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X-Bar and R Control Chart Interpretation Using Neural Computing

Abstract.  This paper formulates Shewhart mean (X-bar) and range (R)

control charts for diagnosis and interpretation by artificial neural networks.

Neural networks are trained to discriminate between samples from

probability distributions considered within control limits and those which

have shifted in both location and variance.  Neural networks are also

trained to recognize samples and predict future points from processes

which exhibit long term or cyclical drift.  The advantages and

disadvantages of neural control charts compared to traditional statistical

process control are discussed.

1.  Introduction

Control charts are commonly used in production environments to analyze process

parameters to determine if a controlled process is within or out of control, i.e. to

distinguish between assignable and common, also called chance, causes.  Some

manufacturing processes which benefit from control chart tracking are filtration,

extraction, fermentation, distillation, refining, reaction, pressing, metal cutting, heat

treatment, welding, casting, forging, extrusion, injection molding, spraying, and soldering

(Miller and Walker 1988).  Although computationally simple, control charts are sometimes

complex to use correctly because the sample points come from non-specified probabilistic

distributions and usually require interpretation by a skilled user.

Artificial neural networks trained by supervised techniques have been documented

as good alternatives for pattern classification and prediction.  These skills can be put to

use for the interpretation of process control from input of control chart samples.  Through

learning of varying input conditions matched with control status, a network can decide on

control status when faced with new inputs.  Besides exceeding control boundaries, control

chart points can provide information about the long term condition of the process through

symptomatic shapes, runs and drifts.  If these can be correctly identified from a small



3

sample by neural networks, then the process can be investigated expediently.  Neural

networks can also forecast future control chart point(s), thus contributing to the diagnosis

of process condition in borderline conditions.

This paper briefly discusses Shewhart control charts and their uses, then covers

previous applications of artificial intelligence to statistical process control.  The research

focuses first on the data representation required to successfully train a backpropagation

neural network to recognize control chart patterns.  Number of inputs and preprocessing

which enhance network performance are discussed.  The ability of networks to

discriminate within control from out of control situations based on small, probabilistic

samples is presented.  A second focus is the ability of the network to recognize sequences

of noisy data points as belonging to patterns which reflect long term undesirable drift in

the process, and the third area of research is the prediction of future subgroup means

based on immediate past subgroup means.

2.  Overview of Control Charts

W. A. Shewhart first proposed the use of control charts in 1931, which commonly

bear his name as Shewhart control charts (Shewhart 1931).  A typical Shewhart control

chart is shown in Figure 1.  Through the ensuing years many different formulations

became known, however most manufacturers use versions of the early control charts

which track sample mean (X-bar charts) and sample range (R charts) as checks on the

process state and the process variability.  One recent study shows 71% of responding

firms use X-bar control charts and 64% use range charts (usually in tandem), far greater

percentages than the nearest competitors (Saniga and Shirland 1977).  This paper focuses

on these two since they are the most common control charts.

INSERT FIGURE 1 HERE

A difficulty with control charts is the determination of whether a process is actually

within control or not.  Since sample points are subject to noise due to the process itself,

and measurement and human imperfections, they form a non-specified probabilistic
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distribution.  Another difficulty is the selection of appropriate heuristic rules to interpret

the position and shape of control chart points.  The eight most accepted rules, with two

examples being 14 points in a row alternating up and down and 6 points in a row steadily

increasing or decreasing, are discussed in (Nelson 1984).  The process randomness and the

choice of interpretive heuristics affect the performance of a control chart.  Errors are

generally classified as Type I (α) Errors, which are false alarms, and Type II (β) Errors,

which are missed disturbances.  There may be different relative penalties for Type I and

Type II Errors.

3.  Artificial Neural Networks for Process Control

3.1.  Overview of Neural Networks

Artificial neural networks, a branch of artificial intelligence, are massively parallel

computing mechanisms emulating the biological brain, which store intelligence in their

many interconnecting weights.  These variable weights connect nodes (neurons) both in

parallel and in sequence.  The entire mechanism hierarchically processes vector input

through the network of nodes and weights, arriving at a vector output.

Neural networks have been noted as being particularly advantageous for modeling

systems which contain noisy, fuzzy and uncertain elements.  They learn models by iterating

through a large number of exemplar vectors.  Relationships can be auto-associative

(relating an input with itself), or hetero-associative (relating an input with another output).

