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3 Velocity and Acceleration Analysis

3.1 Introduction

The motion of a rigid body (RB) is defined when the position vector, velocity
and acceleration of all points of the rigid body are defined as functions of
time with respect to a fixed reference frame with the origin at O,.

Let 19, J, and kg, be the constant unit vectors of a fixed orthogonal
Cartesian reference frame Ogxoyozo and 1,3 and k be the unit vectors of a
mobile (body fixed) orthogonal Cartesian reference frame Oxyz (Fig. 3.1).
The unit vectors 19, ], and kg of the primary reference frame are constant
with respect to time.

A reference frame that moves with the rigid body is a body fized (or mo-
bile) reference frame. The unit vectors 1,3, and k of the body fixed reference
frame are not constant, because they rotate with the body fixed reference
frame. The location of the point O is arbitrary.

The position vector of a point M (M €(RB)), with respect to the fixed
reference frame Oyzoyozo is denoted by r1 = ro,n and with respect to the
mobile reference frame Ozyz is denoted by r = rpy. The location of the
origin O of the mobile reference frame with respect to the fixed point Oy is
defined by the position vector ro = rp,0.

Then the relation between the vectors ry, r and ry is given by

ry =rop+r=rp+x1+y)+ 2k, (3.1)

where z, y and z represent the projections of the vector r on the mobile
reference frame.

The magnitude of the vector r = rpy is a constant as the distance be-
tween the points O and M is constant (O €(RB) and M €(RB)). Thus, the
x, y and z components of the vector r with respect to the mobile reference
frame are constant. The unit vectors 1,) and k are time-dependent vector
functions.

The vectors 1, and k are the unit vector of an orthogonal Cartesian reference
frame, thus one can write

1-1=1, j3-3=1, k-k=1, (3.2)

1-.J=0, 3-k=0, k-1=0. (3.3)
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3.2 Velocity Field for a Rigid Body

The velocity of an arbitrary point M of the rigid body with respect to the
fixed reference frame Ozgyozg, is the derivative with respect to time of the
position vector ry. One can write

dry . . . o o
v:d—tl:r1:ro—l—r:vo—l—x1+y,]—|—zk+x1+yj—|—zk, (3.4)

where vp = 1o represent the velocity of the origin of the mobile reference
frame O1x1y;2; with respect to the fixed reference frame Ozyz. Because all
the points in the rigid body maintain their relative position, their velocity
relative to the mobile reference frame Oxyz is zero, ie., 2 =y =2 = 0.
The velocity of point M is
V:V0+xi+yj—|—zk.
The derivative of the Eqgs.(3.2) and (3.3) with respect to time gives
i1=0, j-3=0, k-k=0, (3.5)
and . _
i-J+j-1=0, j-k+k-3=0, k-1+i-k=0. (3.6)
For Eq.(3.6) one can introduce the convention
i'.]:_j'l:wza
k1= —i-k=uw, (3.7)

where w,, w, and w, may be considered as the projections of a vector w,
W = Wyl + wy] + cqzk.
To calculate 1, j, k one can use the relation for an arbitrary vector v

v=uv1+uv)+uv.k=(v-1)1+(v-)) )+ (v-kk (3.8)
Using Eq.(3.8) and the results from Eqs.(3.5) and (3.6) one can write
i = (i01+3G93+G Kk
= (014 ()1 — (wy) k
1 ] k

= | Wy Wy Wy |=wXl,
1 0 0



Velocity and Acceleration Analysis with MATLAB 3

b= G-n+0Ga1+0G-kk
= (w14 0+ (@) k

1 )] k
= |Wy Wy w, | =wxX],
0 1 0
k = (k-a)i+(kg)g+(k-k)k (3.9)
= (Wy)1—(w)3+(0)k
1 ] k
= |wy wy w, | =wxk
0 0 1
The relations .
i=wx1 j=wx], k=wxk. (3.10)

are known as Poisson formulas.
Using Eqs.(3.4) and (3.10) one can obtain

V=voptrwX1+ywx]J+z2wx k=vp+wx (r1+y)+ zk),

or
V=vVo+wXTr. (3.11)

Combining Eqgs.(3.4) and (3.11) it results
I =wXT. (3.12)
Using Eq.(3.11) one can write the components of the velocity as

Vp = Vogz+ RWy — YWy,

Vy = Voy + TW, — 2Wy,

V, = Vo, t Ywr — Twy.
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3.3 Acceleration Field for a Rigid Body

The acceleration of an arbitrary point M €(RB) with respect to a fixed
reference frame Ogrgyozo, represents the double derivative with respect to
time of the position vector r;

dv d

V== %(VO%—wxr) = —Vot+—WXr+wxX —r = Vo+wXr+wXr.

dt ° " dt dt
(3.13)

The acceleration of the point O with respect to the fixed reference frame
Ooxoyozo 1S

a:f'lz

ao = Vo = I‘O (314)
The derivative of the vector w with respect to the time is the vector a given
by

a = w=w,l+wy)+wk+wi+twj+wk (3.15)
= ot o) t+aktwwxi+wwxjtwwxk

= o1+ oy)t+ak+wxw=a1+a,)+ ok

where a, = w,, 0y = w, ,and a, = w,.
In the previous exprerssion the Poisson formulas

i=wx1, J=wx], k:ka,

have been used.
Using Eqs.(3.13), (3.14) and (3.15) one can write the acceleration of the
point M as
a=aptaXr+wx(wxr). (3.16)

Using Eq.(3.16) one can write the components of the acceleration as
a; = Qo+ (20 —ya,) + wy (Yw, — 2wy) + w, (Tw, — 2w,) ,

ay, = aoy+ (ra, — zoy) + w, (2w, — Yw,) + w, (Twy — Yw.) ,

a, = ao,+ (Yo, — ray) + w, (2w, — 2wy) + wy, (Yyw, — 2wy) .
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REMARKS

1. If the orientation of a rigid body RB in a reference frame RF{ depends
on only a single scalar variable ¢, there exists for each value of ¢ a vector w
such that the derivative with respect to ¢ in RFj of every vector c fixed in
rigid body RB is given by

— =wXc, 3.17
o (317)
where the vector w is the rate of change of orientation of the rigid body RB
in the reference frame RFy with respect to ¢. The vector w is given by

da " db
oo & 3.15)
da
d¢
where a and b are any two nonparallel vectors fixed in the rigid body RB.
The vector w is a free vector, i.e. is not associated with any particular
point. With the help of w one can replace the process of differentiation with
that of cross multiplication.

The vector w may be expressed in a symmetrical relation in a and b

da db db da
[EEx 2 S22
w— 2|4 d¢  d¢  d¢

2| Tda b
¢ ¢

(3.19)

a

2. The first derivatives of a vector p with respect to a scalar variable ¢
in two reference frames RF; and RF} are related as follows

Wdp @dp
d¢ d¢
where w;; is the rate of change of orientation of RF; in RFj with respect to
¢ and Vdp is the total derivative of p with respect to ¢ in RFj.

g
Proof

+ wi; X P, (320)
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The vector p can be expressed as
P = pil1 + P21z + p3l3,

where 11, 19, 13 are three units vectors not parallel to the same plane fixed in
RF;, and p,, py, p. are the scalar measure numbers of p. Differentiating in
RF;

@Wdp g
i dc (p111 + pat2 + p313)
@ py D py D py @Dy @1, @1,
= ac L+ i 12 + ic 13 + 1 ac + D2 ic + D3 ac

dp211 dp212+ dps3
d¢ d¢ d¢
W py W d p, Wd py

13 —|—p1wz~j X 17 —f-png‘j X 19 —|—p3wij X 13

= ic 1+ i I + dc 13 + w;j X (p111 + palo + psig)
@dp

3. The angular velocity of a rigid body RB in a reference frame RFj is
the rate of change of orientation with respect to the time ¢

dade dbxda . .
11 7 X 77 37 X 7 1 /3 .
w—_|dt _dt , dt_ dt | _ " a.><b+b.><a‘
2 dab db >\ a-b A
o ab
dt dt

The direction of w is related to the direction of the rotation of the rigid body
through a right-hand rule.
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4. Let RF;, 1 =1,2,...,n be n reference frames. The angular velocity of
a rigid body r in the reference frame RF;,, can be expressed as

Wrp = Wr + Wi +Wog + ... + W1

Proof
Let p be any vector fixed in the rigid body. Then
Odp
= Wy X
at it P
(i_l)d p
= Wr;—1 X P.
at ot P
On the other hand
Bd (-1 g
L p + Wii-1 X P.

dt dt

Hence
Wri X P =Wri—1 XP+ w1 XP,

as this equation is satisfied for all p fixed in the rigid body

Wy = W1 + Wi i1 (3.22)
With ¢ = n, Eq. (3.22) gives

Wrn, = Wrp—1 + W1 (3.23)
With i =n — 1, Eq. (3.22) gives

Wrpo1 = Wrp—2 + Wy_1p_2. (3.24)
Substitute Eq. (3.24) into Eq. (3.23)
Wrp = Wrp-2 T Wp_1p—2 + Wnp_1.

Next use Eq. (3.22) with ¢ = n — 2, then with i = n — 3, and so forth.
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3.4 Motion of a Point that Moves Relative to a Rigid
Body

A reference frame that moves with the rigid body is a body fixed reference
frame. Figure 3.2 shows a rigid body (RB), in motion relative to a primary
reference frame with its origin at point Oy, Ogzgyozo. The primary reference
frame is a fixed reference frame or an earth fixed reference frame. The unit
vectors 1y, Jo, and ko of the primary reference frame are constant.

The body fixed reference frame, Oxyz, has its origin at a point O of
the rigid body (O € (RB)), and is a moving reference frame relative to the
primary reference. The unit vectors 1,J, and k of the body fixed reference
frame are not constant, because they rotate with the body fixed reference
frame.

The position vector of a point P of the rigid body (P € (RB)) relative
to the origin, O, of the body fixed reference frame is the vector rop. The
velocity of P relative to O is

drop
dt

where w is the angular velocity vector of the rigid body. The position vector
of a point A (the point A is not assumed to be a point of the rigid body),
relative to the origin Oy of the primary reference frame is, Fig. 3.3

:vg:wxrop,

rq=rop-+r,

where
r=roa=x1+y)+zk

is the position vector of A relative to the origin O, of the body fixed reference
frame, and x,y, and z are the coordinates of A in terms of the body fixed
reference frame. The velocity of the point A is the time derivative of the
position vector ry4

dI‘O 4 dr Vo +v
Vv = _— _— = =
A 0t at 6) 0A
+d:c+ d1+dy n d3+dzk+zdk
v —1 — 4+ = - 4+ — —
O T T A TV T dt

Using Poisson formula, the total derivative of the the position vector r is

) S : .
E:r:xl—i—y‘]—i—zk—i—wxr.
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The velocity of A relative to the body fixed reference frame is a derivative in
the body fixed reference frame

EB)dy dx dy dz
ol = ———— = — k = k, 2
V Arel = dtH—dt +dt T14y)+ 2 (3.25)

A general formula for the total derivative of a moving vector r may be written
as

dr BBy

- .2
o o +wxXr, (3.26)
dr O4dr L
where iy is the derivative in the fixed reference frame (0) (Ooxoy020),
(RB) dr

is the derivative in the mobile reference frame.

and

The velocity of the point A relative to the primary reference frame is
VA=V0o+ Vapg +w X, (3.27)

Equation (3.27) expresses the velocity of a point A as the sum of three terms:
e the velocity of a point O of the rigid body,

e the velocity va,¢ of A relative to the rigid body, and

e the velocity w x r of A relative to O due to the rotation of the rigid body.

The acceleration of the point A relative to the primary reference frame is
obtained by taking the time derivative of Eq. (3.27)

as = ap-+aso,;
= ap+ aure +2W X Vagpeg F X T+ wX (WXr), (3.28)
where
BB @y Pz dy &z
ol = ———— = —— — —k, 3.29
Al = —gp T e g T e (3:29)

is the acceleration of A relative to the body fixed reference frame or relative
to the rigid body. The term

ACor = 2w X VArel-

is called the Coriolis acceleration.
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In the case of planar motion, Eq. (3.28) becomes

as = ap+tapa,
= ap 4 Aure + 2w X Vgpe + @ X T — W°T, (3.30)

The motion of the rigid body (RB) is described relative to the primary
reference frame. The velocity v, and the acceleration a, of point a point A
are relative to the primary reference frame. The terms v, and ay,¢ are
the velocity and acceleration of point A relative to the body fixed reference
frame i.e., they are the velocity and acceleration measured by an observer
moving with the rigid body, Fig. 3.4.

If A is a point of the rigid body, A € RB, v, = 0 and az,q = 0.

Motion of a point relative to a moving reference frame

The velocity and acceleration of an arbitrary point A relative to a point
O of a rigid body, in terms of the body fixed reference frame, are given by
Egs. (3.27) and (3.28)

VA:VO+VATEZ+UJXI'OA, (331)

as = a0 + Aapel + 2W X Vare + @ X Tog +w X (W X Toa). (3.32)

These results apply to any reference frame having a moving origin O and
rotating with angular velocity w and angular acceleration a relative to a
primary reference frame (Fig. 3.5). The terms v4 and a4 are the velocity and
acceleration of an arbitrary point A relative to the primary reference frame.
The terms v 4,¢; and a4, are the velocity and acceleration of A relative to the
secondary moving reference frame i.e., they are the velocity and acceleration
measured by an observer moving with the secondary reference frame.
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3.5 Slider-Crank (R-RRT) Mechanism

The R-RRT (slider-crank) mechanism shown in Fig. 2.2(a) has the dimen-
sions: AB =1 m and BC =1 m. The driver link 1 rotates with a constant
speed of n = 30/7 rpm. Find the velocities and the accelerations of the
joints B and C and the angular velocity and acceleration of the link 2 at the
moment when the driver link 1 makes an angle ¢ = ¢; = /4 rad with the
horizontal axis.

Solution
The point A is selected as the origin of the xyz reference frame. The
position vectors of the joints B and C are:

2 2
rB:xBl+yBJ:\é_1+2Jm and rczxcl—l—y0J:\/§l—|—O_] m.

