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4 Velocity and Acceleration Analysis

4.1 Introduction

The motion of a rigid body (RB) is defined when the position vector, velocity
and acceleration of all points of the rigid body are defined as functions of
time with respect to a fixed reference frame with the origin at O,.

Let 19, J, and kg, be the constant unit vectors of a fixed orthogonal
Cartesian reference frame xg029 and 1,J and k be the unit vectors of a body
fixed (mobile or rotating) orthogonal Cartesian reference frame zyz (Fig. 4.1).
The unit vectors 19, ], and kg of the primary reference frame are constant
with respect to time.

A reference frame that moves with the rigid body is a body fized (or mo-
bile) reference frame. The unit vectors 1,3, and k of the body fixed reference
frame are not constant, because they rotate with the body fixed reference
frame. The location of the point O is arbitrary.

The position vector of a point M (M €(RB)), with respect to the fixed
reference frame zoypzp is denoted by r; = rp,n and with respect to the
mobile reference frame Ozyz is denoted by r = rpys. The location of the
origin O of the mobile reference frame with respect to the fixed point Oy is
defined by the position vector ro = rp 0.

Then the relation between the vectors ry, r and r is given by

ri=ro+r=ro+zx1+yj+ zk, (4.1)

where x, y and z represent the projections of the vector r = rpy, on the
mobile reference frame: r =z1+yj+ zk.

The magnitude of the vector r = rpy is a constant as the distance be-
tween the points O and M is constant (O €(RB) and M €(RB)). Thus, the
x, y and z components of the vector r with respect to the mobile reference
frame are constant. The unit vectors 1,) and k are time-dependent vector
functions.

The vectors 1, and k are the unit vector of an orthogonal Cartesian reference
frame, thus one can write

1-1=1, j3-3=1, k-k=1, (4.2)

1-J=0, 3-k=0, k-1=0. (4.3)
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4.2 Velocity Field for a Rigid Body

The velocity of an arbitrary point M of the rigid body with respect to the
fixed reference frame xgyyzg, is the derivative with respect to time of the
position vector rq

dI‘1 dI‘OO M
V=— =
dt dt

where vp = 1o represent the velocity of the origin of the mobile reference
frame O1x1y;2; with respect to the fixed reference frame Ozyz. Because all
the points in the rigid body maintain their relative position, their velocity
relative to the mobile reference frame zyz is zero, i.e., t =y = 2 = 0.

The velocity of point M is

=1 =TFo 4T =vo+ai+yj+ 2k + i1+ + 2k, (4.4)

V:V0+xi+yj—|—zk.
The derivative of the Eqgs.(4.2) and (4.3) with respect to time gives
i-1=0, j-3=0, k-k=0, (4.5)
and . _
i-J+j-1=0, j-k+k-3=0, k-1+i-k=0. (4.6)
For Eq.(4.6) one can introduce the convention
1-]=—) - 1=ws,
jk=-k-y=uw,
k1= —i-k=uw, (4.7)

where w,, w, and w, may be considered as the projections of a vector w,
W = Wyl + wy) + cqzk.
To calculate 1, j, k one can use the relation for an arbitrary vector v

v=uv1+uv)+tuk=(v-1)1+(v-)) 1+ (v-kk (4.8)
Using Eq.(4.8) and the results from Eqs.(4.5) and (4.6) one can write
i = (i01+3G93+G Kk
= (0)1+ (W)= (wy) k
1 ] k

= | Wy Wy Wy |=wXl,
1 0 0
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b= G-y+0Ga1+0G-kk
= (w14 0+ (@) k

1 )] k
= | Wy Wy w, |=wx],
0 1 0
k = (k-a)i+(kg)a+(k-k)k (4.9)
= (wy)1—(w))+ (0)k
1 ] k
= |wy wy w, | =wxk
0 0 1
The relations ‘
i=wx1, j=wx]), k=wxk (4.10)

are known as Poisson formulas.
Using Eqs.(4.4) and (4.10) one can obtain

Vv=vot+trwxX1+yw x ]+ 2w xk=vp+wx (r1+yj+ 2k),

or
V=vptwXr. (4.11)

Combining Eqgs.(4.4) and (4.11) it results
I =wXT. (4.12)

Using Eq.(4.11) one can write the components of the velocity as

Uy = Voz+ fWy — YWz,
Vy = Voy T ITW, — 2Wy,
V, = Vot Ywy — Twy.

