(i npact of a pendulumwith a flat rigid surfacex)

(» packages that have sone differential

equations to solve and define sone utility functions =)
Needs ["Di ff erenti al Equati ons” NDSol vePr obl ens™" ];
Needs["Di fferential Equati ons” NDSol veUtilities™];
Needs["Di fferenti al Equati ons™ | nt er pol ati ngFuncti onAnat ony™ ];
Needs["GU Kit""1;

ClearAll ["G obal " +"1;
O f [General ::spell];
O f [General ::spell 17;

(xgeonetry of the pendul umk)

L=1; (xl ength of the pendul um [m]x)
g=9.81; (xgravitational acceleration [nVs"2]x)
ro=7800; (xdensity [kg/nmt3]x)

R=0.01; (*radius of the hem sphere end [m]*)
m=Pi R*2L ro; (xmass [kg]x)

(*angul ar vel ocityx)

al pha= {0, 0, theta'' [t]};

(xposition of CM Cx)

XxC= (L/2) xCos[theta[t]];

yC=(L/2) *Sin[theta[t]];

rC= {xC, yC, 03};

(xposition of the tip Ax)
xA=L=xCos[theta[t]];

yA=L=xSin[theta[t]];

rA= {xA, yA 0};

(xvelocity of the tip Ax)

VA = D[rA t];

(xgravitational force at Cx)

G= {0, mg, 0};

(% npact angl ex)

thetai =Pi /6;

(*mass nmorment of inertiasx)

IC=mxL"2/12;

10=1C+mx (L/2)"2;

(»equation of motion for free fall %)

eql =Sinplify[lOxal pha-Cross[rC, GI1[[3]1];

sol 0 = NDSol ve[{eql =0, theta[0] == 0, theta' [0] == 0}, theta,
{t, O, Infinity},
Met hod -» {Event Locator, "Event" -» (theta[t] -thetai)}];

t0 = Interpol ati ngFuncti onDomai n[Fi rst [theta/. sol0]]1[[1, -111;
thetaO = (Eval uate[theta[t] /. sol0] /. t - tO)[[1]];
onegal = Chop[ (Eval uate[D[theta[t] /. sol 0, t1]1 /.t > tO)[[111];
VAO =VvA /. {theta[t] ->thetaO, theta' [t] -» onega0l};

vOx =VvAO[[1]];

vOy =VvAO[[2]];

Print[" "]

Print ["before inpact"]

(#Print ["t0 = ",t0," [S]"1%)

Print["thetaO = ", thetaO, " [rad] = ", thetaO%180/Pi, " [deg]"]
Print ["omega0 = ", onegal, " [rad/s]"]

Print["vO = ", VAO, " [m/s]"];

Print[" "]

(*t het apl ot 0=Pl ot [Eval uat e[t heta[t]/.sol 0]*180/Pi,
{t,0,t0}, AxesLabel -{"t [s]","theta[deg]"}, Pl ot Range-~Aut omati c]
onegapl ot 0=Pl ot [Eval uate[D[theta[t]/.sol0,t]], {t,0,t0},
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bef ore i nmpact
thetaO = 0.523599 [rad] = 30. [deg]
omegal0 = 3.83601 [rad/s]

vO - {-1.91801, 3.32209, 0} [mVs]

Print ["inpact with a flat surface"]

(xel astic conpressi onx)

E1l =200%1079; (xelastic nodul us [Pa]x)

Sy =1.12%1079; (xyield strength [Pa]x)

nu = 0. 33; (xPoi sson's ratiox)

Ep=((1-nu”2) /E1l+ (1 -nu”2) /E1)"-1; (*equival ent el astic nodul usx)

kl=2/(3(1-nu”"2))E1Sqrt [R]; (xel astic constant Hertzx)

CJ =1.295E" (0.736nu); (xcritical yield stress coefficientx)

yc=(Pi Sy / (2Ep))"2R; (xcritical displacenentx)

Print["critical displacement yc = (Pi CJ Sy /(2 Ep))*2 R =", yc, " [m]"]

(xrel ative displacenent of the tip during contact )

delta=LSin[theta[t]] -LSin[thetai];

(xHertz elastic forcex)

Pl = {0, -k1 deltan1.5, 0};

(»equation of nmotion for elastic conpression O<=delta<=1.9 ycx)

eqe =Sinplify[lOxal pha-Cross[rC, G] -Cross[rA P111[[3]11;

t0=0;

sol e = NDSol ve[{ege ==0, theta[t0] == theta0, theta' [t0] == onegal},
theta, {t, tO, Infinity}, MaxSteps - 10000,
Met hod -» {Event Locator, "Event" - (delta-1.9yc)}];

te = Interpol ati ngFuncti onDomai n[Fi rst [theta /. solel][[1, -1]11;
t het ae = Chop[ (Eval uate[theta[t] /. sole] /. t » te)[[1]11];
onegae = Chop[ (Eval uate[D[theta[t] /. sole, t1]1 /.t > te)[[1]11];
deltae=delta /. theta[t] ->thetae;

