6 Dynamics of a Double Pendulum

A two link kinematic chain (double pendulum) is considered, Fig. 6.1. The
links 1 and 2 have the masses m; and ms and the lengths L; and Ls. The
system is free to move in a vertical plane. The local acceleration of gravity
is g. Numerical application: m; = my = m=1 kg, L1 = Ly, = L =1 m, and
9=9.8 m/s?.

Equations of Motion

The plane of motion is xy plane with the y-axis vertical, with the positive
sense directed upward. The origin of the reference frame is at A The mass
centers of the links are designated by C}(zc1,yc1,0) and Co(zea, Yoo, 0).

Generalized coordinates

The number of degrees of freedom for the mechanism can be computed
using the relation

M = 3n — 2¢5 — ¢4,

where n is the number of moving links, ¢5 is the number of pin joints or slider
joints with one degree of freedom, and ¢4 is the number of pin joints or slider
joints with two degrees of freedom.

In our case, n = 2, ¢5 = 2, ¢4 = 0, and the mechanism has two degrees
of freedom, M = 2, and two generalized coordinates. One can choose the
angles ¢1(t) and go(t) as the generalized coordinates (Fig. 6.1).

Kinematics

The position vector of the center of the mass C; of the link 1 is

r01 = xcll + yCL]? (61>
where x¢, and y¢, are the coordinates of C

Ly Ly

To, = 5 cos q1, Yo, = 7sin qi. (6.2)

The position vector of the center of the mass C5 of the link 2 is

'c, = gyl + Ycol, (63>

where ¢, and y¢, are the coordinates of Cf

L . Ly .
xo, = Lycosq + ?2 COS G2, Yo, = Lysing + ?2 sin ¢o. (6.4)



The velocity vector of C is the derivative with respect to time of the
position vector of C

Ve, = Top = Tl + Yo, (6.5)
where . .
T, = _?191 singi, Yo, = ?lql COS ¢ - (6.6)

The velocity vector of Cy is the derivative with respect to time of the
position vector of Cy
Ve, = Top = Loyl + Yo,), (67>
where

. o Ly . .
Tey, = —Ligising — 7% S111 G2,

(6.8)
. . 2 .
Yo, = L1gi cosqq + 7(]2 COS @3-

The acceleration vector of C'; is the double derivative with respect to time
of the position vector of C}

ac, = -I:Cl = i’cll + yclj, (69)
where
. Ll . Ll .92
Tc, = —?Ch sSmq; — ?% CoSs q1,
L Ly (6.10)

. .. 2 .
Yo, = ?(h COSq1 — 7611 Sl g .
The acceleration vector of C is the double derivative with respect to time

of the position vector of Cy

ac, =To, = To,1 + Youl, (6.11)

where

. - . Ly, | Ly .
i, = —Ligising — Ligi cosqr — *2612 Smqp — *22 qg COS g2,
I Ly (6.12)

jjo, = L1Gy cos g1 — Ligi sin gy + ?2(12 COS g2 — qu S1n ga.
The angular velocity vectors of the links 1 and 2 are

Wi = qlk, Wy — QQk (613)



The angular acceleration vectors of the links 1 and 2 are
o = qlk, Oy = QQk (614)

Force analysis
The gravitational forces of the links 1 and 2 are

Gi = —myg), Gy = —mag). (6.15)

The mass moments of inertia of the link 1 with respect to the center of
mass C] is
. mlL%
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The mass moments of inertia of the link 1 with respect to the fixed point of
rotation A is

Ic
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The mass moment of inertia of the link 2 with respect to the center of
mass C5 is

IA:[Cl+m1(
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Newton-Euler equations of motion
In this section the equation of motion for the mechanism is solved using
the Newton-Euler method. There are two rigid bodies in the system and
one can write the Newton-Euler equations for each link using the free body
diagrams shown in Fig. 6.2 .

Io, =

a. Link 1

The Newton-Euler equations for the link 1 are
mlacl = FOI + F21 + Gl, (616)
Icla =Trca X F01 +re, B X F21, (617)

where Fg; is the joint reaction of the ground 0 on the link 1 at point A, and
F; is the joint reaction of the link 2 on the link 1 at point B

Foi = Foio1 + Fory), For = Fop1 + Foyy).



Since the link 1 has a fixed point of rotation at A the moment sum about
the fixed point must be equal to to the product of the rod mass moment of
inertia about that point and the rod angular acceleration. Thus

Inaa =r1a0, X Gy +rap x Foy, or (6.18)
1 J k 1 ] k

mL?
lqlk: Toy Yo, 0|4+ | xp yg 0], or

3
0 —mg O Foip Fyy O
mL} .
5 ik = (—migze, + Fayaep — Forys)k.

The equation of motion for link 1 is

mL? L )
3 L g1 = <—m1g21 cos q1 + Fo1yLy cos g1 — Fop Ly sin ql) ) (6.19)

b. Link 2
The Newton-Euler equations for the link 2 are

meac, = Fia + G,

ICza2 =Trc,B X Fl?; (620>
where Fi5 = —F5; is the joint reaction of the link 1 on the link 2 at B.
Equation (6.20 can be written as
MaZc, = —Foug,
malc, = _F21y —mag,
k
mL3 . ! J
122 Gk =\|rp—2c, Yyp—vyc, 0], (6.21)
—Foi, —Fy, 0
or
. ) Ly .. . Ly .
my (—thh singy — L1g; cosq1 — ?2612 sinqa — ?2613 cos CI2>
= —Foa, (6.22)
. 9 . Ly . Ly o .
Mo <L1Q1 cosqr — Lig; singy + 72612 COS @ — ?QCI% sin QQ)
= —Fhy —may, (6.23)
mL2 . L .
122 Go = ?2 (—Fo1y cos qa + Fopsings) . (6.24)

4



The reaction components Fyy, and Fy, are obtained from Egs. (6.22)(6.23)

. . Ly .. . L .
Fy1p = mo (L1Q1 sing; + L7 cosqp + 72612 sin ¢ + ?qu cos CI2> ,(6.25)

. o . L . Ly ., .
Fyy = —mo <L1Q1 cosqr — Lig; singy + 72612 COS @ — ?261% sin 612> +

ms g. (6.26)

The equations of motion are obtained substituting Fs, and Fy;, in Eq. (6.19)
and Eq. (6.24 )

mL? . L
= —M1Gg— COS (] —
3 q1 19 9 q1

.. 9 . Lo . Ly ., .
mao (Ll(h cosqr — LIQ% sing; + ?2(]2 COsqa — 72(15 sSingo — 9) Ly cosqr —

. ) Ly .. . Lo . .
Mo <L1q1 sinq; + LG cos q + 72q2 sin ¢s + 72(]% coS q2> Lysing, (6.27)

mL3 .

12 G2 =
me L . o . Lo . Ly , .

22 = (L1Q1 cosqi — L1g; sin gy + 72612 CoS g — 32613 sin g — g) cos g2 +
my L . ) Ly .. . Ly . )

22 2 (LIQI sing + L1 cos g1 + ?26]2 sin gz + fqg cos Q2> sin g. (6.28)

The eqautions of motion represent two nonlinear differential equations. The
initial conditions (Cauchy problem) are necessary to solve the equations At
t = 0 the initial conditions are

¢1(0) = q10, ¢2(0) = q20, G1(0) = dro, §2(0) = ¢



