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/ . P 021�354768351�3:9�3 ;=<-38> 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ?/ . @ 9�AB4768351C3D9�3 ;=<-38> 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ?/ . / E+3F 68AHGJI)35KMLONB9�3 ;P<-35> 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . Q/ . R S E+3F 68AHGJI)38KMLONB9�3 ;=<-38> 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . T/ . ? 9�AB47U:GV9�3 ;=<-38> 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . W/ . Q S 9�AB47U:GV9�3 ;P<-35> 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . W
� 
�� X)
#� � ( Y �.������
 Z

R . P I)3 GJI+359\[]_^�35`83:a+[�bPN�c)38d)[ . . . . . . . . . . . . . . . . . . . . . . . . . . . e
R . @ I)3 GJI+359\[]_^�35fO^.['gih)ABjk351�35d)[�^C38`83 l . . . . . . . . . . . . . . . . . . . . . . . . P P

R . @ . Pm1�[�b=N . n A . EJ[F N . I)3 lo4Hc+35p . . . . . . . . . . . . . . . . . . . . . . . P P
R . @ . @ I+3 lq;PpBr�3 ;P683s683 l�t - Svu [w�N�x)38> 3 . . . . . . . . . . . . . . . . . . . . . P @

R . / I)3 GJI+359\[]_^�35`83:^�3 l�y=^C38`83 l . . . . . . . . . . . . . . . . . . . . . . . . . . . P @
R . / . P Svu 35E�[�N�> 3z > 35683w . . . . . . . . . . . . . . . . . . . . . . . . . . . P @
R . / . @ Sv{ > AB1C38683w . . . . . . . . . . . . . . . . . . . . . . . . . . . . Pv/
R . / . / 1�[�N�|_A u 3 l�^C386835683w . . . . . . . . . . . . . . . . . . . . . . . . . . P R

R . R 9�381C35`838I)3 GJI)389�[] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . P ?
} ��~���� ���.� � ����������
�� X)
�� � ( Y �������B� ~���� ��
��D��� ~ ��� 	 }

? . P 9�AB4768351C3D9�3 ;=<-38> 38I)3 u 3 l ����1C38����h+3:�V> 35I)3 � A u 3 - 9�3 ;=<-38> 35^C38`83�giE+38��9�A�]HE+3 u [�4+� 3 � AB��> ABy�l�I)3� h)3 l . . P ?
? . @ 9�384H^C38I)3 l . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . P T
? . / 9�384H^C38I)3 l:I)3 lo683 l ��9�AB4768381C3:9�381C38`835I+3 GJI)389�[]_^C38`83�^C3 l+y=^C38`83 l . . . . . . . . . . . . . . . . P e

� � ��� ��� ���.� � ���.������
�� X)
#� � ( Y �.������� ~���� ��
��:��� ~ ��� 	V�
Q . P 021�354768351�3:9�3 ;=<-38> 35I)3 u 3 l ����1C38����h)3:�V> 35I+3 � A u 3 - 9�3 ;=<-38> 35^�35`83�giE+38��9�A�]HE+3 u [�4+� 3 � AB��> ABy�l�I)3� h)3 l . . @��
Q . @ 9�384H^C38I)3 l . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . @ P
Q . / 9�384H^C38I)3 l:I)3 lo683 l ��0M1C384H68381C3:9�351C38`838I)3 GJI+359\[]_^�35`83�^C3 l�y ^�35`83 l . . . . . . . . . . . . . . . . @�@
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P 0M1C384H68381C3s9�3 ;P<-35> 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ?
@ 9�AB4H68381C3s9�3 ;=<-38> 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Q/ E�3F 68AHGJI)38KMLONV9�3 ;=<-38> 35^C38`83 l : I#[.l N��#[ - 0M1C354768381C3 , > [�`838^.[ - 9�AB4768381C3 . . . . . . . . . . . . T
R S E+3F 68AHGJI)35KMLONV9�3 ;P<-35> 3 : IJ[�l�N
�#[ - 0M1C384H68381C3 , > [�`838^.[ - 9�AB4768381C3 . . . . . . . . . . . . . T
? I)3 GJI)389�[]H^C38`83 l : I#[�l�N��#[ - 021�354768351�3 , > [�`838^.[ - 9�AB4768351C3 . . . . . . . . . . . . . . . . . W
Q I)3 GJI)389�[]H^C38`83sa+[�b=N#c)35d)[ : (a) - 9�381C35E�35f , (b) - 9�35I+3 � AB4768351C3 , (c) - p���A����C3 u 3 . . . . . . . P �
T 1.[.b=N - n A - E�[F NVI)3 lo4Hc+35p . . . . . . . . . . . . . . . . . . . . . . . . . . . P P
W I#[.l N��#[ : 9�AB4H68381C3M�V> 35I)3 � A u 3 - 9�3 ;=<-38> 3 , > [�`838^.[ : � 47h)3 lvh+ABU��#['��1�35� ��h)3M9�AB4768351C3M�V> 35I+3 � A u 3 - 9�3 ;=<-38> 3 P Q
e �V> 38I)3 � A u 3s9�3 ;P<-35> 38^C35`83sgiE�35��9�A�]_E�3 u [ . . . . . . . . . . . . . . . . . . . . . . P WP � 0M1C384H68381C3s�V> 38I)3 � A u 3 - 9�3 ;P<-35> 3 . . . . . . . . . . . . . . . . . . . . . . . . . @��P P 0M1C384H68381C3s9�3 ;P<-35> 38I)3 u 3 l ���V> 38I)3 � A u 3 - 9�3 ;P<-35> 38^C35`83�I)3 lq;=p�> 3sI+3 GJ> 3��E�3��V9�3 l�I)3� h)3 l . . . . . . . . . @ P
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	 �#[�N�U u 38h)3�

��9�3 ;P<-35> 38^C38`83 I+3 lo683 l ��I)3 GJI)359\[]H^C35`83�I)3 lq;=p�r�3 ;=683�6838683w�^C38`83 u 3 l �VE+38��<-3���l�� > [�bPc)3 �)AB��h#[ . 9�3 ;=<-38> 35IJ[�4 -h)381.[�N u 3 l , 9�3 ;=<-38> 35^�35`83BE�3F r+[�N#h)35^�35`8ABI)3� I)3� ; I+3 GJI)389�[]_^C38`�[�47h)381.[�N u 3 l , S I)3� ^C38`83 u 3 l � 4+� 3 � ABI)384)� 3 � ABI+3B��N�KM4+� 3 l�

� a+[�bPN
�V9 -
S�� jk3� h)3 l , S I)3� ^C38`83 l=9�3 ;=<-38> 38^C38`83 u 3 l ��j�[�N�^.[�E�35��I+35KMLO9�3 l�683� I#[ , � 68AHGJt 6838683w�^C38`83 u 3 l � � 

� KMfO��> [�b=c)3 �)AB� h#[ . 	
�#[�N�U u 38I)3 u 3 l ��� . � ., � . � [�> � ., � 4 . � ., � 4 . � [�> � ., j 38476835h)3 { h)AHG��VLO^�35fO^CAB� � 1.[�4+� 3 l
�)AB� h#[ ; � h)3�> AB1C38yI)3 lq;=p�r�3 ;=683D^C35y��J683 , { h)3 l G u A�� u 35^C38`83 u 3 l ��> 3�
VK21�3 l�I)38I)381C3 l � h)38��4Hh+3Dj�[�<-3 l � �)ABr�3sE+38c#[�4+� 3 l � p ��1C3 l .
! " �$#&%��('q� � �����)�
4+� 3 � ABI)3� h)ABh)381.[�bP4Hh)3 l 9�3w�68384H683F ��N#��h)3 g 683* u 3 ��I)3 u 3 l � � ��������� � � 47h)3 l'> 351�[�4)� 3 l8l+68A�� 1.[ . � 4Hh)38p � � 47h)3 l�I)3 � A,+�K24+� 3 l -
u 3 l ��9�3 ;.-V9�3 l�I)3� h)38��47h)3 � h)38> [ /�9�3 ;=<-38> 3 � 4 � j-[�9�381C3 l . ��N���I)3� 4+� 3 � ABI)3� h)381C3sgi683* u 3 ��I)30 � � 1C38h#[B9�3w�68384H683F I)AB� 1C3 l -683��hJ[ ( � h)38> [ /21 , ~43 �����65 ( > ABp t ; > ABpBI)3� I)3 lo6�[�b-��47h)381C3Dgi683* u 3 ��I+35p � , S h)3 lV9�3w�683547683F ).9�3 ;=<-38> 35^�35fO^.[vgih)ABjk351C38d)[�^C38`83 l :

• { h)3 l G u A��k0M> 3M9�3 ;=<-38> 35^�35`83 l - � 4Hh)3 lvI)3 lo4Hc+35pBh+3�

� { r�38I)3 V (t) j AB^C3 ; n AB1.[ I(t) . � I)3� ^�35`83�

�7��N#�
t � 47h)3 l u [ u 3�8 u 3�

� � .

• �CA F I)3 GB9�3 ;P<-35> 38^C35`83 l - I)3 � ABK u 3:9�3 ;=<-38> 35^C38`83 l

• a)[ 9 { > 329�3 ;=<-38> 35^C38`83 l - � . �Vu � . � . 9�381C38y:�

; " �$#&%��('q� � ���+�(<(= � ��2>@?@ACB � � �
�����
> ABpBI)3� 9�AB4H68381C38I)AB��h#[�4)� [�;PN � pD� IJ[E N � 4 � l�h)381C3 �Bn AB1C38h)3�I#[�l�N��#[O9�3 ;P<-35> 38^C35`83 u 3 l � @�{Bn 38I)AB� { 47^C3 �V9�3 � jk3� h+3 l :

P . 0M1C384768351C3D9�3 ;=<-38> 3

@ . 9�AB4H68381C3:9�3 ;P<-35> 3
9�3 ;=<-38> 35I+3� � 47h)3 l=0MtVLOx)3F S I)3�GH� l�47h)3vE�3F 68AHGJI+35KMLO9�3 l�I)3� h#[�b=N � p ��I#[E N � 4 � l�h)381C3 �Bn AB1C35h+3�I#[�l�N
�J[ @

{Bn 35I)AB� { 4H^C3 �V9�3 � l �Hh)3 l :
P . E�3F 68AHGJI+35KMLONB9�3 ;P<-35> 3

@ . S E+3F 68AHGJI)38K2LON�9�3 ;=<-38> 3
9�3 ;=<-38> 35^�35`83 l�E+38c#[�4+� 3 l8l�I)3 �+[ �J[�4)� 3 l �Bn AB1C35h+3:I#[�l�N
�J[ S I)3� ^C35`83 u 3 l � � 1C38c)3 l {Bn 38I)AB� { 47^C3��V9�3 � j 3� h)3 l :
P . 9�AB4HU:GB9�3 ;=<-38> 3

R



t

s(t)

-V683F P : 0M1C384H68381C3:9�3 ;P<-35> 3

@ . S 9�AB47U:GV9�3 ;P<-35> 3
^C38I)3 lo029�3��+[�> ABh)3 { x)384)� 3 l�I#[�N u [�4Hh)381.[ � 47h)3 l 9�3 ;P<-35> 38I)3� � I#[�l � ^.[�N�0M1C384H68381C38I)30 E+3F 68AHGJI)38K2LO4+� 3 l8; 9�AB4HU:GJI+30

� � 1C3 � jk3� h)3 l . S 476835jk3�9�3 ;P<-35> 38I)3 u 3 l � 0M1C384H68381C3 E+3F 68AHGJI)38KMLON�9�AB47U:G 9�3 ;P<-35> 38I#[�47h)3 l > 381.[�4+� 3 l8l�6�[ � N�I#[ . ��� F u 3�

�
2 × 2 × 2 ��N�KM4)� 3 lV9�3 ;P<-35> 38^C38`83 u 3 l ��> 3�
 * ��> [.b=`83� � j 3� h)3 l . 9�3 ;P<-35> 3 { �.[�N#x)38y ^�35`83 u 3 l �V> [�`835^�[�j-[�<-AD��� { I)35����h#[ .

