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Abstract—Although considerable advances have been made in
single microgrid (MG) systems, the problem of cooperation among
MGs and the macrogrid has attracted considerable interest only
recently. As in wireless communications systems, exploiting the
temporal, spatial, and technological diversities in multiple coop-
erative MGs could bring about more efficient power generation
and distribution. This paper investigates a hierarchical power
scheduling approach to optimally manage power trading, stor-
age, and distribution in a smart power grid with a macrogrid
and cooperative MGs. We first formulate the problem as a con-
vex optimization problem and then decompose it into a two-tier
formulation. The first-tier problem jointly considers user utility,
transmission cost, and grid load variance, while the second-tier
problem minimizes the power generation and transmission cost,
and exploits distributed storage in the MGs. We develop an effec-
tive online algorithm to solve the first-tier problem and prove its
asymptotic optimality, as well as a distributed optimal algorithm
for solving the second-tier problem. The proposed algorithms
are evaluated with trace-driven simulations and are shown to
outperform several existing schemes with considerable gains.

Index Terms—Cooperation, demand response, diversity, micro-
grid (MG), online algorithm, smart grid (SG).

I. INTRODUCTION

T HE DECENTRALIZED generation at most renewable
energy sources and the supporting technologies such as

photovoltaics and microturbines have driven the demand for a
new distributed power grid system, the microgrid (MG) [1].
Unlike traditional centralized power generation, the MG fea-
tures distributed generation (DG) to support local users. DG is
the basis of distributed energy resource (DER) systems, which
is usually comprised of small power units, such as microtur-
bines (25–100 kW) and small photovoltaic panels (1–10 kW).
An MG can operate either in the island mode, where the local
demand is supported with the MG’s own DG and power storage,
or the grid-connected mode, where the MG can acquire energy
from, and/or contribute extra power to the macrogrid [2]. MG
is regarded as an important paradigm for the next generation
power grid, the smart grid (SG) [3]–[5]. SG technologies, such
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as smart metering, communications, and distributed control,
will speed up the integration of MGs, and thus the penetration
of DGs.

Over the past decade, MGs are built, experimented, and
tested around the world [6]. In a single MG, research works
cover several main topics, including interface or coupling
between an MG and the macrogrid, DER dispatching and
power support, and energy management. In [2], the MG control
strategies and energy management are examined from several
aspects. In [7], a detailed report is presented to test the building
and management of a hydrogen MG in Spain in a simple and
reliable way. In [8], Tsikalakis and Hatziargyriou present a con-
trol operation for a centralized controller for MGs, which max-
imizes its value by optimizing the production of local DGs and
power exchanges with the main distribution grid during inter-
connected operation. In [9], the authors introduce an economic
power dispatching scheme for stable operation of an MG, while
a multiagent system is presented in [10] for DER energy man-
agement in an MG. Bahrani et al. [11] propose a multivariable
digital control design methodology for the voltage regulation of
an islanded single DG unit MG and its dedicated load.

Although more works are focused on the optimization and
control of a single MG [12]–[15], the problem of cooperation
among MGs and the macrogrid has attracted considerable inter-
est recently. With such cooperation, MGs and the macrogrid
will each gain tremendous benefits, such as reduced power loss,
lower operational cost, and load peak reduction [16]–[22]. The
obvious advantages stem from exploiting the temporal, spa-
tial, and technological diversities in a multiple MG system. For
instance, an MG supporting a business area will have a very dif-
ferent temporal demand profile from that of an MG supporting
a residential area; the DGs in geographically distributed MGs
can also have different generation levels at same time of the
day; and different DGs are affected by weather differently: an
MG with a photovoltaic array may suffer low generation during
a storm, while a neighboring microturbine-based MG, caught in
the same storm, may generate a large amount of power exceed-
ing its own demand. As in wireless communication systems,
exploiting such diversity through MG cooperation could bring
about more efficient power generation and distribution.

The problem of cooperative MGs has been considered in sev-
eral recent papers. In [18], the authors present a decentralized
control strategy modeling the MGs as a team of cooperative
agents to minimize the costs of energy storage and the power
exchanged among the MGs. Wei et al. [19] propose a game the-
oretic coalition to optimally reduce the total power losses in a
MGs power system with power storage devices, and demon-
strate the overhead of communications. In [21], the authors
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formulate the optimal decision making problem in cooperative
MG networks as a linear quadratic Gaussian problem. There
have been some recent works that consider the power flow
between the MGs and the macrogrid. For instance in [22], the
authors present an optimal energy management framework for
a cooperative network of heterogeneous MGs to achieve an
efficient tradeoff between low operation cost and good energy
service for customers.

The power grid is currently under a transition from tradi-
tional centralized distribution to decentralized distribution. In
practice, the DG in MGs is usually not able to generate power
stably and constantly. On the other hand, MGs can provide
surplus power to the macrogrid. Therefore, it is important to
incorporate all the key factors in a holistic manner, i.e., the
generation cost, power generation and transmission losses, load
smoothing, distributed storage, and the utility of power users. A
control strategy would be highly desired that considers all the
key factors for both the macrogrid and MGs.

In this paper, we consider a power grid consisting of the
macrogrid and several cooperative MGs. The goal is to exploit
MG diversity gain to optimize both the MG performance and
user satisfaction. With cooperation, an MG is able to share its
excess power with other MGs nearby or with the macrogrid.
Due to limited storage capacity, the MG can sell its extra power
to other MGs suffering power shortage. Alternatively, the MG
could buy power from other MGs as well when its DG suffers
low generation, such that both the power loss and the cost can
be reduced compared to buying power directly from the macro-
grid. On the other hand, the macrogrid could provide more
storage capacity for the MGs, while the extra power from the
MGs will in turn reduce the need of traditional power genera-
tion in the macrogrid. Grid load smoothness of the macrogrid
could be achieved if the power flows from/to the MGs are
optimally managed and scheduled.

In particular, under some mild assumptions, we formulate
the cooperative MG problem as a convex optimization prob-
lem by capturing the key factors in a grid system, i.e., operation
cost, power generation and transmission losses, user utility, dis-
tributed storage, and grid load smoothing. We then decompose
the original problem into a two-tier power control problem. The
first-tier control is for the macrogrid, aiming to maximize user
utility, minimize power transmission cost from/to the macro-
grid, and smooth the grid load of the macrogrid. The second-tier
control is for each MG, aiming to minimize the cost of the MGs
for power generation and transmission, while guaranteeing the
power demand of MG users. It balances the power level with
the macrogrid and makes energy trading and storage decisions
within the MG network.

