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6 Analytical Dynamics

6.1 Kane’s Dynamical Equations

A two-link kinematic chain is considered in Fig. 5.7. The bars 1 and 2 are
homogenuos and have the lengths L; = Ly = L. The masses of the rigid
links are m; = my = m and the gravitational acceleration is g.

The plane of motion is zy plane with the y-axis vertical, with the pos-
itive sense directed downward. The origin of the reference frame is at A.
The system has two degrees of freedom. To characterize the instantaneous
configuration of the system, two generalized coordinates ¢;(t) and g¢(t) are
employed. The generalized coordinates ¢; and g» denote the radian measure
of the angles between the link 1 and 2 and the horizontal z-axis.

There are two generalized speeds defined as

Uy = Ch and Ug = QQ. (61)

The mass centers of the links are designated by C1(x¢,, yc,,0) and Ca(xc,, Yoy, 0).
Kinematics
The position vector of the center of the mass C} of the link 1 is

e, = Zc,1 + Ycil,

where ¢, and y¢, are the coordinates of C

1 1 .
oy, = ?COS(]l, Yo, = 7811’1(]1.

The velocity vector of C is the derivative with respect to time of the position
vector of C

Ve, = I.'C'l = $C11 + yC1J7

where
. Ly, . . L.
Loy = =5 Gi1sing and  yc, = - d1cosqr,
or
Ll . Ll
Ve, = —7u1 smaq; 1+ 7u1 cosq1 J.

The acceleration vector of (') is the double derivative with respect to time
of the position vector of C

ac, = .I:C1 = jC1l + ?jClJ?
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where
. 1. . Ll .9
T, = —7(]1 simq; — 7611 Cos qq,
. Ll .. Ll .9 .
Yo, = 541 €CO8q1 — ¢ 811 (q,
2 2
or

L

o L Ly . L _
ac, = (— =iy singy — —u? cos q1) 1+ (i cos g, — —ulsingq) J.
2 2 2 2
The position vector of the center of the mass Cs of the link 2 is

rc, = ol + Yol

where z¢, and ye, are the coordinates of Cs
L L
Ty, = Lycosq + ?2 cosqe and Yo, = Lising + ?2 sin go.

The velocity vector of (5 is the derivative with respect to time of the position
vector of Oy
Ve, = i'Cz = a‘?C2l + yCz.]a

where
. . . 2. .
Tey, = —Li1¢ising; — - 42510 g2,

) ) Ly .
Yo, = L1¢i cosqi + ?fh COS g2,

or

. L ) L
ve, = (—Liug sing — ?Z'LLQ singa) 14 (Lyuy cos g + 72'1@ COS G2) J-

The acceleration vector of Cy is the double derivative with respect to time
of the position vector of Cy

ac, = 'I;CQ = '{Ii.CQl + QCZ.]7
where

y . . Ly . . Ly .
o, = —L1gising — LlQ% Ccos ¢ — ?Q2 S gg — qu COS (g2,

; . o . Ly .. Ly 5 .
Yo, = LiGicosqp — L1Q% sinq; + ?(D COS g2 — 7613 S111 G2,
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or

L L
ac, = (=Lt sing, — Lyu? cosqp — 727,'02 sin gy — 72713 COS@a) 1+

(Lyty cosqp — Llu% sin qq + [;112 CoS @ — [;u% sin ¢s) J.
The position vector of the end point D is
I'p = Tpl+Yp),
where
xp = Licosqy + Locosqy and yp = Lysing, + Lgsin qs.
The velocity of the end point D is
Vp =Tp = Ipl+YpJ,

where

i’D = _qul sin q1 — LQQQ sin qa2,

Yp = L1G1cos g1 + Laga c0s ga,
or
vp = (—Ljuy singy — Laussings) 1+ (Lyuy cos q1 + Laus cos gz) J.
The acceleration of the end point D is
ap =ftp = Ipl+ ypJ,
where

Ip = —LiGising — LlCﬁ cos q1 — LG sin ga — qu'S COs G2,

iip = L1di cosqu — L% sin q1 + Lada cos o — Lada sin go,
or

ap = (— Lyt sing — Liuf cos ¢y — Latia sin gu — Lou3 cos qz) 1+

(L1t cos qu — Lyu? sinqy + Lot cos qa — Lou3 sin gy) J.
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The angular velocity vectors of the links 1 and 2 are
wi = gk=uk and wy=¢k=uk.
The angular acceleration vectors of the links 1 and 2 are
a; =gk =1k and as =gk =uk.