� . � ���	��

�����	���	�	������� �
> ABpBh)3 � �)A � �+[ �#[�^C38fO^C3 ; � 4Hh+35p � � 4Hh+3 l �+[ �#[�4)� 3 l u 3 l ��E+38c#[�h)3 l�> [�b=47c)3 l S �q� 683w�h)3�

��1C3 l+I+3� h)38��47h)3 	 9�3 ;P<-35> 3
s(t) � �.� ��� ���.� . “ > ABp�h)3 � �+A � �+[ �#[�^C38fO^C3 ; ” � 47h)381.[ 4+� 3 � ABI)3� h#[�N � 1�35c)3 l > 3z y=^C35`83 u 3 l �B6�[�^�[�h)3 l+> [�bP4Hc+351C3 ; S I)3� -^C38`83 I)3 l n [ G S 9�3847| AHGJ683 ( ∞ ) > 3z y ^�35fO1C3 l�683� I#[�4+� 3 l�p � , � � �)A � > 3z y ^�35`838p2;)� 	 9�3 ;P<-35> 38I)3� � 47h)38p � � 4Hh)3 l�+[ �#[�4)� 3 l u 3 l ��E+38c#[�tVh)3 l � S �q��683w�h)3�

� 1�3 l�683��h#[ . “ 0M1C384768351C3 ” � 4Hh+351.[ “ 6835c#[ � l�p ��h#[ ” � 4Hh)3 l S�� [�L:9_��> [�bP`83� �+[�N�> 3 l .0M1C384H68381C3�9�3 ;P<-35> 38> [ � 47h)3 l�gih)ABj 381C38d-[�4)� 3 l u 3 l � -V683F P u 3�

� > [.b=c)3 �)AB��hJ[ . � �)A � 9�3 ;P<-35> 38^C35`83 ; +�N�^.[�4+� [�l�N
S p ��I#[ ? � 4Hh)3 l 9�384Hh#[�N�j 3 � 1�3 � j 3� h)3 l . S p � , � �)A � 9�3 ;=<-38> 38^C38`83 ; + N#^C38p � . � h+351.[ E�3F > 3 � KM4)� 3 l�

� ��^�3 l�I)3
9�3 ;P<-35> 38^C35`�[�p � + N�^.[�4)� [�l�N . S x#[F �V> [ , “ 9�AB4768381C3 ” > ABp�I#[ u 3 l ��I+3� h)3 l�I)3 l u 3 l�x)3 G u 3 l�I+3 GJI)38j AB1�35> A /�� I)3 � A��V> [.b=4 �V1C3 l�I)3
> 38p * u [�4+� 3 l�x#[F . 0M1C384768351C3�9�3 ;P<-35> 38I)3� t = 4 � h+AB^C35pM; S � ��683w�h)3�

��1C3 l�683� h#[ , t = 5 � h+AB^C35pM; S �q��683w�h)3�

� 1�3 l -683��hJ[ , t = 4.234342344554355 � h)AB^C38p2; S � ��683w�h)3�

��1C3 l�683� h#[ .
� . � �	��
�������� �	�	������� �
> ABpBI)3 u 3 l � I)AHGJI)38j AB��> 38I)AB� 9�AB4H68381C38I#[�47h)3 lP> 3�
 * ��> [.b=`83 l � I)3� h)3 l�1�3 ;"! . gih)ABj 381C38d-[�^�[�I+3 GJI)38j AB1�35h)3�

� > ABpBI#[ -
u 3 l ��I)3� h+3 l�9\[�> [�4��V^�[ � I#[�l ��I)3 � AB683FiS �q� 683w�h)3�

��1C3 l+683� h#[ � 4 � 4H6�[BI)3 � AB68ABc)3 l�6�[ � N�I#[ . � 1�35c)3 l�9�[�> [�47c)3 l�^C35`83�I)3 l n [ GJ4+� 3 l8;> ABpBI#[ u 3 l ��I)3� h)3 l � h#[�HN � 1�3 l�683��h#[ , � h)381.[M9�ABI)3 � A u 3 GJI)AB� “ � 4Hh+3 l:9�[�> [�4�� u 3�

� S 4H6838j 3�I)3 loj AB> AB4+� 3 l�LOI#[�N u 3 ; � ^C3 l -I)3� tVp � ” � 47h)3 l � 4Hh)3 l 9\[�> [�4��V� 4H683v> 3 �VI#[�l�> A��)ABI+3�GV4+� 3 l S � ��683w�I)3 u [ ��N E�35��^C35y��J9�3 l+I+3� tVp � . � h)3�H��47h)3 � 4Hh)3 l9\[�> [�4��V� 4H683�> 3��VI#[.lP> A��)ABI)3�GV4+� 3 l�

� 4+� 3 � ABI)3�9�3 ;P<-35> 38I)30 � h)3 �)AB^C3 l�I)3� tVpD� � 47h)3 l � 9�3 ;=<-38> 35I)3� S �q� 683w�h)3 �#[��N

?



n

s[n]

1   2   3   4   5   6   7   8   9   10  11 12 13 14  15

-V683F @ : 9�AB4768351C3s9�3 ;P<-35> 3

� 1�3 l�I)3� tVp � � 4 � 476�[sI+3 � AB68ABc)3 l�6�[ ��N#I#[ . + N#^.[DI)3 � ABc)3 l�I)3� h)3 l 9�38��4)� 3 l�p ��tVh)3�H1C3 ; I)3 GJI)38j AB1C38h)3Oh)3 ��� F ��l�4Hh)3 S 683 GJ47683
S I)3���3 GJ> 38I)30 j��:h)3 l .gih)ABj 381C38d-[�^.[ � ��� “ 1.[�b=N#��4+� 3 l2IJ[�l 9 - gix)3� 6�[ � I)35683 l � j�[�N#^.[ � h+3��)AB^�3 l�683��h#[ �Vu 3 l ��I)3� h+3 u 3 l �2h)ABU 
V� ” � 4Hh)3 l0MI)3 lo^.[v4)� 3 � AB1CABh)381C3 ; j�[�N#fOh)381.[v02N#I)3� I#[�;Ph)38p2l > [�N#`83��+[�N#> ABh+3:E+3F �.[ � : “ � 384 � [�^.[�bPI#[�l � u [�b=N��Vh)351�[B9�AB> A ?”. IJ[ 9 -h)3 GJ1C3 l ‘ 9�AB> 3 l ’ � 47h)381C3 l �Vu [�b7��N�y . � ^C3v0MN�I+3� 24 ��AB� h)ABU��#[�I)3 � ABc)3 � jk3� h)3 l . � p ��tVh)3�H1.[ � 4Hh+3 l t u 35h+3�

�0MN�I+3� ∞ ��AB� h)ABU 
V9�3 �+[�N�> ABtVN�683 l ! ( � h)3 l � �)A ��h)381C3 ; 9�A n 3 GJI#[�N ?!). ��� F u 3�

� � 354 � [�^.[.b=I#[�l � 0MN�I)3�
h)ABU 
V��h)3Bgix)A � 4 �C35I+3 u 3 l � s[n] � 47h)3 l=> 351�[�4)� [�;PN�y . S h+351C3�

� n �Vu 3 l ��I+3� h)3 l “ � x+3F u [�N=h)ABU��J[ ?” �Vu 3 l ��I+3E�3F �.[ ��^.[�g 683� 1C3 . 	

s[n] �Vu 3 l ��I)3� h)3 l�9�AB4H68381C3B9�3 ;P<-35> 3 . n = 4 � h+AB^C3 	 9�3 ;=<-38> 38I)3� S � ��683w�h)3�

��1C3 l�683� h#[ ,
n = 5 � h)AB^C3 S � ��683w�h)3�

��1C3 l�683� h#[ , � h+351.[ n = 4.234342344554355 � h+AB^C3 	 9�3 ;=<-38> 35> [ / 4+� 3 � ABI)3
�+[ �#[�4)� 3 l5; � 1C3 l�I)3� tVpD� , S h)3 l S �q� 683w h+3��#[� N � 1C3 l�I)3� tVp � . 9�AB4768351�3'9�3 ;P<-35> 38^C35`83 � ^�[ ��I)3 � AB68ABc+3 l�I)AB^C3�I#[.l N$
 u 3 n
u 3 �)[ �#[ � 4Hh)3 l�E+30 y LO9�3547|7[ G (... − 5,−4,−3,−2,−1, 0, 1, 2, 3, 4, 5...) � ��1C38p2l I)3 � AB683F 9�A n 3 G .9�AB4H68381C3:9�3 ;P<-35> 38h)3sgih)ABj 381C38d-[�4+� 3 l u 3 l � -V683F @ u 3�

� > ABy � j 3� h)3 l .
� . � 	 �
 ������
�������� �	�	� � ��� �
� 4Hh+3 lV02tVLOx+3F S I)3�GV4)� [�;Pc)3 u [�I)3 lo6�[ � I+3 lo6�[ � S h#[�N �+[ �J[�^C38`83 u 3 l ��E+38c#[�4+� 3 l8l�683� E+3F 68AHGJI)386835L u 38^.[�bP`83 l � I)3s9�3 ;=<-38> 35^C38`83 u 3 l �$��% ��~ X)
����s� * 9�3 ;=<-38> 35^C38`�[�47h)3 lP> 381.[�4+� 3 l8l�68A���1.[ . � I)3� ^�35`83 ��N#��I)3� 9�AB4768381C35I+AB^CABh)381C3 ; � 1C3 � j 3� h)3 l S�� 38I)3�0M1C384 -68381C38I)AB^CABh)381C3 ; � 1C3 � jk3� h)3 l . E�3F 68AHGJI+35KMLON 9�3 ;P<-35> 38^C35`83 u 3 l � -V683F / u 3�

� -VKF 9�3��)AB� h#[ . � h)381C3�

� s(t) jkAB^C3 ;
s[n] ^�35`83sE�3F 68AHGJI)386838L u ABI)3�GV^�35`83 l > 3F I)3 loI+AB� T I)3 lo683 l � N � ��I#[ .

� 4Hh)3 l S I)3�G T S�� 38I)A N u 3�

� 	 9�3 ;P<-35> 38I)3 u 3 l � K2fOh+351.[�E+3F KM4)� [�;P4Hh+3 lV> 3z y t S � 35I+A h)ABU��#[ - 9�384H| [ G
n u 38p2;)� � h)3 u 3 l � KMfOh)38476�[ , �V> [�47h)381.[vE+3F 68AHGJI)356838L u 38h)3 S � 35LOtV47h)3 �#[�N

s(t + T ) = s(t) ( P )
jkAB^C3 ;

s[n + N ] = s[n]. ( @ )
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-V683F / : E�3F 68AHGJI)38KMLONB9�3 ;=<-38> 35^�35`83 l : IJ[�l�N
�#[ - 0M1C354768381C3 , > [�`838^.[ - 9�AB4768381C3

s(t)

s[n]

t

n

t0 t1

0 N−1

-V683F R : S E+3F 68AHGJI)35KMLONV9�3 ;P<-35> 3 : I#[�l�N
�#[ - 0M1C384H68381C3 , > [�`835^.[ - 9�AB4H68381C3

	 9�35683 GJI)3 u 3 l � -V683F / u 3�

��9�3 l�pBr�35I)AB��> ABy � jk3� h)3 l .a+[�b=6�[�^.[ , S�u 3 G � A�KMfO9�38tVh)A �_^�3 0M1C384768351C3 E+3F 68AHGJI)38KMLON�9�3 ;P<-35> 38^C38`83 l ��N#� b = −∞ 0M47h)3 b = +∞I)381.[�^�3 ; S �q��683w�h)3�

� 1�3 l�683��I#[ ( b = t S � 35I+A n ).