The angular velocity of link 1 is

™m 7(30/7)
—w=w  k=—k=—"">"k=1k rad/s.
W= @ELEE g, 30 rad/s
The angular acceleration of link 1 is a¢; = w; = 0.
The MATLAB statements for the angular velocity and acceleration of link 1

are

n = 30/pi; % (rpm) driver link

omegal = [ 0 0 pi*n/30 ]1; % (rad/s) angular velocity driver link
alphal = [0 0 0 ]; % (rad/s"2) angular acceleration driver link
fprintf (Pomegal = [ %g, %g, %gl (rad/s)\n’, omegal);

fprintf (*alphal = [ %g, %g, %gl (rad/s"2)\n’, alphal );

In the MATLAB environment, a three-dimensional vector v is written as a
list of variablesv = [ x y z ], where x, y, and z are the spatial coordinates
of the vector v. The first component of the vector v is x=v(1), the second
component is y=v(2), and the third component is z=v(3).

The velocity and acceleration of the origin A = O are vq4 =as =0 or in
MATLAB

vA=[0001; % (m/s) velocity of A (fixed)
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=[0001; % (m/s°2) acceleration of A

Velocity and acceleration of joint B
The points A and B = Bj are on the link 1 (A, B; € link 1). The velocity
of the point B = B is calculated in terms of the known v4 using Eq. (3.11)

Vp=Vp =Va+w XTyp=0+w; Xrpg=w; Xrp.

The velocity of point By on the link 2 is v, = vp, because the links 1 and
2 are connected at a rotational joint. The velocity of By = B is

Lk 1 ] k
vg=vg =vg,=| 0 0 w |= \95 \% L. —\fl—i- ?J m/s.
rB yB 0 2 7 0

The acceleration of the point B = B on the link 1 is calculated in term of
known acceleration ay using Eq. (3.16)

ag = aBlzaBQZaA—i—alxrB—i—wlX(wlxrB):alxrB—w%rB
2 2

The MATLAB commands for the velocity and acceleration of the B are

vBl = vA + cross(omegal,rB); 7 velocity of B

vB2 = vB1; ¥ between 1 & 2 there is a rotational joint B_R
aBl = aA + cross(alphal,rB) - dot(omegal,omegal)*rB;

aB2 aB1;
fprintf (°vB
fprintf (’aB

vBl1 = vB2
aB1 aB2

[ %g, %g, %gl (m/s)\n’, vBl1);
[ %, %g, %gl (m/s"2)\n’, aBl);

The command dot (u,v) calculates the scalar product (or vector dot prod-
uct) of the vectors u and v. The command cross(u,v) performs the cross
product of the vectors u and v.

Velocity of joint C
The points By and Cy are on the link 2 and

Vo = Ve, =V, + Wy X o = Vg + wy X (rg —rp), (3.33)
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where the angular velocity of link 2 is ws = wok (wy is unknown).
On the other hand the velocity of C' is along the horizontal axis (x-axis)
because slider 2 translates along z-axis

Vo = Vg, = U0l (3.34)
Equations (3.43) and (3.44) give
vp+wy X (re —rp) = ve,

or
1 J k

vp + 0 0 Wy | = vel (3.35)
re—rp Yo —yp 0

Equation (3.45) represents a vectorial equation with two scalar components
on z-axis and y-axis and with two unknowns wy and ve

UBy — wz(yc - yB) = V¢, (3-36)
vpr +we(ze —xp) =0, (3.37)
or
_Q _ (0 _ @) _
9 W9 9 = V¢,
2 2
£—i-wz(\/ﬁ— £) =0.
2 2
It results

wy = —1rad/s and ve = —V2 m/s.

In MATLAB the sym command constructs symbolic variables and expres-
sions. The commands

omega2z = sym(’omega2z’,’real’);
vCx = sym(’vCx’,’real’);
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create a symbolic variables omega2z and vCx for the unknowns w, and
vco. The commands sym(’omega2z’,’real’) and sym(’vCx’,’real’) also
assume that omega2z and vCx real numbers. The vectors ws = wo k and
Vo = vo1 are expressed in MATLAB with

omega2 = [ 0 0 omega2z ];
vC=[vCx 00 ];

Equation (3.45) or vo = v + wy X (r¢ —rp) in MATLAB is
eqvC = vC - (vB2 + cross(omega2,rC-rB));

This vectorial equation has a component on

e r-axis given by Eq. (3.36), or in MATLAB, eqvC(1) and

e y-axis given by Eq. (3.37), or in MATLAB, eqvC(2).
The two algebraic equations can be solve using the command solve

equCx = eqvC(1); % equation component on x-axis
eqvCy = eqvC(2); % equation component on y-axis
solvC = solve(eqvCx,eqvCy);

with the solutions

omega2zs = eval(solvC.omega2z) ;
vCxs = eval(solvC.vCx);

The angular velocity of the link 2 and the velocity of C' in vectorial form
are

Omega2 = [0 O omega2zs];
VC = [vCxs 0 0];

To display the correct expression for the equations equvCx and eqvCy the
following MATLAB statements can be used

qvCx = vpa(eqvCx,6);
fprintf (’x-axis: %s = 0 \n’, char(qvCx));
qvCy = vpa(eqvCy,6) ;
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fprintf (’y-axis: ¥%s = 0 \n’, char(qvCy));

The command vpa(S,D) uses variable-precision arithmetic (vpa) to com-
pute each element of S to D decimal digits of accuracy and the command
char () creates character array (string).

The equations will be displayed as

x-axis: vCx+.707105-.707105%omega2z = 0
y-axis: -.707105-.707105%omega2z = 0

Acceleration of joint C
The points Cs and B, are on the link 2 and

ac =ag, = ap,t+agX rBC—wg I'pe =
ap+ay x (rg —rg) —w; (rg —rp), (3.38)

where the angular acceleration of link 2 is ay = agk (ag is unknown).
The slider C' has a translational motion along z-axis and

ac = ac, = acl. (3.39)
Equations (3.49) and (3.50) give
ap+ay x (ro —rg) —ws (r¢ —rp) = ac,

or
1 J k

ap + 0 0 ay | —ws [(ze — 21+ (yo — yB)J) = ac1. (3.40)
tc—rp Yo —yp O

Equation (3.51) represents a vectorial equation with two scalar components
on r-axis and y-axis and with two unknowns as and a3

aps — 2(Yo — yp) — wi(xc — xp) = ac, (3.41)
apy + az(rc — ) — wi(ye — yn) = 0, (3.42)

or

V2 V2
_7—1_@2(\/_ 9



Velocity and Acceleration Analysis with MATLAB 16

It results
oy =0 rad/s2 and ac = —V2 m/sz.

To calculate a; and a¢ the following commands are used with MATLAB

alpha2z=sym(’alpha2z’,’real’);
aCx=sym(’aCx’,’real’);

alpha2 = [ 0 0 alpha2z ]; % alpha3z unknown

aC = [aCx 0 0 ]; % aCx unknown

eqaC = aC - (aBl + cross(alpha2,rC-rB) - dot(Omega2,0mega2)*(rC-rB));
eqaCx = eqaC(1); % equation component on x-axis

eqaCy = eqaC(2); % equation component on y-axis

solaC = solve(eqaCx,eqaCy);

alpha2zs=eval (solaC.alpha2z);
aCxs=eval (solaC.aCx);

Alpha2 = [0 O alpha2zs];

aCs = [aCxs 0 0];

The MATLAB program for the velocities and accelerations is given in
Program 3.1. The results are shown at the end of the program.
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3.6 R-RRR-RRT Mechanism

The planar R-RRR-RRT mechanism is shown in Fig. 2.4. The following
data are given: AB=0.150 m, BC'=0.400 m, CD=0.370 m, CE=0.230 m,
FF=CFE, L,=0.300 m, L;=0.450 m, and L.=CD. The constant angular
speed of the driver link 1 is n = n;=60 rpm.
The joints have the the coordinates [m]:
xa=ya=0; xp=0.3, yp =0.45; xp =0.129904, yg = 0.075;
ro = —0.0689445, yo = 0.422073; zp = —0.298288, yr = 0.404712;
xp =—0.37, yp = 0.186177.

Find the velocities and the accelerations of the mechanism at the moment
when the driver link 1 makes an angle ¢ = ¢; =30° with the horizontal axis.

Solution
The angular velocity of link 1 is

™m 7(60)
w1mEE T 30

The angular acceleration of link 1 is a¢; = w; = 0.
The MATLAB statements for the angular velocity and acceleration of link 1

are

k = 6.28319k rad/s.

n = 60; omegal = [ 0 0 pi*n/30 ]; alphal = [0 0 O ];

Velocity and acceleration of joint B
The velocity of the point B = By on the link 1 is
VB =Vp, = V4 t+tWw; XTyp = Wi XTIp,

where v, = 0 is the velocity of the origin A = O. The velocity of point
By on the link 2 is v, = vp, because between the links 1 and 2 there is a
rotational joint. The velocity of B = By = By is

1 3 k 1 ] k
VB =Vp, = Vg, 0 0 w|= 0 0 6.28319 | =
rg yg O 0.129904 0.075 0

—0.4712391+ 0.816213 m/s.
The acceleration of the point B = B; = By is

ap = ap, =ap, =ajs+a; Xrp+w; X (W Xrg) =a; X — wirg
—(6.28319)%(0.129904 1 + 0.0753) = —5.12841 — 2.96088 3 m/s>.
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The MATLAB statements for the velocity and acceleration of the driver link
1 are

vA=[0001]; aA=1[000 ];

vBl = vA + cross(omegal,rB); vB2 = vB1;

aBl = aA + cross(alphal,rB) - dot(omegal,omegal)*rB; aB2 = aB1;

Velocity of joint C'
The points By and Cs are on the link 2 and

Ve, =Vp, + Wy X Ipec = Vg +ws X (rg —rp),

(3.43)
where the angular velocity of link 2 is wy = wo k (wy is unknown).
The points D3 and C5 are on the link 3 and
Vo, = Vp, T W3 X Ipe = ws X (I‘C — I‘D), (344)
where vp = vp, = 0 and the angular velocity of link 3 is
w3 = w3 k (w3 is unknown).
Equations (3.43) and (3.44) give (v, = vey)
v +wy X (rg —rp) = ws X (rg —rp),
or
1 J k 1 J k
vp + 0 0 [0%5) 0 0 W3 (345)
rc—2p Yoc—ys O

xc—xp Yo —yp O

Equation (3.45) represents a vectorial equation with two scalar components
on x-axis and y-axis and with two unknowns ws and ws

VBe — wo(Ye — yB) = —ws(Ye — yp),
Upy + wao(xc — ) = ws(xc — Tp),

or

—0.471239 — w5 (0.422073 — 0.075) = —w3(0.422073 — 0.45),
0.81621 + wa(—0.0689445 — 0.129904) = w;(—0.0689445 — 0.3).
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It results
wy = —1.1307 rad/s and w3 = —2.82169 rad/s.

The velocity of C' is

Vo =vVp+ws X (rg —rp) = —w3(yc — yp)1+ ws(xrc — wp))
= —(—2.82169)(0.422073 — 0.45) 1 + (—2.82169)(—0.0689445 — 0.3)
= —0.07880271+ 1.041053 m/s.

The MATLAB commands for the angular velocities of links 2 and 3, and the
velocity of C' are

omega2z = sym(’omega2z’,’real’); omega3z = sym(’omega3z’,’real’);
omega2 = [ 0 O omega2z ]; omega3 = [ 0 0 omega3z ];

eqvC = vB2 + cross(omega2,rC-rB) - ( vD + cross(omega3,rC-rD) );
eqvCx = eqvC(1); eqvCy = eqvC(2);

solvC = solve(eqvCx,eqvCy);

omega2zs=eval (solvC.omega2z); omega3zs=eval(solvC.omega3z);
Omega2 = [0 O omega2zs]; Omega3 = [0 O omega3zs];

vC = vB2 + cross(Omega2,rC-rB);

Velocity of joint £
The points F3 and D3 are on the link 3 and

Vg = Vg, =Vp,+w3XTIpp=wsX (rg —1p)
= —ws(yg —yp)1+ws(zrg —xp))
= —(—2.82169)(0.404712 — 0.45)1 + (—2.82169)(—0.298288 — 0.3) )
—0.1277881+ 1.68819) m/s,

or in MATLAB
vE = vD + cross(Omega3,rE-rD);

Velocity of joint F
The points F; and Ej are on the link 4 and

VF =VE, = Vg, + Wy XTEpp = VE + Wy X (I‘F—I'E), (346)

where the angular velocity of link 4 is w; = wy stk (wy is unknown).



Velocity and Acceleration Analysis with MATLAB 20

On the other hand the velocity of F' is along the vertical axis (y-axis)
because slider 5 translates along y- axis

Vp =Vp = Vg, = Up). (3.47)
Equations (3.46) and (3.47) give
Ve +wy X (rp —Tg) = vr),

or

1 ] k
v + 0 0 Wy | = VUR) (348)
rp—2p Yr—Yye O

Equation (3.48) represents a vectorial equation with two scalar components
on z-axis and y-axis and with two unknowns w, and vg

VEz — w4(yF - yE) =0,

vEy + W4<I’F - xE) = VUp,
or

—0.127788 — w,(0.186177 — 0.404712) = 0,
1.68819 + wy(—0.37 + 0.208288) = vy

It results
wyg = 0.58475 rad/s and vp = 1.64625 m/s.

The MATLAB commands for the angular velocities of links 4 and the velocity
of F' are

omegad4z = sym(’omegadz’,’real’); vFy = sym(’vFy’,’real’);
omega4d = [ 0 O omegadz ]; vF = [ 0 vFy 0 ];

eqvF = vF - (vE + cross(omegad,rF-rE));

eqvFx = eqvF(1); eqvFy = eqvF(2);

solvF = solve(eqvFx,eqvFy);

omegadzs=eval (solvF.omega4z); vFys=eval(solvF.vFy);
Omega4 = [0 O omegadzs]; VF = [0 vFys 0];
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Acceleration of joint C'
The points C5 and By are on the link 2 and
ac, = ap, + Qo X o —ws e =ap +ay X (rg —rg) —w;s (ro —rp), (3.49)

where the angular acceleration of link 2 is ay = ag k (s is unknown).
The points C3 and D3 are on the link 3 and

ac, = ap, + Q3 X Irpe — ws Tpo = az X (r¢ —rp) —ws (ro —rp), (3.50)
where ap = ap, = 0 and the angular velocity of link 3 is
a3 = ask (az is unknown).