The power flow between MGs and the macrogrid is on one
side, the power injected from outside of the MG network for
MGs, and on the other side, a special load for the macrogrid,
which is positive as usual if the power is transmitted to the
MGs out from the macrogrid, and is negative reversely. This
way, the two-tier controls are well integrated. For the first-tier
problem, we develop an effective online algorithm that does
not require any future information and is proven to be asymp-
totically optimal; for the second-tier problem, we develop a
distributed algorithm for optimal solutions. The performance

Fig. 1. Illustration of the power grid network.

of the proposed hierarchical power scheduling scheme is val-
idated with trace-driven simulations, where fast convergence
and superior performance over several comparison schemes are
observed.

This paper is organized as follows. We present the sys-
tem model and problem formulation in Section II. We develop
the asymptotically optimal online algorithm for the macrogrid
in Section III, a distributed algorithm for cooperative MGs
in Section IV, and present these algorithms in Section V.
Performance evaluation is presented in Section VI. Section VII
concludes this paper.

II. PROBLEM STATEMENT

A. System Model

We consider a power grid system with one macrogrid and
many MGs as shown in Fig. 1. The macrogrid supports its own
set of power users mostly with the traditional power generation
sources. The macrogrid controller (MC) collects information
from the smart meters at the macrogrid users to optimally dis-
tribute power to the users, and from the MG control center
(MGCC) to trade power with the MGs.

As shown in Fig. 1, each MG consists of one or more DGs,
an energy storage system (ESS), a smart infrastructure (such
as smart meters and communication links), a set of users, and
an MGCC. The energy users demand power from a desig-
nated MG. The independent DGs generate power to support the
demand inside the MG. The ESS stores the extra power and
discharges to satisfy the excess demand exceeding the DG gen-
eration. It usually consists of many batteries as well as some
PHEVs. Furthermore, for excessive needs from its users, each
MG will request and buy energy from other MGs or from the
macrogrid. The MGCC in each MG controls the power dis-
tribution of the entire MG. Note that in an MG of the SG
environment, information flow is essential for the control and
cooperation. Both energy and information flows are enabled
among the MGs and the macrogrid. The MGCC acquires user
demand from the smart meters on the user side through a wired
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or wireless communication network. The MGCC also decides
to sell or store excessive power based on the grid information.
In this way, the energy generated among the MGs could be used
efficiently to minimize the power from the macrogrid and to
support the macrogrid needs when possible.

While MC and MGCC are the core of power scheduling
inside the macrogrid and MGs, respectively, the MG network
controller (MGNC) works both as a controller of the MG net-
work and a bridge between the macrogrid and the MGs. It
coordinates the information exchange and power transmissions
between the macrogrid and the cooperative MGs.

B. Problem Formulation

We assume a time slotted system with T = {1, 2, . . . , T}
time slots. Let N = {1, 2, . . . , N} denote the set of indepen-
dent power users in the macrogrid. Each user i ∈ N demands
power di(t) at time t. Let U(di(t), ωi(t)) be the utility func-
tion for user i, which indicates the users’ overall satisfactory
level, and is a concave and strictly increasing function of di(t).
The parameter ωi(t) ∈ (0, 1) denotes user i’s level of flexibility,
while a larger number closer to 1 (0) indicating a higher (lower)
level of flexibility. The function G(·) indicates the generation
cost in the macrogrid, which is strictly convex and increasing.
In practice, a quadratic function is used; see our previous work
[23] for more details on the utility function and generation cost
function.

We use M = {1, 2, . . . ,M} to denote the set of all MGs.
Each MG m has Nm users with total demand dm(t) at time
t. Unlike the macrogrid, the power supply in MGs may be
unstable in many cases, and thus, it provides more flexibility
to consider users’ demand as a whole. Let pm(t) be the power
load in the macrogrid, transmitted to or received from MG
m ∈ M at time t. It is positive when power is transmitted from
the macrogrid to MG m, and is negative for the reverse direc-
tion. We define σ0m ∈ (0, 1) [19] as the ratio of transmission
loss from the macrogrid to MG m, and σm0 ∈ (0, 1) as from
the MG m to the macrogrid. And to simplify the expression,
we define σm = σ0m if pm(t) > 0, and σm = σm0 otherwise.
Thus, when pm(t) is positive, the power received in MG m is
pm(t)σm; when pm(t) is negative, the generation in MG m
is pm(t)/σm. Let pkm(t) denote the power received in MG
m from MG k at time t, and pmm(t) be the power generated
and used in MG M by itself. Similarly, σkm ∈ (0, 1) denotes
the ratio of transmission loss between MG k and MG m.1

Therefore,
∑

m∈M
pkm(t)/σkm is the total power generated in

MG k for MGs, and
∑

k∈M
pkm(t) is the total power in MG m

received from all the MGs.
We use a general convex function Cm(·) to represent the

transmission cost between the macrogrid and MG m because
it costs more for the same amount of loss of power as the total
power loss increases to a higher level. Similarly, we use con-
vex functions Gk(·) and Ckm(·) to denote the power generation
cost in MG k and the power transmission cost between MG k
and MG m, respectively. Without loss of generality, we assume

1Note that although σ0m can be same as σm0, and σkm can be same as σmk

in some cases. The reciprocity of transmission loss ratios is not an essential
requirement in our model.

the utility functions, the transmission cost functions, and the
generation cost functions all have the same unit (e.g., dollar).