The relation between the velocities vy, and v of two points M and O on
the rigid body is
Vi = Vo +w X o, (4.13)

or
Vi = vo + v, (4.14)
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where vi%, is the relative velocity, for rotational motion, of M with respect
to O and is given by
Ve = Vo = w X oy (4.15)

The relative velocity vj;o is perpendicular to the position vector royy,
vyo L roa, and has the direction given by the angular velocity vector w.
The magnitude of the relative velocity is |vao| = varo = wron-
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4.3 Acceleration Field for a Rigid Body

The acceleration of an arbitrary point M €(RB) with respect to a fixed
reference frame Ogrgyozo, represents the double derivative with respect to
time of the position vector ry

dv d

V== %(VO%—wxr) = —Vot+—WXr+wxX —r = Vo+wXr+wXr.

dt O dt dt
(4.16)

The acceleration of the point O with respect to the fixed reference frame
Ooxoyozo 1S

a:f'lz

ap = Vo = I‘O (417)
The derivative of the vector w with respect to the time is the vector a given
by

a = w=wl+tw)+twk+witwj+wk (4.18)
= ot o) t+aktwwxi+wwxjtwwxk

= o1+ oy)t+ak+wxw=a1+a,)+ ok

where a, = w,, 0y = wy, and a, = w,.
In the previous exprerssion the Poisson formulas

i=wx1, J=wx], k:ka,

have been used.
Using Eqs.(4.16), (4.17) and (4.18) one can write the acceleration of the
point M as
a=aptaxr+wx(wxr). (4.19)

Using Eq.(4.19) one can write the components of the acceleration as

a; = Qo+ (20 —ya,) + wy (Yw, — 2wy) + w, (2w, — 2w,) ,
ay, = aoy+ (ra, — zoy) + w, (2w, — Yw,) + w, (Twy — Yw.) ,
a, = ao,+ (Yo, — ray) + w, (2w, — 2wy) + wy, (Yyw, — 2wy) .

The relation between the accelerations a); and ap of two points M and
O on the rigid body is

ay =apt+axroy+wx (wxXroy). (4.20)
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In the case of planar motion
wx (wxToy) = —wTon,
and Eq. (4.20) becomes
ay =ap+axroy —wroy. (4.21)
Equation (4.22) can be written as

ay = ap + aliy, (4.22)

where a}5), is the relative acceleration, for rotational motion, of M with

respect to O and is given by
rel __ o an t
aj;o = ayo = ayo + ay0- (4.23)
The normal relative acceleration of M with respect to O is
alyp =w X (wXxron), (4.24)

is parallel to the position vector roys, al,o|[ron, and has the direction to-
wards the center of rotation, from M to O. The magnitude of the normal
relative acceleration is
2 Vo
[@5s0l = ahio = W ron = "

The tangential relative acceleration of M with respect to O is
al;p = a x roy, (4.25)

is perpendicular to the position vector roy, al,o L ron, and has the direc-
tion given by the angular velocity a. The magnitude of the normal relative
acceleration is

a0l = dyo = aron.
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REMARKS

1. If the orientation of a rigid body RB in a reference frame RF{ depends
on only a single scalar variable ¢, there exists for each value of ¢ a vector w
such that the derivative with respect to ¢ in RFj of every vector c fixed in
rigid body RB is given by

— =wXc, 4.26
o (4.26)
where the vector w is the rate of change of orientation of the rigid body RB
in the reference frame RFy with respect to ¢. The vector w is given by

da " db
w=dc__d¢ (4.27)
da
d¢
where a and b are any two nonparallel vectors fixed in the rigid body RB.
The vector w is a free vector, i.e. is not associated with any particular
point. With the help of w one can replace the process of differentiation with
that of cross multiplication.