Equations (3.49) and (3.50) give

ap+ay x (rc —rp) —ws (r¢ —rp) = az x (r¢ —rp) — ws (r¢ —rp),

or
1 J k
ap + 0 0 o —w% (xc —xB)1+ (ye —yB)I)| =
tc—2p Yo —yp 0
1 ] k
0 0 as | — w3 [(xc —zp)1+ (yo —yp)J - (3.51)

rc—xp Yc—yp O

Equation (3.51) represents a vectorial equation with two scalar components
on z-axis and y-axis and with two unknowns as and a3

aps — az(yo — yp) — wi(rc — x5) = —az(yc — yp) — wi(zc — zp),

apy + a2($c - IB) - w%(yc - yB) = Ozg(xc - fED) - wg(yc - yD):

or
—5.1284 — a5(0.422073 — 0.075) — (—1.1307)2(—0.0689445 —0.129904)
= —3(0.422073 — 0.45) — (—2.82169)2(—0.0689445 —0.3),
—2.96088 + a5 (—0.0689445 — 0.129904) — (—1.1307)2(0.422073 —0.075)
= a3(—0.0689445 — 0.3) — (—2.82169)2(0.422073 —0.45).

It results

ay = —22.33 rad/s” and as = —2.20443 rad/s”.



Velocity and Acceleration Analysis with MATLAB 22

The acceleration of C' is

ac = azx (rg—rp)—ws (re —rp)
= [~a3(yo — yp) — wi(re — xp) + [as(ze — p) — wi(ye — yp)l)
= [—(—2.20443)(0.422073 — 0.45) — (—2.82169)%(—0.0689445 — 0.3)]1
+ [(—2.20443)(—0.0689445 — 0.3) — (—2.82169)%(0.422073 — 0.45)]
— 2.875951+ 1.03567) m/s’.

The MATLAB commands for the angular accelerations of links 2 and 3, and
the acceleration of C' are

alpha2z = sym(’alpha2z’,’real’); alpha3z = sym(’alpha3z’,’real’);
alpha2 = [ 0 0 alpha2z ]; alpha3 = [ 0 0 alpha3z ];

eqaC2= aB2 + cross(alpha2,rC-rB) - dot(Omega2,0mega2)*(rC-rB);
eqaC3= aD + cross(alpha3,rC-rD) - dot(Omega3,0mega3)*(rC-rD);
eqaC = eqaC2 - eqaC3;

eqaCx = eqaC(1); eqaCy = eqaC(2);

solaC = solve(eqaCx,eqaCy);

alpha2zs=eval (solaC.alpha2z); alpha3zs=eval(solaC.alpha3z);
Alpha2 = [0 O alpha2zs]; Alpha3 = [0 O alpha3zs];

aC = aB2 + cross(Alpha2,rC-rB) - dot(Omega2,0mega2)*(rC-rB);

Acceleration of joint
The points E and D are on the link 3 and the acceleration of F is

agp = apt+a3XTrpg—ws I'pg =03 X (rg—1p) —ws (rg —rp)
[—as(ye — yp) — wi(ep — xp)|1+ [s(zp — 2p) — wi(ys — yp)] )
= [—(—2.20443)(0.404712 — 0.45) — (—2.82169)%(—0.298288 — 0.3)] 1
+ [(—2.20443)(—0.298288 — 0.3) — (—2.82169)(0.404712 — 0.45)]
— 4.6637114 1.679473 m/s’.

The MATLAB command for the acceleration of E is
aE = aD + cross(Alpha3,rE-rD) - dot(Omega3,0mega3)*(rE-rD);

Acceleration of joint F
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The points F' and E are on the link 4 and
ar —ag + oy X Tpp — wz 'pr —ag + 0y X (I‘F — I‘E) — wi (I'F — I'E), (352)

where ay = aq k (a4 is unknown) is the angular acceleration of link 4.
The slider 5 moves along the y-axis and the acceleration of F' is

arp = A, = ar). (353)
Equations (3.52) and (3.53) yield

ag + oy X (I‘F — I'E) — wi (I'F — I'E) =ar),

or
1 J k
ap + 0 0 oy | —
rr—2g Yr—Yg O
wi (zp — zp) 1+ (yr — yp) 1] = ar). (3.54)

Equation (3.54) represents a vectorial equation with two scalar components
on z-axis and y-axis and with two unknowns a4 and ap

ape — u(yr — yp) — Wi(rp —1p) =0,
gy + 044(90F — IE) - Wi(yF - yE) =ag,

or

4.66371 — a4(0.186177 — 0.404712) — (0.58475)%(—0.37 + 0.298288) = 0,
1.67947 + v (—0.37 + 0.298288) — (0.58475)2(0.186177 — 0.404712) = ap.

The following results are obtained
oy = —21.453 rad/s” and ap = 3.29262 m/s’.

The MATLAB commands for the angular accelerations of links 4 and the ac-
celeration of F are

alpha4z = sym(’alphad4z’,’real’); aFy = sym(’aFy’,’real’);
alpha4 = [ 0 O alphad4z ]; aF = [ 0 aFy 0 ];
eqaF = aF - (aE + cross(alpha4,rF-rE) - dot(Omegad,Omegad)*(rF-rE));
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eqaFx = eqaF(1); eqgaFy = eqaF(2);

solaF = solve(eqaFx,eqaFy);

alphadzs=eval (solaF.alpha4z); aFys=eval(solaF.aFy);
Alpha4 = [0 O alphadzs]; AF = [0 aFys 0];

The MATLAB program with the results for the velocities and accelerations
is given in Program 3.2.
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3.7 R-TRR Mechanism

The following dimensions are given for the mechanism shown in the Fig. 3.6
AC = 0.100 m and BC = 0.300 m. The length AD is selected as 1.5 BC'
(AD = 1.5 BC'). The driver link 1 rotates with a constant speed of n = n; =
30 rpm. Find the velocities and the accelerations of the mechanism when the
angle of the driver link 1 with the horizontal axis is ¢ = ¢y = 45°.

Solution

A cartesian reference frame with the origin at A is selected and the co-
ordinates of joint A are x4 = y4 = 0. The coordinates of the joint C' are
xo = AC' = 0.100 m and yo = 0. The coordinates of joint B for ¢; = 45°
are rp = 0.256 m and yp = 0.256 m, and the position vector of point B is
rg =1+ yp)=0.2561+0.256)] m.

The position of joint B was calculated from the equations

tan ¢ = i—B and (zp —z¢)® + (yp — yc)* = BC?.
B

The MATLAB commands for the position vector of B are

egBl = ’xBsolxsin(phi) = yBsol*cos(phi)’;
egB2 = ’yBsol~2+(xC-xBsol) "2-BC"2 = 0’;
solB = solve(egBl, eqB2, ’xBsol, yBsol’);

xBpositions = eval(solB.xBsol); yBpositions = eval(solB.yBsol);
xB1 = xBpositions(1); xB2 = xBpositions(2);
yB1 = yBpositions(1); yB2 = yBpositions(2);
if (phi>=0 && phi<= pi)
if yBl1 >= 0 xB = xB1; yB=yBl; else xB = xB2; yB=yB2; end

end
if (phi>pi && phi<=2*pi)
if yBl < 0 xB = xB1; yB=yBl; else xB = xB2; yB=yB2; end
end
rB = [ xB, yB, 0 1;

The magnitude of the angular velocity of the driver link 1 is

w=w =@t) = ngl _— (3(;(1)rpm) = 3.141 rad/s. (3.55)
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The angular velocity of link 1 is
w=w; =wk=23141k rad/s.

The link 2 and the driver link 1 have the same angular velocity w; = ws.
The angular acceleration of link 1 is a¢; = w; = 0.
Velocity and acceleration of By
The velocity of the point By on the link 1 is

VB, = Va+Ww; Xrg=w; Xrp,

where v4 = 0 is the velocity of the origin A = O.
The velocity of By is

1 ] k 1 J k
v, = 0 0 w|=| 0 0 3.141 | = —0.8041+ 0.804) m/s.
g ygp O 0.256 0.256 0

The acceleration of the point By on the link 1 is

ap, =as +a; Xrg+w X (W) XTrp) =0 XTI —wrp
= —wirg = —3.141%(0.2561 + 0.2563) = —2.5281 — 2.528) m/s>.

Angular velocity of link 3

The velocity of the point By on the link 2 is equal to the velocity of the
point Bs on the link 3 (link 2 and link 3 are connected with a rotational
joint).

The points B3 and C' are on the link 3 and

VB, = VB, = Vo + w3 XIep = w3 X (I‘B — rc), (356)

where vo = 0 and the angular velocity of link 3 is w3 = w3 k. The angular
velocity of link 3 w3 to be calculated.

The velocity of the point B, on the link 2 is calculated in terms of the
velocity of the point B; on the link 1

!
VB, =V, + V5,5, = VB, + VB,, (3.57)

where Vi'p = vp,, is the relative acceleration of B, with respect to B; on

link 1. This relative velocity is parallel to the sliding direction AB, vp,,||AB,
or

VB, = Up,, COS®11+ vUp,, sin¢ ], (3.58)
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where ¢ = 45°. Equations (3.67), (3.65), and (3.66) give

1 ] k
0 0 w3 | =vp, + vB,, COS P11+ vp,, sin ¢ J. (3.59)
rp—xc Yp—Yyc O

Equation (3.68) represents a vectorial equations with two scalar components
on z-axis and y-axis and with two unknowns ws and vp,,

—ws3(Yp — Yo) = Up,, + VB, COS 1,

w3(zp — Tc) = VB, + Up,, Sin @y,
or

—ws3(0.256 — 0) = —0.804 + vp,, cos45°,
w3(0.256 — 0.1) = 0.804 + v, sin45°.

It results
ws =3.903 rad/s and vp,, = —0.276 m/s,

or in vectorial form
w3 =3.903k rad/s and vp,, = —0.1951—0.195) m/s.
The velocity of Bs (or By) is
1 ] k

=vVp, = 0 0 3.903 | =—-0.9991+ 0.609) m/s.
0.256 —0.1 0.256 O

V32

The MATLAB commands for the ws, vp,,, and vg, are

omega3z = sym(’omega3z’,’real’); 7 omega3z unknown

omega3 = [ 0 O omega3z ];

vB21 = sym(’vB21’,’real’); % vB21 unknown

vB2B1 = [ vB21*cos(phil) vB21*sin(phil) 0 ];

vC =[0001];

vB3 = vC + cross(omega3,rB-rC); % vB2 = vB3 = vC + omega3 x (rB-rC)
vB2 = vB3;

eqvB = vB2 - ( vBl + vB2B1 ); % vB2 = vBl + vB2B1
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eqvBx = eqvB(1); eqvBy = eqvB(2);
solvB = solve(eqvBx,eqvBy);

omega3zs = eval(solvB.omega3z) ;

vB21s = eval(solvB.vB21);

Omega3 = [0 O omega3zs];

VB21 = vB21s*[cos(phil) sin(phil) 0];
VB3 = vC + cross(Omega3,rB-rC);

Angular acceleration of link 3
The points B3 and C' are on the link 3 and

2 2
ap, =ap, =ac + a3 Xrgp — W3rcp = 3 X rop — W3Iep, (360)

where ac = 0 and the angular acceleration of link 3 is a3 = agk. The
angular acceleration of link 3 a3 to be calculated.

The acceleration of the point By on the link 2 is calculated in terms of
the acceleration of the point B; on the link 1

rel cor cor
ap, = ap, +ap,p +agpp =ap, +ap, +ag, , (3.61)

where als'y = ap, is the relative acceleration of B, with respect to B

on link 1. This relative acceleration is parallel to the sliding direction AB,
ag,, ||AB, or

ap, = ap,, COSP11+ ap,, sin ¢ J. (3.62)
The Coriolis acceleration of B, realative to By is
1 J k
ap =2w) X Vg, =2wyXvp, =2 0 0 wy | =
UB,, COS ¢1 UBy; sin ¢1 0
2(—w1VpB,, sin @11+ wivp,, cOs P1]) =
2(—3.141(—0.276) sin 45°1 + 3.141(—0.276) cos 45° 3] =
1.2261—1.2265 m/s’. (3.63)
Equations (3.72), (3.69), (3.70), and (3.71) give
1 J k
0 0 o3 —wg(rB—rc):
rp—xc Yyp—Yc O
ap, + ap,, (cospi1+sing)) +2 wy X vp,,. (3.64)
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Equation (3.73) represents a vectorial equations with two scalar components
on z-axis and y-axis and with two unknowns a3 and ap,,

—a3(yp — yo) — w%(:pB — x¢o) = apg,, + ap,, COs P — 2wivp,, sin ¢y,

az(xp — xc) = wi(ys — yo) = ap,, + ap, sin g1 + 2010, cos ¢,

or
—a3(0.256 — 0) — 3.9032(0.256 —-0.1)=
—2.528 + ap,, cos45° + 1.226,
a3(0.256 — 0.1) — 3.9032(0.256 —-0)=
—2.528 + ap,, sin45° — 1.226.
It results

a3 = —2.252 rad/s” and ap,, = —0.707 m/s’.

The relative acceleration of B, with respect to Bj is
ap,, = —0.707cos45°1 — 0.707sin 45°) = —0.5001 — 0.500 j,
and the acceleration of Bs is

ap, —ap, = &3 Xrgp — w%rcg =
—2.252k x [(0.256 — 0.1)1 + (0.256 — 0)3] — 3.903%[(0.256 — 0.1)1 4 (0.256 — 0)3] =
—1.8021—4.25) m/s”.

The MATLAB commands for the as, ap,,, and ap, are

alpha3z = sym(’alpha3z’,’real’); 7% alpha3z unknown

alpha3 = [ 0 0 alpha3z ];

aB21 = sym(’aB21’,’real’); % aB21 unknown

aB2B1 = [ aB21*cos(phil) aB21*sin(phil) 0 ];

aC=[0001;

aB3 = aC + cross(alpha3,rB-rC) - dot(Omega3,0mega3)*(rB-rC) ;

aB2 = aB3;

aB2Blcor = 2*cross(omegal,VB21); % aB2Blcor = 2 omegal x vB2Bl1
eqaB = aB2 - ( aBl + aB2B1 + aB2Blcor ); % aB2=aBl+aB2B1+aB2Blcor
eqaBx = eqaB(1); egaBy = eqaB(2);

solaB = solve(eqaBx,eqaBy);
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alpha3zs = eval(solaB.alpha3z);

aB21s = eval(solaB.aB21);

Alpha3 = [0 O alpha3zs];

AB21 = aB21s*[cos(phil) sin(phil) 0];

AB3 = aC + cross(Alpha3,rB-rC) - dot(Omega3,Omega3)*(rB-rC);

The relation between the angular velocities of link 2 and link 3 is
Wy = W3 + wa3,
and the relative angular velocity of link 2 with respect to link 3 is
W3 = we — w3 = 3.141k — 3.903k = —0.762k rad/s.
The relative angular acceleration of link 2 with respect to link 3 is
Oy =y — oy = —ag = 2.252k  rad /s’
where ay = a7 = 0.