� . � � 	 �
 ������
 ������� �	�	������� �
4+� 3 � ABI)3B9�3 ;P<-35> 38I)3� E+3F 68AHGJI)35KMLO9�3 l�I)3� tVp ��I#[E N S h#[�N S E+3F 68AHGJI)38K2LON=9�3 ;P<-35> 3 . + N�� h)3�_1C3 ; 	 9�3 ;=<-38> 35I+3 u 3 l � ∞
S I)3�GV4+� 3 l=E+3F 68AHGJI)35KMLON 9�3 ;P<-35> 38I#[�47h)3 l=E+38��^C38y��#9�3 � j 3� h)3 l . 0M1C384768351C3vI)3 lo683 l � 9�AB4768381C3 S E�3F 68AHGJI+35KMLONP9�3 ;=<-38> 35^�35`83gih)ABjk351C38d)[�4)� 3 l u 3 l � -V683FiR u 3�

� u [�b=N#c)3 � j 3� h)3 l . -V683F h)3�

� 021�354768351�3 9�3 ;P<-35> 38I)3� t = t0

0247h)3 t = t1
I)381.[�^.[

I)3 � AB683F n 3 u 38I)AB��h)3 l � { l�> 3 /s> ABpBh+3��#[� pD���C3 ; u 3 GJI)AB��h#[ ; jkAB^.[�4+� [.l+ND9�AB4768351�3�9�3 ;=<-38> 38I)3� > [�N#I)35p 0 ≤ n ≤ N−1
� � h)A �H^C3:I)3 � AB683F n 3 u 35I+AB��h)3 l � { l�> 3 / �#[��p � ��3 ; u 3 GJI)AB� h#[ .
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-V683F ? : I+3 GJI)389�[]_^C38`83 l : IJ[�l�N
�#[ - 0M1C354768381C3 , > [�`838^.[ - 9�AB4768381C3

� . � �	��
���� �	�	� � ��� �
4+� 3 � ABI)3=9�3 ;=<-38> 35I)3� 0M^C35tV683 M �+[ �#[�^�35`83�

� � 47h)3 u 3 l ��I)3 � AB683F E�35c#[�4)� 3 l5l�I)3� h#[�bPN S h)3 u 3 l ��9�AB47U:G 9�3 ;=<-38> 35I#[�4Hh)3 l
> 381.[�4+� 3 l8l�68A���1.[ . � h)381C3 �+[ �#[�4+� 3 l u 3 l � log2M

���Dl F ^C38fO4Hh)3 I)3 GJ> 3� E+3 �V9�3 � jk3� h+3 l . 9�A n AB1C38y I+AB� 	 9�AB4HU:G�9�3 ; -<-38> 35^C38`83 l S 9�AB47U:G 9�3 ;=<-38> 35^C38fO47h)3��J[�N jk3� � F 1�3 l�683��I#[ . < ∞ 9�3547|7[ GJ^�35`83 u 3 l ��E�354+� [�;=N#��� �+[ �J[�4)� 3 l u 3 l � I)3 GJ> 35E�3��V9 -
S p2l�9�A n 3 GJI)ABh+3�H��47h)3 	 9�3 ;=<-38> 35^�35`83 u 3 l ��9�AB4HU:GV9�3 ;=<-38> 38^C38`�[ u 3 l ��68A�� 1.[ . ^C38y=> 384+� 3 l�4H683F h)3�

��4+� 3 � ABI)3� h#[�NV9�3 ;P<-35> 38I)3 -
u 3 l ��E+38��x)3 /���9�3 �+[�N�> ABh)381.[ S�� 38I)A I+3 GJ> 3��E�3��V9�3��+[�N#> ABh+351.[ S h)3 l 9�AB47U:G 9�3 ;=<-38> 35I#[�N � ��1C3 �+[�N�> 3 l �Vu 3 l ��I)3� h)3 u 3 l � 02N#I)3�^C38I)3 lo0M9�3 �)[�N�> 3 l .
� . � � �	��
���� ���	��� ��� �
4+� 3 � ABI)3 9�3 ;=<-38> 35h)3 S 9�3547| AHGJ683 �+[ �#[�^�35`83 u 3 l � E�35cJ[�4)� 3 l � p ��h#[.b=N S h)3 u 3 l � S 9�AB47U:G�9�3 ;=<-38> 38I#[ u 3 l ��68A���1�[ . � h+3 u 3 l �^C38y=> 354+� 3 l�47683F h)3�

� 4+� 3 � ABI)3 u 35x+3F I)30 � p ��h)35476�[PI+3 GJ> 3��E�3��V9�3 l � S 9�3847| AHGJ683 ���Dl F ^C38`83 l �+[�N#> AB^�3 l�683��I#[ . E�3F > 3 � KM4+� 3 l�

�	 ��N�KM4+� 3 l�9�3 ;=<-38> 35^�35`�[�N�j�[�N#1C35`838I)AB� p�r�3 G { 1C3 l�I)3� h)3 l . 1 IJ[E N$
 F ^C3 ; 2 I#[E N�
 F ^�3 ; I+3 l n 3 GJh)3�

� � x)3 l F �+[ �#[ -^C38fOI#[ ? S 9�3547| AHGJ683 �+[ �#[�^C38fOI#[ . “ S 9�AB47U:G�9�3 ;=<-38> 35^�35`83 l ” � 47h)381.[M9�3 ;P<-35> 38I)3� ∞ � 4 � �)[ �#[�4+� 3 l u 3 l �sE+38c#[�4+� 3 l8l�683��h#[
� 47h)38p � , S h)3 l E�35c#[�4)� 3 l � j 3� h)ABh)3 �+[ �#[�^C38`83 � � ��� ( X ∞ .

	 � � 
 � � " ? � � �
�����
��
 � ������� ^C38`83 u 3 l � � `838^.[�6�[�^.[�h)3 l�> [�bP4Hc)3 l���� � ^C38`83 u 3 l ��j�[E 1C38^.[�> [�b=c+3 l�I)3� h#[�NPI)3 GJI)389�[] . 4+� [�;=N#� GJ^�35fO^.[�I+3 GJI)389�[]_4+� 3 l8l
0MN�c+3 l�I)3ME+3F K��F 4+� [�l�4)� 3 l u 3 l � S h+351C32p � �_^C38`83 lVI)3 GJ> 3� E+3 �V9�3 l�683� I#[ . 4)� [�;PN���GJ^C35`83 u 3 l �B9�3 ;P> 3� ��N�KM4)� 3 l�

� E�35��I)35KMLO9�3 l�I)3� h#[�N
� 4Hh+3 lBI)3 GJI)359\[]H4)� 3 l�> [�pB9�3 . � 4Hh)3 l I+3 GJI)389�[]_4+� 3 l8l � w N#> 35��9�3 l�I)3s4+� [�;=N#� GJh+3 �Bn AB1�35h)3DI#[�l�N
�#[ S h)3 u 3 l ���! �" �$# "% �"'&("� &(" ) �*
S � 35I+A+)-, �.# "% �"/&("� &." ) �* � 47h)3 lP0 n 38LO��9�3 � j 3� h)3 l . �! �" �.# "% �" ��
 � �������(0 "213" 4�" 56 ( xi(t) ) 7 "98;:("< 8'=>�! �" �$# "9 �"
��� � 0 "213" 4�" 5 6 ( yi(t) ) ? � @BA " 5-&("C&("� &(" ) �* �! �" �.# "% �"C&("� &." ) �* ; )�, �$# "9 D" ��
 � �������(0 "E13" 4�" 56 ( xi[n] 7 "98F:."< 8'=G)-, �.# "% �"

W



��� � 0 "213" 4�" 5 6 ( yi[n] ) ? � @ A " 5-&(" &."� &(" ) �* )�, �$# "% �"�&."� &(" ) �* . -V683F ? u 3�

� N � 4 � 0M1C384H68381C3�I+3 GJI)389�[]_4+� 3 l u 3 ;H�
S � 4 � 9�AB4768351C3vI)3 GJI+359\[]_4+� 3 l u 3 ;H�=6�[�b=N#��9�3 �)AB��hJ[ . � 

� xi

^C35`83 l=4+� [�;=N#� GJ^�35`83 lPjkAB^C3 ; yi
^C38`83 l=p � �_^�35`�[�47h)3 l^C3 l�1C3 l+KM� . � 1C35c+3 l�I+3 GJI)389�[]_^C38`838p2;)� N 4+� [�;=N#� GJ^�35fOI#[ , M p � �H^C38fOI#[ .I)3 GJI)389�[]H^C38fO^.[vg h+ABj 381C35d)[�^C38`83 l :

• { I)3 � A u 3 S�� 38I)A ��ABjkAHGJ> A���3sI)ABj 3 u 35h+3:<-35p u 3

• � �VLO> 3:I)3 GJI)359\[]H4)� 3 l u 3 l � { ��[��N � � �.[�N�1�3 l�^C38`83DI#[.;=683��I)3 u 3 l � S 4Hh)AB�sl�I)3 � ABc+3 � p � � 47h)3 lV^C38y > 3 - > 3F I)3 l

• � 47h)3 lH-V683F h)3�

� 683 l+tV^�35`83 u 3 l �V> 3547c)3 l�+ �V4)� 3 l � p ��^C35y=> 3 - > 3F I+3 l

� . � 
 � ��
 ��� � ��� ������� �
	 ������
 �

� 1C38c)3 l S�� 35I)A j�[�<-3 l � I+3 GJI)389�[]_^C38`83 u 3 l � a+[�bPN
�V� hJ[�b=c)3� hJ[�b=47h)3 l I)3 GJI)389�[]H4+� 3 l u 3 l � 1�3�-V9�3 � j 3� h)3 l . � h)38> [ / 9�3 ;�� -KMLO4+� [.l+N u 3 l ? �Bu 3 ;7� j�[�<-3 l �i> AB4)� 3 l+LOh+35> 3z 6�[�4)� 3 l8l+`83� I)3 GJI+359\[]_4+� 3 l u 3 l � 1�3�-V9�3 l�I)3� h)3 l , S � 35I+A � 4Hh+3 l�I)3 GJI)389�[]H4)� 3 l E�3F -K��F 4)� [�l�4+� 3 l u 3 l ��9�3 ;=> 3� ��N�KM4)� 3 l�

� I)3 lo6�[�b�� 4Hh+3 lsI)3 GJI)359\[]H4)� 3 l u 3 l ��E+384)� [�;PN�� � � h)3��+A,� l�9�3 l�I)3� h)3 l . � 

� � 1C38c)3 l I)3 GJI+359\[] -^C38`83:I)3 lq;=1�3 l���N�KM4)� 3 lVa+[�bPN�c)38d)[�^C38`83 u 3 l � KMfO4+� [.;=N�y :

P . 9�351�35E�35f a)[.b=N�c+35d)[ ( -V683F Q a )

� h)351�3�

� I#[�;Ph)38p u [sI+3 GJI)389�[] A u 3Dp � �_^�35`83 u 3 l � � 1C38c)3 u [ B u 3M4+� [.;=N���GJ^C38`8AB��a+[�bPN
�V9�3 �)AB^C3 l�683� h#[ . + N�^.[
1�3�-V��h+3 j�[E 9�3 I)3 GJI)389�[]H4)� 3 l 4+� [�;=N#� GJ^C38`83 l A u 3�4)� [�;PN���GJ^C35`8AB� 1C3 l+683� I#[ , p � �H^C35`83 l B u 3 p � �H^C38`8AB��1C3 l�683� I#[ .