Ple = (P1/. theta[t] ->thetae) [[2]];

Print[" "]

Print ["end of elastic conpression: delta = deltae = 1.9 yc"]
Print["te= ", te, " [s]"]

Print["thetae = ", thetae, " [rad] = ", thetaex180/Pi, " [deg]"]
Print ["onmegae = ", onegae, " [rad/s]"]

Print["deltae = ", deltae, " [m]"]

Print ["Ple = ", Ple, " [N]"]

Print[" "]

t het apl ot e = Pl ot [Eval uate[theta[t] /. sole] *180/Pi,
{t, t0, te}, AxesLabel -» {"t [s]", "theta[deg]"}, Pl ot Range » Automati c]
onegapl ot e = Pl ot [Eval uate[D[theta[t] /. sole, t]], {t, tO, te},
AxesLabel - {"t [s]", "omega[rad/s]"}, Pl otRange » Automatic]
del tapl ote = Pl ot [Eval uate[delta /. sole], {t, tO, te},
AxesLabel - {"t [s]", "delta[m]"}, PlotRange - Autonatic]
Ppl ote = Pl ot [Eval uate[P1[[2]] /. sole], {t, tO, te},
AxesLabel - {"t [s]", "P[N]1"}, Pl otRange -» Automati c]



pendulum_flat.nb 3

inmpact with a flat surface

critical displacenent yc = (Pi CJ Sy /(2 Ep))*"2 R = 6.69933x10°° [(m

end of elastic conpression: delta = deltae = 1.9 yc

te= 3.83185x107° [s]
thetae = 0.523613 [rad] = 30.0008 [deg]

onegae = 3.83496 [rad/s]
deltae = 0.0000127287 [m]

Ple = -679.5 [N]
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(*» el asto-plastic conpression )

ey = Sy / Ep;

B= 0.14 E® (23 ey);

a = Sgrt [Rdelta (delta/ (1.9 yc)) ~B]J;

HS=2.84-0.92 (1-Cos[Pi a/R]);

Pc=4. /3 (R/Ep)~2 (Pi CISy/2)"3;

y =delta/yc;

Pep =Pc (EM (-1. /74y~ (5. /12)) y" (3. /2) +4/CIHS (1 -E" (-1. /25y~ (5. /79))) V);

Print[" "1;
Print ["P(te-0) = k1 (1.9 delta)*(3./2)/.delta>(1.9 yc) =", k1 (1.9yc)~(3./2), " [N]"1;
Print ["P(te+0) = Pep/.delta-»(1.9 yc) =", Pep/. delta- (1.9yc), " [N1"1;

Print[" "1;
eqep=Sinplify[lOxal pha-Cross[rC, G] -Cross[rA, {0, -Pep, 0}11[1[311;

sol ep = NDSol ve[{egep ==0, theta[te] == thetae, theta' [te] == onmegae},
theta, {t, te, Infinity}, MaxSteps - 10000,
Met hod -» {Event Locator, "Event" - theta' [t]}];

tm= | nterpol ati ngFuncti onDonai n[First [theta /. solep]][[1, -111;
t hetam= Chop[ (Eval uate[theta[t] /. solep]l /. t - tm[[1]1]1];
onegam= Chop[ (Eval uate[D[t heta[t] /. solep, t1] /. t - tm[[1]]1];
deltam=delta /. theta[t] ->thetam

Pm= -Pep /. theta[t] ->thetam

Print[" "]
Print ["end of el asto-plastic conpression = maxi mum conpression theta' [t]=omegam:=0"]
Print["tm=",tm " [s]"]

Print ["thetam = ", Chop[thetam], " [rad] = ", Chop[thetam] *180/Pi, " [deg]"]
Print ["omegam = ", Chop[onegam], " [rad/s]1"]

Print ["deltam = ", Chop[del tam], " [m]"]

Print["Pm = ", Chop[Pm], " [N]"]

Print[" "]

t het apl ot m= Pl ot [Eval uate[theta[t] /. sol ep] *180/Pi,
{t, te, tm}, AxesLabel -» {"t [s]", "theta[deg]"}, Pl ot Range -» Automati c]
onegapl ot m= Pl ot [Eval uate[D[theta[t] /. solep, t]], {t, te, tm},
AxesLabel -» {"t [s]", "omega[rad/s]"}, Pl ot Range » Automatic]
del tapl ot m= Pl ot [Eval uate[del ta /. sol ep], {t, te, tm},
AxesLabel - {"t [s]", "delta[m]"}, PlotRange -» Autonatic]
Ppl ot m= Pl ot [Eval uate[-Pep /. sol ep], {t, te, tm},
AxesLabel - {"t [s]", "P[N]1"}, Pl ot Range -» Autonati c]
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P(te-0) = k1 (1.9 delta)*(3./2)/.delta»(1.9 yc) = 679.5 [N]