Jointly considering user utility, power transmission cost, and
the load variance in the macrogrid, as well as power generation
cost, power transmission cost in the MG network, we formulate
the power scheduling problem Prob-MAMG as follows:

max

T∑
t=1

∑
i∈N

U(di(t), ωi(t))− αT

2
Var(�lT )

−
T∑

t=1

(∑
m∈M

Cm(pm(t)) +
∑
k∈M

Gk

(∑
m∈M

pkm(t)

σkm

−pk(t)I(σk)) +
∑
m∈M

∑
k∈M

Ckm(pkm(t))

)
(1)

s.t. di(t) ≥ di,min(t) ∀ i ∈ N, t ∈ T (2)

G(l(t)) ≤ bmax(t) ∀ t ∈ T (3)

|pm(t)| ≤ pm,max(t) ∀ m ∈ M, t ∈ T (4)∑
k∈M

pkm(t) + pm(t)R(σm)− s′m(t) = dm(t)

∀ m ∈ M, t ∈ T (5)∑
m∈M

pkm(t)

σkm
− pk(t)I(σk) ≤ gk,max(t) ∀ k ∈ M, t ∈ T

(6)

where α is the weight to tradeoff the dual objectives, and the
variance function Var(·) is defined as

Var(�lT ) =
1

T

T∑
t=1

(
l(t)− 1

T

T∑
k=1

l(k)

)2

(7)

where each element of vector �lT is the load of the macrogrid
at time t computed as l(t) =

∑
i∈N

di(t) +
∑

m∈M
pm(t). The

indicator function I(σk) is defined as I(σk) = 1/σk if pk(t) <
0, and I(σk) = 0 otherwise; the indicator function R(σm) is
defined as R(σm) = σm if pk(t) > 0, and R(σm) = 1/σm oth-
erwise. Moreover, di,min(t) in constraint (2) is the minimum
demand of user i, bmax(t) in constraint (3) is the generation
cost limit for the energy provider, and pm,max(t) in (4) is the
maximum amount of transmission allowed in one time slot. In
constraint (6), gk,max(t) is the maximum generation in MG k at
time t, and sm(t) is the power storage level of MG m at time t
and s′m(t) is the amount of power to be stored in the time slot,
computed as

s′m(t) = sm(t)− ξ · sm(t− 1) (8)

sm,min ≤ sm(t) ≤ sm,max ∀ m ∈ M (9)

where ξ is the storage loss ratio in the ESS, and sm,min (sm,max)
is the lower (upper) bound on the storage capacity.

In Prob-MAMG, all the functions and the constraints are
convex, which means it is a convex optimization problem.
However, it cannot be solved unless all the constraints from
the macrogrid and MGs are known a priori for the entire time
period T. Even with all these necessary information, it is very
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difficult to solve such a complex problem in practice. Note
that in Prob-MAMG, the macrogrid and MG m are coupled
by the power flow pm(t). As discussed, the macrogrid usu-
ally generates much more power than the MGs, and thus pm(t)
can be seen as a special load in the macrogrid. Therefore, we
can decompose the Prob-MAMG into two tiers. The first tier
related to the macrogrid solves for power distribution for users,
i.e., di(t) and power exchanged with the MGs, i.e., pm(t).
The second tier for the MGs matches pm(t) in MG m and
solves for pkm(t), i.e., the power transmissions among the
cooperative MGs.

The first-tier problem for the macrogrid Prob-MA1 is formu-
lated as follows:

max
T∑

t=1

(∑
i∈N

U(di(t), ωi(t))−
∑
m∈M

Cm(pm(t))

)

− αT

2
Var(�lT )

s.t. (2)− (4).

(10)

The second-tier problem for the MGs Prob-MG1 is as follows:

min
∑
k∈M

(
Gk

(∑
m∈M

pkm(t)

σkm
− p∗k(t)I(σk)

)

+
∑
m∈M

Ckm(pkm(t))

)

s.t. (5), (6), and (9)

(11)

where p∗k(t) is part of the solution to Prob-MA1 (see
Section III). Now, it is clear that in Prob-MA1, user utility,
load variance, and power transmission cost to/from the macro-
grid are optimized, and Prob-MG1 aims to minimize the power
generation cost and transmission cost among the cooperative
MGs. In Section III, we reformulate Prob-MA1 and develop an
online algorithm that is asymptotically optimal. In Section IV,
we solve problem Prob-MG1 with a distributed algorithm for
optimal solutions.

III. ONLINE POWER DISTRIBUTION IN THE MACROGRID

A. Reformulation and Optimal Offline Solution

In Prob-MA1, all the power users and MGs are indepen-
dent. Thus, we can reformulate Prob-MA1 by replacing the
grid load variance term with Var(�lT ) =

∑
i∈N

Var(�di,T ) +∑
m∈M

Var(�pm,T ). We thus obtain Prob-MA2 as follows:

max: F(d,p) =

T∑
t=1

(∑
i∈N

U(di(t), ωi(t))−
∑
m∈M

Cm(pm(t))

)

− αT

2

(∑
i∈N

Var(�di,T ) +
∑
m∈M

Var(�pm,T )

)

s.t. (2)− (4) (12)

where Var(�di,T ) =
1
T

∑T
t=1(di(t)− 1

T

∑T
k=1 di(k))

2 and

Var(�pm,T ) =
1
T

∑T
t=1(pm(t)− 1

T

∑T
k=1 pm(k))2.

In Prob-MA2, the utility function U(·) is concave, and both
the transmission cost function Cm(·) and the variance func-
tion Var(·) are convex. Therefore, Prob-MA2 is a convex
optimization problem with a convex set of the constraints.
Furthermore, Prob-MA2 has a unique solution since U(·) is
strictly increasing. Thus, we can select the constraints di,min(t)
and pm,max(t), so that Prob-MA2 is feasible and the Slater’s
condition is satisfied, and obtain the optimal solution by solving
the KKT conditions [25] as⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

IN

(
U ′(d̃i(t), ωi(t))− α(d̃i(t)− ¯̃

di,T ) + ν̃i(t)
)

+IM (−C ′
m(p̃m(t))− α(p̃m(t)− ¯̃pm,T ) + γ̃m(t)

−ρ̃m(t))− μ̃(t)G′(l̃(t))/bmax(t) = 0

μ̃(t)
(
G(l̃(t))/bmax(t)− 1

)
= 0

ν̃i(t)
(
d̃i(t)− di,min(t)

)
= 0

γ̃m(t) (p̃m(t) + pm,max(t)) = 0

ρ̃m(t) (p̃m(t)− pm,max(t)) = 0

μ̃(t), ν̃i(t), γ̃m(t), ρ̃m(t) ≥ 0 ∀ i ∈ N, m ∈ M, t ∈ T

(13)

where d̃i(t) and p̃m(t) are the optimal points; the indicator
IN = 1 for the users in N, and IN = 0 otherwise; the indicator
IM = 1 for the MGs in M, and IM = 0 otherwise; and

¯̃
di,T =

1

T

T∑
k=1

d̃i(k), ¯̃pm,T =
1

T

T∑
k=1

p̃m(k). (14)

From the gradient condition of the above KKT conditions, we
derive the Lagrange multiplier μ(t) as

μ̃(t) =
(
IN

(
U ′(d̃i(t), ωi(t))− α(d̃i(t)− ¯̃

di,T ) + ν̃i(t)
)

+IM (−C ′
m(p̃m(t))− α(p̃m(t)− ¯̃pm,T ) + γ̃m(t)−ρ̃m(t)))

/(G′(l̃(t))/bmax(t)).
(15)

The optimal solution to Prob-MA2 can be found by solving
its KKT conditions (13)–(15). However, solving the KKT con-
ditions requires the information on ¯̃

di,T and ¯̃pm,T , which are
the average of the user demand d̃i(t) and the exchanged power
with MG m p̃m(t) for the entire time period T , respectively.
To derive the optimal solution to Prob-MA2, the constraints
di,min(t), pm,max(t), and bmax(t) over the entire time window
T are also needed. This is an offline optimal solution, which
may not be practical in some cases.