The vector w may be expressed in a symmetrical relation in a and b

da db db da
[EEx 2 S22
w— 2|4 d¢  d¢  d¢

2| Tda b
¢ ¢

(4.28)

a

2. The first derivatives of a vector p with respect to a scalar variable ¢
in two reference frames RF; and RF} are related as follows
Wdp @dp
¢ d¢
where w;; is the rate of change of orientation of RF; in RFj with respect to

Uy
¢ and ¥ Cp is the total derivative of p with respect to ¢ in RFj.
Proof

+ wij X P, (429)
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The vector p can be expressed as
P = pil1 + P21z + p3i3,

where 11, 19, 13 are three units vectors not parallel to the same plane fixed in
RF;, and p,, py, p. are the scalar measure numbers of p. Differentiating in
RF;

@Wdp g
i dc (p111 + pat2 + p313)
@ py D py D py @Dy @1, @1,
= ac L+ i 12 + ic 13 + 1 ac + D2 ic + D3 ac

dp211 dp212+ dps3
d¢ d¢ d¢
W py W d p, Wd py

13 —|—p1wz~j X 17 —f-png‘j X 19 —|—p3wij X 13

= ic 11 + i I + dc 13 + w;j X (p111 + palo + psig)
@dp

3. The angular velocity of a rigid body RB in a reference frame RFj is
the rate of change of orientation with respect to the time ¢

dade dbxda . .
BT B :
we g |t | (XD BXA)
2 da db >\ a-b A

wP e

The direction of w is related to the direction of the rotation of the rigid body
through a right-hand rule.
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4. Let RF;, v+ =1,2,...,n be n reference frames. The angular velocity of
a rigid body r in the reference frame RF;,, can be expressed as

Wrp = Wr + Wi +Wog + ...+ W1

Proof
Let p be any vector fixed in the rigid body. Then
Odp
= Wy X
at it P
(i_l)d p
= Wr;—1 X P.
at ot P
On the other hand
Bd (-1 g
L p + Wii-1 X P.

dt dt

Hence
Wri X P =Wri—1 XP+ w1 XP,

as this equation is satisfied for all p fixed in the rigid body

Wy = W1 + Wi i1 (4.31)
With ¢ = n, Eq. (4.31) gives

Wyp, = Wy o1 + Wypo1. (4.32)
With i =n — 1, Eq. (4.31) gives

Wrn1 = Wy + Wno 102 (4.33)
Substitute Eq. (4.33) into Eq. (4.32)
Wrp = Wrp-2 T Wp_1p—2 + Wnp_1.

Next use Eq. (4.31) with ¢ = n — 2, then with i = n — 3, and so forth.
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4.4 Motion of a Point that Moves
Relative to a Rigid Body

A reference frame that moves with the rigid body is a body fixed reference
frame. Figure 4.2 shows a rigid body (RB), in motion relative to a primary
reference frame with its origin at point Og, zoyozo. The primary reference
frame is a fixed reference frame or an earth fixed reference frame. The unit
vectors 1y, Jo, and ko of the primary reference frame are constant.

The body fixed reference frame, xyz, has its origin at a point O of the
rigid body (O € (RB)), and is a moving reference frame relative to the
primary reference. The unit vectors 1,J, and k of the body fixed reference
frame are not constant, because they rotate with the body fixed reference
frame.

The position vector of a point P of the rigid body (P € (RB)) relative
to the origin, O, of the body fixed reference frame is the vector rop. The
velocity of P relative to O is

drop
dt

where w is the angular velocity vector of the rigid body.

The position vector of a point A (the point A is not assumed to be a
point of the rigid body, A ¢ (RB)), relative to the origin Oy of the primary
reference frame is, Fig. 4.2

rel

rq=rop-+r,

where
r=ros=x1+yj+zk

is the position vector of A relative to the origin O, of the body fixed reference

frame, and x,y, and z are the coordinates of A in terms of the body fixed

reference frame. The velocity of the point A is the time derivative of the

position vector r4

dro |, dr

dt dt
dx dr dy dy dz dk

I B T
Vor ' T T T Tt T

Using Poisson formulas, the total derivative of the the position vector r is

) S : .
E:r:xl—i—y‘]—i—zk—i—wxr.

rel

V4 = =Vo+Vyo =



Figure 4.2
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The velocity of A relative to the body fixed reference frame is a derivative in
the body fixed reference frame

@)dr  dxr  dy dz . ) )
Vﬁwa:‘jg*:’@1+gﬂ+jﬁk:x“+w+¢h (4.34)
A general formula for the total derivative of a moving vector r may be written
as

dr  @3dr
- = 4.35
i ar Orn (4.35)
dr Odr o .
where — = is the derivative in the fixed (primary) reference frame (0)

d dt
(zyz
(z0Yo20), and

reference frame (zyz).
The velocity of the point A relative to the primary reference frame is

Jdr

is the derivative in the mobile (rotating or body fixed)

V4 =vVo+ Vif(lxyz) +wxr, (4.36)

Equation (4.36) expresses the velocity of a point A as the sum of three terms:
e the velocity of a point O of the rigid body,
rel

e the velocity v, ., of A relative to the rigid body, and
e the velocity w x r of A relative to O due to the rotation of the rigid body.