The MATLAB program and the results for the velocities and accelerations
analysis are given in Program 3.3.



Velocity and Acceleration Analysis with MATLAB 31

3.8 R-RTR-RTR Mechanism

The planar R-RTR-RTR mechanism considered is shown in Fig. 2.9. The
driver link is the rigid link 1 (the link AB). The following numerical data
are given: AB = 0.140 m, AC = 0.060 m, AE = 0.250 m, CD = 0.150 m.
The length of the links DF and EG are selected as DF = 0.400 m and
EG = 0.5 m. The constant angular speed of the driver link 1 is 50 rpm.
Find the velocities and accelerations of the mechanism when the angle of the
driver link 1 with the horizontal axis is ¢ = ¢ = 30°.

Solution

A Cartesian reference frame Oy is selected. The joint A is the origin of
the reference frame, that is, A = O, and x4 = 0, y4 = 0. The coordinates of
the joint C' are: xc =0, yo = AC = 0.060 m. The coordinates of the joint
E are xp =0, ypg = —AFE = —0.250 m. The coordinates of the joint B are
computed for the givev angle ¢; = 30°:

xp = ABcos¢p; =0.121m and yp = ABsin¢; = 0.070 m.
The coordinates of the joint D are xtp = —0.149 m and yp = 0.047 m.
The angle of links 2 (or link 3) and 5 (or link 4) with the horizontal axis are
¢y = ¢3 = 0.082 rad = 4.715° and ¢4 = ¢5 = —1.105 rad = —63.333°.

The angular velocity of link 1 is constant and has the value

™m 7(50)
wir=wiE =g 30

k =5.235k rad/s.

The angular acceleration of link 1 is a¢; = w; = 0.
Velocity and acceleration of B = By
The velocity of the point B; on the link 1 is

VB, = V4t W) XI'gp =w; XTIp,

where v, = 0 is the velocity of the origin A = O and rg = g1+ yg) =
0.121140.0703 m.

The velocity of point B, on the link 2 is v, = v, because between the links
1 and 2 there is a rotational joint. The velocity of By = Bs is

1 ) k 1 J k
vg,=vg,=| 0 0 w|=| 0 0  5.235 | = —0.36614+0.634) m/s.
zp yp 0 0.121 0.070 0O
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The acceleration of By = By is

2
aBlzaBQ:aA+a1xrB+w1x(wlxrB):alxrB—wer

= —wirg = —5.235%(0.1211+ 0.0703) = —3.3231— 1.919) m/s*.

Angular velocity of link 3
The velocity of the point B3 on the link 3 is calculated in terms of the
velocity of the point By on the link 2

l
VB; = VB, + VTBeng = VB, + VBy,, (365)

where V!5 = vp,, is the relative acceleration of Bs with respect to By on

link 3. This relative velocity is parallel to the sliding direction BC', vg,,||BC,
or

VB32 = /UBSQ COos ¢2 1 + ngQ Sin ¢2.]7 (366)

where ¢y = 4.715° is known from position analysis. The points Bs and C' are
on the link 3 and

Vp, = Vo + w3 X Top = w3 X (rg —ro), (3.67)
where vo = 0 and the angular velocity of link 3 is
w3 = w3 k.
Equations (3.65), (3.66), and (3.67) give

1 J k
0 0 w3 | =Vp, + VB, COSPa1+ vp,, singa).  (3.68)
rp—2c Yp—yc O

Equation (3.68) represents a vectorial equations with two scalar components
on z-axis and y-axis and with two unknowns ws and vg,,

—ws(’yB - yc) = UBg + VB, COS P,
w3(zp — Tc) = Vpy + Up,, Sin @o,

or

—w3(0.070 — 0.060) = —0.366 + vp,, cos 4.715°,
w3(0.121 — 0) = 0.634 + vp,, sin 4.715°.
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It results
w3 =wy = 5.448 rad/s and wvg,, = 0.313 m/s,

or in vectorial form
w3 = wy = 5448k rad/s and vg,, = 0.3121+ 0.025). m/s.

The MATLAB commands for the ws and vp,, are

omega3z=sym(’omega3z’,’real’); vB32=sym(’vB32’,’real’);

omega3 = [ 0 O omega3z ]; % omega3z unknown (to be calculated)
vC=[0001; % Cis fixed
vB3 = vC + cross(omega3,rB-rC); % vB3 = vC + omega3 x rCB

vB3B2 = vB32*%[ cos(phi2) sin(phi2) 0]; % vB32 unknown

eqvB = vB3 - vB2 - vB3B2; % vB3 = vB2 + vB3B2 (vectorial equation)
eqvBx = eqvB(1); eqvBy = eqvB(2);

% two equations eqvBx & eqvBy with two unknowns omega3z & vB32
solvB = solve(eqvBx,eqvBy); % solve for omega3z and vB32
omega3zs=eval (solvB.omega3z); vB32s=eval(solvB.vB32);

Omega3 = [0 O omega3zs]; Omega2 = Omega3;

VB32 = vB32s*[cos(phi2) sin(phi2) 0];

Angular acceleration of link 3
The acceleration of the point Bs on the link 3 is calculated in terms of
the acceleration of the point By on the link 2

_ rel cor _ cor
ap, = ap, +ap,p, +agp, = ap, +ap, +ax,, (3.69)

where a’gf B, = @B, 1S the relative acceleration of Bz with respect to By

on link 3. This relative acceleration is parallel to the sliding direction BC,
ag,,||BC, or

ap,, = ap,, COS P21+ ap,, sin @2 J. (3.70)
The Coriolis acceleration of Bs realative to Bsy is
1 J k
ag, =2 w3 X Ve, =2wy X Vg, =2 0 0 w3 | =
UB,, COS g Up,, Singy 0
2(—w3vp,, SIn P 1+ w3vp,, COS G ]) =
2[—5.448(0.313) sin 4.715° 1 + 5.448(0.313) cos 4.715° )] =

—0.2801+ 3.4003 m/s”. (3.71)
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The points B3 and C' are on the link 3 and

2
ap, = ac + a3 X rgg — w3res, (372)

where ac = 0 and the angular acceleration of link 3 is

Q3 = agk.

Equations (3.69), (3.70), (3.71), and (3.72) give

1 ] k
0 0 az | —wi(rp — 1) =
rp—rc Y —yc 0
ap, + ap,, (COs Pa1 + sin o)) + 2 w3 X Vp,,. (3.73)

Equation (3.73) represents a vectorial equations with two scalar components
on z-axis and y-axis and with two unknowns a3 and ag,,

—as3(yp — yo) — wg(xB — T¢) = apg + ap,, COS g — 2W3Vp,, SiN g,

asz(rp — xc) — wg(yB — Yo) = Apy + Ay, SN Pg + 2W3Vp,, COS P2,

or
—a3(0.070 — 0.060) — 5.448%(0.121 — 0) =
—3.323 + ap,, cos4.715° — 2(5.448)(0.313) sin 4.715°,
a3(0.121 — 0) — 5.448%(0.070 — 0.060) =
—1.919 + ap,, sin 4.715° 4 2(5.448)(0.313) cos 4.715°.
It results

a3 = ap = 14.568 rad /s’ and ap,, = —0.140 m/s’.

The MATLAB commands for the g and ap,, are

aB3B2cor = 2*cross(Omega3,VB32); % Coriolis acceleration
alpha3z=sym(’alpha3z’,’real’); aB32=sym(’aB32’,’real’);
alpha3 = [ 0 0 alpha3z ]; % alpha3z unknown

aC=[0001; %Cis fixed

aB3 = aC + cross(alpha3,rB-rC) - dot(Omega3,Omega3)*(rB-rC);
aB3B2 = aB32x[ cos(phi2) sin(phi2) 0]; % aB32 unknown
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eqaB = aB3 - aB2 - aB3B2 - aB3B2cor; % aB3 = aB2 + aB3B2 + aB3B2cor
eqaBx = eqaB(1); egaBy = eqaB(2);

solaB = solve(eqaBx,eqaBy);

alpha3zs=eval (solaB.alpha3z);

aB32s=eval(solaB.aB32);

Alpha3 = [0 0 alpha3zs];

Alpha2 = Alpha3;

AB32 = aB32s*[cos(phi2) sin(phi2) 0];

Velocity and acceleration of D3 = Dy
The velocity of D3 = Dy is

VD3:VD4:VC+(.J3><I‘CD:(.03X(I’D—rc):

1 J k 1 J k
0 0 wy | = 0 0 5.448 | =
p — o Yp — Yo 0 —0.149 — 0 0.047 — 0.060 0

0.0671—0.814) m/s.
The acceleration of D3 = D, is

ap, = ap, = a¢ + o3 X Yop — w%I'CD = 3 X (I‘D — rc) — w%(rD — rc> =

1 J k
0 0 a3 |—wi|(@p —zen+ (yp —yo))] =
Tp —xc Yp — Yo O
1 J k
0 0 14.568 | —

—0.149 — 0 0.047 —0.060 0
5.4482 [(—0.149 — 0) 1+ (0.047 — 0.060) ] =
4.6171— 1.8113 m/s”.

The MATLAB commands for the velocity and acceleration of D3 = D, are

vD3 = vC + cross(Omega3,rD-rC); % D3 & C points on link 3
vD4 vD3;

aD3 = aC + cross(Alpha3,rD-rC) - dot(Omega3,0Omega3)*(rD-rC);
aD4 = aD3;
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Angular velocity of link 5
The velocity of the point Ds on the link 5 is calculated in terms of the
velocity of the point Dy on the link 4

Vps = Vp, + VDgy- (374)

This relative velocity of Ds with respect to D, is parallel to the sliding
direction DE, vp.,||DE, or

VDs, = Ups, COS 51+ Up,, sin @5 ]. (3.75)
The points D5 and E are on the link 5 and
Vp, = Vg + w5 X Irgp =ws X (rp —rg), (3.76)
where v = 0 and the angular velocity of link 5 is
ws = wsk.
Equations (3.74), (3.75), and (3.76) give

1 ] k
0 0 ws | = vp, + vp,,(cos P51+ sin ¢s5]). (3.77)
tp—2p Yp—Ys O

Equation (3.77) represents a vectorial equations with two scalar components
on z-axis and y-axis and with two unknowns ws and vp,,

—ws(Yp — YE) = Upaz + Up,, COS @5,

ws(Tp — TE) = Upay + Vps, Sin @5,
or

—ws(0.047 — 0.250) = 0.067 + vp,, cos(—63.333°),
ws(—0.149 — 0) = —0.814 + vp,, sin(—63.333°).

It results
ws =wyq = 0.917 rad/s and wvp,, = —0.757 m/s.

The MATLAB commands for the ws and vp,, are
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omegabz=sym(’omegabz’,’real’);

vD54=sym(’vD54’,’real’);

omegab = [ 0 O omegabz ]; % omegabz unknown
vE=[0001;

vD5 = vE + cross(omegab,rD-rE); 7 D5 & E points on link 5
vD5D4 = vD54*[ cos(phi5) sin(phib5) 0]; % vD54 unknown
eqvD = vD5 - vD4 - vDbD4; % vD5 = vD4 + vD5D4

eqvDx = eqvD(1); eqvDy = eqvD(2);

solvD = solve(eqvDx,eqvDy);

omegabzs=eval (solvD.omegabz) ;

vD54s=eval (solvD.vD54) ;

Omegab = [0 O omegabzs];

Omega4 = Omegab;

VD54 = vDb4s*[cos(phib5) sin(phib) 0];

Angular acceleration of link 5
The acceleration of the point Ds on the link 5 is calculated in terms of
the acceleration of the point D, on the link 4

ap, = ap, +ap,, +ap,,, (3.78)

This relative acceleration ag,, is parallel to the sliding direction DE, ap.,||DE,
or

ap;, = ap;, COS P51 + Ap, SN Ps). (3.79)
The Coriolis acceleration of Ds realative to Dy is

1 J k
ap’ =2wy X Vp, =2ws X Vp, =2 0 0 ws | =
Ups, COS @5 Up,,sings 0
2(—wsUps, SN @51+ wWsvp,, COS P5]) =
2[—0.917(—0.757) sin(—63.333°) 1 4 0.917(—0.757) cos(—63.333°) J] =
—0.2801+ 3.4003 m/s”. (3.80)

The points D5 and E are on the link 5 and

2
ap, — ag + a5 X rgp — WsTED, (381)
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where ap = 0 and the angular acceleration of link 5 is
as = as k.
Equations (3.78), (3.79), (3.80), and (3.81) give

1 J k
0 0 as | —wi(rp —rp) =
tp—2g Yp—Ye 0O

38

ap, +ap,,(cosps1+sings)) +2 ws X vp,,. (3.82)

Equation (3.82) represents a vectorial equations with two scalar components

on z-axis and y-axis and with two unknowns as and ap,,

—a5(yp — yg) — Wi (Tp — TE) = Apax + Ap,, COS P5 — 2W5Vp,, SIN Ps,

as(zp — xp) — 2w2 (Yp — YE) = Gpay + Gp,, SN G5 + 2wsvp,, COS s,

or
—a5(0.047 — 0.250) — 0.9172(—0.149 —-0)=
4.617 + ap,, cos(—63.333°) — 2(0.917)(—0.757) sin(—63.333°),
as(—0.149 — 0) — 0.9172(0.047 —0.250) =
—1.811 + ap,, sin(—63.333°) + 2(0.917)(—0.757) cos(—63.333°).
It results

a5 = ay = —5.771 rad/s* and ap,, = 3.411 m/s’.