B. Online Power Distribution in the Macrogrid

We next present an online algorithm for Prob-MA2 in this
section. It can be seen that in (15), ¯̃

di,T and ¯̃pm,T are the only
two terms requiring future information [24], while these time
averages can be approximated by properly defined updating
equations. Motivated by this observation, we first present an
approximation problem that can be solved without future infor-
mation, and then prove that its solution is convergent to the
optimal offline solution to the original problem Prob-MA2.
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Specifically, we replace the average terms 1
T

∑T
k=1 di(k) and

1
T

∑T
k=1 pm(k) in (12) by two new terms d̂i(t) and p̂m(t),

respectively, and remove the time sum notation, so that the
problem can be solved at time t. We thus obtain a new problem
Prob-MA3 at time t as follows:

max
∑
i∈N

U(di(t), ωi(t))−
∑
m∈M

Cm(pm(t))− α

2

∑
i∈N

(di(t)

− d̂i(t− 1))2 − α

2

∑
m∈M

(pm(t)− p̂m(t− 1))2

s.t. (2)− (4) (16)

where d̂i(t) and p̂m(t) are updated at each time slot t as{
d̂i(t) = d̂i(t− 1) + α

t+α · (d∗i (t)− d̂i(t− 1))

p̂m(t) = p̂m(t− 1) + α
t+α · (p∗m(t)− p̂m(t− 1))

(17)

where d∗i (t) and p∗m(t) denote the solutions to Prob-MA3. This
way, we decompose the problem over a time window T into
many problems to be solved by the MC at each time t without
requiring any future information. Because the updating equa-
tions in (17) only use the solutions to Prob-MA3 in the previous
time slot, we use d̂i(t) and p̂m(t) to approximate the aver-
age terms d̄∗i,T and p̄∗m,T , respectively. The following lemma

and theorem state that d̂i(t) and p̂m(t) are convergent, and the
online solutions are convergent to the offline solutions. The
complete proof is presented in the Appendix.

Lemma 1: The updating terms in Prob-MA3, i.e., d̂i(t) and
p̂m(t), are convergent to the time averages of its solution d̄∗i,T
and p̄∗m,T , respectively, when T is sufficiently large. That is, for
i ∈ N and m ∈ M, we have

lim
T→∞

d̂i(T ) = lim
T→∞

d̄∗i,T = lim
T→∞

1

T

T∑
t=1

d∗i (t) (18)

lim
T→∞

p̂m(T ) = lim
T→∞

p̄∗m,T = lim
T→∞

1

T

T∑
t=1

p∗m(t). (19)

Theorem 1: The solution to Prob-MA3 converges asymptot-
ically to the solution to Prob-MA2.

According to Theorem 1, we can solve Prob-MA3 in each
time t using the information of the current time, while still
achieving the optimal results in a certain amount of time slots.

IV. DISTRIBUTED COOPERATIVE POWER SCHEDULING

FOR MGS

In Section II-B, we formulate problem Prob-MG1, which can
also be shown to be convex. We can solve Prob-MG1 with some
convex optimization techniques [25], such as KKT conditions
as in solving Prob-MA2 and Prob-MA3. In practical scenar-
ios, a distributed algorithm is more appealing for reducing the
computational complexity, reducing delay in realtime power
scheduling, and enhancing scalability. Please see our previ-
ous work [26] for more discussions on the benefits of using
distributed algorithms in the SG. In this section, we develop
a distributed cooperative power scheduling algorithm for the
MGs, by decomposing Prob-MG1 into multiple subproblems
to be solved by the MGCC in each MG.

A. Problem Reformulation

The constraints on the power storage levels sm(t), i.e., (8)
and (9), can be merged as

sm,min

(1− ξ)
− sm,max ≤ s′m(t) ≤ sm,max − sm,min. (20)

Substituting (20) into (5), we have a new constraint for∑
k∈M

pkm(t). Then, Prob-MG1 (11) can be rewritten with the
new constraint as

min:
∑
k∈M

(
Gk

(∑
m∈M

pkm(t)

σkm
− p∗k(t)I(σk)

)

+
∑
m∈M

Ckm(pkm(t))

)
(21)

s.t. Cm,min(t) ≤
∑
k∈M

pkm(t) ≤ Cm,max(t) ∀ m ∈ M, t ∈ T

(22)∑
m∈M

pkm(t)

σkm
− p∗k(t)I(σk) ≤ gk,max(t) ∀k ∈ M, t ∈ T

(23)

where{
Cm,min(t) =

sm,min

1−ξ − sm,max + dm(t)− p∗m(t)R(σm)

Cm,max(t) = sm,max − sm,min + dm(t)− p∗m(t)R(σm).

(24)

In Prob-MG1, the variables are pkm(t) for each MG pair
k and m. We next decompose Prob-MG1 into subproblems
using only local information with the dual decomposition
technique [27].