The acceleration of the point A relative to the primary reference frame is
obtained by taking the time derivative of Eq. (4.36)

ajs = ap+auo,
rel rel

a0 + a4y T2W X Vi ) FaxXT+wX (wxr), (4.37)

where

@Ry Px Py Pz
rel _ —
M) = g =g gt T (4.38)
is the acceleration of A relative to the body fixed reference frame or relative
to the rigid body. The term

cor o rel
AY(pyz) = 2w X VA(zyz)-
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is called the Coriolis acceleration. The direction of the Coriolis acceleration
is obtained by rotating the linear relative velocity vff(lxyz) through 90° in the
direction of rotation given by w.

In the case of planar motion, Eq. (4.37) becomes

asg = ap+tapa,

rel

+2w X Vil T axr—uwr, (4.39)

= ap-+ aif’(lxyz)
The motion of the rigid body (RB) is described relative to the primary
reference frame. The velocity v4 and the acceleration a4 of point a point A
are relative to the primary reference frame. The terms Vif(lxyz) and aif(lxyz) are
the velocity and acceleration of point A relative to the body fixed reference
frame i.e., they are the velocity and acceleration measured by an observer
moving with the rigid body, Fig. 4.2.

If A is a point of the rigid body, A € RB, V4. = 0 and az, = 0.

Motion of a point relative to a moving reference frame

The velocity and acceleration of an arbitrary point A relative to a point
O of a rigid body, in terms of the body fixed reference frame, are given by
Egs. (4.36) and (4.37)

rel

Vg4 =Vpo+ Va0 +w X Troay, (440)

rel rel

as=apt+ayt2wxVvip+taxros+wx (wxrpas). (4.41)

These results apply to any reference frame having a moving origin O and
rotating with angular velocity w and angular acceleration o« relative to a
primary reference frame (Fig. 4.2). The terms v4 and a4 are the velocity and
acceleration of an arbitrary point A relative to the primary reference frame.
The terms v’ and a’g, are the velocity and acceleration of A relative to the
secondary moving reference frame i.e., they are the velocity and acceleration
measured by an observer moving with the secondary reference frame. The

Coriolis acceleration is a§h = 2w x v,
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4.5 Problems

Problem 4.1: four-bar mechanism

The four-bar mechanism shown in Fig. P4.1 has the dimensions:
AB=CD=0.04 m and AD=BC=0.09 m. The driver link AB rotates with
a constant angular speed of 120 rpm. Find the velocities and the acceler-
ations of the four-bar mechanism for the case when the angle of the driver
link AB with the horizontal axis is ¢$=30°. For ¢=30° the position of the
mechanism is given by: xp=0.034641 m, y3=0.02 m, x-=0.103859 m, yo=-
0.0375222 m, ¢9=-39.7274°, ¢3=-69.7274°.

Results
15=-0.251327 m/s, yp=0.435312m/s, ©p=-5.47029 m/s?, {jp=-3.15827 m/s?
1c=-0.884619 m/s, §o=-0.32675m/s, ©c=3.84741 m/s?, jc=25.1222 m/s?
w2:<;:52:—11.0095 rad/s, agzg:b:2:307.84 rad/s?,
w3=p3=-23.5759 rad /s, a3=¢3=307.84 rad/s>.

Problem 4.2: slider crank mechanism

The slider crank mechanism shown in Fig. P4.2 has the dimensions: AB =
0.1 m and BC' = 0.2 m. The driver link 1 rotates with a constant angular
speed of n = 60 rpm. Find the velocity and acceleration of the slider 3 when
the angle of the driver link with the horizontal axis is ¢ = 45°. For ¢p=45° the
position of the mechanism is given by: x5=0.0707107 m, yp=0.0707107 m,
rc=0.257794 m, yo=0 m, ¢o=-0.361367 rad.