@ . 9�35I+3 � AB4768351C3Da)[.b=N�c+35d)[ ( -V683F Q b )

� h)351�3�

� A I)3 lo683 l � B ^�35`8324)� [�;PN���GJ^C35`83 l � 47h#[�N � ��h+3 l � S I)3� ^C38`�[�N�j-[E 9�32I+3 GJI)389�[]_4+� 3 lB4)� [�;PN���GJ^C38`8AB��1C3 l -683� I#[ . a+[�bP6�[�^.[ S I)3� ^�35`83sp � �H^C35`83 u 3 l �V9�3847> 3�
V��h)AB^�3sh#[�b=1�35> 3 l+I+3:9�3 ;=<-38> 35^C38`�[�NVj-[E 9�3:I)3 GJI)389�[]H4)� 3 l p � �H^C35`8A -� 1C3 l+683� I#[ .
/ . p ��A����C3 u 3:a+[�b=N#c)38d-[ ( -V683F Q c )	 a)[.b=N�c+35d)[6��l�4Hh)321C3�-V9�38p * c)3 l�I)3sj�[E 9�3DI)3 GJI+359\[]_4+� 3 l u 3 l � C �Vu [�b7��N�y .

I+3 GJI)389�[] A u 3:p � �_I+3 u 3 l � ( = C u 3:p � �_I+3 u 3 l � ) I)3 GJI)389�[] B u 3s4+� [�;=N#� GJI)AB� > [�b �Dl F , B u 3:p � �_I)3 u 3 l �
C u 3s4)� [�;PN���GJh#[�bPc)3 u ['> 3 ; � A ^.['4+� [�;=N#� GJI)AB� > [�bPc)3 �)AB^C3 l+683� h#[ . 683 u 3 �Bp � �HI)3 u [ ��N “ K u 3 l � ” I)3� h)35��4Hh)3	 a)[.b=N�c+35d)[�^.['p���A����C3 u 3:I)3 GJI)359\[] � 47h)3 lVj�[�9�351�3 l .
^�35y��#6838h)3Vr�ABx#[6

� � h)3 u 3 l ��I)3 GJ> 3� E+3 �V9�38p2l�I)3 GJI)359\[] A u 3�4+� [.;=N���G , p � �H^C35`83 u 3 l � xA

I+3 lo683 l � yA � 47h)3 l> 381.[�4+� [�;=N#y , B u 3 4+� [.;=N���G , p � �H^C38`83 u 3 l � xB

I)3 lo683 l � yB � 4Hh)3 l > 381.[�4+� [�;=N#y . 1�3�-V9�35p * c)3 l�I)3 j-[E 9�3
I+3 GJI)389�[]_4+� 3 l 4)� [�;PN���G , p � �H^C38`83 u 3 l � x I)3 lo683 l � y � 47h)3 l�> 354+� [�;=LON#y . � ^�3 xA = x + yB

j AB^�3 ;
xB = yA = y.
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-V683F Q : I)3 GJI+359\[]_^�35`83:a+[�bPN�c)38d)[ : (a) - 9�351C38E+38f , (b) - 9�38I)3 � AB4H68381C3 , (c) - p���A�� �C3 u 3
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C

R
L

V(t)

−

+

x(t)

i(t)

-V683F T : 1.[.b=N - n A - E�[F NBI)3 lo47c)35p

� . � 
�� ��
���� � ��� ��� � ����� ��� ������
 � � �����	�
0M1C384H68381C3BI)3 lo683 l ��9�AB4768351�3BI)3 GJI+359\[]_^�35fO^.[�683 �)A � 47h)3 lPgih)ABj 381C38d-[�4+� 3 l u 3 l � � 

� > [.b=c)3 �)AB��hJ[ . g h+ABj 381C35d)[�^C38fO^.[
� 1C3 { p � , � h)381.[ � 1.[�4)� 3 l5l�I)3� h)38> [ /vE�3� 9\[�b=LOK�� p � , S x#[F !
� . � . 	 � (�
 * . � ~ . $ (%v* . 
���
 �
� ���
-V683F T�u 3�

� 1.[�b=N n 38> 3 R , n AB1C38> 3 C j AB^C3 ; E�[F N�1�35> 3 L ^C38`83 9�351�35E�35fO4+� 3 l u 3 l � ( 1.[�bPN . n A . E�A F 9�381C38E+38fO4)� 3 l u 3 l � )
{ r�38I)38EJ[F N#x)35> 3 x(t) (= 4)� [�;PN���G ) 0247h)3�gi6�[� N�����h)AB^C3 n AB1.[ i(t) jkAB^C3 ; n AB1�35> 3 { r�35I)3 V (t) (= p � � )^C38`83:9�354 � 4 n 38I)3 u 3 l ��KMfO9�3 l�I)3 	

2 u [�N � AB6835h+3:I)3 GJI)35> 3�
V683:9�3 { l�N�> 381C38y S�u 3 G���l+9�3 l�683��hJ[ :
Ri(t) + L

dI(t)

dt
+ V (t) = x(t) ( / )

[ �.��
#��
 ��� : IJ[�l�N�
 u 3s9�3 ;=683F I)3 u 3 l � + N�^.[���tV> [�b=f � : “ � 1 ��� - ��N�� - � N > 3 ;=c)3 l � �)� �VN - � 9 - ��N�� - � N -r�AB��9�3 l - �VN - � N > 3 ;=c)3 l { N - ��N�� - � N S 4Hh+351.[ � > ��� - ��N�� - � N ”.]� 

�
i(t) = C

dV (t)

dt
( R )

� � 1C3 l�I)3� h)38��47h)3
LC

d2V (t)

dt2
+ RC

dV (t)

dt
+ V (t) = x(t) ( ? )

[ �.��
#��
 ��� : I#[�l�N�
 u 3s9�3 ;P683F I+3 u 3 l � + N#^.[���tV> [�bPf � : “ � ��� ��N �VN - I+35^C38L { N - ��N#� - � NVr�AB� 9�3 l �VN � N -I)38^C38L > 3 ;=c)3 l � 1 � ��N �VN { N - ��N#� - � NBr�AB��9�3 l �VN - � NV> 3 ;Pc)3 l { N - ��N�� - � N S 4Hh)381.[ � > ��� - ��N�� - � N ”.]
� 

� 4)� [�;PN���G x(t) j AB^�3 ; p � � V (t) ^C38`838x#[F N S p ��h#[ n AB1.[ i(t) > 3 ;Pc)3�0M1C384H68381C38I)AB��1�3 l�I)3� h)38��4Hh+3

I)3 GJI)389�[]H4+� 3 l8l 0M1C384H68381C3sI)3 GJI)389�[]H4+� [.l+0M��> [�bP`83 l � 683� h#[ .
P P



� . � . � 
#��
 � � & ��� � � � ��
 � - � � ( ��*�� ��� �

� 4Hh+3 l 9�AB4768381C37-V683F h)3�

� I)359�3 l � {Bu 3 / � > AB1C38h)3�683 l+tV^�35`83 u 3 l � � K�� - 6�[�bPN���9�3 l�I)3� h)38> [ /�I+3 � ABc)3 �+[�N�> AB��1�3 l�I)3� h#[�N u 3 l ?683 l�tV^C35`83 l -V683F h)3�

��9�A�w�r�A { > 38I)AB� 4)� [�l�N�6838I)3 l � 9�3 l+683� - I)3 lql�683� p <-3 l���/�^C38fO��47683 �)[�N�1.[�4+� 3 l � y � I)3 u 3 l ��j-[E 4HtV1C3 l�683� I#[
� 47h)3 l=^C38I)3 lo02� . � �#[� 

� <-3 l�> [ /J^C38`83�

� � h)3��+ABI)35d)[6��l�h#[�4+� [�;=N S h+3 u [ ��pD� � K�� 6�[�b=N#��9�38p2l 	 9�3 { l�N#> 381C38y=I)3 u 3 l �giE+384+� [.;=N�� 9�3 � jk3� h+3 l :

y[n] = x[n + 1]− 2x[n]− x[n− 1] = (x[n + 1]− x[n])− (x[n]− x[n− 1]) ( Q )
I#[�l�N$
 u 3 9�3 ;P683F I+3� I)3 GJI+35> 38p u 3�9�3 { l+N#> 351C38y=I#[�47h)3 l2> 351.[�4)� [�;PN�y (“ I)3 GJI+35> 3�
V683 9�3 { l�N�> 351�35y ” S p � , S h+3 l20M1C384768351C39�3 ;P<-35> 38^C35fO^�[ I)3 � AB683F Svu 3w ��l�9�3 l+I+3� h)3 l ; � h+3 l�9�AB4768381C329�3 ;P<-35> 38^C38fO^.[�I)3 � AB683F S�u 3w ��l�9�3 l�I)3� h)3 l ). � 

� n �Vu 3 l ��I+3� h)3 l-V683F h)3�

��<-3 l�> [ /J4+� 3 lB9�384H| [ G . ( 0M��I)AB� u [�b=N��Vh)351�[ � 47h)3 l,-V683F I)3 u 3 l � x I)3 lo683 l � y - � 1C38c)3 l �Bn AB1�3 - 1.[�N�| [�^C38fOh)3�_1.[I)3 � AB683F I)3 GJ> 3� E+3 �V9�3 l�I)3� h)35> A /�^C3 l+I+3� h)3 l ; � h)381.[ � 

� S x#[F p � �)[�N�c)3 .)

� . � 
 � ��
 ��� � ��� ����� � �	��� � �����	�
u ABI)3� S�n 3 G���l+9�3 l�I)3 � j 3� 6�[�N#> 32I)3 GJI)359\[]H^C35`83 l�I)3 lq;=1�3 lVI)3 lql�U:G�^C3 l+y=^C38`83 u 3 l �Vj�[E 4HtV1�3 l�683��I#[ . S I)3� ^C38`8ABI)3� I#[�47h)351�[ :

• S�u 38EJ[�N#> 3z > 35683w

• S�{ > AB1C38683w

• 1.[�N�|_A u 3 l�^C386838683w
	 ^C3 l�y=^C38fO^.[ { pB> 3z y=I)ABh)3v^C3 l�y=^C38`83 u 3 l ��`83� I)3 GJI+359\[]_^�35`83 l � pD� IJ[�N � p ��I#[�4Hh)38p � , � h)381.[ S I)3� ^�35`83 u 3 l � { �.[� N�� 9�3 l -I)3� h)3 l , S�� 38LOI)3 � A��V> [�bP`83 l � I)3� h+3 l�> 35x+3F I)ABh+3�H��47h)3 S I)3� ^�35`83 u 3 l � � 

� E+38��^C38y��#9�3��)AB^�3 l�I)3� tVp � . �Bu 3 l � 	 I#[�l�N�
 u 3^C3 l�y=^C35`83 u 3 l � � 4Hh#[.b=47h)AB� S�� 35LOI)3 � A��V> [�b=`�[�b � N#y .