B. Cooperative Distributed Power Scheduling for MGs

We first derive the Lagrangian of Prob-MG1 as follows:

L(P(t), �λM (t), �βM (t))

=
∑
k∈M

(
Gk

(∑
m∈M

pkm(t)

σkm
− p∗k(t)I(σk)

)

+
∑
m∈M

Ckm(pkm(t))

)

+
∑
m∈M

λm(t)

(∑
k∈M

pkm(t)− Cm,max(t)

)

+
∑
m∈M

βm(t)

(
Cm,min(t)−

∑
k∈M

pkm(t)

)

=
∑
k∈M

(
Gk

(∑
m∈M

pkm(t)

σkm
− p∗k(t)I(σk)

)

+
∑
m∈M

(Ckm(pkm(t)) + (λm(t)− βm(t))pkm(t))

)

+
∑
m∈M

(βm(t)Cm,min(t)− λm(t)Cm,max(t))

(25)
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where βm(t) ≥ 0 and λm(t) ≥ 0 are the Lagrange multipliers
associated with the two inequalities in constraint (22), respec-
tively. We then decompose Prob-MG1 into M subproblems
S(�λM (t), �βM (t)) for the MGs, termed as Prob-MG2

min Sk(�λM (t), �βM (t))

= Gk

(∑
m∈M

pkm(t)

σkm
− p∗k(t)I(σk)

)

+
∑
m∈M

(Ckm(pkm(t)) + (λm(t)− βm(t))pkm(t))

s.t. (23). (26)

The dual problem of Prob-MG1 is as follows [27]:

max D(�λM (t), �βM (t)) (27)

s.t. λm(t) ≥ 0, βm(t) ≥ 0 ∀ m ∈ M (28)

where

D(�λM (t), �βM (t)) = min
{
L(P(t), �λM (t), �βM (t))

}
=
∑
k∈M

Sk(λM (t), βM (t))

+
∑
m∈M

(βm(t)Cm,min(t)

− λm(t)Cm,max(t)) . (29)

We thus decompose Prob-MG1 into M subproblems each of
which can be solved by the MGCC in each MG. Furthermore,
because the primal problem (21) is convex and has feasi-
ble solutions for proper selections of sm,min, sm,max, and
gk,max(t), strong duality holds [27], so that the optimal solution
can be obtained from the dual problem (29).

For given �λM (t) and �βM (t), the subproblem
Sk(�λM (t), �βM (t)) for MG k is convex because the gen-
eration cost function Gk(·), the transmission cost function
Ckm(·), and constraint (23) are all convex as discussed in
Section II. The subproblems can be solved by commonly
used methods such as KKT conditions and the interior point
method (IPM) [25]. After solving the subproblems, the dual
problem will be solved by the MGNC by gathering all the
solutions to the subproblems from the MGCCs. Furthermore,
function Sk(·) is differentiable because both G(·) and C(·) are
differentiable. We can use the following gradient method to
obtain the dual variables λm(t) and βm(t)⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

λm,t(j + 1) =[
λm,t(j)− δ

(
Cm,max(t)−

∑
k∈M

p∗km,t(j)
)]+

βm,t(j + 1) =[
βm,t(j) + τ

(
Cm,min(t)−

∑
k∈M

p∗km,t(j)
)]+

(30)

where δ and τ are step sizes; p∗km,t(j) is the solution to Prob-
MG2 (26) for given λm,t(j) and βm,t(j); and [·]+ is the
projection onto the nonnegative orthant [27]. The dual variable
�λM (t) and �βM (t) will converge to the dual optimal �λ∗

M (t) and

�β∗
M (t), respectively, since strong duality holds [27]. The opti-

mal solution P∗(t) to Prob-MG1 can be acquired by solving
each Prob-MG2 for �λ∗

M (t) and �β∗
M (t).

V. OPTIMAL HIERARCHICAL POWER SCHEDULING FOR

THE ENTIRE SYSTEM

In this section, we summarize the analyses in Sections III and
IV, and present the hierarchical power scheduling algorithms,
termed HPS, for the entire power grid system. As discussed,
HPS consists of two tiers: 1) online power distribution in the
macrogrid; and 2) cooperative distributed power scheduling in
the MGs. Furthermore, the lower tier algorithm consists of two
parts: one for the MGNC and the other for each MGCC. The
proposed algorithms are presented in Algorithms 1–3, where
εm > 0 and εm > 0 are small tolerance values for termination
conditions, for all m ∈ M.

Algorithm 1. Online Power Distribution in the Macrogrid

1 Initialize d̂i(0) and p̂m(0), for all i ∈ N and m ∈ M

2 For i = 1 : T do
3 Receive constraint pm,max(t) from the MGNC;
4 Solve Prob-MA3 (16);
5 Send solution p∗m(t) to the MGNC;
6 Update d̂i(t) and p̂m(t) for all i ∈ N and m ∈ M as in

(17);
7 Exchange power p∗m(t) with MG m, for all m;
8 Distribute power d∗i (t) to Macrogrid user i, for all i;
9 end

Algorithm 2. Distributed Cooperative Power Scheduling
Algorithm for the MGNC

1 for i = 1 : T do
2 Receive pm,max(t) from MG m and forward it to the MC,

for all m ∈ M;
3 Receive p∗m(t) from the MC and forward it to MG m, for

all m ∈ M;
4 Initialize �λM,t(0) ≥ 0 and �βM,t(0) ≥ 0, and broadcast

them to all the MGs;
5 repeat
6 Receive p∗km,t(j) from the MGs;

7 Update �λM,t(j) and �βM,t(j) using (30);
8 Broadcast them to all the MGs, for all k,m ∈ M;
9 until(|λm,t(j + 1)− λm,t(j)| < εm and

|βm,t(j + 1)− βm,t(j)| < εm);
10 Broadcast �λ∗

M (t) and �β∗
M (t) to all the MGs;

11 end

Note that the MC in the macrogrid requires information
on pm,max(t) to solve Prob-MA3. Each MG m can estimate
pm,max(t) according to (31), where the first term refers to the
maximum possible amount of power transmitted to the macro-
grid from MG m, and the second term is the maximum possible
amount of power that MG m can accept from the macrogrid.
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Algorithm 3. Distributed Cooperative Power Scheduling
Algorithm for Each MGCC

1 for i = 1 : T do
2 Estimate the maximum exchanged power with the

Macrogrid pm,max(t) and report it to the MGNC;
3 Receive p∗m(t) and calculate constraints Cm,min(t) and

Cm,max(t) using (24);
4 repeat
5 Receive �λM,t(j) and �βM,t(j) and solve Prob-MG2

(26);
6 Send solution p∗km,t(j) to the MGNC, for all

k,m ∈ M;
7 until (�λ∗

M (t) and �β∗
M (t) are received);

8 Calculate s′m(t) using (5) and charge or discharge the
ESS accordingly, for all m ∈ M;

9 Transmit power p∗km(t) to MG m and exchange p∗m(t)
with the Macrogrid, for all k,m ∈ M;

10 end

The estimate of pm,max(t) is based on the power dispatching
information of the last time slot. This works well for a short
operation cycle, e.g., 15 min, because between two adjacent
short time cycles, major grid-related parameters such as gener-
ation and demand are usually closely correlated, while 15-min
cycles are sufficient for power scheduling in a large macro-
grid with several MGs under current technology of information
processing and communications.

