Velocity and Acceleration Analysis
Contour Method

The mechanism has five moving links and seven full joints. The number
of independent contours is

Ne=c—n=7—95=2,

where ¢ is the number of joints and n is the number of moving links.

The mechanism has two independent contours. The first contour I con-
tains the links 0, 1, 2, and 3, while the second contour I contains the links
0, 3, 4, and 5. The diagram of the mechanism is represented in Fig. 8(b).
Clockwise paths are chosen for each closed contours I and I1.

First contour analysis

Figure 9(a) shows the first independent contour I with

e rotational joint R between the links 0 and 1 (joint A);

e rotational joint R between the links 1 and 2 (joint B);

e translational joint T between the links 2 and 3 (joint B);

e rotational joint R between the links 3 and 0 (joint C').
The angular velocity wyg of the driver link is known:

50
Wi =W =W = 3—(? rad/s = 5.235 rad/s.

The origin of the reference frame is the point A(0, 0, 0).
For the velocity analysis, the following vectorial equations are used:

wig + wo1 + wp3 = 0,

rap X W1 +Tac X Woz + Ve = 0, (1)
where rap = Tpl + yYpJ, Tac = Tcl+ yc), and

wio = wiok, war = waik, woz = wosk,
T .
Vig3a = V32 = U3 COS (ol + U3 SiN Pa].
The sign of the relative angular velocities is selected as positive as shown in

Figs. 8(a) and 9(a). The numerical computation will then give the correct
orientation of the unknown vectors. The components of the vectors r 45 and



rac, and the angle ¢y are already known from the position analysis of the
mechanism. Equation (1) becomes

wlok + WQlk + wak = 0,
1 3 k 1 ]k
g ys O |+|xzc yo 0 |+ v33c08¢91+ v3a8inge) =0. (2)
0 0 W21 0 0 Wo3

Equation (2) represents a system of three equations and with MATLAB/ Mathematica®™
commands gives the following numerical solutions are obtained:

wor = 0.212 rad/s, wp3 = —5.448 rad/s, and vz = 0.313 m/s.
The absolute angular velocities of the links 2 and 3 are
Wop = W3p = —wpz = 5.448 k rad/s.
The absolute linear velocities of the joints B and D are
Vp =Vp, =Vp, =Va+wiy Xrap=—0.366 1+ 0.634  m/s,
Vp =Vp, =Vp, = Vo + w3 X rop = 0.067 1 —0.814 3 m/s,
where v4 = 0 and v = 0, because the joints A and C are grounded and
cp =TADp —TAC-
For the acceleration analysis, the following vectorial equations are used
oy + oo + a3 = 0,
TAB X Qg1 +Tac X Q3 + @lap + 8550 — wirap —wirec =0.  (3)
where
ajy = apk, ag = ank, ag = agk,

gy = A3z = @32 COS Pal + A3z SN Pa],

apgy = a5, = 2wy X Vs,
The driver link has a constant angular velocity and a9 = wio = 0.
Equation (3) represents a system of three equations and can be solved us-

ing MATLAB/Mathematica® . The following numerical solutions are then
obtained

g1 = 14.568 rad/s?, ag3 = —14.568 rad/s?, and asy = —0.140 m/s>.



The absolute angular accelerations of the links 2 and 3 are
Q) =— 3 — — Qg3 — 14.568 k rad/sQ.

The absolute linear accelerations of the joints B and D are obtained from
the following equation:

ap =ay+ oy X rap — w(yAB = —3.323 1 1.919 3 m/s?,

ap =ac + asy X Top — wigrep = 4.6171— 1.811 3 m/s?,

where ay = 0 and ac = 0, because the joints A and C' are grounded.

Second contour analysis

Figure 10(a) depicts the second independent contour I

e rotational joint R between the links 0 and 3 (joint C');

e rotational joint R between the links 3 and 4 (joint D);

e translational joint T between the links 4 and 5 (joint D);

e rotational joint R between the links 5 and 0 (joint E).

For the velocity analysis, the following vectorial equations are used

w3p + waz +wos = 0,

'S
rac X W3p +Tap X Wa3 +Tap X Wos + Vpsy = 0, (4)
where rap = p1+ ypJ, rap = el + Yg), and

w3p = w3k, wiz = wazk, wos = wpsk,

‘s .
V54 = V54 = Usa COS P41 + Usy SIN ().

The sign of the relative angular velocities is selected as positive as shown in
Figs. 8(a) and 10(a). The numerical computation will then give the correct
orientation of the unknown vectors. The components of the vectors rp and
rag, and the angle ¢, are already known from the position analysis of the
mechanism.

Equation (4) becomes

w3ok + wysk + wosk = 0,
1 ] k 1 ] k 1 ] k
rc Yo O |+|zp yp O |+|zp ye O |+
0 0 Wso 0 0 W43 0 0 Wos

VU39 COS ¢4l + v30 sin ¢4J = 0. (5)



Equation (5) projected onto the “fixed” reference frame Oxyz gives

w30 + wa3 + wos = 0,

Yowso + Ypwaz + Yrwos + vs4 €08 oy = 0,

—ToWws3y — Tpwyz — TEWos + Usgsin gy = 0. (6)
Equation (6) represents an algebraic system of three equations with three un-
knowns: wys, wos, and vs4. The system is solved using MATLAB/ Mathematica®

commands.
The following numerical solutions are obtained:

wyz = —4.531 rad/s, wes = —0.917 rad/s, and vsy = 0.757 m/s.
The absolute angular velocities of the links 4 and 5 are
wyo = wso = —wps = 0.917 k rad/s, (7)
For the acceleration analysis, the following vectorial equations are used:

Q3o + ay3 + ags = 0, (8)

T c 2 2
Fac X Qigg +Tap X Qg3 +Tap X O + Apsy + Apsy — W3gYop — WyoT'DE = 0.
where

Q3) = a30k, O3 = a43k, Qo5 = a05k7
. .

aCB54 = 2(.040 X Vsq.
Equation (8) becomes

@301{ + @431{ + @051{ = 0,
1 ]k 1 ] k 1 ]k
o Yo 0 + Ip YD 0 + TE YE 0 +
0 0 Q30 0 0 Q3 0 0 (674}
1 J k
54 COS P41 + Q54 SIN Py + 0 0 Wao | —
Uss COS Py UsgSingy 0
wio[(xp — ze)1+ (yp — yo)i] —
wil(xg — xp)1+ (yz — yp))] = 0. (9)



Equation (9) can be rewritten as

Q30 + ay3 + aps = 0,

Yoo + YpQuz + YpQos + As4 COS Pg — 2wW40Us4 SIN Qg —

wi(zp — 20) — wWip(ze —2p) =0,

—ToO3) — Tpys — TEQs + s SIN Oy + 2W40V54 COS Py —

uJ:)2,0<yD —yo) — Wio(yE —yp) = 0. (10)
The unknowns in Eq. (10) are ays, aps, and ass. To solve the system

MATLAB/ Mathematica™ is used.
The following numerical solutions are obtained:

oy = —20.339 rad/s?, aps = 5.771 rad/s®, and a5y = 3.411 m/s?.
The absolute angular accelerations of the links 4 and 5 are
Oy = 50 — — o5 — —5.771 k rad/sQ,

The Mathematica®™ / MATLAB program for the velocity and acceleration
analysis using the contour method is given in Program 6.