� .  . 	 � ����$ (+* � ��H� � � ��
4+� 3 � ABI)3 I)3 GJI)359\[]H4)� 3 l5l�r�3 { x)3 GJh+3�4+� [�;=N#� GJ^C38`83 u 3 l � S E�[�N�� z 9�38h#[ + 4Ht u 3�I)3 lo683 l � 	 � u 3�4+� [�;=N#� GJ^�35`83 �Bn AB1C38h)3�I#[�l�N
�#[I)3 � AB683F 	 � u 3�p � �HI)3 u 3 l ��> [�bPc)3 l�I)3� h#[�bPN � I)3 GJI)359\[] S�u 38EJ[�N#> 3z > 3�I)3 GJI)359\[]H4)� [�l�0M��> [�b=`83 l � 683��hJ[ . r�3 { x+3 GJh)3�4+� [�;=N#� GJ^C38`83
S EJ[�N#> [z � l�p ��h#['I+35KMLO9�3 l�I)3� h#[�N Svu 35E�[�N�> 3z > 38683w . ^�35I)3 lo0M� :

• � �)A � 0M� - > ABp r��:KM> 3 I)3 GJI)359\[]H^C35`83 ; Svu 35E�[�N�> 3z > 3 I)3 GJI)359\[]H^C35`�[�N , �V> [�47h)381.[�> ABpBI)3� I)3 lql+47h)38> [ /�I+3 � AB683Fjk35��4)� 3 l5l�683��hJ[ . 	 I+3 GJI)389�[]_^C38`83�

� > AB1C35y=I)3� 9�384Hr�3 { ��h)3sI#[.l N��#[vI)3 � AB683F > AB4)� 3 l+LOI+3� 9�384Hr�3 { 9�3 l�I)3� h+3 l .
• h#[�N
��35I)3 u 3 l � ( > ABpBI)3 u 3 ��p � ) ��N���I)AB� j�[E 4HtV1�3 l�I)3 9�3 ;P<-35> 38^C35fO^�[ Svu 35E�[�N�> 3z > 38683w I+3� S�u 3w ��l�9�3 l�I)3� tVp � ,�V> [�47h)381.[�hJ[�N
�C38h)3�

� � c)3 , � p , I#[�l�N��#[ , > [�`838^.[ - � �#[��p � <-3�
V9�3 � j 3� h)3 l . 	 I+3 GJI)389�[]_^C38`83�

��9�35I)3 � A u 3 GJI+AB�

“ r�3 { x)3 GJh)3�

� � 1C3 l+I+3s4)� [�;PN���G ” �Vu 3 l ��I)3� h)35> [ / S�� 38L { 1C3 l�I)3� tVpD� .
P @



• S�u 38EJ[�N#> 3z > 35683w�I)3� 9�3 � ��683 ( 0M��> ABpB> [ / { 1C3 l�h)3� ) 9�3 ;P<-35> 38^C35`83 u 3 l ��E+38��x)3 /���9�3 l�I)3 I)3 GJI)389�[]H^C38fO^.[ Svu 3w ��l�9�3 l+I+3� tVp �
�Bu 3 l ��> [�pBI)3� g h+ABj 381C35d)[�^C38`83 u 3 l � u [�b=N#c#[�b=N#y :

P . y(t) = x2(t − 1)	 I)3 GJI+359\[]_4+� 3 l�

� gih)ABjk351�35d)[�^.[ y(5) > [�N�I)38p x(4) I#[.l N��#[�I)3 � AB683F �Bn 38��6835I+AB��1C3 l�I)3� h+35��47h)3 � h)3 l
Svu 35E�[�N�> 3z > 3:I)3 GJI)359\[]H4)� [�l�N .

@ . y(t) = x(t + 1)

� 

� 4+� 3 � ABI)3� h#[�N�> 3z y t u 3�

� p � �_I+3� � 4Hh)3 l�9�[�> [�4 � u 3 u 384768351C38h)3 4)� [�;PN���GJh)3 I#[�l�N
�#[ �Bn 38��6835I+AB��1C3 l�I)3� -h+35��47h)3 � h)3 l S�u 38EJ[�N�> 3z > 3:I+3 GJI)389�[]_4+� 3 l�p � , S E�[�N�> 3z > 3DI)3 GJI+359\[] .
/ . y[n] = x[−n]

� 

� y[5] = x[−5] ... � h)3 l�E+381C35I+AB��p � , � h)381.[ n < 0 � h)AB^�3 Svu 35E�[�N�> 3z > 35683w 0Mp2l � I+3� tVp � :
y[−5] = x[5] ! � h)3�H��47h)3 � h+3 l S E�[�N�> 3z > 3DI)3 GJI+359\[]_4+� [�l�N .

R . y[n] = (1

2
)n+1x3[n − 1]

� h)3 ; Svu 35E�[�N�> 3z > 35I#[�N � 4Hh)3 l > 384Hc+3 l�> [�b=f � .
� .  . � � ��� ~ ��� � ��
9�351C38`838I)AB� j�[�N#`83 l�I)3� h)ABh)381.[B4)� 3 � ABI+3vI)3 GJI)389�[]H4)� 3 l8lP> ABpB> ABpB> [ / � h)3 �)AB^C3 l�I)3� tVp ��I#[E N ( { > AB1C38I)3 u 3 l �Pj�[E 47h)3 l�I)3� t -p ��I#[E N ) S h)3 u 3 l � S�{ > AB��I)3 GJI+359\[]_4+� [�l u 3 l ��68A�� 1.[ . ^�35y��#6838h)3:r�ABx#[�4)� 3 l�

��j�[�N#`83 l�I)3� h)ABh)381.[ :

• � 47h)3 lV9�AB4H68381C3sI)3 GJI)389�[] x[n] → y[n] S�{ > AB��4+� 3 � ABh)381.[ x[n − n0] = y[n − n0] . S�� ABLO6��
- 4+� [�;=N#� GJI+3 u 3 l � n0 u 38x)3 l F 6835c+35I)AB� ��h)381.[vp � �_I)30 S xJ[F NB6838c)35I+AB� � 1C3 l�683� h#[ , S x#[F .

• j AB^.[�4+� [�l�N � 4Hh+3 lV021�354768351�3:I)3 GJI)359\[] x(t) → y(t) Sv{ > AB��4)� 3 � ABh)351�[ x(t − t0) = y(t − t0) .

�Bu 3 l ��gih)ABj 381C38d-[�^C35`83 l :
P . y(t) = x2(t − 1)

� h)3 l S�{ > AB� I)3 GJI)359\[] .

@ . y[n] = (1

2
)n+1x3[n − 1]

� h)3 l { > AB� I)3 GJI)389�[] , �V> [�47h)351�[ n = 0 � h)AB^C3 x[0] = 1 S�u 3 l ��4+� [.;=N�����h)381.[ n = 1 � h+AB^C3
I+3 GJI)389�[]_4+� 3 l'p � �HI)3� y[1] = 1

4
� � 1C3 l�683��hJ[ , � h)381.[ S h#[�N�4+� [�;=N#� GJI)3 u 3 l � n = 10 � h)AB^�3�4)� [�;PN�����h)381.[

n = 11 � h)AB^C3 p � �_I)3� y[11] = 1

212 � � 1C3 l�683��hJ[ . +�N�^.[�4)� 3 � ABI)AB^C3 4)� [�;PN���9�3 l+6�[��N#I#[ �Vu 3 l ��I)3� h)3 ;4+� [�;=N#� u [�4)� 3 lVp � �HI)3 u 3 l ��0 n 38LO��9�3 l�I)3� h)35��4Hh)3 	 I)3 GJI)359\[] { > AB��I)3 GJI+359\[] .
P'/



S�{ > AB� I)3 GJI)389�[]H^C38`83 � 4Hh+3 l I)3 lql�U:G�^C3 l�y=I)3 u 3 l � 	 ^C3 u ABI+3� KMfO4)� 3 l � jk3� h)3 l . S h#[�N u [�4Hh)381.[ : � � , ��

� ��� ~�� 
�� X)
�� � ( Y � ( $��% ��~ X)
����s� * � ��������� ��
�������
 � ��� ( � *�� � , ��� ( ������
#�	 ( � ,�(+* � 
���
 ��� ��
 ) $��% ��~ X)
#���s� *� ��������� ��
 ~�� �.��
 � � 
 ,�( . �V> [�+ N#^.[ ? E+3F 68AHGJI)38K2LON 4+� [.;=N���GJh)3�

� S h#[�N �+[ �#[�^�35`83 l�I)3 lo6�[� I)3 lo6�[� � 1C3 l�K.� 1C3 l�683� I#[ ;a+[�bP6�[�^.[�I)3 GJI+359\[]_4+� 3 l8l S�{ > AB��4)� 3 � AB� 1C3 l+I+3� h)38��47h)3 S h#[�N �+[ �#[�^�35`83 l:4)� 3 � ABI+AB^C3 � 47h)351�3 ; p � �HI)3� � 47h#[�N � � 1C3 �)[�N�> 3 l .
� K ��h)3�H4 . ^C35y��J6835h)3�

� j�[�N#`83 l�I)3� h)ABh)381.[ T S I)3�GV4+� 3 l � 47h)3 l�E+3F 68AHGJI)38KMLON�4+� [.;=N���GJI#[�47h)381.[ 9�3w�r�ABI)35tV47h)3 �#[�N
x(t0 + T ) = x(t0) � � 1C3 l�683��hJ[ . + N#��1C3 l�I)AB^C3�I)3 GJI)389�[]H4+� 3 l8l t = t0 � h+AB^C3B4)� 3 � ABI)3�p � � y(t0) S�u 3 l �> [�bPc)3 l�I)3� h#[�bPN S h#[�N�p � �HI)3 u 3 l � t = t0 +T � h)AB^C38p2; > [.b=c)3 �+[�N�> 3 l , S 4Hh)381.[ y(t+T ) = y(t) , S 4Hh)381.[p � � y(t) > 3 ;=c)3 T S I+3�GV4+� 3 l � 47h)3 lVE+3F 68AHGJI)38K2LON�9�3 ;=<-38> 38I#[�N � 47h)3 lV��h+3� .
� .  .  � (�* �H~ ����
��.� � � � ��
4+� 3 � ABI)32I)3 GJI+359\[]_4+� 3 l8l 1 $�� �:�.~ Y $���� ( 4+� 3 l�^C3 l�y=I)3 u 3 l �Bj�[E 4HtV1�3 l�I)3� h#[�bPN S h)3 u 3 l � 1�[�N�|_A u 3 l�^C386832I+3 GJI)389�[]_4+� [�l u 3 l ��68A�� 1.[ .giE+38��9�A�]_E�3 u [�4+� 3 l ^C3 l�y=tV47h)3 x1(t) → y1(t)

I)3 lo683 l � x2(t) → y2(t) � h)381.[ � 4)� 3 � A 4+� [.;=N���GJ^C38`83 u 3 l �� ]H1CAB47> 35^C38fO47h)3:^C3 l�y:�J��> 3 ; �Vh+351.[vp � �HI)30 j AB^.[�4+� [�l�NBI)38KMLO9�3 l+683� h#[ :
ax1(t) + bx2(t) → ay1(t) + by2(t) ( T )

1.[�N#| A u 3 l�^C356832I)3 GJI)359\[]H^C35`83 	 > [�`835� u 3s9�38683 GJ^C38`83 u 3 l � � `838^.[�b=4 �Vh#[ :
P . 	 I)3 GJI+359\[]_^�[ �C3 ; u 3 GJI)3 u 3 l � 4+� [�;=N ����h)351�[ ��3 ; u 3 GJI#[�N p���9�3 l�683��h#[ . S � ABLO6���I)3 GJI)359\[]H4)� 3 l5l 4)� [�;PN���GJI)3 u 3 l �

� 47h)3 l�� ]H1CAB4H> 38tV4Hh+3�^C3 l+y��J� S h)3 u 3 l �'p � �HI)AB� j�[E 1C38j AB> 3 l�683��hJ[ . p � � , 4)� [�;PN���GJ^C35`83 u 3 l � � 47h)3 l E�3 �Vh)3�

�-VKF ��h+351.[ (0, 0) u 3sI)3 lq;=pB> 3sjkABh)3 lBj�[E N#^C3 l�I)3 � 47h)3 l 9�351C38`8381.[�N�| [v��^C3 l+683� h#[

@ . 4+� [�;=N#� GJI+3 u 3 l � t w�^C3 l�y ^�[�b=fO��h+351.['p � �HI)30 t w ^�3 l�y=I)AB^C3 l�683� h#[
/ . giE�35��9�A�]_E�3 u 38I)3� > [�N#I)38p � 1C38c)3 l 4+� [.;=N���GJ^C38fO^.[�I)3 � AB683F ��N { l�6838I)35pD� . � 4Hh+3 l 1.[�N#| A u 3 l�^C35683 I)3 GJI)389�[]

x[n] → y[n] u 3�

� : ∑
k

akxk[n] →
∑
k

akyk[n] ( W )