min

{
|gm,max(t) +

∑
k∈M

p∗km(t− 1) + (1− ξ)sm(t− 1)

− sm,min

1− ξ
− dm(t)|, | −

∑
k∈M

p∗mk(t− 1)

− (sm,max − (1− ξ)sm(t− 1))− dm(t)|
}
. (31)

The complexity of Algorithm 1 is related to the number
of users and MGs, and the number of calculations solving
the KKT equations of Prob-MA3 (16). According to [25], the
complexity of Algorithm 1 is roughly O((N +M)3). The com-
plexity of Algorithms 2 and 3 is related to the product of the
number of iterations of the dual variables and the number of
calculations solving Prob-MG2 (26). And the complexity of
Algorithms 2 and 3 is about O((2M)3 ·M3) = O(M6). The
complexity analysis is quite conservative, and thus, the com-
plexity of the proposed algorithm is polynomial of the number
of macrogrid users and MGs, which can be processed easily
within a 15-min cycle, based on the processing ability of current
microcomputers.

The proposed cooperative distributed algorithm is also well
suited for larger power systems due to the scalability. It
is also worth noting that there is no information exchange
directly between the MC and MGCCs. The MGNC connects
the MC and MGCCs in the system, so that there is only
one information connection point between the macrogrid and
the MGNC, which increases the level of security and privacy
protection.

VI. PERFORMANCE EVALUATION

In this section, we present a trace-driven simulation study to
evaluate the efficacy of the proposed HPS scheme. The simu-
lation data and parameters for the macrogrid are based on the
power usage traces in the Southern California Edison (SCE)
area recorded in 2011 [28]. The data for MGs are based on
some statistical distributions, which are averaged over a large
number of random runs.

We consider a power system as in Fig. 1 with a macrogrid
and four MGs. The macrogrid supports 400 power users, while
each MG supports 100 users. The user demand is based on the
SCE trace and user utility function is defined as [23]

U(pi(t), ωi(t))

=

{
ωi(t) · pi(t)− pi(t)

2/8, if 0 ≤ pi(t) ≤ 4ωi(t)

4 · ωi(t), if pi(t) ≥ 4ωi(t).

As in [29], the power generated in each MG is indepen-
dently chosen from a uniform distribution in (10 kW, 450 kW).
The generation cost function in the macrogrid is assumed to be
G(x) = 4x2 and the MG generation cost function is Gk(x) =
1.5x2. The transmission cost between the macrogrid and MG
m is assumed to be Cm(x) = θmx2; the transmission cost
between MG k, and m is Ckm(x) = θkm

2 x2, for k �= m and
Cmm(x) = 0, for all m [17], [19]. θm and θkm are transmission
cost coefficients, which are defined as θm = 1− σm, if x > 0,
and θm = 1−σm

σm
otherwise; θkm = 1−σkm

σkm
.

In practice, the transmission loss ratios σm and σkm

usually differ from MG to MG because different factors
such as distances. For practical considerations, we assume
that {σ01, σ02, σ03, σ04} = {0.2, 0.6, 0.5, 0.3}, {σ10, σ20,
σ30, σ40} = {0.5, 0.4, 0.67, 0.59}, σ12 = 0.56, σ13 = 0.71,
σ14 = 0.67, σ21 = 0.56, σ23 = 0.56, σ24 = 0.63, σ31 = 0.71,
σ32 = 0.56, σ34 = 0.56, σ41 = 0.67, σ42 = 0.63, σ43 = 0.56,
and σmm = 1, for all m. The corresponding transmis-
sion cost coefficients are θ12 = 0.8, θ13 = 0.4, θ14 = 0.5,
θ21 = 0.8, θ23 = 0.8, θ24 = 0.6, θ31 = 0.4, θ32 = 0.8,
θ34 = 0.8, θ41 = 0.5, θ42 = 0.6, θ43 = 0.8, and θmm = 1,
for all m. We also assume different storage capacities to the
MGs as (s1,min, s1,max) = (30, 300) kW, (s2,min, s2,max) =
(50, 100) kW, (s3,min, s3,max) = (60, 500) kW, and (s4,min,
s4,max) = (100, 200) kW. The algorithms are executed on
15-min time slots.

A. HPS Performance

The HPS algorithms contain two iterative sequences: 1) di(t)
and pm(t) in the macrogrid control; and 2) pkm,t(j), �λM,t(j)

and �βM,t(j) in the MG control. In the first tier, the conver-
gence of di(t) and pm(t) is over multiple time slots; whereas in
the second tier, the convergence is achieved within every time
slot. Because the second-tier control requires the solution p∗m(t)
from the first-tier control as a constraint, the convergence of
pm(t) is critical for HPS performance. The parameter α in the
updating equations (17) should be carefully selected. For the
second tier, the MGNC needs to exchange �λM,t(j) and �βM,t(j)
for several iterations until they converge. For given termination
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Fig. 2. Convergence of p̂m(t).

Fig. 3. Convergence of λ3,13(j) and β3,13(j) with different δ and τ .

conditions, the step-size parameters δ and τ will affect the
speed of convergence of �λM (t) and �βM (t). Intuitively, small
δ and τ guarantee the convergence, but may require more itera-
tions. We illustrate the effect of the parameters on convergence
in Figs. 2 and 3.

Fig. 2 shows that p̂m(t) converges in every MG, and p∗m(t)
fluctuates around p̂m(t), as specified in Lemma 1. From the two
sequences of p̂3(t) with α = 1 and α = 0.1, it can be seen that
a smaller α results in slower convergence. However, a large α
may lead to larger variance in the transient phase. From a larger
number of simulation runs, we set α = 1 in our simulations. It
is also worth noting that the MGs have different levels of p∗m(t).
This is because different MGs have different generation levels,
storage limits, and transmission cost coefficients. For exam-
ple, p∗1(t) has a positive level of 13.5 kW, which means MG
1 requires a 13.5-kW load from the macrogrid. This may due to
low generation, small storage, or large transmission cost with
the macrogrid. On the other hand, p∗3(t) has a negative level
of −70 kW, which means that MG 3 transfers 70 kW to the
macrogrid. Furthermore, the sum of p∗m(t)’s is negative, mean-
ing that the macrogrid acquires power from the MG network in
this time frame.