The MATLAB commands for the a5 and ap,, are

aD5D4cor = 2*cross(Omegab,VD54) ; % Coriolis acceleration
alphabz=sym(’alphabz’,’real’);

aD54=sym(’aD54’,’real’);

alphab = [ 0 0 alphabz ]; % alphabz unknown

aE = [0 00 T;

aDb6 = aE + cross(alphab,rD-rE) - dot(Omega5,0megab)*(rD-rE) ;

aD5D4 = aDb4x*[ cos(phib5) sin(phib5) 0]; % aD54 unknown
eqaD = aD5 - aD4 - aD5D4 - aDbD4cor;
eqaDx = eqaD(1); egaDy = eqaD(2);
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solaD = solve(eqaDx,eqaDy);
alphabzs=eval (solaD.alphabz) ;
aD54s=eval (solaD.aD54) ;

Alphab5 = [0 O alphabzs];

Alpha4 = Alphab;

AD54 = aDb4s*[cos(phib) sin(phib) 0];

The MATLAB program and the results for the velocities and accelerations
analysis are given in Program 3.4.
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3.9 Derivative Method

Another method for obtaining the velocities and/or accelerations of links and
joints is the compute the derivatives of the positions and/or velocities with
respect to time.

R-RTR-RTR Mechanism

The derivative method will be explained using the planar R-RTR-RTR
mechanism considered in subsection 3.8 and shown in Fig. 2.9.

The angular velocity of link 1 is constant and has the value
™m

n=>50 rpm and w = ¢ = 30 = 5.235 rad/s,
or in MATLAB
n =50 ; % rpm of the driver link (constant)
omega = n*pi/30; % rad/s (omega=constant)

The velocity is obtained taking the derivative of the position with respect
to time, t. The symbolic variable ¢ is introduced in MATLAB with the state-
ment sym

t = sym(’t’,’real’);

The coordinates of the joint B are
xp(t) = ABcos¢(t) and yp(t) = ABsin¢(t),
and the position vector of Bisrg =xg1+ xp]).
To calculate symbolically the position of the joint B, the following MATLAB
commands are used

xB = AB*cos(sym(’phi(t)’));
yB = AB*sin(sym(’phi(t)’));
rB=[xByBO]; 7 position vector of B in terms of phi(t)

The statement sym(’phi(t)’) represents the mathematical function ¢(t)
and is introduced with the command sym that constructs symbolic numbers,
variables and objects. The function phi has one argument, the time t.

To calculate numerically the position of the joint B, the symbolic variables
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need to be substituted with the input data. To apply a transformation rule

to a particular expression expr, type subs(expr,lhs,rhs). The statement

subs (expr,lhs,rhs) replaces lhs with rhs in the symbolic expression expr.
For the mechanism, the numerical values for the joint B are

xBn = subs(xB, ’phi(t)’, pi/6); % xB for phi(t)=pi/6
yBn = subs(yB, ’phi(t)’, pi/6); % yB for phi(t)=pi/6
rBn = subs(rB, ’phi(t)’, pi/6); % rB for phi(t)=pi/6

The numerical values of the vector rBn are printed with
fprintf(C’rB = [ %g, %g, %g ] (m) \n’, rBn);
The linear velocity vector of By = By is

VB, = VB, = Il + YBJ,

where

d . d :
iy — % _ _ABésing and gy — % — ABdcos ¢,

are the components of the velocity vector of By = B».

To calculate symbolically the components of the velocity vector using the
MATLAB the command diff (f,t) is used, which gives the derivative of f
with respect to t.

The symbolical expression of the velocity vector of By = B, is obtain with
the statement

vB = diff(rB,t); % vB1=vB2 in terms of phi(t) and diff (phi(t),t)
The vector vB is a symbolic expression in terms of phi (t) and diff (phi(t),t)
vB = [-7/50%sin(phi(t))*diff(phi(t),t), 7/50%cos(phi(t))*diff (phi(t),t), O]

The numerical values for the components of the velocity of By = By are

ip = —0.140 (5.235)sin 30° = —0.366 m/s,
g5 = 0.140 (5.235) cos 30° = 0.634 m/s.
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To obtain the numerical values in MATLAB first diff (’phi(t)’,t) is re-
placed with omega and then phi(t) is replaced with pi/6

vBnn = subs(vB,diff (’phi(t)’,t),omega);

% replaces diff (’phi(t)’,t) with omega ( phi’(t)=omega ) in vB
vBn = subs(vBnn, ’phi(t)’,pi/6);

% replaces phi(t) with pi/6 in vBnn

Instead of replacing diff (’phi(t)’,t) with omega and then replac-
ing ’phi(t)’ with pi/6, a list with the symbolical variable ’phi(t)’,
diff (’phi(t)’,t), and diff (’phi(t)’,t,2) is created

slist = {’phi(t)’, diff (’phi(t)’,t), diff(Cphi(t)’,t,2)};
Next a list with the numerical values for slist is introduced

nlist = {pi/6, omega, O}; 7 numerical values for slist
% ’phi(t)’ -> pi/6

% diff (C’phi(t)’,t) -> omega

% diff Cphi(t)’,t,2) -> 0

The velocities and accelerations need to be calculated at the moment
when driver link makes and angle ¢(t) = 7/6 with the horizontal and ¢(t) =
w and ¢(t) = & = 0. To obtain the numerical value for the symbolic vector
rB the following statements are introduced

vBn = subs(vB,slist,nlist); % replaces slist with nlist in vB
VB = double(vBn); ’%converts the symbolic vBn to a numeric object
fprintf (°vB1 = vB2 = [ %g, %g, %g 1 (m/s) \n’, VB);

The statement double (S) converts the symbolic object S to a numeric object.
The linear acceleration vector of By = B, is

ap, = ap, = Ip1+ yBJ)
where
dip

Ip = el —AB¢? cos p — AB¢sin ¢,
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di . ;
ip = % — —AB@*sin¢ + AB¢ cos ¢,

For the considered mechanism the angular acceleration of the link 1 is ng =
w = 0. The numerical values of the acceleration of B are

ip = —0.140 (5.235)% cos 30° = —3.323 m/s?,
jp = —0.140 (5.235)*sin 30° = —1.919 m/s”.

The MATLAB command used to calculate symbolically the acceleration vec-
tor is

aB = diff(vB,t); % acceleration of B1=B2
The numerical value for the vector aB is obtained with

aBn = double(subs(aB,slist,nlist)); % numerical value for aB
fprintf(’aBl = aB2 = [ %g, %g, %g 1 (m/s”2) \n’, aBn);

The coordinates of the joint D are xp and yp. The MATLAB commands used
to calculate the position of D are

eqnD1 = ’( xDsol - xC )"2 + ( yDsol - yC )"2 = CD"2 ’;
eqnD2 = ’(yB - yC) / (xB - xC) = (yDsol - yC) / (xDsol - xC)’;
solD = solve(eqnD1l, eqnD2, ’xDsol, yDsol’);

Two sets of solutions are found for the position of the joint D that are
functions of the angle ¢(t) (i.e., functions of time):

xDpositions = eval(solD.xDsol); yDpositions = eval(solD.yDsol);
xD1 = xDpositions(1); xD2 = xDpositions(2);
yD1 = yDpositions(1); yD2 = yDpositions(2);

To determine the correct position of the joint D for the mechanism, an
additional condition is needed. For the first quadrant, 0 < ¢ < 90°, the
condition is zp < x¢.

This condition using the MATLAB command is:

xDin = subs(xD1,’phi(t)’,pi/6); % xD1 for phi(t)=pi/6
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if xDin < xC

xD = xD1; yD = yDi;
else

xD = xD2; yD = yD2;
end

rD = [ xD yD O ]; % position vector of D in term of phi(t)

The numerical solutions are printed using MATLAB

xDn = subs(xD,’phi(t)’,pi/6); % xD for phi(t)=pi/6
yDn = subs(yD,’phi(t)’,pi/6); % yD for phi(t)=pi/6
rDn = [ xDn yDn O 1; % rD for phi(t)=pi/6

fprintf(°rD = [ %g, %g, %g 1 (m) \n’, rDn);
The linear velocity vector of the joint D3 = D, (on link 3 or link 4) is

Vp; = VD, = Tpl—+ YpJ,

where
. dzxp ' dyp
X = an = —
D Yp dt )

dt
are the components of the velocity vector of the joint D, respectively, on the
xr-axis and the y-axis.
To calculate symbolically the components of this velocity vector the following
MATLAB commands are used

vD = diff(zD,t); % vD in terms of phi(t) and diff(’phi(t)’,t)
The numerical solutions are printed using MATLAB

vDn = double(subs(vD,slist,nlist)); % numerical value for vD
fprintf(°vD3 = vD4 = [ %g, %g, %g 1 (w/s) \n’, vDn);

For the considered mechanism the numerical values are
#p =0.067m/s and yp = —0.814 m/s.
The linear acceleration vector of Dy = D, is

ap, = ap, = Ipl+yp),
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where
To calculate symbolically the components of the acceleration vector the fol-
lowing MATLAB commands are used:
aD = diff(vD,t);
The numerical values of the acceleration of D3 = D, are
ip=4.617m/s*> and {p=—1.811m/s*

and can be printed using MATLAB

aDn = double(subs(aD,slist,nlist)); % numerical value for aD
fprintf(’aD3 = aD4 = [ %g, %g, %g 1 (@/s"2) \n’, aDn);

The angle ¢o(t) = ¢3(t) is determined as a function of time t from the
equation of the slope of the line BC"

o _ ys(t) —ye
tan ¢2(t) =t ¢3(t) J]B(t) _ xc‘

The MATLAB function atan(z) gives the arc tangent of the number z
and the angle ¢5 is calculated symbolically

phi2 = atan((yB-yC)/(xB-xC));

The numerical value is given by

phi2n = subs(phi2,’phi(t)’,pi/6); % phi2 for phi(t)=pi/6
The numerical solutions are printed using MATLAB

fprintf (’phi2 = phi3 = g (degrees) \n’, phi2n*180/pi);

The angular velocity ws(t) = ws(t) is the derivative with respect to time
of the angle ¢,(t)
~ dgo(t)
o dt

%)
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Symbolically, the angular velocity wy = w3 is calculated using MATLAB
dphi2 = diff(phi2,t); 7% omega2 in terms of phi(t) and diff (’phi(t)’,t)
and is the numerical values are printed using the MATLAB statements

dphi2nn = subs(dphi2,diff (’phi(t)’,t),omega) ;
dphi2n = subs(dphi2nn,’phi(t)’,pi/6); % numerical value for omega?2
fprintf (’omega2 = omegald = %g (rad/s) \n’, dphi2n);

The angular acceleration ay(t) = ag(t) is the derivative with respect to
time of the angular velocity wo(t):

Symbolically, using MATLAB, the angular acceleration as is

ddphi2 = diff(dphi2,t);

The numerical values of the angles, angular velocities, and angular accel-
erations for the links 2 and 3 are

ddphi2n = double(subs(ddphi2,slist,nlist)); % numerical value
The numerical solutions are printed using MATLAB
fprintf(’alpha2 = alpha3 = %g (rad/s "2) \n’, ddphi2n);

The results are
¢3 = ¢ = 0.082 rad, w3 = ws =5.448 rad/s, a3z = ay = 14.568 rad/sQ.

The angle ¢4(t) = ¢5(t) is determined as a function of time ¢ from the
following equation:
yp(t) = ym
D (t) - J,’E7

tan ¢4(t) = tan ¢5(t) =

and symbolically using MATLAB
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ddphi4 = diff(dphi4,t);

The angular velocity w4(t) = ws(t) is the derivative with respect to time
of the angle ¢4(t)
_ dgu(t)
Wy = .
dt
To calculate symbolically the angular velocity w, using MATLAB, the follow-
ing command is used

dphi4 = diff (phid,t);

The angular acceleration ay(t) = as(t) is the derivative with respect to
time of the angular velocity wy(t):

O@(t) _ dwj;t),

and it is calculated symbolically with MATLAB
ddphi4 = diff (dphi4,t);

The numerical values of the angles, angular velocities, and angular accelera-
tions for the links 5 and 4 are

¢5 = g = 2.036 rad, ws =wy =0.917 rad/s, a5 =y = —5.771 rad/sQ.
The numerical solutions printed with MATLAB are

dphi4n = double(subs(dphi4,slist,nlist)); % numeric omega4d
fprintf (’omegad = omegab = %g (rad/s) \n’, dphidn);

ddphi4n = double(subs(ddphi4,slist,nlist)); % numeric alpha4
fprintf (’alpha4 = alphab = %g (rad/s"2) \n’, ddphién);

The MATLAB program for velocity and acceleration analysis and the re-
sults are given in Program 3.5.
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R-TRR Mechanism

The mechanism considered at subsection 3.7 [Fig. 3.6(a)] will be an-
alyzed using the derivative method. The following dimensions are given
AC = 0.100 m, BC' = 0.300 m, and ¢ = ¢, = 45°. The coordinates of joint
B are xp = yp = 0.256 m and the driver link 1 rotates with a constant speed
of ny = 30 rpm. Find the velocities and the accelerations of the mechanism
using the derivative method.

Solution
A cartesian reference frame with the origin at A is selected. The coor-
dinates of joint A are x4 = ya = 0. The coordinates of the joint C' are
ro = AC =0.100 m and yo = 0.
The position of joint B is calculated from the equations
_ yp(t)

tan ¢(t) = r5(t) and  [zp(t) — zc]* + [ys(t) — yo]* = BC?,

or

zp(t) sing(t) = yp(t) cos é(t),
w5 (t) — zc)? + [ys(t) — yo)? = BC2. (3.83)

The coordinates of joint B are xg = yg = 0.256 m.
The MATLAB statements for the positions are

AC=0.1 ; BC=0.30 ; xA=0; yA=0; xC=AC ; yC =20 ;
n = 30 ; omega = n*pi/30;

t sym(’t’,’real’) ;

phi = sym(’phi(t)’) ;

xB = sym(’xB(t)’) ;

yB = symC’yB(t)’) ;

eqB1
eqB2

tan(phi) - yB/xB ;
(xB-xC)"2+ (yB-yC)"2 - BC™2 ;

sp = {’phi(t)’,’xB(t)’,’yB(t)’} ;
np = {pi/4,’xBn’,’yBn’} ;
eqBlp = subs(egBl,sp,np) ;
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eqB2p = subs(eqgB2,sp,np) ;

solBp = solve(eqBlp, eqB2p) ;

xBpositions = eval(solBp.xBn) ;

yBpositions = eval(solBp.yBn) ;

xB1 = xBpositions(1l); xB2 = xBpositions(2) ;

yB1 = yBpositions(1); yB2 = yBpositions(2);

if yBl > 0 xBp = xBl; yBp = yBl; else xBp = xB2; yBp = yB2; end
rB = [xBp yBp 0] ;

fp = {pi/4,xBp,yBp} ;

The linear velocity of point B on link 3 or 2 is
VB, = VB, = Tpl+ YB),

where
. drp q dys
tp=—— an = —=.
T BT Tt
The velocity analysis is carried out differentiating Eq. (3.83):
ipsing+ xpd cosd = YB COS p — ygé sin ¢,
tp(zp —xc) + ys(ys — yo) =0,
or
Tp sSing + rgw cos¢ =Yg COS P — Ygw Sin ¢,
ip(zp —2c) +9s(yp — yc) = 0. (3.84)
The magnitude of the angular velocity of the driver link 1 is

TN 7 (30 rpm
w=w=¢="7l = ( 30p ) 3141 rad/s. (3.85)
The link 2 and the driver link 1 have the same angular velocity w; = ws.