Learning can take place through internal grouping (self organizing or competitive

learning) or through paired training sets (supervised learning).

For modeling control data, a supervised approach is preferable since calibrated

training data is usually available and it is advantageous to pre-specify the desired output.

The most well known of supervised techniques is backpropagation, which adjusts initially

randomized weights during training according to the steepest gradient along the error

surface (Werbos 1974, Rumelhart et al. 1986).  Weights are adjusted in proportion to their

contribution to the output by recycling the squared error signal back through the layers of
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weights.  Typical backpropagation neural networks, which are more properly termed

multi-layered perceptrons trained by backpropagation, are fully connected, feed forward

only, and use a sigmoidal transfer function at the nodes to evaluate weighted input sums.

An input layer, an output layer and at least one hidden layer are required to model non-

linear systems (Funahashi 1989, Hornik et al. 1989), however it has been suggested that

for analog input, a two hidden layer network is superior (Lapedes and Farber 1988, Smith

and Dagli 1991 B).  Figure 2 shows a typical two hidden layer backpropagation neural

network for process monitoring.

INSERT FIGURE 2 HERE

3.2.  Neural Networks in Process Control

In process control, work has been done to neurally relate input parameters to

product variables in both an associative and a predictive model.  Association tasks usually

are diagnostics for use during manufacturing.  Burke identified tool wear states during

machining using a competitive learning network, a task normally done by human operators

(Burke 1989).  A similar subject was pursued by Guillot and Ouafi who used a supervised

network to recognize tool breakage for use in untended machining (Guillot and Ouafi

1991).  A third neural model for monitoring during machining used the frequency of the

vibration signals to classify if machine deterioration was taking place (Knapp and Wang, in

press).  The plastics industry was studied with a backpropagation correlation model of

injection molding process parameters and product defects for diagnostics and corrective

action (Wu et al. 1991).  The input vectors were the quality defects while the output

vectors contained recovery instructions.

Predictive models attempt to estimate product parameters based on process

conditions before product manufacture.  Andersen et al. used backpropagation networks

to relate input parameters (arc current, arc voltage, travel speed and wire speed)

predictively to quality measures of a weld (bead width, penetration, reinforcement height

and cross section area) (Andersen et al. 1990).  Okafor pursued a similar approach for
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estimating surface roughness and bore tolerance in milling using input variables of cutting

force components, acoustic emission and spindle vibration in a moving window size of five

(Okafor et al. 1990).  Smith and Dagli related many input variables of a plastic extrusion

process to prediction of the lot quality with backpropagation (Smith and Dagli 1991 A).

Smith used a similar approach for injection molding of brake linings to predict product

quality and its variability (Smith 1993).

These works suggest that all processes can be diagnosed and modeled successfully

by neural networks, although results may not necessarily be superior to statistical or other

analytical techniques.  There is sustained interest however, for reasons other than

superiority of performance.  One reason is the ability to learn relationships through the

data itself rather assuming probability distributions or explicitly coding an empirical model.

A learned relationship eliminates any error due to erroneous parametric or analytical

assumptions.  The second reason is that training can handle multiple, related or non-

related, inputs and outputs simultaneously.  This has important advantages for control

charts as demonstrated later in this paper where a single neural network simultaneously

serves as both X-bar and R charts.  The third reason is that a neural network can

dynamically adjust to changing line conditions by continuous training, or sporadic

retraining.  This means a manufacturer can improve the neural network control chart

model by accumulation of additional training data, then performing incremental training or

occasional new batch training.  The fourth reason is that hardwired neural networks are

expected to be readily available in the near future, which will facilitate compact, cost

effective, real time control.  A neural network chip alleviates the need for continuous

monitoring by PC or other computing platform.

3.3.  Past Research on Control Charts and Intelligent Computing

Some earlier work has been done to relate intelligent computing to manufacturing

control charts.  Most of these have taken the form of using expert, or knowledge-based,

systems to select proper control methodologies and advise on the analysis of the selected
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methodologies (Alexander and Jagannathan 1986, Dybeck 1987, Scott and ElGomayel

1987, Evans and Lindsay 1988, Hosni and Elshennawy 1988, Eid and Losier 1990,

Willborn 1990, Dagli and Smith 1991, Smith and Yazici 1992).  These systems do a good

job where the problem involves analysis of relatively few alternatives and the analysis

depends mostly or wholly on qualitative information.  Thus, selection of the proper control

chart or advice on corrective actions given a certain diagnosis are appropriate venues for

the expert system approach.  However for an expert system to handle control chart data

gathering and analysis, a scheme to codify the pattern analysis must be devised and

incorporated as part of the system logic.  This is a formidable barrier to successful use of

expert systems for control chart interpretation.