The mass moment of inertia of the link 1 with respect to the center of
mass C] is
~ m LY
12
The mass moment of inertia of the link 1 with respect to the fixed point of
rotation A is

Ic

L1 2 mlL%
A cl+m1<2> 3

The mass moment of inertia of the link 2 with respect to the center of mass
CQ 18
mng
=
“7 1
Generalized inertia forces
The generalized inertia forces for a rigid body RB are

aVCG Oow

ou, + ou, (6.2)
where v is the velocity of the mass center RB, and w = w,1 4+ wy] + w.k
is the angular velocity of RB.

The inertia force for the rigid body RB is

Kin =

Fm =—-M aca, (63)

where M is the mass of RB, and acq is the acceleration of the mass center
of RB.
The inertia torque T}, for RB is

Ty, = —a-I—wx (I w), (6.4)

where ¢ = w = a,1 + ay) + ok is the angular acceleration of RB, and
I = (Ia)1+ (1,3); + (I.k)k is the central inertia dyadic of RB. The central
principal axes of RB are parallel to 1, j, k and the associated moments of
inertia have the values I, I,, I, respectively.
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e Link 1:
Fin1 - _mlacl -
Ll . . 2 . 2 .
—m1? {(—ul sing; — ujcosq) 1+ (g cosqy — ujsing) J} ,
_ myL?
T, =~y 1 = —ailg, = —%Ulk- (6~5>
e Link 2:
Fin2 - _mQaCQ -
L L
—My (—Llul sing; — Lluf cos q — 721'42 sin g — gug Cos q2> 1
L L
—My <L1u1 cos q — Llu% sin q; + ?2112 COS @ — gug sin qg) J
_ me L2
Tin, = —0 - b = —ale, = — 122 29k, (6.6)

The generalized inertia forces associated to ¢; and g, are

ove Ow, ove Owy
! 8%1 ! * 8u1 ! + 8U1 ? + 8u1 2
ove Ow ove Ows
? 3u2 ! + 8u2 ! + 8@62 2 + 8u2 ? ( )
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Generalized active forces
The weight forces on the links 1 and 2 are

G =myg ), acts at (Y,
Gy =mog J, acts at Ch.

The impact force act at the end point D
P = —sign(vp 1) u F1+ Fy,

where F' is the normal impulsive force and p is the coefficient of friction.
The generalized active forces associated to ¢; and ¢y are

ove ove Ovp
— LG 2 .G . p
1 ou, 1+ Duy 2+ Dus ;
(‘3vc aVC avD
= LG 2. G — - P.
Q2 8u2 1+ 8u2 2+ 8u2
The Kane’s dynamical equations are
Ky, +Q, =0, r=12. (6.8)

The solution of the system is obtained from Kane’s dynamical relations
Eq. (6.8) and from kinematical relations Eq. (6.1) with the initial conditions
q10 = q1(0), g20 = ¢2(0), u10 = u1(0), and ugy = u5(0).
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6.2 Lgrange’s Equations of Motion

Kinetic energy
The kinetic energy of the link 1 which is in rotational motion is

1 1 1 mL? mL?
1 5 A W1 1 9 Ay 573 q; 6 qi
where [, is the mass moment of inertia about the center of rotation A,

IA = mL2/3
The kinetic energy of the bar 2 is due to the translation and rotation and
can be expressed as

1 1 1 ) 1
T = 5102 Wi - w + §m2 Ve, Ve, = 5[02(]% + §m2 Ve, t Ve,

where /¢, is the mass moment of inertia about the center of mass C; and

) 1 . ..
Ve, t Vo, = V%Q = L? qf + = L2 q% + L% ¢o cos(q2 — q1).

4
Equation (6.9) becomes
1mL? , 1 o 1. .
T = 5 13 G + EmLQ {C]f T G5 + 1 G2 cos(ga — 91)} :

The total kinetic energy of the system is

2

mL . .. .
T'=T+1T, = [4Q%+3CJ1 42 COS(C]2—Q1)+(1§} .

The left hand sides of Lagrange’s equations 07'/dq;, i = 1,2 are

or  mL?* . :
o0~ 6 [8¢1 + 342 cos(g2 — q1)]
or mlL* _. .
90 G [3¢1 cos(g2 — q1) + 2¢2] -
The two Lagrange’s equations are
d (ory_or _,
dt\o@) oq <"

d (0T oT
M<%)—a%—Q% (6.9)
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where the generalized active forces associated to ¢; and ¢, are

orgo ore. orp

= LG 2. G — - P

o Iq o Iq 2 Iq ’
19, Yo! Jorc orp

= LG+ —2 -Gyt — - P.
@ g2 ' g2 ? gy