For the given numerical data Eq. (3.84) becomes

Tp sin45° 4 0.256 (3.141) cos45° = yp cos45° — 0.256 (3.141) sin 45°,
5(0.256 — 0.1) + 95(0.256 — 0) = 0. (3.86)

The solution of Eq. (3.86) gives

tp=-0.999 m/s and ¢y = 0.609 m/s.
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The velocity of B is

vp, =vg, = —0.999140.6093 m/s,

Vi, = [ve,| = /(~0.999)2 + (0.609)2 = 1.171  m/s.
The MATLAB statements for the velocity of By = B3 are

deqBl = diff(eqBl,t) ;

deqB2 = diff(eqB2,t) ;

sv = {diff Cphi(t)’,t),diff CxB(t)’,t),diff CyB(t)’,t)} ;
nv = {omega,’vxB’,’vyB’} ;
degBlp=subs(deqBl,sv,nv) ;
degBln=subs(deqBlp,sp,fp) ;
degB2p=subs(deqB2,sv,nv) ;
degB2n=subs (deqB2p,sp,fp) ;
solvB = solve(deqBln, degqB2n) ;
vBx = eval(solvB.vxB) ;

vBy = eval(solvB.vyB) ;

fv = {omega,vBx,vBy} ;

The acceleration analysis is obtained using the derivative of the velocities
given by Eq. (3.84):

Fpsing +ipw cosd+ pw cosp — rpw? sing =

ijB OS¢ — Ypw sin ¢ — Ygw sin ¢ + yg w? cos ¢,
ip(rp —xc) + 3% + p(ys — yo) + ¥5 = 0. (3.87)
The magnitude of the angular acceleration of the driver link 1 is
a=w=¢=0.
Numerically, Eq. (3.87) gives

Fp sin45° 4+ 2(—0.999) (3.141) cos45° — 0.256 (3.141)? sin 45° =
iip cos45° — 2(0.609) (3.141) sin 45° + 0.256 (3.141)2 cos 45°,
£p(0.256 — 0.1) + (—0.999)% + §jp(0.256) + 0.609° = 0. (3.88)

The solution of Eq. (3.88) is

ip=—1802m/s° and jp=—4.255m/s’.
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The acceleration of B on link 3 or 2 is

ap, =ap, = ¥1+ip) = —1.8021—4.255) m/s’,

lap,| = |ag,| = /(~1.802)2 + (~4.255)2 = 4.620 m/s”.

The MATLAB statements for the acceleration of By = Bs are

is

or

ddeqBl = diff(deqBl,t) ;

ddegB2 = diff(degB2,t) ;

sa = {diff(’phi(t)’,t,2),diff CxB(t)’,t,2),diff(’yB(t)’,t,2)};
na = {0,’axB’,’ayB’} ;
ddeqBlp=subs(ddeqBl,sa,na) ;
ddegBln=subs(ddeqBlp,sv,fv) ;
ddeqB1f=subs(ddeqBln,sp,fp) ;
ddegB2p=subs(ddeqB2,sa,na) ;
ddeqB2n=subs (ddeqB2p,sv,fv) ;
ddeqB2f=subs(ddeqB2n,sp,fp) ;
solaB = solve(ddegBl1f, ddeqB2f) ;
aBx = eval(solaB.axB) ;

aBy = eval(solaB.ayB) ;

fa = {0,aBx,aBy};

The slope of the link 3 (the points B and C' are on the straight line BC)

tan ga(t) = ys(t) — Yo

SL’B<t) — JJC’

[ws(t) — xc] sindu(t) = lya(t) — yc] cos a(d). (3.89)

The angle ¢3 is computed as follows:

¢3 = arctan

yB — yc 0256 o
YB 7 YO _ pretan —— 220 1.023 rad = 58.633°.
vp—re 056 01 e

The derivative of Eq. (3.89) yields

g sings + (x5 — 1¢) 3 cos 3 = Yp cos 3 — (Y5 — Yo ) Ps sin b3,
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or

Tpsings + (rp — To) ws cos 3 = Yp cos ¢3 — (Yp — Yo) w3 sin gz, (3.90)
where w3 = q53.
Numerically Eq. (3.90) gives
—0.999 sin 58.633° + (0.256 — 0.1) w3 cos 58.633° =
0.609 cos 58.633° — 0.256 w3 sin 58.633°,

with the solution w3 = 3.903 rad/s.
The angular velocity of link 3 is
w3 = w3k =3.903k rad/s.

The MATLAB statements for the angular velocity of link 3 are

phi3 = atan((yB-yC)/(xB-xC)) ;

phi3n = subs(phi3,sp,fp) ;

dphi3 = diff(phi3,t) ;

dphi3nn = subs(dphi3,sv,fv) ;

dphi3n = subs(dphi3nn,sp,fp) ;

fprintf (*omega3 = %g (rad/s) \n’, double(dphi3n)) ;

The angular acceleration of link 3, ag = w3 = gi53, is obtained using the
derivative of the Eq. (3.90):
Tp sin ¢3 + g wsz cos P3 +
Tpws cosPs + (vp — xo) ws cos g3 — (rp — Tc) w3 sin g3 =
U €OS Q3 — Ypws Sin Pz —
Ypws sin g3 — (yp — yo) ws sinds — (yp — Yo ) w3 cos ¢s,

or

Ip sings +2ipws cosds + (Tp — To) a3 cos g3 — (xp — xo) w3 sin ¢y =
B cos 3 — 2ypws sin gz — (yp — yo) a3 sindz — (yp — yo) wi cos ¢.
Numerically, the previous equation becomes

—1.802 sin 58.633° + 2 (—0.999) (3.903) cos 58.633° +
(0.256 — 0.1) a3 cos 58.633° — (0.256 — 0.1) (3.903)? sin 58.633° =
—4.255 cos 58.633° — 2 (0.609) (3.903) sin 58.633° —

0.256 a3 sin 58.633° — 0.256 (3.903)2 cos 58.633°,
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with the solution az = —2.252 rad/s*. The angular acceleration of link 3 is
a3 = azsk = —2.252k rad/sQ.
The MATLAB statements for the angular acceleration of link 3 are

ddphi3 = diff(dphi3,t) ;

ddphi3nnn = subs(ddphi3,sa,fa) ;

ddphi3nn = subs(ddphi3nnn,sv,fv) ;

ddphi3n = subs(ddphi3nn,sp,fp) ;

fprintf (’alpha3 = %g (rad/s"2 ) \n’, double(ddphi3n)) ;

The MATLAB program for velocity and acceleration analysis and the re-
sults using the derivative method are given in Program 3.6.
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R-RTR-RRT Mechanism

The mechanism shown in Fig. 3.6(b) and has the dimensions: AB =
0.100 m, AC = 0.150 m, CD = 0.075 m, and DE = 0.200 m. The angular
speed of the driver link 1 is w = w; = 4.712 rad/s. Find the velocities and
the accelerations of the mechanism using the derivative method for the case
when the angle of the driver link 1 with the horizontal axis is ¢ = ¢; = 45°.

Solution
The origin of the fixed reference frame is at C' = 0. The position of the
fixed joint A is x4 =0 and y4 = AC = 0.150 m. The position of joint B is

xp(t) =x4+ ABcoso(t), yp(t)=ya+ ABsino(t),
and for ¢ = 45°, the position is
rp =04 0.100 cos45° = 0.070 m, yp = 0.150 + 0.100 sin 45° = 0.220 m.

The linear velocity vector of By = By is

VB, = VB, = Ipl+ YBJ,
where

] dx . . d ;
i = d—tB =—AB¢sing, yg = % = AB ¢ cos ¢.

With ¢ = 45° and ¢ = w = 4.712 rad/s:

tp = —0.100(4.712) sin45° = —0.333 m/s,
yp = 0.100 (4.712) cos45° = 0.333 m/s,

VB, = Up, = [Va,| = [V, = /% + 9% = /(~0.333)2 + 0.3332 = 0471 m/s.

The linear acceleration vector of By = By is

ap, = ap, = Ipl+ YBJ,

where
di . .
ip = % — _AB@?cos ¢ — ABdsin ¢,
g = s = —AB¢’sin ¢ + ABd cos ¢.
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The angular acceleration of link 1 is ¢ = & = 0. The numerical values for
the acceleration of B are

ip = —0.100 (4.712)? cos 45° = —1.569 m/s?,
iip = —0.100 (4.712)%sin 45° = —1.569 m/s?,

ap, = ap, = [ap,| = |ag,| = \/i% + i} = \/(—1.569)2 + (—1.569)2 = 2.220 m/s*.

The MATLAB statements for the velocity and acceleration of B; = B, are

AB=0.1; CD=0.075 ; DE=0.2 ; AC=0.15 ; % (m)
xC=0,; yC=0; xA=0; yA = AC ;
phil = pi/4 ; omega = 4.712 ; alpha = 0;

t = sym(’t’,’real’);

xB1 = xA + AB*cos(sym(’phi(t)’));

yBl = yA + ABxsin(sym(’phi(t)’));

rB = [ xB1 yB1 0 ]; % symbolic in function of phi(t)

xBn = subs(xB1,’phi(t)’,pi/4); % xB for phi(t)=pi/4

yBn = subs(yB1,’phi(t)’,pi/4); % yB for phi(t)=pi/4

rBn = subs(rB,’phi(t)’,pi/4); % rB for phi(t)=pi/4

fprintf (°rB = [ %g, %g, %g ] (m)\n’, rBn);

vB = diff(rB,t); % differentiates rB with respect to t

% list for the symbolical variables phi’’(t), phi’(t), phi(t)
slist = {diff Cphi(t)’,t,2), diff(’phi(t)’,t), ’phi(t)’};

% list with the numerical values for phi’’(t), phi’(t), phi(t)
nlist = {alpha, omega, phil}; ’% numerical values for slist
vBn = double(subs(vB,slist,nlist));

fprintf (°vBl1 = vB2 = [ %g, %g, %g 1 (m/s)\n’, vBn);

% acceleration of B1=B2

aB = diff(vB,t); % differentiates vB with respect to t

aBn = double(subs(aB,slist,nlist));

fprintf(’aBl = aB2 = [ %g, %g, %g 1 (m/s"2)\n’, aBn);

The position of the joint D is calculated from the following equations

[zp(t) — zc]* + [yp(t) — yc]* = CD?,
yp(t) — yo _ ys(t) — yo

)
zp(t) —xc  wp(t) —zc
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The previous equations are rewritten as follows

ah(t) + yp(t) = CD?,
yp(t) z5(t) = xp(t) yp(t). (3.91)

For ¢ = 45°, the coordinates of joint D are xp = —0.023 m and yp =
—0.071 m. The negative value for yp was selected for this position of the
mechanism.

The MATLAB statements for the position of D are

xB = sym(’xB(t)’); % xB(t) symbolic
yB = sym(’yB(t)’); % yB(t) symbolic
% list for the symbolical variables of B
% xB’?(t), yB’’(t), xB’(t), yB’(t), xB(t), yB(t)
sB={diff ("xB(t)’,t,2),diff CyB(t)’,t,2),...
diff ("xB(t)’,t),diff (CyB(t)’,t),’xB(t)’,’yB(t)’};
% three dots (...) are used whenever a line break is needed
% list with the numerical values for the sB list
nB={aBn(1),aBn(2),vBn(1),vBn(2),xBn,yBn};
xD = sym(’xD(t)’); % xB(t) symbolic
yD = sym(’yD(t)’); % xB(t) symbolic
% equations for xD(t) and yD(t) function of xB(t) and yB(t)
eqD1l = (xD - xC)"2 + (yD - yC)~2 - CD"2;
eqD2 = (yD - yC)/(xD - xC) - (yB - yC)/(xB - xC);
sDp = {’xD(t)’,’yD(t)’};
nDp = {’xDn’,’yDn’};
% replaces {’xD(t)’,’yD(t)’} with {’xDn’,’yDn’}
egqD1n = subs(eqD1,sDp,nDp);
eqD2n = subs(eqD2,sDp,nDp) ;
eqDlp=subs(eqDln,sB,nB); %equation function of only ’xDn’ and ’yDn’
egD2p=subs(eqD2n,sB,nB) ; %equation function of only ’xDn’ and ’yDn’
solDp = solve(eqDlp, eqD2p);
xDpositions = eval(solDp.xDn);
yDpositions = eval(solDp.yDn);
xD1 = xDpositions(1); xD2 = xDpositions(2);
yD1 = yDpositions(1); yD2 = yDpositions(2);
if yD1 < 0
xDp = xD1; yDp = yDi;



Velocity and Acceleration Analysis with MATLAB

else
xDp = xD2; yDp = yD2;
end
rD = [xDp yDp 0];
fprintf (°rD = [ %g, %g, %g 1 (m\n’, rD);

The velocity analysis is carried out differentiating Eq. (3.91)

TpTp+ypyp =0,

YpTp+Ypip==IpyYs+ Tpyp
For the given data, Eq. (3.92) becomes

~0.0233p — 0.071yp = 0,
0.070 yp + (—0.071) (—0.333) = 0.220 & p + (—0.023) (0.333).

The solution is
tp =0.129m/s, yp = —0.041m/s.

The magnitude of the velocity of joint D is

vp = |vp| = \/i% + 5% = /0.1292 + (—0.041)2 = 0.135m/s.