A simple use of neural networks for control charts is to simply act as barriers for

signaling a point within control limits or beyond control limits.  This was done by (Yazici

and Smith 1992) for a plastic extrusion process.  A neural network acted as X-bar control

chart monitor for four process variables simultaneously.  The neural network was able to

detect all instances of exceeding 3σ control chart limits.  While the neural network did not

offer detection advantages over analytical or human monitoring, the ability to

simultaneously monitor multiple variables was unique, which would become particularly

advantageous when using hardware neural network chips on the line for this purpose.

A few papers have used neural computing to detect location (usually mean) and

variance (usually range) shifts.  Pugh published two papers on using backpropagation

networks to learn when mean shifts had occurred for a sample size of five (Pugh 1989,

Pugh 1991).  He found the neural networks produced average run length results about

equal to a standard X-bar control chart with 2σ control limits, and improved significantly

on Type II errors over X-bar charts.  Guo and Dooley looked at positive shifts in both

mean and variance using backpropagation neural networks compared to cumulative sum

and moving sum charts (Guo and Dooley 1992).  They found their best network reduced

errors in classification about 40% from control chart heuristics.  Hwarng and Hubele used
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a backpropagation classifier on six control patterns - trend, cycle, stratification,

systematic, mixture and sudden shift (Hwarng and Hubele 1991).  They found a neural

classifier with binary input and output performed well enough to serve as a supplement to

traditional control charts.

This paper extends the above research by considering a single model of a

simultaneous X-bar and R chart, and investigating both location and variance shifts.

Results are compared to standard Shewhart diagnostic rules.  Furthermore, four typical

control patterns are learned, using various sequential sample sizes and noise, for both

classification and prediction, out to five time increments.

4.  Interpretation of Process Shifts

The object of the initial research in this paper was to train neural networks using a

rational subgroup size of 10 to recognize whether a controlled process had shifted, and if

so, whether the mean or variance had changed.  This was a simultaneous X-bar and R

model.  All samples were assumed to conform to rational subgrouping.  Training sets of

1500 samples were created with the following components:

A. 500 Normal with µ = 0 and σ = 1 (In Control)
500 Normal with µ = 0 and σ = 2 (Small Variance Shift)
500 Normal with µ = 1 and σ = 1 (Small Mean Shift)

B. 500 Normal with µ = 0 and σ = 1 (In Control)
500 Normal with µ = 0 and σ = 3 (Large Variance Shift)
500 Normal with µ = 3 and σ = 1 (Large Mean Shift)

Figure 3 shows a training sample of 10 with the in control process distribution, and

two altered ones (small mean and variance changes).  All data was normalized to between

0.1 and 0.9 via the following procedure:

in
xi x

x x
= +

−

−

✦
★✧

✩
✫✪

0.1 0.8 min

max min

where ni = the normalized value, xi = the raw data value, xmin= the minimum raw data

value in all the samples, and xmax = the maximum raw data value in all the samples.  The
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normalization was required for proper handling by the unipolar sigmoidal transfer function

which asymptotically approaches 0 and 1 in its extremes.

INSERT FIGURE 3 HERE

Training took place on randomly selected sets of 75% of the 1500 data and testing

took place on the remaining 25% of the data.  Efforts to train a network to recognize

parameter shifts using raw data alone (the 10 sample points) were unsuccessful.  These

networks dealt with the variability of the inputs by training to produce identical outputs

regardless of input.  Statistical characterization of the raw data was needed to assist the

network learn to discriminate between close distributions.  Therefore, along with the 10

data points of each sample, the subgroup mean, standard deviation and range were

calculated.