1.[�N#| A u 3 l�^C356838683w I+3� 9�3 ;P<-35> 3�E+38��x)3 /J1C38y=h)3�

� S 683 GJ47683�E+3F I)3 lql+U�9�A�] u 38I)3 u 3 l ��E+38c#[�tVh#[��V4Hh+351.[ S K �C384)� [�;PN�� ��4+� 3 � A -^C3 �)AB1C38h)3 l . � h)351�3 ; I)3 GJI+359\[]_^�35`�[�pD� 1�[�N�|_A u 3 l�^C386835I+AB��1C3 l�I)3� tVpD� ( S I)3� ^C38`83 l � � (�* �H~ ����
��.� � � I)3 GJI)389�[]H^C38`8AB��1C3 l -683��IJ[ ).1.[�N#| A u 3 l�^C356832I)3 GJI)359\[]H^C35`83sI+3 lo6�[ � 1C38c)3 lVI)3 lql�U:GB^�3 l�y=^C38`�[�4Hh+351.[ :
P . � � , ��
 � (+* �H~ ����
��.� � � 
#� X)
�� � ( Y ��� ��
�
 � ����$ (�* � ��H� ��
 ~ �.��� (+* � ~ , ��� ( � , ��
 ��� ~ 
#� � ~ �.� ���P��� � � ~�� �.��� (+* � ��


( ��� ( � *�� X)
�������
 � � ����
���� � ��
�
#�=
���
�
���� � 
�� X)
�� � ( Y ��� ��
 ������
#���� ������� X)
 ~�� ����� (�* � ��
 ). � 4Hh)381.[ t ≤ t0� ��h)A �H^C3 4)� [�;PN���G x(t) = 0 � � h)3�H1.[ � > A��)ABI+3�GV4+� 3 l�

� p�r�3 G y(t) = 0 � � 1C3��J[�N
�+[�N#> 3 l . � h)3 -
u 3 l � 6�[�bPN���9�3 l�I)3� h)3 l 9�3 l�pBr�3 : t ≤ t0 � ��h)A �H^C3 4+� [.;=N���GJI)3� ��3 ; u 3 GJI)AB� h)3�_1.[�I)3 GJI)359\[]H4)� 3 l5l 1.[�N�|_A u 3 l -^�356838I)3�jkAB^C3 ; Svu 35E�[�N�> 3z > 38683w tV47h)3�p�r�3 GJI)3� ��3 ; u 3 GJI)AB� 1C3 �#[�N
�+[�N#> 3 l . � p ��tVh)3�_1.[ t ≤ t0 � ��h)A �H^C3

P R



p�r�3 GJI)3� t > t0 � ��1C3 l�I)AB� u 3O4+� 3 � ABI)3� h#[�b=N�4+� [�;=N#� GJI+3 u 3 l � S I+35pB4 ����1C3 l+I+3� h)38��47h)3 �#[�N S h)3 l ��3 ; u 3 GJI)38p �� 47h)AB� � h)38��47h)3�I+3 GJI)389�[]_4+� 3 l S E�[�N�> 3z > 35683w�I)3� ��h)3�_I)AB^�3 l�683��h#[ . � h)3�H��47h)3VI)3 GJI)359\[]H4)� 3 l5l�1.[�N#| A u 3 l�^C356838I)30
Svu 35E�[�N�> 3z > 35I)30 � � 1C3 �)[�N�> ABh)381.[ S h)3 l { 1�ABI)3 � AB1C384���4+� 3 � AB��1�3��+[�N#> 3 l .

@ . ��� ~ 
�� � ~ ��� ���P��� � � ~ , �P� (�* �7~ ����
���� � � 
�� X)
#� � ( Y �.��� ( �J" � ����$ (+* � ��H� �P
�� X)
�� � ( Y �.��� (+* . �V> [ ? �V> [�47h)381.[ t =

t0+ � � h)A �H^C3 x(t) > 0 � 4Ht �Dl F > [�b=`�[.b � N#y . � ^C3 y(t) = 0 � ��h)3�_1�[ I)3 GJI+359\[]_4+� 3 l8l y S�u 3 l �> 384Hc+3 l�+ �V4+� 3 l�p2l t = t0+ � h)AB� u 3P4)� [�;PN���GJI)3 u 3 l � giE+384+� [.;=N�� 9�3 l�K.� p � � 47h)3 � 35L . S � ABLO6�� I)3 G -I+359\[]_4+� 3 l8l:r�3 { x)3 GJh+3�4+� [�;=N#� GJ^C38`83 u 3 l �:E+38��^C38y��#9�35h#[�4)� [�l�N 	 � u 3 p � �_I+3 u 3 l ��> [�bPc)3 l+K�� h#[ . � h)3�H��4Hh+3 I+3 GJI)389�[]_4+� 3 l8l
Svu 35E�[�N�> 3z > 3 � 4Hh+3 lV��h)3� .

� . � �	���	������
�� ��
���� � �
1.[�N�| A u 3 l�^C386835683w I)3 lo683 l � S�{ > AB1C38683w – � I#[�1C38c)3 l ^�3 l�y=^C38fO4Hh)3 > 3 ; �Vh)3 I)3 GJI+359\[]_4+� 3 l u 3 l � � ���.������
�� X)
�� � ( Y S�� 38I)A� (+* �H~ ��� ~�� 
#� X)
�� � ( Y � 4Hh)3 l > 381.[�4+� 3 l8l�68A���1�[ . 9�351�35`838I)3 GJI)359\[]H^C35`83 u 3 l ��1�3�-V9�3 l�I)3� h)3 l , { �.[� N�� 9�3 l+I+3� h)3 l 9�3 l�pBr�3 ; a+[�bP6�[�^.[	 I)3 GJI)389�[]H^C38`83 l � j 38`83PgiE+384)� 3 l5l�> 3��I)30 j��:h+3 l . > [�pBIJ[�c#[�I)3 GJI+359\[]_4+� 3 l8l 1.[�N�| A u 3 l�^C386835I)AB� 1C38tVh)3�H1C3 ; ( S�� ABLO6��giE+38��9�A�]_E�3 u [�4+� 3 l u 3 l ��E+A,
V9�35tVh)3�H1C3 ; ) S h)351�3 ��n AB1C3 - � ]HKM4)� 3 l�9�3 l�683� I)3 lql+683��p � 3 l - 9�3 ;P<-35> 3 - { ��[��N�x)38d-[�^CAB� S h)3 u 3 l �1.[�N�| A u 3 l�^C386835I#[�4Hh)3 l r�A { � u 38c#[�4+� 3 l8l�I)3� h)3 ; 1C3 ;�!V4+� 3 l�

��h#[ , I)3 GJI)389�[]H^C38`83 { �.[��N�x+35d)[�^.[ S 683 GJ47683�giE+384)� 3 l8l+> 3� 9�ABh -jk3 u 38I)30 � ��hJ[ .9�381C38`835I+3 GJI)389�[]_^C38`83 � `835^C3 l - j-[E 1�35^C3 l�^C38`83 u 3 l ��9�38��4)� 3 � AB� S ��4+� 3 l�h#[ 9�3 ;P<-35> 3�E�35��x+3 /�1C38y �CAB9�3� ��h)3�

� j-[�<-3 l � h)3 ;=1C3
j-[E N#^C3 �)AB^C3 l+I+3� tVp � . � � (+*�� ��� , � � (�* � � & ~ �.��
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	 r�AB^C35h+3�

��9�AB4768381C3v9�351C38`838I)3 GJI+359\[]_^�35`83 l=4+� [�;=N#� GJ^C38fO^.[Bj�[�N#^.[VE�3F K��F 4)� [�l�6�[�bPN�1C3 l�683� I#[ , p � �_^�35`83 lPj-[�N�^�[Vgi683* u 3 � -I)AB^�3 l�683��I#[ �Vu 3 l ��I)3� h+3 u 3 l ��j 38K���1�35tV47h)3:E�35����N�
V9�[.b=N�y . 0 " � - E�3F E�3547<-35> [ /v9�3 ;=<-38> 38^C38`83 u 3 l ��E+38��I)38KMLO9�3 l�I)3sI#[�;Ph)35pMl
? , � - E+3F E+384H<-38h)3 �#[��NVgifOh)3 lV> 3�
V4+� 3 l � j 3� h)ABh)3 Svu [�N�> 3:6838683w ^�35`83 u 3 l � � 

� E�3F > A���9�3��)AB� h#[ .

� . � �	��

�����	� �	�	������� ��
������	� ��� �	����� � �! � ��
 �#" �$��� - �	�	� � ��� � � ����� � 	 ��% ��� � 	 ��� � 
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� 4Hh+3 l &." 5 � �('C" � # "�9�AB4768351C3v9�3 ;=<-38> 38^C38`83,-VN�p u 38I)3 l � � f@��l�h#[ �Vu [�bH��N#y . “ 4+� [�;=N#� GJI)3� � h#[ ” �Vu 3 l ��I)3� h+35> [ /	 I)3 lq;PpBr�3 ;P683�9�3 ;P<-35> 38^C35fOtVh+3�H1.[ 9�AB> 3 l �Vu 3 l ��I)35x+3 l F I)3 lq;=pBr�3 ;=6838I)35h+3 l �Vu [�bH��N#y . 4+� 3 � ABI)3� h#[�N � 47h)3 l�9�AB4 -68381C3s9�3 ;=<-38> 3 x[n] Svu 3 l � 	 I)3 lq;PpBr�3 ;P683 xk[n] � 4 � 9�3 ;=<-38> 38^C38`83�g E�35��9�A�]HE+3 u [�4)� 3 � AB� I)3 GJ> 3� E+3 �V9�3 l�I)3� h)351�3�

�
u ABI)3� 9�3*)+38pBI)ABh+351.[ � ^C3 4)� 3 � ABI+3� h#[�N�9�351�35`838I)3 GJI)359\[]H4)� 3 lPI)3 lq;=p�> 3 x[n] Svu 3 l ��> 38fO��h)381.[VI)3 GJI)389�[]H4+� 3 l�p � �_I)3 u 3 l � > 384 -c)3 l�+ �V4+� 3 l8l�I)3� h+3 l � jk35`83s9�3 l�pBr�38I)ABtVN�683 l . j-[�N�^.[ ? xk[n] ^C38fO^.[vI)3 GJI)359\[]H4)� 3 l�E+3F K��F 4+� [�l�^C35`83 u 3 l � ( yk[n] ^C35`83 u 3 l � )KMfOtVh)3�_1�['9�AB> 3 l , S I+3� ^C38`83 u 3 l �V4)� [�;PN���GJh)35476�[�4+� [�l�N�giE+38��9�A�] 8V��h)381.[�9�AB> 3 l :
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0 n

1
δ[n]

1
n

δ[n−1]

-V683F W : I#[.l N��#[ : 9�AB4H68381C3:�V> 38I)3 � A u 3 - 9�3 ;P<-35> 3 , > [�`838^.[ : � 47h)3 lVh)ABU��#[v��1C35� ��h)3s9�AB4H68381C3:�V> 38I)3 � A u 3 - 9�3 ;P<-35> 3

x[n] =
∑
k

akxk[n] → y[n] =
∑
k

akyk[n] ( e )

S 476838j 3 &(" 5 � � '(" � # ":9�3 ;=<-38> 35I+3 u 3 l � j�[�<-AD��� j 3� c)3 l�> 3 �+[�N�> AB� p � , S h#[�N��V> 38I)3 � A u 3 - 9�3 ;P<-35> 3 . � I)3� ^C35`83 u 3 l � -E�354+� [�;=N#��� �+[�N#1.[ 9�3 ;=<-38> 35^�35`83 u 3 l �PI)3 GJ> 3� E+3 �V9�3 � jk3� h)ABh+3�H��47h)3 � I)3� ^�35`83 u 3 l � � ? " &." 
 , 4�" �Vu 3 �
�)AB��hJ[ . 	 �V> 38I)3 � A u 39�3 ;P<-35> 38I#[�47h)351�[ �Bu [ ��N�0Mp � , n = 0 � h)AB^C3 I)3 � AB683F �V> 3 - E+38��I)3 � ABy I+3 u 3 l � j-[E 47tVh)3 l � n u 3 �+[�N�1�[�p � �)[ �#[�^C38fO^.[ ��3 ; -
u 3 GJI)AB��1�3 l�I)3s9�3 ;P<-35> 38I#[�N�� � ��
�� � ~ ��� � ��������� � . � h)3 u 3 l �,-V683F W u 3�

� -VKF 9�3��)AB� h#[ . �V> 38I)3 � A u 3D9�3 ;=<-38> 38I)3 u 3 l � δ[n]
� 47h)3 l 9�384��+[�bPN�GV9�3 l�6�[ � N�I#[ . -V683F�W h)3�

� 6�[�bPN�����1�3 l�I)384H6�[ � 4Hh)3 l h)ABU��J[ � pB> [ /P��1C38����h)351�[Ph#[�bP1C38> 3 l�I)3� h#[�N
δ[n − 1]. j AB^.[�4)� [�l�N k h)ABU��#[ � pB> [ /���1C38����h)381.[�h#[�bP1C35> 3 l�I)3� hJ[�N δk[n] = δ[n − k].	 ^C3 x[n] S�u 3 l ���V> 38I)3 � A u 3 - 9�3 ;P<-35> 38^C35`83�giE+38��9�A�] u 38I)AB��I)3 GJ> 3� E+3 �V9�3 l+I+3� h)3 l�9�3 l�pBr�3 :
x[n] = · · ·+x[−2]δ[n+2]+x[−1]δ[n+1]+x[0]δ[n]+x[1]δ[n−1]+x[2]δ[n−2]+· · ·

( P � )� h+3 u 3 l � 9�354.� z E�3� I)AB��> [�`838� u 3:9�3547> 35p u 38I)AB� � 1�[�4)� 3 l � jk3� h)3 l :
x[n] =

∞∑
k=−∞

x[k]δ[n − k] ( P P )
� 

� 9�3 { l�N�> 381C38y e u 3�

��1C3 l�I)3 ak u 3�9�A�] u 38I)3 u 3 l � x[k] E+38c#[�tV1C3 l�683� h#[�j AB^C3 ; xk[n] u 3�9�A�] u 38I)3 u 3 l � δ[n−k]E�35c#[�tV1C3 l�683��hJ[ .
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+ N#^.[��V> 35I)3 � A u 3 - 9�3 ;=<-38> 35^C38`83 u 3 l ��E+384+� [.;=N�� � x[n] S�u 3 l � I)3 GJ> 3� E+3 �V9�3 l�I)3� h)3 u 3 l �4-V683F�e u 3�

� 6�[�bPN���9�3��)AB� h#[ .-V6�1C3 e 0M47c)3�I)3 lo683 l ��9�3 { l+N#> 351C38y P P ��47h)3��V> 35I+3 � A u 3 - 9�3 ;=<-38> 35h+3 “ 9\[�b=N#9�3 l�I)3 ” ^C3 l+y KMfOh)3 l � 1C3 l+683� h#[ , S�� ABLO6��
– �V> 38I)3 � A u 3 - 9�3 ;P<-35> 3 δ[n − k] 0247h)3'4)� 3 � ABI+3� h#[�N 9�3 ;=<-38> 3 x[n] S�u 3 l �=^�3 l�y��#��h+351.[�^�3 l�y=p � �_I)AB� h#[�b=1�35> 3 l+I+3
9�3 ;P<-35> 38I)3� n = k � ��h)A �H^C3sI)3 � AB683F �C3 ; u 3 GJI)AB��1C38h#[ x[k] � ��1C3 l�683� h#[ ; n 6= k �Vu 3 l ��I+AB^C3s^C3 l+y=p � �HI)3� �C3 ; -
u 3 GJI)AB��1�3 l�683��h#[ . �V> 35I)3 � A u 3 - 9�3 ;=<-38> 35I)3� + N#^.[ � 47h#[�N � 47h)3 l �+[ �#[�4+� 3 l u 3 l �'I)3 � AB683F “ 9\[�b=N#9�3 l�I)3 ” ^�3 l�y=I)3 u 3 l ����h)3 l+^�351C3 l
u [ u 3�8 u 3�

� c+3��+[�N#> 3 l .
� . � ����
 � ��
��	�
+ 47t u 3�r�AB^C38h)3�

� u ABI)3� 9�3 ;P<-35> 38^C38`83 u 3 l �'�V> 35I+3 � A u 3 - 9�3 ;=<-38> 35^�35`83OgiE+38��9�A�]HE+3 u [�4+� 3 � AB� I)3 GJ> 3� E+3 �V9�3 l+I+3� h)3 u 3 l � > 3547c#[�I)3� .	 ^C3 ��1C38����h)3 �V> 38I)3 � A u 3 - 9�3 ;P<-35> 3 δ[n−k] S�u 3 l � � 47h)3 ls1.[�N#| A u 3 l�^C35683�I)3 GJI)389�[]H^.[24+� [�;=N#� GJI)AB��> [.b � F 1.[2p ��9�3 l -
I)3� h)3 u 3 l � hk[n] �Vu [�bH��N#y . 4+� 3 � ABI)3� h#[�N � 47h)3 l�9�AB4H68381C3B9�3 ;P<-35> 3 x[n] Svu 3 l ����1C38����h)3V�V> 38I)3 � A u 3 - 9�3 ;P<-35> 38^C38`83giE+38��9�A�]_E�3 u [�4+� 3 � AB� � 1.[�4+� 3 l � jk3� h+ABh)35��4Hh)3 :

x[n] =
∞∑

k=−∞

x[k]δ[n − k] → y[n] =
∞∑

k=−∞

x[k]hk[n] ( P @ )
I#[�l�N$
 u 3�9�3 ;=683F I)3� 0Mp2l ��I)3� h)35> [ /�I)3 GJI+359\[] S�{ > AB��4)� 3 � AB� 1C3 �)[�N��7p � � 47h)3 l u [ u 3�8 u 3�

� � . � h+351.[ I+3 GJI)389�[]_4+� 3 l8l

Sv{ > AB��4)� 3 l8; � ��h)3�H1.[ ( S h)3 l 9�381C35`838I#[�0M� ) �V> 38I)3 � A u 3 - 9�3 ;P<-35> 38I)3 u 3 l � ��1C38����h)381.[ I)3 GJI)389�[]H4)� 3 l p � �HI)30 S x#[F N��1C38^C3 l�683��hJ[�4)� 3 l�x#[F . S � ABLO6�� S�{ > AB1C38683w tV47h)3

δ[n] → h[n] ( P'/ )
� � h)3�H1.[

δ[n − k] → h[n − k]. ( P R )
I#[�l�N$
 u 3�9�3 { l�N�> 351�35y=^C38`83�

� h[n] �Vu 3 l ��I)3� h+3 l�9�381C35`838I)3 GJI)389�[]H4)� 3 l � � ��
#� � ~ ��� - � ��������� �:$��% � �% ��� ( 
 � 0M��> [�bP`83 l � -683��hJ[ . 	 E�3F K��F 4)� [�l�4+� 3 l u 3 l � KMfOtVh)3�_1.[�9�351C38`838I)3 GJI+359\[]_4+� 3 l8l�4+� 3 � ABI)3� h#[�N 4+� [.;=N���GJ> [ /�j-[�N�^.[�E�3F K��F � l�9�3 l�683��h#[ � 47h)3 l> 3 ;=c)3 �#[�K2fO4+� 3 l � j 3� h)3 l . 9�3 { l�N�> 381C35y P @ ��47h)3 :

x[n] =
∞∑

k=−∞

x[k]δ[n − k] → y[n] =
∞∑

k=−∞

x[k]h[n − k] ( P ? )
� 

� 4+� [�;=N#� G x[n] I+3 lo683 l ���V> 38I)3 � A u 3 - 9�3 ;=<-38> 3 - E�3F K��F 4)� [�l h[n] ^�35`83 l � 4Hh)3 l { ��[�N�x)3���N�KM4)� 3 l�

� 9�[�N#��1C3 l�I)3� -h)3 u 3 l �'^C35I+3 lo0M� . 	 9�3547> 35p u 38> [ / � � � �.��
#��
 � 4Hh)3 lvj�[�9�381C3 l . 9�3547^C38I)3 loh)3 S�� 38LOI)3 u 3 l ��> [�`838� u 3M9�3 { l�N�> 351�35y=I)3� KMfO��> [�b -c)3 l�683� h#[ :

x[n] ∗ h[n] =
∞∑

k=−∞

x[k]h[n − k] ( P Q )
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9�3847^C35I+3 loI)3� 9�3 ;=<-38> 3 E+38��x)3 /J1C38y=h)3�

� S 683 GJ47683�I)3 lql�U:GJI)ABh)3B�F 4+� [.l � 47h)3 l � 

� j�[�N�`83�
H-�� 9�3 l�6�[ � N u [ . � h+3 u 3 l �-VKF N�> 38��� { I)38����h)381.[ ��u 3 ;7��9�3 l�pBr�A�w � S�� 38LOI)AB^C3 l�683� h#[ , � h)381.[ > 3 �)ABI)38> A��C3 { p ��h)3 > AB1�35y -VKF N#> 381C38y=> [ /�> [ 9jkAB> 3 �)AB1.[ . � 

� u [ u 3�8Vc)3��+[�N#> ABh)3 , � 4Hh+3 ; I)3 lo1.[�4+� 3 l
��AB1C35h+3 9�38683 GJI#[�N u [�47h)381.[ : � ���.������
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• � � , ��
 �.~���� ����� � ����������
�� X)
�� � ( Y ��� ��
�����
 � � , ����� � � ��
�� � ~ ��� - $#�% � �% ��� ( 
 ��� ��
�
 � � � $��	�� �:
 ~�� ��
�� �:� ��
 -� � 
 ,�( . S�� ABLO6�� � 4Hh)3 l29�AB4H68381C3�9�381C38`835I)3 GJI)389�[]H4+� 3 lD�V> 35I+3 � A u 3 - E+3F K��F 4+� [�l�4)� 3 l u 3 l � S ��68381.[ S h)3 u 3 l �D9�3547E+30 y=L -I+AB� S 1.[�6838476�[ .
• $�� � 
�� � ��� � * ��� ��
 ����� ��
�
#��
 :

x[n] ∗ y[n] = y[n] ∗ x[n]

S � 38I)A –∑
∞

k=−∞
x[k]y[n − k] =

∑
∞

k=−∞
y[k]x[n − k]

• � & ~ � � � ����� ��
�
#��
 :
x[n] ∗ (h1[n] + h2[n]) = x[n] ∗ h1[n] + x[n] ∗ h2[n]

• � � 3 ��
�� � ��� � * ��� ��
 ����� ��
�
#��
 :
x[n] ∗ (h1[n] ∗ h2[n]) = (x[n] ∗ h1[n]) ∗ h2[n]
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 ~�� , �� � ( � , ���.� � � ��
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 h[n] � ��� (
	� ���.� ��� ��� � � ~ � �.��� (�* � ��
 . S � ABLO6�� –

n < 0 � ��h)A �H^C3 h[n] = 0 � � 1C3 �#[�N
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∞
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� 0M1CAB4768351C329�381C38`835I)3 GJI)389�[]H^C38`83 lB4+� [.;=N���GJ^C38fO^.[ j-[�N�^.[:E+3F K��F 4+� [�lv6�[�bPN�1C3 l�683� I#[ , p � �_^C38`83 lBj-[�N�^�[�gi683* u 3 � -I)AB^�3 l�683��I#[ �Vu 3 l ��I)3� h+3 u 3 l ��j 38K���1�35tV47h)3:E�35����N�
V9�[.b=N�y . 0 " � - E�3F E�3547<-35> [ /v9�3 ;=<-38> 38^C38`83 u 3 l ��E+38��I)38KMLO9�3 l�I)3sI#[�;Ph)35pMl
? , � - E+3F E+384H<-38h)3 �#[��NVgifOh)3 lV> 3�
V4+� 3 l � j 3� h)ABh)3 Svu [�N�> 3:6838683w ^�35`83 u 3 l � � 