The MATLAB statements for the velocity of D are

degD1 = diff (eqD1,t);

deqD2 = diff (eqD2,t);

sDv = {diff CxD(t)’,t),diff (CyD(t)’,t),’xD(t)’, yD(t)’};
nDv = {’vxD’,’vyD’,xDp,yDp};

degD1lv = subs(subs(deqD1,sDv,nDv),sB,nB);

degD2v = subs(subs(deqD2,sDv,nDv),sB,nB);

solvD = solve(deqDlv, deqD2v);

vDx = eval(solvD.vxD);

vDy = eval(solvD.vyD);

fprintf (°vD = [ %g, %g, %g 1 (m/s)\n’, [vDx vDy 0]);
fDv = {vDx, vDy, xDp, yDp};

o7

(3.92)
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The acceleration analysis is obtained using the derivative of the velocity
given by Eq. (3.92):

i% + xp¥p + U + ypip = 0,

YpZp +YpIp +YpTp+YpZTp =TpyYs +ITpYs +ITpYs + Tp yn.
or

0.129% + (—0.022)ip + (—0.041)? + (—0.071)ijp = 0,
0.070 4jp + 2(—0.041) (—=0.333) + (—0.071) (—1.569) =
0.2204p + 2(0.129) (0.333) + (—0.023) (—1.569).

The solution of the previous system is
ip =0.147 m/s?, §p =0.210 m/s*.

The absolute acceleration of joint D is

ap = [ap| = i + i3 = /(0.150)2 + (0.212)2 = 0.256 /s>,

The MATLAB statements for the acceleration of D are

ddegD1 = diff(deqD1,t);

ddegD2 = diff(deqD2,t);

sDa = {diff (’xD(t)’,t,2),diffCyD(t)’,t,2)};
nDa = {’axD’,’ayD’};

ddeqD1n = subs(ddeqgD1,sDa,nDa);
ddeqD2n = subs(ddeqgD2,sDa,nDa) ;
ddeqDla = subs(subs(ddeqDin,sDv,fDv),sB,nB);
ddeqD2a = subs(subs(ddeqD2n,sDv,fDv),sB,nB);

solaD = solve(ddegDla, ddegD2a);

aDx = eval(solaD.axD);

aDy = eval(solaD.ayD);

fprintf(’aD = [ %g, %g, %g 1 (m/s"2)\n’, [aDx aDy 0]);
sD={diff ("xD(t)’,t,2),diff CyD(t)’,t,2),...

diff (’xD(t)’,t),diff (PyD(t)’,t),’xD(t)’, yD(t) };
nD={aDx, aDy,vDx,vDy,xDp,yDp};
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The position of joint F is determined from the following equation:
[25(t) — xp(t)]* + [ye(t) — yp(t)]* = DE?,
and with the coordinate yg = 0:
[2p(t) = 2p(t)]* + yp(t) = DE®. (3.93)
With the given numerical values Eq. (3.93) becomes
(g +0.023)* + (0.071)* = 0.22,

with the correct solution g = 0.164 m.
The MATLAB statements for the position of E are

xE = symCxE(t)’);

yE = 03

% equations for xE(t) function of xD(t) and yD(t)
eqE = (xE - xD)"2 + (yE - yD)"2 - DE"2;

eqEp = subs(subs(eqE,’xE(t)’,’xEn’),sD,nD);

solEp = solve(eqEp);

xE1l = eval(solEp(1)); xE2 = eval(solEp(2));

if xE1 > xDp xEp = xE1; else xEp = xE2; end

rE = [xEp yE 0];

fprintf (’rE = [ %g, %g, %g 1 (m\n’, rE);

The velocity of joint E is determined by differentiating Eq. (3.93) as
follows

2(¢p —2p)(reg —2p) + 2ypyp = 0, (3.94)
or
. . YpYD
ip —ip = ——————.
Tr —Ip

The solution of the above equation is

(—0.071)(—0.041)

i = 0.129 —
e 0.164 + 0.023

=0.113m/s.
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The MATLAB statements for the velocity of E are

deqE = diff(eqE,t);
sEv = diff OxE(t)’,t),’xE(t)’;
nEv = ’vxE’,xEp;

deqEv =

subs (subs (deqE, sEv,nEv) ,sD,nD) ;

solvE = solve(deqEv);
vEx = eval(solvE);

vEy = 0;

fprintf CvE = [ %g, %g, %g 1 (m/s)\n’, [vEx vEy 01);
fEv = vEx,xEp;

The derivative of Eq. (3.94) yields

(ip —ip)(rg —xp) + (ig — ¥p)*> + U5 + ypiip = 0,

with the solution

. . Up+ypip+(ig—ip)’
Tgp =Tp — n D )
o —

or with numerical values

g = 0.150 —

(—0.041)% + (—0.071)(0.21) + (0.112 — 0.129)?

0.164 + 0.023

The MATLAB statements for the acceleration of F are

ddeqE = diff(deqE,t);

ddeqEn =
ddeqEa =

subs (ddeqE,diff (’xE(t)’,t,2),’axD’);
subs (subs (ddeqEn,sEv,fEv) ,sD,nD) ;

solaE = solve(ddeqEa);
aFEx = eval(solaE);

akEy = 0;

= 0.217

fprintf (PaE = [ %g, %g, %g 1 (m/s~2)\n’, [aEx aEy 0]);

The points B and C' are located on the same straight line BD:

ys(t) — yo — [z5(t) — x| tangs(t) = 0.

60

m/s?.

(3.95)
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The angle ¢3 = ¢ is computed as follows:

YB — Yc

¢3 = ¢ = arctan ,
Irp — X¢

and for ¢ = 45° is obtained by

0.22
¢3 = arctan 007 = 72.235°.
The derivative of Eq. (3.95) yields
1

oy b5 = 0. (3.96)

Up — Yo — (T — ¢) tangs — (v — x¢)

The angular velocity of link 3, w3 = ws = b3, is computed as follows

 cos®@slys — Yo — (T — &) tan @]
W3 = Wy = Tg — o )

and

2 o o
oy — cos® 72.235 (0.33367570.333tan 72.235°) — 1.807rad/s.

The angular acceleration of link 3, a3 = ay = (53, is computed from the time
derivative of Eq. (3.96)

1 .
i (e Bt 9 B

YB — Jo (l’B‘ ;70) an ¢ — 2(ip $C)COSQ %5 ¢3
SI @3 19 .

2 — ——— @5 — (xp— 7 =0.
(zB xc)cosg be ¢35 — (vp C)COS2 s ¢3

The solution of the previous equation is
a3 =z = liip —iic — (ip — ic)tangs — 2(ip — $C)COSQ 5 ¢3—

Sin g3 o, COS? 3
cosd ¢y g —x0

2([1) B — {Ec)
and for the given numerical data:

1
a3 = ag = [—1.569 + 1.569 tan 72.235° + 2(0.333) —————1.807—

in 72.235° 279 935° cos? 72.235°
20.07) s cos” 72.235°

ST (1.807)2 = 1.020rad/s%.
oot 72,2350 LS80 - rad/s
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The MATLAB statements for the angular velocity and acceleration of links 2
and 3 are

phi3 = atan((yB-yC)/(xB-xC));

phi3n = subs(phi3,sB,nB);

fprintf (’phi2 = phi3 = g (degrees)\n’, double(phi3n*180/pi));
dphi3 = diff(phi3,t);

dphi3n = subs(dphi3,sB,nB) ;

fprintf (’omega2 = omega3d = %g (rad/s)\n’, double(dphi3n));
ddphi3 = diff(dphi3,t);

ddphi3n = subs(ddphi3,sB,nB);

fprintf(’alpha2 = alpha3 = %g (rad/s"2)\n’, double(ddphi3n));

The angle ¢4 is determined from the following equation:

ye —yp(t) = [zp(t) —zp(1)] tands(t) =0, (3.97)

where yp = 0. The above equation can be rewritten as

—yp(t) — [xp(t) — xp(t)] tanu(t) =0, (3.98)

and the solution is

—YD 0.071 ) o
— arctan [ ——Y2 ) — aretan [ —22 ) —90.993°.
¢4 = arctan (:cE — :z:D> arctan <0.164 10.023

The derivative of Eq. (3.98) yields

1

— ¢4¢4 = 0. (3.99)

—yp — (g — &p) tangy — (v — $D)C
Hence,

cos® dalyp + (g — p) tan ¢4
B Ty — XD

cos? 20.923°[—0.041 + (0.113 — 0.129) tan 20.923°]
a 0.164 — (—0.022)

Wy = Q4=

= 0.221 rad/s.
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The angular acceleration of link 4 is determined by differentiating Eq. (3.99)
as follows:

_yD_(xE_xD)tan¢4_2(l’E_xD)7COSQ¢ ¢4_
sin ¢4 9 1 .

2ap —ap) P g2 (g — 0

(xE xD)COS?’ ¢4 ¢4 ('rE xD)COS2 ¢4 ¢4 )

or

1
—0.210 — (0.217 — 0.147) tan 20.923° — 2(0.113 — 0.129)———0.221 —
0.210 — (0.217 — 0.147) tan 20.923° — 2(0.113 — 0.129) - -0

sin 20.923°

1 .
2(0.164 022)—————
(0.164+ 0.0 )cos3 20.923¢

0.221%2 — (0.164 + 0.022) —————— ¢, = 0
( + ) cos? 20.923° 2 ’

The solution of the previous equation is
oy = ¢y = —1.105 rad/s%.

The MATLAB statements for the angular velocity and acceleration of link 4
are

phi4 = atan((yE-yD)/(xE-xD));

phidn = subs(subs(phi4,sD,nD),sE,nE);

fprintf (’phid = %g (degrees)\n’, double(phi4n*180/pi));
dphi4 = diff(phi4,t);

dphi4n = subs(subs(dphi4,sD,nD),sE,nE);

fprintf (’omegad = %g (rad/s)\n’, double(dphidn));
ddphi4 = diff(dphi4,t);

ddphidn = subs(subs(ddphi4,sD,nD),sE,nE);

fprintf (’alphad = %g (rad/s"2)\n’, double(ddphidn));

The MATLAB program for velocity and acceleration analysis using deriva-
tive method and the results are given in Program 3.7.
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3.10 Independent Contour Equations

This section provides an algebraic method to compute the velocities and
accelerations of any closed kinematic chain. The classical method for obtain-
ing the velocities and accelerations involves the computation of the derivative
with respect to time of the position vectors. The method of contour equa-
tions avoids this task and uses only algebraic equations [Atanasiu,Voinea].
Using this approach, a numerical implementation is much more efficient. The
method described here can be applied to planar and spatial mechanisms.
Figure 3.7 shows a monocontour closed kinematic chain with n rigid links.
The joint A;, i = 0,1,2,...,n is the connection between the links (i) and
(t—1). The last link n is connected with the first link 0 of the chain. For the
closed kinematic chain, a path is chosen from link 0 to link n. At the joint A;
there are two instantaneously coincident points: the point A;; belonging to
link (i), A;; € (i), and the point A; ;1 belonging to link (i—1), A;;—1 € (i—1).

The velocity equations for a simple closed kinematic chain are

Zwm_l =0 and ZrAi X wz‘,i_l —+ ZVAM—I = 0, (3100)
(@) (@) (4)

where
w; ;1 is the relative angular velocity of link (7) with respect to link (i—1);
r4, is the position vector of the joint A;;
VA, = vgi{iAiyi_l is the relative velocity of A;; on link (i) with respect
to A;;—1 on link (i — 1).
The acceleration equations for a simple closed kinematic chain are

Z (8 7] + sz X Wji—1 = 0 and
(4) (4)

ZI‘Ai X (i1 +wi X wii1) + ZaAi,i,l + Zaff;flﬂL
(@) (@) (@)

> w; X (w; X Taa,,,) =0. (3.101)
(i)

where
a; ;-1 is the relative angular acceleration of link (¢) with respect to link

(i —1);
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w; is the absolute angular velocity of the link (7), or the angular velocity
of link (7) with respect to the “fixed” reference frame Oxyz, w; = w; p;
ay,, , = aZﬁlJ ., , is the relative acceleration of A;; on link (i) with
respect to A;;—; on link (¢ — 1);
C"i’;_l =2w;_1 X va,, , is the Coriolis acceleration;

YA, 1A = T4, — T4 -

1

For a closed kinematic chain in planar motion the acceleration equations
are

Z &1 = 0 and
(%)

Yora Xy ax,  +y ay,  —wiraa, =0 (3.102)
(@) (i) (i)

For planar motion the following relations exist

2
w; X (wl X rAiAi+l) = —WiTA A, and Wi X Wji—1 = 0.

A systematic procedure, using the contour method, is presented below.
The equations for velocities and accelerations are written for any closed con-
tour of the mechanism. However, it is best to write the contour equations

only for the independent loops of the diagram representing the mechanism.

Step 1. Determine the position analysis of the mechanism.

Step 2. Draw the contour diagram representing the mechanism and select
the independent contours. For the contour diagram the numbered links
are the nodes of the diagram and are represented by circles, and the
joints are represented by lines which connect the nodes. Determine a
path for each contour.

Step 3. For each closed loop write the contour velocity relations, Eq. (3.100),
and contour acceleration relations, Eq. (3.101). For a closed kinematic
chain in planar motion Eq. (3.100) and Eq. (3.102) will be used.

Step 4. Project on a cartesian reference system the velocity and accel-
eration equations. Linear algebraic equations are obtained where the
unknowns are
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e the components of the relative angular velocities w; ;_1;
e the components of the relative angular accelerations o j_1;
e the components of the relative linear velocities v4; ;_1;

e the components of the relative linear accelerations ay; ;.

Solve the algebraic system of equations and determine the unknown
kinematic parameters.

Step 5. Determine the absolute angular velocities w; and the absolute
angular accelerations o;. Compute the velocities and accelerations of
the characteristic points and joints.

Example: R-RTR-RTR mechanism

For the planar R-RTR-RTR mechanism considered at section 3.8 and
shown in Fig. 3.8(a) the contour equations method will be applied and a
MATLAB program for velocity and acceleration analysis will be presented.

The mechanism has five moving links and seven full joints. The number
of independent contours is n. = c—n =7 —5 = 2, where c is the number of
joints and n is the number of moving links.

The mechanism has two independent contours. The contour diagram of
the mechanism is represented in Fig. 3.8(b). The first contour I contains the
links 0, 1, 2, and 3, while the second contour I/ contains the links 0, 3, 4,
and 5. Clockwise paths are chosen for each closed contours I and I1.