P(te+0) = Pep/.delta- (1.9 yc) = 678.134 [N]

end of elasto-plastic conpression = maxi mum conpression theta' [t]=omegam:0
tm = 0.000138444 [s]
thetam = 0.523948 [rad] = 30.02 [deg]

omegam = 5.83227x10°° [rad/s]
deltam = 0. 000302783 [m]

Pm = -44161. [N]
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(»el astic restitutions)

del tanms = del tam/ yc;

deltar =deltam(1.02 (1 - ((deltams +5.9) /6.9)"-0.54));
Rr =1/ (deltam-deltar)”3 (3. /74 Pm/ Ep) "2,

kir =2/ (3 (1 -nu”~2)) E1 Sgrt [Rr];

Print["Rr =", R, " [m]"];
Print ["deltar = ", deltar, " [m]"];
Print ["klr =", kir, " "1;

Pir = {0, -k1r (delta-deltar)”1.5, 0};

Print[" "1;
Print ["P(tm0) = Pm=", Pm, " [N]"1;
Print ["P(tm0) = kir (deltam-deltar)”1.5 = ", P1r[[2]] /. theta[t] >thetam " [N]"1;

Print[" "1;
eqf =Sinmplify[l Oxal pha-Cross[rC, G] -Cross[rA, P1lr]]1[[3]11];

ttf 0. 0002196590448679869 - 0. 0000000084448679869;

sol f = NDSol ve[{eqf =0, theta[tm] == thetam theta' [tm] == onegam},
theta, {t, tm ttf}, MaxSteps - 10000,
Met hod -» {Event Locator, "Event" - (delta-deltar)}];

tf = Interpol ati ngFuncti onDomai n[Fi rst [theta /. solf1]1[[1, -1]1;
thet af = Chop[ (Eval uate[theta[t] /. solf] /. t - tf)[[1]11];
onegaf = Chop[ (Eval uate[D[theta[t] /. solf, t11 /.t > tf)[[111];
deltaf =delta/. theta[t] »thetaf;

P1f =P1r [[2]] /. theta[t] »thetaf;

t het apl otf = Pl ot [Eval uate[theta[t] /. solf]%180/Pi,
{t, tm tf}, AxesLabel -» {"t [s]", "theta[deg]"}, Pl ot Range » Automati c]
onegapl otf = Pl ot [Eval uate[D[theta[t] /. solf, t]], {t, tm tf},
AxesLabel - {"t [s]", "omega[rad/s]"}, Pl otRange » Automatic]
del taplotf =Pl ot [Eval uate[delta /. solf], {t, tm tf},
AxeslLabel - {"t [s]", "delta[m]"}, PlotRange - Autonatic]
Pplotf =Pl ot [Eval uate[Plr [[2]] /. solf], {t, tm tf},
AxesLabel -» {"t [s]", "P[N]"}, Pl otRange -» Automati c]

Print ["end of restitution delta=deltar=", deltar, " [m]"]
Print["tf =", tf, " [s]"]

Print["thetaf = ", thetaf, " [rad] = ", thetaf x180/Pi, " [deg]"]
Print ["onegaf = ", onegaf, " [rad/s]"]

Print ["deltaf = ", deltaf, " [m]"]

Print["Pf = ", Chop[P1f], " [N]"]

ef = - onegaf /onega0;

Print[" "]

Print ["e= - omegaf /onmega0 = ", ef]

= 0.0905921 [m]

- 0.000204082 [m]

4.50358 x 10*°

P(tmO0) = Pm= -44161. [N]

P(tm0) = klr (deltam-deltar)”1.5 = -44161. [N]
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end of restitution delta=deltar=0.000204082
tf = 0.000219651 [s]
thetaf = 0.523834 [rad] = 30.0135 [deg]

omegaf = -2.06545 [rad/s]

del taf = 0.000204082 [m]

Pf = -0.000023504 [N]

e= - omegaf /omega0 = 0.538437

(]
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Show[t het apl ot e, thetapl otm thetaplotf, Pl ot Range - Aut omati c]
Show[del t apl ot e, del tapl otm del tapl otf, Pl ot Range -» Aut onati c]
Show[Ppl ot e, Pplotm Pplotf, Pl ot Range - Automati c]

theta[deg]
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—-10000[

—20000[
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Print["Pc = 4. /3 (R/Ep)*2 (Pi CJ Sy/2)*3 =", PcJ, " [N1"1;
vc =Sqrt [4ycPc / (5m)];

Print["vc = Sgrt[4 yc Pc /(5 m] =", vc, " [nVsS]"1;
Print[" "1;

vs =v0y /vc;

Print["vs = vOy/vCc = ", vs];

eJ=1-0.1 Log[vs] ((vs-1)/59)".156;

Print["eJ = 1-0.1 Log[vs]((vs-1)/59)".156 =", eJ];



Pc

vC

VS

el

4./3 (R/Ep)*2 (Pi CJ Sy/2)"3 -

Pcd [N]

Sqgrt (4 yc Pc /(5 m] = 0.0238214 [nvs]

vOy/vc = 139.458

1-0.1 Log[vs]((vs-1)/59)". 156

= 0.435943
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