� E�3F > A���9�3��)AB� h#[ .
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������	� � � �	����� � �� � ��
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+ 47t u 3 S�n AHGJ4)� 3 l+h+3�

�=9�AB4H68381C3 9�3 ;=<-38> 35^�35`83 u 3 l �:�V> 38I)3 � A u 3 - 9�3 ;P<-35> 38^C35`83 giE+38��9�A�]HE+3 u [�4+� 3 � AB��> 384HcJ[�I)3� , 	 ^C3_0M1C384H68381C3
9�3 ;P<-35> 38^C35`83 u 3 ;H� jkAB^.[�> ABd-[.b=N�y . � 

� I+3 GJ68AHGJ9�35I#[�N u [�47h)381.[��V> 35I)3 � A u 3 - 9�3 ;=<-38> 35I)3� S 

��4)� 3 l+476�[�9�AB4768381C35I+AB��1C38p2l
9�A n 3 G { p � , 0M1C384H68381C38I#[�N � ^C3 �+[�N�> 3 l . 0M1C354768381C3O�V> 38I)3 � A u 3M9�3 ;P<-35> 38I)3 u 3 l � -V683F P �Pu 3�

� 6�[�bPN���9�3��)AB� h#[ . 	 9�3 ;P<-35> 3
δ∆(t) u 3 S ^C38p ∆ � � h)3 l � � 683� 1C3 1

∆
� � 1C3 l�I)3� h)38��47h)3 � h)381C3 { �q��N#y=L 1 � ��1C3 l�683� h#[ . � ��� ��� ���.� � � ��
�� � ~ ��� -� ��������� ��
 ( � , ��� ( � � � - � � 
 * � �:������
�
�� � ��� �#��� � .	 �V> 35I+3 � A u 3s9�3 ;=<-38> 35^�35`83 u 3 l ��E�354+� [�;=N#��� 4+� 3 � ABI)3� h#[�NV0M1C384H68381C3s9�3 ;P<-35> 3 x(t) Svu 3 l � S 4Hh)A ��9�3 � j 3� h#[�NBj-[E -1C38683 lvh#[�b=N#x)381C3�+�6835I)AB� I)3 GJ> 3� E+3 �V9�3 �)AB^C3 l+I+3� tVp � . -V683F P P u 3�

� x(t) �Vu 3 l ��I)3D0M1C384768351C3M9�3 ;=<-38> 35I+3 u 3 l � x′(t) u 3I)3 lq;=p�> 3 S 47h)A ��9�3��+AB��h#[ .+ N#^.[ S 4Hh)A ��9�3 l�I)3� h)35��4Hh)32h#[�bP1C3 �7h)3 x′(t) 4+� 3 l8l�> 3z y t = k∆ u 3�

� E+38c#[�4+� 3 l8l�I)3 �+[ �J[ x(k∆) � ��h)3 l �

S h#[�N��+[ �#[�4)� 3 l5l t = (k + 1)∆ I)351�[�^C3 ; g fOtV1�3 l�I)3� h)3 u 3 l�^�35I)3 lo0M� . � h)3�H��4Hh+3
x′(t) = x(k∆), k∆ < t < (k + 1)∆ ( P T )

I#[�l�N$
 u 3s9�3 { l�N�> 351�35y=I)3 u 3 l � + N�^C3 ; � 1.[�4+� 3 l � j 3� h)3 l :
x′(t) =

∞∑
k=−∞

x(k∆)δ∆(t − k∆)∆ ( P W )
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-V683F P P : 0M1C354768381C3s9�3 ;=<-38> 35I)3 u 3 l ���V> 38I)3 � A u 3 - 9�3 ;=<-38> 38^C38`83sI)3 lq;=pB> 3sI)3 GJ> 3� E+3 �V9�3 l�I)3� h+3 l

I#[�l�N$
 u 3s9�3 { l�N�> 351�35y=h)3�

� ∆ I+3� �C3 ; u 3 GJI)3 u 3 l ��9�3 { l�N�8V��h)AB^C3 x′(t) I)3 lo683 l � x(t) ^C38`83sI)3 l n [ GJ4)� 3 lVI+3 GJ68AHGJ9�35I)3�� z N�y��#� 9�3547> 35p u 35I)3� > [�`838� u 3 Svu 3 l�> 38p u 35I+AB� E�35��I+35KMLO9�3 l�683� h#[ :

x(t) =
∫

∞

−∞

x(τ)δ(t − τ)dτ ( P e )
	 9�3 { l�N�> 351�35y=I)3� 021�354768351�3D9�3 ;=<-38> 35^�35`8ABh)3 x(t) I)3 lo683 l � δ(t) ^C38`8329�3547^C38I)3 loI+3 u 3 l �VI+3 GJ> 3��E�3��V9�3 l�683��h#[ . S p ��h#[ ,� 9�AB4H68381C3 9�3 ;=<-38> 35^C38`8384H6�[�4+� [�l�N � pM;)� u ABI)3� x(t) S�u 3 l � &." 5 � �('C" � # "-9�3 ;=<-38> 35^C38`8ABh)3 δ(t−τ) ^C38`83 giE+38��9�A�] -E�3 u [�4+� 3 � AB� I)3 GJ> 3� E+3 �V��h#[�_N#I#[ .

� . � �	��
 � ��
 �	�
��1C38����h)3 ( 0M1C384H68381C3 ) �V> 38I)3 � A u 3 - 9�3 ;P<-35> 3 δ∆(t) S�u 3 l � � 47h)3 l�0M1C384768351C3 1.[�N#| A u 3 l�^C35683 I)3 GJI)389�[]H^.[P4+� [�;=N#� GJI+AB�> [�b � F 1.[vp ��9�3 l�I)3� h)3 u 3 l � h∆(t) �Vu [�b7��N�y . � ^�3�+ 47t u 3sr�AB^�35h)3�

� S 4Hh+A ��0M47h)3 � 4Hh)3D9�3 ;=<-38> 3

x′(t) =
∞∑

k=−∞

x(k∆)δ∆(t − k∆)∆ → y′(t) =
∞∑

k=−∞

x(k∆)h∆(t − k∆)∆ ( @�� )

+ 47t u 384H6�[ ∆ I+3� �C3 ; u 3 GJI)3 u 3 l ��9�3 { l�N$8V��h)AB^C3:IJ[�l�N�
 u 3s9�3 { l�N�> 381C38y I+3� + N�^�[ � h)3 �)AB^C3 l�683� h#[ :
x(t) =

∫
∞

−∞

x(τ)δ(t − τ)dτ → y(t) =
∫

∞

−∞

x(τ)h(t − τ)dτ ( @ P )
I#[�l�N$
 u 3�9�3 { l�N#> 381C38y=h)3�

� 4+� [�;=N#� G x(t) I)3 lo683 l � � � ��
#� � ~ ��� - $��% � �% ��� ( 
 h(t) ^C38`83 l � 47h)3 l { �.[�x)3���N#K24+� 3 l�

�9\[�N���1�3 l�I)3� h)3 u 3 l �:^C38I)3 lo02� . � h+3 u [ ��N ( 0M1C384H68381C3 ) � � � ����
���
 �Vu 3 l ��I)3� h)3 l . 9�3847^C35I+3 loh)3 S � 35LOI+3 u 3 l � > [�`838� u 3 9�3 { l�N�> 381C35y=I)3�KMfO��> [�bPc)3 l�683��hJ[ :

y(t) = x(t) ∗ h(t) =
∫

∞

−∞

x(τ)h(t − τ)dτ ( @�@ )
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0M1C384H68381C3 9�3847^C35I+3 loI)3 u 3 ;H� 9�AB4H68381C3 9�3547^C38I)3 loh)35476�[�4+� [�l�N -VKF N�> 38��� S h)381C3 S�� 35LOI)3 u 3 l � I)3 lo683� x)3 l F <�[ u A-���KMfOh)3 l�> [.b=`83� � j 3� h)3 l . 9�384(� z E+3��I+AB� x(t) I)3 lo683 l � h(t) ^C35`83D021�354768351�3:9�384H^�35I)3 l �F 4)� [�l�4+� 3 l�

��jk35476838^C35`83 l :
P . $#�% ��� � � � ��
 : h(τ) → h(−τ)

@ . � ��� �D� ��
 : h(−τ) → h(t − τ)

/ . ����
 ��� � ��
 : h(t − τ) → x(τ)h(t − τ)

R . � ����
�� ��! � ��
 : x(τ)h(t − τ) →
∫
∞

−∞
x(τ)h(t − τ)dτ
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• � � , ��
 � �.� ��� ����� � ����������
�� X)
�� � ( Y ��� ��
�����
 � � , ���.� � � ��
#� � ~ ��� - $��% � �% ��� ( 
 ��� ��
�
 � � � $#�	 � �D
 ~ � ��
�� �:� ��
 -� � 
 ,�( . S�� ABLO6�� � 4Hh)3 l29�AB4H68381C3�9�381C38`835I)3 GJI)389�[]H4+� 3 lD�V> 35I+3 � A u 3 - E+3F K��F 4+� [�l�4)� 3 l u 3 l � S ��68381.[ S h)3 u 3 l �D9�3547E+30 y=L -I+AB� S 1.[�6838476�[ .
• $�� � 
�� � ��� � * ��� ��
 ����� ��
�
#��
 :

x(t) ∗ y(t) = y(t) ∗ x(t)

S � 38I)A –∫
∞

−∞
x(τ)y(t − τ)dτ =

∫
∞

−∞
y(τ)x(t − τ)dτ

• � & ~ � � � ����� ��
�
#��
 :
x(t) ∗ (h1(t) + h2(t)) = x(t) ∗ h1(t) + x(t) ∗ h2(t)

• � � 3 ��
�� � ��� � * ��� ��
 ����� ��
�
#��
 :
x(t) ∗ (h1(t) ∗ h2(t)) = (x(t) ∗ h1(t)) ∗ h2(t)

• � � , ��
 � ����������
�� X)
�� � ( Y ��� ��
�
 � ����$ (+* � ��_� ��
 ~ � , ���� ( � , ���.� � � ��
�� � ~ ��� - $��% � �% ��� ( 
 h(t) � ��� (
	 � ��� �#��� ��
 -
� � ����� (+* � ��
 . S�� ABLO6�� –

t < 0 � � h)A �_^�3 h(t) = 0 � ��1�3��#[�N
�+[�N�> 3 l . S p ��h#[ , � ��� (
	 � ��� �#��� ��
�������
 � � � ��
�� � ~ ��� -$#�% � �% ��� ( 
 ��� � � ~�� 3 (� � � ����
�
�� � ����������
�� X)
�� � ( Y �.��� ( ��" � ����$ (+* � ��_� ��
 ~ � �.��
 � � 
 
 ( .
• � � , ��
 � ����������
�� X)
�� � ( Y ��� ��
�
 � Y �.��
 ~�� �.��� (+* � ~ , ��� ( � � ��
�� � ~ ��� - $��% � �% ��� ( 
 ��� ��
 � ��
 , � � - � ����
�� ��������
���
� � , ��
 � * � 
 � � � � ��� ( X ��� � � ~ � �.��� (+* � ��
 . S � ABLO6�� –∫
∞

−∞
|h(t)|dt < ∞

S p ��h#[ , 
 ( 
 * ! ��� � ���.� � ��
 
 � ������ 
 � , ��� (�� � ���.������
#� X)
�� � ( Y � Y �.��
 ( � , ��
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