In Fig. 3, the evolutions of λ3,13(j) and β3,13(j) in a time
slot are plotted with different step sizes δ and τ . The curves

Fig. 4. Power scheduling in MG 1.

Fig. 5. Power scheduling in MG 3.

with larger step sizes have larger variances and slightly slower
convergence speed. Both λ3,13(j) and β3,13(j) have a very fast
convergence in six to eight iterations, which also indicates a
fast convergence of p∗3m(t) as stated in Section IV-B. The fast
convergence is due to the transformed constraints (24) of Prob-
MG1, which further restricts the set of feasible p∗km(t)’s. As
a result, λm(t) and βm(t) are forced to increase or decrease
in a reverse direction, which reduces the number of iterations
needed for convergence.

In addition to convergence performance, HPS can be fur-
ther evaluated with respect to power scheduling. In Figs. 4 and
5, we present the power flows in MGs 1 and 3, respectively.
We find in Fig. 4 that MG 1 has a very low power generation
g1(t) from about 20 to 40 kW, such that it cannot support the
power demand in the range of 50–130 kW with its own genera-
tion alone. However, it only requests less than 20 kW from the
macrogrid, but accepts more than 40 kW from MG 3 and 20 kW
from MGs 2 and 4. Note that the transmission cost coefficient
between the macrogrid and MG 1 is θ1 = 1− σ01 = 0.8, which
is larger than the coefficients between MG 1 and the other MGs.
To find a sufficient power flow to support its users, while keep-
ing the cost low, MG 1 chooses to request more power from MG
3. MG 3 has a large generation and storage capacity, so that it
can share much power with MG 1 and the macrogrid. However,
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Fig. 6. Macrogrid load under different power scheduling schemes.

we observe a relatively low power flow around 20 kW between
MG 3 and MG 2 and 4. This can also be explained by the objec-
tive to minimize the transmission cost. Actually, both θ32

2 and
θ34
2 are 0.4, which is very close to θ3 = 1−σ30

σ30
= 0.5.

In real power systems, the transmission cost ratio σ and coef-
ficient θ can be affected by many different factors, such as
distance, the power gap, and the complexity of the system. In a
real system, MG 1 may have shorter distance and smaller gap
of power level with MG 3 compared to that with MG 2 and
4. The storage also plays an important role as a power buffer
to enhance system stability and capacity. As a result, with all
the key factors considered, HPS is able to achieve a balance
in the power system, maximize the macrogrid user utilities,
smooth the load of the macrogrid, and minimize the cost in the
cooperative MGs.

B. Comparison With Existing Schemes

We next provide a comparison study of HPS versus several
existing schemes [17], [23]. In Fig. 6, we show the load of
the macrogrid under five different power scheduling schemes.
The original load (OL) is based on the SCE trace of a 1-day
period in September, 2011. The online power distribution algo-
rithm (OPDA) proposed in [23] has considered many factors
including user utility and grid load variance in a macrogrid,
but no MG is involved in the model and algorithm. Thus, the
OPDA curve in Fig. 6 is obtained by running OPDA in a macro-
grid with 800 users. A coalition game (CG) is used in [17]
to minimize the power loss in an MG network, where power
flows between MGs and macrogrid are allowed. However, it
does not consider smoothing the macrogrid load. For compar-
ison purpose, we also develop another scheme [termed as no
cooperation control scheme (NCC)], which only allows power
flow between each MG and the macrogrid, while power trading
among the MGs is not allowed.

In Fig. 6, the OL curve has the largest peak. OPDA achieves
an expected smooth load in the macrogrid, because the vari-
ance term is explicitly minimized. OPDA also distributes power
well such that the user demands can be satisfied. However,
without the cooperative MGs, the macrogrid generates 7.8%
more power in total to achieve 31.7% of peak reduction. With
NCC, the macrogrid can exchange power with the MGs, which

usually have random power generations. As a result, power gen-
eration in the macrogrid under NCC is almost the same as that
under OL. NCC achieves 17.2% peak reduction while caus-
ing 21.4% increase in the macrogrid grid load variance. For
CG, coalitions are formed among the MGs to minimize power
loss. We find a 15.7% of generation reduction, 18.4% of peak
reduction, and 40.9% of variance reduction. It achieves a fairly
good result by exploiting the DG from the cooperative MGs.
However, it does not explicitly consider variance reduction; the
resulting variance is actually still large.

With HPS, we jointly consider all the above factors. As
a result, under HPS, the macrogrid has a 97.1% variance
reduction, 43.1% of peak reduction, and 13.1% of genera-
tion reduction. Compared to CG, HPS achieves considerably
better results on peak reduction and variance reduction, and
the macrogrid generation reduction is only slightly lower (i.e.,
13.1% versus 15.7% with CG).

VII. CONCLUSION

In this paper, we developed a hierarchical power schedul-
ing scheme to optimally manage the power distribution in the
smart grid with one macrogrid and cooperative MGs. We first
presented a formulation considering both the macrogrid, which
jointly considers user utility, generation cost, transmission cost,
and grid load smoothing, and the MGs, which aims to minimize
the cost of power generation and transmission within the MGs.
We then decompose the problem into a two-tier formulation and
developed the corresponding online and distributed algorithms
for solving both problems, which were proven to be asymp-
totically optimal. The proposed algorithms were validated with
trace-driven simulations.

APPENDIX

A. Proof of Lemma 1

Proof: We prove (18) in this section, while (19) can be
proved in the same way. Rewrite the first update equation in
(17) and sum up from t = 1 to T . We have

T∑
t=1

(
t+ α

α

)
(d̂i(t)− d̂i(t− 1)) =

T∑
t=1

(d∗i (t)− d̂i(t− 1)).

Expanding the sum on the left-hand side (LHS), some terms can
be canceled. Also, adding term −d̂i(T ) + d̂i(T ) to the right-
hand side (RHS), it follows that

1

α

(
T · d̂i(T )−

T∑
t=1

d̂i(t− 1)

)
− (d̂i(T )− d̂i(1))

=

T∑
t=1

(d∗i (t)− d̂i(T ) + d̂i(T )− d̂i(t− 1)).