Successful networks were trained on either the raw data and the calculated

statistics (a total of 13 inputs) or on the calculated statistics only (a total of 3 inputs).  A

single output was required for all networks with the following normalized coding:  0.5 for

the in control distribution, 0.9 if the distribution had a shifted variance, and 0.1 if the

distribution had a shifted mean.  An alternative output scheme would be multiple binary

coded neurons, as is done for shape detection in Section 5.  Table 1 shows the

performance statistics of two hidden layer networks on the test sets.  One network

architecture had 3 neurons in each hidden layer and the other had 10 neurons in each

hidden layer.  It has been generally recognized that a neural network must have enough

hidden neurons to have the capacity to learn the model adequately, however overfitting

the network with excess hidden neurons can impair generalization ability.  It can be seen

from Table 1 that a network found classification easier for distributions which are more

radically shifted (set B), and it also assisted classifications for set A if all the data were

included as inputs.  For these sets, a larger network assisted classification as well,

although not dramatically.

INSERT TABLE 1 HERE
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It is important to compare the neural network results to those which would have

been obtained using a standard Shewhart control chart strategy.  This was done by

calculating control chart 3σ limits for both X-bar and R charts for a subgroup size of 10, a

mean of 0 and a standard deviation of 1.  The limits were ± 0.949 about the mean of 0 for

the X-bar chart and ± 3*0.797 about an expected range of 3.078 for the R chart using

accepted control chart practices (Mendenhall and Sincich 1992).  Test sets A and B were

applied to these control limits, and a decision of out of control was reached if any point

exceeded the 3σ limit.

The neural networks' decisions were interpreted according to the following

schedule:  0 to 0.3 is a 0.1 (mean shift), 0.3 to 0.7 is 0.5 (no shift), 0.7 to 1.0 is 0.9

(variance shift).  This type of interpretive schedule is typical when dealing with neural

network output since it is usually imprecise.  Table 2 shows the percentage of wrong

decisions for the Shewhart control chart strategy and the neural networks.

INSERT TABLE 2 HERE

For a large shift in mean or variance, the neural networks performed comparably to

a standard control chart, however when the shift was more subtle, and the extra

information of the raw data itself was provided, the neural networks made slightly more

than half the errors of the control charts, i.e. 16.8 and 11.7 percent incorrect for the two

neural networks with all the inputs versus 27.5 percent incorrect for the control chart.

The type of errors of each formulation was also different.  In our experiments the manual

control chart made primarily Type II Errors, that is missed disturbances.  The neural

network made both Type I and Type II Errors.  This improvement of the neural networks'

Type II Error rate relative to the manual control charts' Type II Error rate substantiates

the results of Pugh (Pugh 1991) discussed in Section 3.3.  The networks were trained with

the assumption that the penalties for Type I and Type II Errors were identical, and

therefore made both kinds of errors in approximately equal proportions.  This could easily

be remedied to reflect different relative penalties for Type I and Type II Errors by shifting
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the interpretive schedule for an out of control decision, that is moving the decision

boundary further from the class with the lower relative error penalty.  This procedure and

the resulting power curves for neural networks are discussed fully in (Twomey and Smith

1993).

Most neural network classification errors were outputs very close to the decision

schedule borders, i.e. near 0.3 or 0.7.  Over the six networks, only 1.6% of the test set

were clear misses, that is misclassified by as much as 0.5.  The errors near decision

borders could be analyzed more closely by human experts or with neural prediction of

points, as discussed in Section 6, to achieve even better precision.

5.  Interpreting Long Term and Cyclical Drifts

Besides discriminating process shifts by samples, recognizing patterns of samples

as symptomatic of process problems is important.  This is usually done manually by

examining sequential points and looking for runs in certain areas of the control chart, or

looking for an enduring pattern.  These patterns can indicate tool wear, shift or operator

differences, or other undesirable conditions.

Nine neural networks were trained to recognize the following shapes:  flat (in

control), sine wave (cyclic), sloped (trend or drift) and bimodal (stratification).  Specific

parameters concerning the shapes were selected randomly for each training and testing

vector within pre-specified bounds as described below.  This variety of training and testing

shape parameters was used to facilitate generalization of the trained network to many

specific instances of the shapes during operation.  The following describes the generation

of the sine wave, trend and bimodal shapes.  The sine wave cycle frequency was fixed at

approximately 65 increments, that is it would take 65 sequential observations to move

completely through one cycle.  The point at which the cycle began was randomly selected

for each training and testing vector.  The sign of the trend was randomly selected for each

training and testing vector, while the absolute value of the slope was fixed at 0.1 (10% of

σ).  Therefore the network was trained to recognize the trend pattern as a noisy linear
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movement, rather than in a specific direction.  The bimodal shape was selected to have

random durations at each extreme for each training and testing vector.