Results
1p=-0.444288 m /s, yp=0.444288 m /s, ¥p=-2.79155 m/s?, {jp=-2.79155 m/s?,
1c=-0.612213 m/s, yo=0 m/s, ic=-2.94227 m/s? {jc=0 m/s?
Wo=hy=-2.37482 rad /s, ay=ch,=12.7898 rad/s>.

Problem 4.3: R-RRR-RRT mechanism

A planar mechanism is shown in Fig. P4.3. The following data are
given: AB=0.150 m, BC'=0.400 m, CD=0.370 m, CE=0.230 m, EF=CF,
L,=0.300 m, L,=0.450 m, and L.=C'D. The constant angular speed of the
driver link 1 is 60 rpm. Find the velocities and the accelerations of the
mechanism for ¢=¢,;=30°. For ¢=30° the position of the mechanism is given
by: xp=0.129904 m, yp=0.075 m, rc=-0.0689445 m, y-=0.422073 m,
rEp=-0.298288 m, yr=0.404712 m, zp=-0.37 m, yp=0.186177 m, ¢o=-
1.05052 rad, ¢3=0.0755515 rad, ¢,=1.25372 rad.

Results
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ip=-0.471239 m/s, yp=0.81621 m/s, &p=-5.1284 m/s? {ip=-2.96088 m/s2,
#0=-0.0788027 m/s, §c=1.04105 m/s, ic=2.87595 m/s% jjc=1.03567 m/s?,
ip=-0.127788 m/s, §5=1.68819 m/s, ip=4.66371m/s2, {jp=1.67947 m/s?,
ip=0m/s, §r=1.64625m/s, ip=0m/s?, §jr=3.29262 m/s?,
Wy=p=-1.1307 rad /s, qa=¢»=-22.33 rad/s?,

wy=hs=-2.82169 rad/s, az—3—-2.20443 rad/s>.

wi=3=0.58475 rad/s, ay=ps=-21.453 rad/s>.

Problem 4.4: R-RRR-RTT mechanism

The R-RRR-RTT mechanism is shown in Fig. P4.4. The following data
are given: AB=0.080 m, BC'=0.350 m, C £=0.200 m, C' D=0.150 m, L,=0.200 m,
L,=0.350 m, and L,=0.040 m. The driver link 1 rotates with a constant
angular speed of n = 300 rpm. Find the velocities and the accelerations
of the mechanism when the angle of the driver link with the horizontal
axis is ¢=155°. For ¢=155° the position of the mechanism is given by:
xp=-0.0725046 m, yp=0.0338095 m, x>=0.254847 m, y-=0.157668 m,
xp=0.295983 m, yp=0.0134181 m, ¢$2=0.361716 rad, ¢3=-1.293 rad.

Results
15=-1.06216 m/s, yp=-2.2778 m/s, ip=71.5592 m/s? ijp=-33.3686 m/s?,
Tc=-1.73662 m/s, 1c=-0.495228 m/s, #c=37.3878 m/s?, ijc=27.6173 m/s?,
Tp=-3.03908 m/s, yp=-0.866649 m/s, ip=65.4287 m/s?, §p=48.3303 m/s?,
wo=hy=5.44543 rad /s, rp=3=197.52 rad /s?,
w3=h3=-9.0292 rad /s, a3=p3=217.641 rad/s2.

Problem 4.5

The mechanism in Fig. P4.5 has the dimensions: AB=200 mm, AC=600 mm,
BD=1000 mm, L,=150 mm, and L,=250 mm. The driver link 1 rotates with
a constant angular speed of n=60 rpm. Find the velocities and the accel-
erations of the mechanism for ¢p=¢,=120°. For ¢=120° the position of the
mechanism is given by: zp=-0.1 m, yp=0.173205 m, £¢=-0.6 m, yc=0 m,
2p=-1.04491 m, yp=-0.154122 m, ¢»=0.333473 rad, ¢5=0.940376 rad.