Taking limit over T on both sides, we have

lim
T→∞

T · d̂i(T )−
∑T

t=1 d̂i(t− 1)

α · T − lim
T→∞

d̂i(T )− d̂i(1)

T

= lim
T→∞

1

T

T∑
t=1

(d∗i (t)− d̂i(T ) + d̂i(T )− d∗i (t− 1)).
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The second term of the LHS goes to zero. Rearranging the
remaining terms, we have

lim
T→∞

(
1− α

α

)(
d̂i(T )− 1

T

T∑
t=1

d̂i(t− 1)

)

= lim
T→∞

1

T

T∑
t=1

(d∗i (t)− d̂i(T )). (32)

Due to the first updating function in (17), d̂i(t) is convergent as
t → ∞. Thus, the LHS of (32) is zero. It follows (32) that (18)
holds true. ��

B. Proof of Theorem 1

Proof: The convergence of the online solution is equiv-
alent to the convergence of the online objective value to that
of the offline problem Prob-MA2. Thus, we next prove that
limT→∞ 1

T (F(d
∗,p∗)− F(d̃, p̃)) = 0, where (d∗,p∗) is the

solution to Prob-MA3 and (d̃, p̃) is the solution to Prob-MA2.
It can be shown that Prob-MA3 is also a convex optimization

problem, and the Slater’s condition is also satisfied. We derive
the KKT conditions of Prob-MA3 as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

IN

(
U ′(d∗i (t), ωi(t))− α(d∗i (t)− d̂i(t− 1)) + ν∗i (t)

)
+IM (−C ′(p∗m(t))− α(p∗m(t)− p̂m(t− 1)) + γ∗

m(t)

−ρ∗m(t))− μ∗(t)G′(l∗(t))/bmax(t) = 0

μ∗(t) (G(l∗(t))/bmax(t)− 1) = 0

ν∗i (t) (d
∗
i (t)− di,min(t)) = 0

γ∗
m(t) (p∗m(t) + pm,max(t)) = 0

ρ∗m(t) (p∗m(t)− pm,max(t)) = 0

μ∗(t), ν∗i (t), γ
∗
m(t), ρ∗m(t) ≥ 0 ∀ i ∈ N, m ∈ M, t ∈ T

(33)

where the nonnegative Lagrangian multipliers μ∗(t), ν∗i (t),
γ∗
m(t), and ρ∗m(t) are the dual points where the KKT conditions

are satisfied and the optimal value is achieved.
To prove the theorem, we need another differentiable con-

cave function H(d̃, p̃) as defined in (34) shown at the bottom
of the page.

Recall that G(l̃(t)) is the generation cost and bmax(t) is the
maximum generation cost in the macrogrid. Therefore the sec-
ond term on the RHS of (34) is nonnegative. Following (33),
both the last two terms on the RHS of (34) are nonnegative
either. It follows that

F(d̃, p̃) ≤ H(d̃, p̃). (35)

Due to the concavity and differentiability of H(·), we have

H(d̃, p̃) ≤ H(d∗,p∗) +	H(d∗,p∗) • ((d̃, p̃)− (d∗,p∗))
(36)

where • denotes the inner product operation. According to (35)
and (36), we can derive inequality (37) shown at the bottom of
the page.

Substituting (33) into inequality (37), we have

F(d̃, p̃) ≤ F(d∗,p∗)

+
T∑

t=1

∑
i∈N

α(d̃i(t)− d∗i (t))

(
1

T

T∑
k=1

d∗i (k)− d̂i(t− 1)

)

+
T∑

t=1

∑
m∈M

α(p̃m(t)− p∗m(t))

(
1

T

T∑
k=1

p∗m(k)− p̂m(t− 1)

)
.

Adding −d̂i(T ) + d̂i(T ) and −p̂m(T ) + p̂m(T ) to the last two
terms on the RHS of the above inequality, respectively, taking
limit over T on both sides, and applying Lemma 1, we have

lim
T→∞

F(d̃, p̃)

T
≤ lim

T→∞
F(d∗,p∗)

T
. (38)

H(d̃, p̃) =

T∑
t=1

(∑
i∈N

U(d̃i(t), ωi(t))−
∑
m∈M

Cm(p̃m(t))

)
− αT

2

(∑
i∈N

Var(
�̃
di,T ) +

∑
m∈M

Var(�̃pm,T )

)
−

T∑
t=1

μ∗(t)

(
G(l̃(t))

bmax(t)
− 1

)

+
T∑

t=1

∑
i∈N

ν∗i (t)(d̃i(t)− di,min(t)) +
T∑

t=1

∑
m∈M

(γ∗
m(t)(p̃m(t) + pm,max(t))− ρ∗m(t)(p̃m(t)− pm,max(t)))

= F(d̃, p̃) +
T∑

t=1

μ∗(t)

(
1− G(l̃(t))

bmax(t)

)
+

T∑
t=1

∑
i∈N

ν∗i (t)(d̃i(t)− di,min(t)) +
T∑

t=1

∑
m∈M

((γ∗
m(t)− ρ∗m(t))p̃m(t)

+ (γ∗
m(t) + ρ∗m(t))pm,max(t)) . (34)

F(d̃, p̃) ≤ F(d∗,p∗) +
T∑

t=1

μ∗(t)
(
1− G(l∗(t))

bmax(t)

)
+

T∑
t=1

∑
i∈N

ν∗i (t)(d
∗
i (t)− di,min(t)) +

T∑
t=1

∑
m∈M

((γ∗
m(t)− ρ∗m(t))p∗m(t)

+ (γ∗
m(t) + ρ∗m(t))pm,max(t)) +

T∑
t=1

∑
i∈N

(d̃i(t)−d∗i (t))

(
U ′(d∗i (t), ωi(t)) + ν∗i (t)−μ∗(t)

G′(l∗(t))
bmax(t)

+
α

T

T∑
k=1

d∗i (k)− αd∗i (t)

)

+

T∑
t=1

∑
m∈M

(p̃m(t)− p∗m(t))

(
−C ′

m(p∗m(t)) + γ∗
m(t)− ρ∗m(t)− μ∗(t)

G′(l∗(t))
bmax(t)

+
α

T

T∑
k=1

p∗m(k)− αp∗m(t)

)
. (37)
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On the other hand, (d̃, p̃) is the optimal solution to Prob-MA2
and thus F(d̃, p̃) is the optimal objective value of Prob-MA2.
Since it is a maximization problem, we have

F(d̃, p̃) ≥ F(d∗,p∗). (39)

Considering both (38) and (39), we conclude that Theorem 1
holds true. ��
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