Each shape was subjected to Normally distributed noise with µ = 0 as illustrated in

Figure 4.  The networks differed by the number of sequential training inputs, which ranged

from 5 to 20, and the standard deviation of the noise, which ranged from 0.1 to 0.3.  Each

network was trained on 1200 vectors (300 of each shape).  Networks were tested on 300

randomly selected different vectors, also equally divided into the four shapes.  A two

component binary vector was used to classify patterns with the following code:  flat (0 0),

sine wave (1 1), trend (0 1) and bimodal (1 0).  An output between 0 and 0.4 was

considered a 0 and an output between 0.6 and 1.0 was considered a 1.

INSERT FIGURE 4 HERE

Table 3 summarizes the results of these nine networks for recognizing patterns and

shifts.  Networks improved classification when data was less noisy and additional points

were available to help ascertain the pattern.  All in all the networks did very well,

classifying 69.3% correctly at the worst case (5 data points with maximum noise) and

99.0% correctly at the best case (20 data points with minimum noise).  The ease of each

shape classification changed with noise and number of input points.  For low noise all

misclassifications were either sine wave or bimodal.  For noisier data with 5 data input

points, the flat shape was the most difficult to classify correctly.  For noisier data with 10

or 20 input points, the sine wave shape was the most difficult to classify correctly.

INSERT TABLE 3 HERE
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6.  Control Predictions To Assist Interpretation

Neural networks have been noted to perform well as predictors (White 1988,

Sharda and Patil 1990, Tang et al. 1990).  This ability can be taken advantage of when

using neural control charts.  Predicted points can be analyzed to see if they support the

identified cycle, drift or trend, or if they indicate continued acceptable randomness of the

process.  This paper examines prediction of points for the shapes described in Section 5

with the future aim of using the predictions to confirm shape identification, especially in

conditions near decision borders.  For example distinguishing between a bimodal and a

sine wave pattern may be assisted by predicting the next few points using the most recent

observations.

Two groups of predictive networks were tested, each predicting equal numbers of

the four shapes described in Section 5.  Data was generated in the same manner as

described in Section 5 except that the desired network response was the next sequential

point(s) in the pattern rather than a binary classification.  Note that this predictive task is

quite difficult.  First the network has to internally identify the input vector's pattern class

from among the four classes (flat, trend, sine wave or bimodal), and then predict the next

point(s) for that identified pattern and the specific input vector's parameters.

The first group of predictive networks predicted a single future point using 20

sequentially ordered inputs.  The inputs had degrees of noise dispersion ranging from σ =

0.05 to σ = 0.2.  Table 4 shows the percentage of correct predictions (those within 10% of

actual), the RMS error and σ of error for the random test set.  As expected, noise impeded

prediction accuracy.

INSERT TABLE 4 HERE

The second group of networks predicted from one to five future points

simultaneously based on 20 sequentially ordered inputs with σ = 0.1, i.e. the first network

predicted the next sequential point, the second network predicted the next two sequential

points, and so on, until the fifth network predicted the next five sequential points of the
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pattern.  Identical training and testing sets were used on these five networks.  Table 5

shows the results of these networks.  To be considered correct all simultaneous points has

to be predicted to within 10% of the actual value.  Accuracy declined with multiple points,

however RMS error and error dispersion were fairly constant indicating that individual

prediction performance on more future points was not impaired.  This relatively good

predictive performance of the neural networks offers the potential that predictions can be

used as further evidence in borderline cases for decisions concerning process state.

INSERT TABLE 5 HERE

7.  Conclusions and Discussion

This paper has demonstrated that neural networks can be comparable to Shewhart

X-bar and R control charts for large shifts in mean or variance, and can out perform them

for small shifts.  Neural networks work best when they have benefit of both raw sample

data and sample statistics, although the statistics themselves are adequate to detect large

shifts.  A significant benefit of the neural approach is that a single network can model

multiple control strategies simultaneously; in this paper, X-bar and R charts in a single

network.  More work on the crossover point where neural networks can become superior

to traditional X-bar and R control chart interpretation is needed, as is the sensitivity of

neural networks to the number and kind of input statistics calculated from the raw data

and the subgroup size of the raw data itself.  We are pursuing research with smaller

subgroup sizes, deviations from the rational subgrouping assumptions, and multiple shift

distributions in a single training set, all more characteristic of actual conditions found in

industry.  Another area for futher study is the comparison of neural control charts to

Shewhart control charts with other heuristic rules such as those in (Nelson 1984).

