1− ρ)yj , (98)

and

ωr =
(−1)r+1

r(r + 1)

{ a∑
k=1

Br+1(βk + ξk)

(ρxk)r

−
b∑

j=1

Br+1(εj + ηj)

(ρyj)r

}
. (99)

Then

P{−2ρ ln(W ) ≤ z}
= P{χ2

ν ≤ z}+ ω2

[
P{χ2

ν+4 ≤ z} − P{χ2
ν ≤ z}]

+ ω3

[
P{χ2

ν+6 ≤ z} − P{χ2
ν ≤ z}]

+
{
ω4

[
P{χ2

ν+8 ≤ z} − P{χ2
ν ≤ z}]+ 1

2
ω2
2

× [P{χ2
ν+8 ≤ z} − 2P{χ2

ν+4 ≤ z}+ P{χ2
ν ≤ z}] }

+
a∑

k=1

O(x−5
k ) +

b∑
j=1

O(y−5
j ) , (100)

where ρ is has been chosen to yield ω1 = 0. •
Comparing (95) with (89), we find the correspondence

a = 2Mp, b = 2Mp, xk = K,

ξk = −[(k − 1)mod(2p)] for k = 1, 2, · · · , a,
yj = K, ηj = −[(j − 1)mod(2)] for j = 1, 2, · · · , b,

C =

∏2
�=1 Γ

Mp(K − �+ 1)∏2p
�=1 Γ

M (K − �+ 1)
. (101)

Comparing Lemmas 3 and 4, we further have

βk = (1− ρ)K ∀k, εj = (1− ρ)K ∀j. (102)

Furthermore, when h = 0, the right-side of (89) equals 1, i.e.,
C is such that E{W 0} = E{1/L0 |H0} = 1, as required by
Lemma 4. Thus, Lemma 4 is applicable with W = 1/L and
parameters specified in (101).
Using the above values in Lemma 4, we have

a∑
k=1

ξk = −M
2p∑
k=1

(k − 1) = −Mp(2p− 1)

a∑
k=1

ξ2k =M

2p∑
k=1

(k − 1)2 =Mp(2p− 1)(4p− 1)/3

b∑
j=1

ηj = −Mp

2∑
j=1

(j − 1) = −Mp

b∑
j=1

η2j =Mp

2∑
j=1

(j − 1)2 =Mp.

Using these sums in (96) and (97) and simplifying, we obtain
(41) and (44). Similarly, it follows that

a∑
k=1

Br+1(βk + ξk)

(ρxk)r
=M

2p∑
l=1

Br+1((1− ρ)K + 1− l)

(ρK)r
,

(103)
b∑

j=1

Br+1(εj + ηj)

(ρyj)r
=Mp

2∑
l=1

Br+1((1− ρ)K + 1− l)

(ρK)r
.

(104)
Substitution of (103) and (104) in (99) yields (45). We also
have

∑a
k=1 O(x−5

k ) = O(M/K5) and
∑b

j=1 O(y−5
j ) =

O(M/K5). It then follows from Lemma 4 that (43) holds
true. This completes the proof of Theorem 1.

APPENDIX B
PROOF LEMMA 1

First we recall some useful results:
Lemma 5 [19, Lemma 4]. If X ∼ χ2

n(λ), then E{X} = n+λ.
If Z ∼ χ2

n = χ2
n(0), then E{lnZ} = ψ(n2 ) + ln 2 where

ψ(x) = d ln Γ(x)/dx is the digamma function and ψ(x) =
ln(x)− 1

2x − 1
12x2 + · · · .

Lemma 6 [18, Lemma 5]. If X ∼WC(p,K,Σ), K ≥ p, then

E{ln(|X|)} = ln(|Σ|) +
p−1∑
�=0

ψ(K − �). (105)
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Now we turn to the proof of Lemma 1. As discussed in Sec.
III, Ŝy(f̃k)

a∼WC(2p,K,K
−1Sy(f̃k)). Therefore, by Lemma

6,

E{ ln |Ŝy(f̃k)|} = ln
( |Sy(f̃k)|

K2p

)
+

2p−1∑
l=0

ψ(K − l). (106)

Since Ŝy(f̃k)
a∼ WC(2p,K,K

−1Sy(f̃k)), we have its 2 ×
2 submatrix Ŝ

(q)
y (f̃k)

a∼ WC(2,K,K
−1S

(q)
y (f̃k)), q =

1, 2, · · · , p. Therefore, by Lemma 6,

E{ ln |Ŝ(q)
y (f̃k)|} = ln

( |S(q)
y (f̃k)|
K2

)
+ ψ(K) + ψ(K − 1).

(107)

Using (42) and (106)-(107), we have

E{2 ln(L) |H1} = 2K
M∑
k=1

([ p∑
q=1

ln |S(q)
y (f̃k)|

]
− ln(|Sy(f̃k)|) + d

)
(108)

where

d := p (ψ(K) + ψ(K − 1))−
2p−1∑
l=0

ψ(K − l). (109)

Using Lemma 5 we have

ψ(K − l) = ln(K − l)− 1

2(K − l)
+O(K−2)

= ln(K) + ln

(
1− l

K

)
− 1

2K(1− l
K )

+O(K−2)

= lnK − l

K
− 1

2K
+O(K−2) (110)

where we have used ln(1+x) = x+O(x2) and (1−x)−1 =
1 + x+O(x2). By (109) and (110) we have

d = − p

K
+

1

K

2p−1∑
l=0

l +O(K−2)

=
2p(p− 1)

K
+O(K−2). (111)

Substitution of (111) in (108) proves Lemma 1.
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