First contour analysis

Figure 3.9(a) shows the first independent contour I with

e rotational joint R between the links 0 and 1 (joint A);

e rotational joint R between the links 1 and 2 (joint B);

e translational joint T between the links 2 and 3 (joint B);

e rotational joint R between the links 3 and 0 (joint C').
The angular velocity wyg of the driver link is known:

50
Wi =W =w = 3—(? rad/s = 5.235 rad/s.
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The origin of the reference frame is the point A(0,0).
For the velocity analysis, the following vectorial equations are used

wio + wa1 +wp3 =0,

rp X Wo1 + o X Wo3 + VT,BZZB2 = 0, (3103)
where rp = 21+ ypJ, rc = ol + Yc), and

wig = wiok, wo = wark, wpz = wpsk,

VE;B2 = VB, = UB,, COS 02l + Up,, SiN ).
The sign of the relative angular velocities is selected as positive as shown in
Figs. 3.8(a) and 9(a). The numerical computation will then give the correct
orientation of the unknown vectors. The components of the vectors rg and
rco, and the angle ¢y are already known from the position analysis of the
mechanism. Equation (3.103) becomes

wiok + wark + wosk = 0,
1 3] k 1 ]k
g yp O |+ |zc yo 0 |+ vp,, cosPal+ vp,, sin gy = 0.(3.104)
0 0 W21 0 0 Wo3

The unknown relative velocities are introduced with MATLAB as

omega2lv = [ 0 0 sym(’omega21z’,’real’) ];
omegalO3v = [ 0 0 sym(’omega03z’,’real’) ];
v32v = sym(’vB32’,’real’)*[ cos(phi2) sin(phi2) 0];

Equation (3.104) represents a system of three equations and with MATLAB
commands gives

eqlomega = omegalO + omega2lv + omegaO3v;
eqlvz=eqIlomega(3);

eqlv = cross(rB,omega2lv) + cross(rC,omegal3v) + v32v;
eqlvx=eqlv(1);

eqlvy=eqlv(2);

To display the equations the following MATLAB statements are uses
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Ivz=vpa(eqlvz,6);
fprintf (°%s = 0 \n’, char(Ivz));
Ivx=vpa(eqlvx,6);
fprintf (°%s = 0 \n’, char(Ivx));
Ivy=vpa(eqlvy,6);
fprintf(’%s = 0 \n’, char(Ivy));

The system of equations can be solved using the MATLAB commands

solIv=solve(eqlvz,eqlvx,eqlvy);

omega2l = [ 0 0 eval(sollv.omega2lz) 1];

omega03 = [ 0 0 eval(solIv.omega03z) ];

vB3B2 = eval(solIv.vB32)*[ cos(phi2) sin(phi2) 0];

and the following numerical solutions are obtained
wor = 0.212 rad/s, w3 = —5.448 rad/s, and vp,, = 0.313 m/s.

To print the numerical values, the following MATLAB commands are used

fprintf (Comega2l = [ %g, %g, %gl (rad/s)\n’, omega2l );
fprintf (’omega03 = [ %g, %g, %gl (rad/s)\n’, omegal3 );
fprintf (*vB32 = Y%g (m/s)\n’, eval(sollIv.vB32) );
fprintf ("vB3B2 = [ %g, %g, %d]l (m/s)\n’, vB3B2 );

The absolute angular velocities of the links 2 and 3 are
Wop = W3p = —wpz = 5.448 k rad/s.
The absolute linear velocity of D3 = Dy, is
Vpy = Vp, = Vo +wsg X rop = 0.067 1 — 0.814 j m/s,

where vo = 0 and rocp = rp — reo. The MATLAB commands for the absolute
velocities are

omega30 = — omegal3;
omega20 = omega30;
vD3 = cross(omega30,rD-rC) ;
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fprintf (’ omega20=omega30=[ %d, %d, %gl (rad/s)\n’, omega30 );
fprintf (°vD3 = vD4 = [ %g, %g, %gl (m/s)\n’, vD3 );

For the acceleration analysis, the following vectorial equations are used

oo + o + o3 = 0,
Ip X Qo +To X o + Al +af s — wirap — wirpe = 0.(3.105)
where

agy = apk, oo = agk, aps = apsk,

rel _ _ .
aAB,B, — AB3; — GB;, COS ¢21 + aps;, SN gbz],

cor . (& _
aAp.p, — Ap;, — 2Wwoy X VB,

The driver link has a constant angular velocity and a9 = w9 = 0.
The unknown acceleration vectors using the MATLAB commands are

alpha2iv = [ 0 O sym(’alpha21z’,’real’) ];
alphaO3v [ 0 0 sym(’alpha03z’,’real’) 1];
a32v = sym(’aB32’,’real’)*[ cos(phi2) sin(phi2) O0];

Equation (3.105) represents a system of three equations and using MATLAB
commands gives

eqlalpha = alphalO + alpha2lv + alphaO3v;

eqlaz=eqlalpha(3);
eqlal=cross(rB,alpha21v)+cross(rC,alpha03v)+a32v+2*cross (omega20,vB3B2) ;
eqla2=-dot (omegal,omegal)*rB-dot (omega20, omega20) * (rC-rB) ;
eqla=eqlal+eqla?2;

eqlax=eqla(1);

eqlay=eqla(2);

The equations are displayed with

Taz=vpa(eqlaz,6);
fprintf (°%s = 0 \n’, char(Iaz));
Tax=vpa(eqlax,6);
fprintf(’%s = 0 \n’, char(Iax));
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Iay=vpa(eqlay,6);
fprintf (°%s = 0 \n’, char(Iay));

The unknowns are sy, a3, and ap,, or alpha21z, alpha03z, and aB32.
The system of equations is solved using the MATLAB commands

solla=solve(eqlaz,eqlax,eqlay);

alpha21l = [ 0 0 eval(solIa.alpha2lz) ];

alpha03 = [ 0 0 eval(solIa.alpha03z) ];

aB3B2 = eval(solla.aB32)*[ cos(phi2) sin(phi2) 0];

The following numerical solutions are then obtained
o1 = 14.568 rad/s?, ags = —14.568 rad/s®, and ap,, = —0.140 m/s’.

To print the numerical values, the following MATLAB commands are used:

fprintf(’alpha21 = [ %g, %g, %gl (rad/s"2)\n’, alpha2i );
fprintf(’alpha03 = [ g, %g, %gl (rad/s"2)\n’, alpha03 );
fprintf(’aB32 = %g (m/s"2)\n’, eval(solla.aB32) );
fprintf (’aB3B2 = [ %g, %g, %»d] (m/s"2)\n’, aB3B2 );

The absolute angular accelerations of the links 2 and 3 are
Qg — 39 — — QY3 — 14.568 k rad/sz.

The absolute linear acceleration of D3 = Dy is obtained from the following
equation

ap, = ap, = ac + az X rep — wirop = 4.6171—1.811 3 m/s?,
where ac = 0. In MATLAB the absolute accelerations are

alpha30 - alpha03;

alpha20 = alpha30;

aD3 = cross(alpha30,rD-rC)-dot (omega20,omega20)* (rD-rC) ;
fprintf (’alpha20=alpha30=[ %d, %d, %gl (rad/s"2)\n’, alpha30 );
fprintf(’aD3 = aD4 = [ %g, %g, %gl (m/s"2)\n’, aD3 );
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Second contour analysis

Figure 3.10(a) depicts the second independent contour 17

e rotational joint R between the links 0 and 3 (joint C');

e rotational joint R between the links 3 and 4 (joint D);

e translational joint T between the links 4 and 5 (joint D);

e rotational joint R between the links 5 and 0 (joint E).

For the velocity analysis, the following vectorial equations are used

w3p + waz +wps = 0,

I'c X wW3g+TIp X wy3 +rg XW05+VTDGSZD4 :O7 (3106)
where rp = zp1+ ypJ, rg = TEl + ygJ, and

w30 = waok, wiz = wazk, wos = wosk,

VTDeEfD4 = Vp,, = Ups, COS P41 + Up,, SIN ¢4].
The sign of the relative angular velocities is selected as positive as shown in
Figs. 3.8(a) and 10(a). The numerical computation will then give the correct
orientation of the unknown vectors. The components of the vectors rp and
rg, and the angle ¢, are already known from the position analysis of the
mechanism.

The unknown vectors with MATLAB commands are

omega43v = [ 0 0 sym(’omegad3z’,’real’) ];
omegaO5v = [ 0 0 sym(’omega05z’,’real’) 1];
vb4v = sym(’vD54’,’real’)*[ cos(phi4) sin(phi4) 0];

Equation (3.106) becomes

u)g()k + Ld43k + w05k = 0,
1 ]k 1 3 k 1 ]k
¢ yo O |+|zp yp O |+|zg ye O |+
0 0 Wsp 0 0 W43 0 0 wWos

Ups, COS P41 + Vp,, sin ¢u) = 0. (3.107)
Equation (3.107) projected onto the “fixed” reference frame Oxyz gives

w3p + waz +wos = 0,
Yowso + Ypwaz + YEWos + vp,, cos gg = 0,

—XoWsg — TpwWyez — TEWos + UDsy sin ¢4 =0. (3108)
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The above system of equations using the following MATLAB commands be-
comes

eqllomega = omega30 + omegad43v + omegal5v;

eqlIvz=eqllomega(3);
eqlIv=cross(rC,omega30)+cross(rD,omegad3v)+cross(rE, omegalO5v)+v54v;
eqlIvx=eqIlIv(1);

eqlIvy=eqlIv(2);

Equation (3.108) represents an algebraic system of three equations with
three unknowns: wys, wos, and vp,,. The system is solved using the MATLAB
commands

solIIv=solve(eqlIlvz,eqlIlvx,eqlIvy);

omega43 = [ 0 0 eval(solIllv.omegad3z) ];

omegal05 = [ 0 0 eval(solIlv.omegaO5z) ] ;

vD5D4 = eval(solIIv.vD54)*[ cos(phi4) sin(phi4) 0];

The following numerical solutions are obtained:
wyz = —4.531 rad/s, wes = —0.917 rad/s, and vp., = 0.757 m/s.

To print the numerical values with MATLAB , the following commands are
used:

fprintf (’omegadld = [ %g, %g, %gl (rad/s)\n’, omegadl );
fprintf (’omega05 = [ %g, %g, %gl (rad/s)\n’, omegal5 );
fprintf (*vD54 = Y%g (m/s)\n’, eval(solIIv.vD54) );
fprintf(*vD5D4 = [ %g, %g, %d]l (m/s)\n’, vD5D4 );

The absolute angular velocities of the links 4 and 5 are
Wy = W50 — —Wpy = 0.917 k rad/s, (3109)

and with MATLAB commands, they are

omegab0
omega40

- omegal5;
omegab0;
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fprintf (’ omegadO=omegab50=[ %d, %d, %gl (rad/s)\n’, omegab0 );

For the acceleration analysis, the following vectorial equations are used:

Qagp + a3 + aps = 0,

rel cor 2 2
Ic X ;igg +Tp X i3 + T X Qs + aD5D4 + 33534 — W3oYcp — WyoT'DE = 0. (3110)

where

ap = agok, oug = ausk, ags = sk,

rel _ _ 1
aAp.p, — AD5y — ADsy COS ¢41 + ap;, sin 9254.]7

cor __
ap., = 2(.()40 X VDgy-

The unknown acceleration vectors using the MATLAB commands are

alphad43v = [ 0 0 sym(’alpha43z’,’real’) 1];
alphaO5v = [ 0 O sym(’alpha05z’,’real’) 1];
ab4v = sym(’aD54’,’real’)*[ cos(phi4) sin(phi4) O0];

Equation (3.110) becomes

azok + ayzk + agsk = 0,
1 )] k 1 J k 1 )] k
zc yo O |+|zp yp O |+|zg yg O |+
0 0 Q30 0 0 43 0 0 (07414

1 k
aps, COS P41 + ap,, sin ¢4] + 0 f)l Wy | —
Ups, COS®4  Up,,singg 0
wipl(zp =zt + (yp — yoh] -
wiolws — zp)1+ (yr — yp)i] = 0. (3.111)

Equation (3.111) can be rewritten as

Q3o + a3 + ags = 0,

Yozo + YpQus + YEQos + As4 COS P4 — 2W40Us4 SIN Py —
wip(rp — we) — wig(rp — 2p) =0,

—ToO3) — Tpuz — TEQs + A5 SIN Qg + 2W40V54 COS Py —

wio(yp — yo) — wip(ye — yp) = 0. (3.112)
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The contour acceleration equations using MATLAB commands are

eqllalpha = alpha30 + alpha43v + alphaOb5v;

eqllaz=eqllalpha(3);
eqllal=cross(rC,alpha30)+cross(rD,alphad3v)+cross(rE,alpha05v)+abdv;
eqlIa2=2*cross (omega40,vD5D4) ;

eqlIa3=-dot (omega30,omega30)* (rD-rC)-dot (omegad0, omegad0)* (rE-rD) ;
eqlla=eqllal+eqlIa2+eqlla3;

eqllax=eqlla(l);

eqllay=eqlla(2);

The unknowns in Eq. (3.112) are aus, ags, and ap,,. To solve the system,
the following MATLAB command is used:

solIla=solve(eqllaz,eqllax,eqllay);

alpha43 = [ 0 0 eval(solIlla.alpha43z) ];

alphaO5 = [ 0 0 eval(solIIa.alpha05z) ] ;

aD5D4 = eval(solIlla.aD54)*[ cos(phi4) sin(phi4) 0];

The following numerical solutions are obtained:
a3 = —20.339 rad/s?, ags = 5.771 rad/s*, and ap,, = 3.411 m/s*.

The MATLAB commands for displaying the solutions are

fprintf (’alpha43 = [ %g, %g, %gl (rad/s"2)\n’, alpha43 );
fprintf (’alpha05 [ %g, %g, hgl (rad/s~2)\n’, alphaO5 );
fprintf (’aD54 = %g (m/s"2)\n’, eval(solIla.aD54) );
fprintf (’aDsD4 = [ %g, %g, %dl (m/s"2)\n’, aD5D4 );

The absolute angular accelerations of the links 4 and 5 are
Oy =— 50 — — o5 — —5.771 k rad/sQ,

and with MATLAB they are

alphab0
alpha40

- alpha05;
alphab0;
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fprintf (’alphad40=alpha50=[ %d, %d, %gl (rad/s~2)\n’, alpha50 );

The MATLAB program and results for the velocity and acceleration analysis
using the contour method are given in Program 3.8.