For shape interpretation and prediction, networks performed best with minimal

noise and maximum number of inputs.  All neural networks proved capable of good

quality decisions regarding pattern identification even in light of sparse and noisy data.

The predictive networks could simultaneously predict out to five sample increments
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without much lost of accuracy.  We are pursuing work on comparing the shape

recognition performance of the neural networks to human judgment, heuristic run rules,

and on looping back point predictions to the shape identification neural networks to

ascertain their value for adding evidence to correctly classify difficult samples, i.e. those

near decision borders.

Given the widespread use of control charts in both manufacturing and service

industries, and the current difficulties with proper interpretation of plotted results, the

promising results of a neural computing approach bear further research.  Since neural

networks are commonly available in software form running on PC and workstation

platforms, and will soon be practical in VLSI format, they are viable options for statistical

control in production environments.
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Table 1.  Network Performance on Test Sets A and B.

Training/ Inputs Hidden RMS Error Mean σ of Error
Test Set Layer Size Abs. Error
A All 3 0.1783 0.1308 0.1213
A All 10 0.1619 0.0777 0.1420
A Statistics 3 0.2109 0.1597 0.1378
B All 3 0.0438 0.0233 0.0371
B All 10 0.0302 0.0119 0.0278
B Statistics 3 0.0210 0.0118 0.0174
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Table 2.  Wrong Decisions of Control Charts and Neural Networks.

Training/ Inputs Hidden Neural Net Shewhart Control
Test Set Layer Size Percent Wrong Percent Wrong
A All 3 16.8 27.5
A All 10 11.7 27.5
A Statistics 3 28.5 27.5
B All 3 0.8 0.5
B All 10 0.5 0.5
B Statistics 3 0.0 (None) 0.5
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Table 3.  Pattern Recognition Networks

# Input σ # Correct                        # Missed of 300
Points of Noise of 300 Flat Slope Sine wave Bimodal
5 0.1 288 0 0 10 2
5 0.2 226 39 15 10 10
5 0.3 208 32 39 18 3
10 0.1 292 0 0 5 3
10 0.2 268 3 7 16 6
10 0.3 246 9 17 23 5
20 0.1 297 0 0 0 3
20 0.2 293 0 0 0 7
20 0.3 280 6 1 1 12
Over All Networks 88.8% 3.3% 2.9% 3.1% 1.9%
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Table 4.  Predictive Networks With Varying Data Dispersion.

σ of Noise % Correct RMS Error σ of Error
0.05 82.0 0.7487 0.6244
0.10 79.7 0.7698 0.6442
0.20 72.7 0.8227 0.6400
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Table 5.  Predictive Networks With Varying Number of Predictions

# Predictions % Correct Average RMS Error Average σ of Error
1 80.3 0.7690 0.6457
2 72.3 0.7677 0.6263
3 66.0 0.7006 0.5498
4 66.3 0.6609 0.5219
5 62.0 0.6485 0.5064
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Figure 1.  Typical Shewhart Control Chart.



25

where the output of each neuron = 
1

1+ −∑e wx  and wx = weighted sum of inputs to that neuron.

Figure 2.  Backpropagation Neural Network With Unipolar Sigmoidal Transfer Function.
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Figure 3.  A Randomly Generated Sample of 10 of Non-Shifted Distribution, Small Mean

Shift and Small Variance Shift.
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Figure 4.  A Randomly Generated 10 Sample Sequential Input for Four Symptomatic

Shapes With Medium Noise (σ = 0.2).
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Figure Captions

Figure 1.  Typical Shewhart Control Chart.

Figure 2.  Backpropagation Neural Network With Unipolar Sigmoidal Transfer Function.

Figure 3.  A Randomly Generated Sample of 10 of Non-Shifted Distribution, Small Mean
Shift and Small Variance Shift.

Figure 4.  A Randomly Generated 10 Sample Sequential Input for Four Symptomatic
Shapes With Medium Noise (σ = 0.2).