Results
1p5,=-1.08828 m/s, yp,=-0.628319 m/s, ip5,=3.94784 m/s? ijp,=-6.83786 m/s?
Vo,0s=-1.23399 m /s, wy=-0.448799 rad /s, & p,=-1.23518 m/s, §p,=-0.204243 m/s,
4 e,,=0.362557 m/s*, aFe,,=1.04661 m/s®, ac,c,=1.59873 m/s?*, az=-
16.7458 rad /s?, i p,=-1.34318 m/s?, §jp,=9.05135 m/s?, vp, p,=0.893105 m/s,
ws=-1.75371 rad/s, a5 p,,=2.53037 m/s?, af5rp,,=1.84656 m/s?, ap,p,=-
4.98108m/s?, az=-6.57248 rad /s
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Problem 4.6

The mechanism in Fig. P4.6 has the dimensions: AB=150 mm, AC'=350 mm,
BD=530 mm, DE=300 mm, FF=200 mm, L,=55 mm, and L,=125 mm.
The constant angular speed of the driver link 1 is n=30 rpm. Find the veloc-
ities and the accelerations of the mechanism for ¢p=¢;=120°. For ¢p=120° the
position of the mechanism is given by: xp=-0.075 m, yp=0.129904 m, xp=-
0.554223 m, yp=-0.0964704 m, xp=-0.482421 m, yr=0.19481 m, ¢»=0.441306 rad,
?4=1.32911 rad, ¢5=-0.356559 rad.

Results
15=-0.408105m/s, yp=-0.235619 m/s, Zp=0.74022 m/s?, jjp=-1.2821m/s?
VOy e =0.42465 m /S, V0,0, =0.200595 m/s, wo=-0.127362 rad /s, ws,=-1.16943 rad /s,
ws=1.37953 rad /s, 75=-0.0963053 m/s, y£=-0.258552 m/s, a%,,=0.0510963 m/s?,
aFre,,=-0.108168 m /s, crp=-5.24453 rad /s*, 40,00 =-0.114494 m/5*, a0y =-
0.0540842 m/s?, & p=-0.439231 m/s?, jjp=1.23487 m/s?, cy=-3.94679 rad/s?,
a5=-3.66019 rad/s?, #=0.612199 m/s? §5=0.553139 m/s*.

Problem 4.7

The dimensions of the mechanism shown in Fig. P4.7 are: AB=200 mm,
AC=300 mm, C'D=500 mm, DFE=250 mm, and L,=400 mm. The constant
angular speed of the driver link 1 is n=40 rpm. Find the velocities and
the accelerations of the mechanism when the angle of the driver link 1 with
the horizontal axis is ¢p=60°. For ¢=60° the position of the mechanism is
given by: rp=0.1 m, yp=0.173205 m, xp=-0.758831 m, yp=-0.19868 m,
rp=-0.7T m, yp=0.0442993 m, $»=0.408638 rad, ¢,=1.33324 rad.

Results
tp,=-0.72552 m/s, y5,=0.418879 m /s, ¥p,=-1.7546 m/s?, {jp, =-3.03905 m /s?,
2p=0.30661 m/s, yp=-0.708086 m/s, 7p=0.841861 m/s?, jjp=1.05257 m/s?,
tp=0m/s, yp=-0.633848 m /s, =0 m/s?, §jp=0.846817 m/s?, wa=chr=1.54324 rad/s,
Qry=0hy=-1.26276 rad/s?, w;=p3=1.26188 rad/s, ay=¢3=3.0792 rad/s2.

Problem 4.8

The dimensions of the mechanism shown in Fig. P4.8 are: AB=180 mm,
AC=90 mm, and C'D=200 mm. The constant angular speed of the driver
link 1 is n=180 rpm. Find the velocities and the accelerations of the mech-
anism for ¢=¢;=60°. For ¢=60° the position of the mechanism is given
by: xp=0.09 m, yp=0.155885 m, zp=-0.16138 m, yp=-0.19868 m, rg=-
0.7 m, yp=-0.0281381 m, ¢»=0.631914 rad, ¢,=0.172624 rad.
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Results
ip,=-2.93835 m/s, §p,=1.69646 m/s, i, =-31.9775 m/s%, {jp, =-55.3867 m/s?,
ip,=3.28823 m/s, yp,=-4.4918 m/s, ip,=178.405 m/s, §jp,=18.6037 m/s?,
wo=hy=27.8338 rad /s, co=hy=451.854 rad /s2, wy=c3=30.4604 rad /s, as=c3=992.942 rad /s2.
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