1 Direct Dynamics
Newton Euler Equations of Motion

1.1 Dynamics of a Compound Pendulum

Figure 1.1(a) depicts a uniform rod of mass m and length L. The rod is
connnected to the ground by a pin joint and is free to swing in a vertical plane.
The rod is moving and makes an instant angle §(t) with the horizontal. The
local acceleration of gravity is g. Numerical application: L = 3 ft, g=32.2
ft/s?, G = m g=12 1Ib. Find the Newton Euler equations of motion.

Solution.

The system of interest is the rod during the interval of its motion. The
rod is constrained to move in a vertical plane. First a reference frame will
be introduced. The plane of motion will be designated the xy plane. The
y-axis is vertical, with the positive sense directed vertically downward. The
r-axis is horizontal and is contained in the plane of motion. The z-axis is also
horizontal and is perpendicular to the plane of motion. These axes define an
inertial reference frame. The unit vectors for the inertial reference frame are
1, J, and k. The angle between the x and the rod axis is denoted by 6. The
rod is moving and hence the angle is changing with time at the instant of
interest. In the static equilibrium position of the rod, the angle, @, is equal to
7/2. The system has one degree of freedom. The angle, 6, is an appropriate
generalized coordinate describing this degree of freedom. The system has a
single moving body. The only motion permitted that body is rotation about
a fixed horizontal axis (z-axis). The body is connected to the ground with
the rotating pin joint (R) at O. The rod is referred to as link 1 and the
ground is referred to as link 0. The mass center of the rod is at the point C'.
As the rod is uniform, its mass center is coincident with its geometric center.

Kinematics

The mass center, C, is at a distance L/2 from the pivot point O and the
position vector is

roc =rc = rol+ yoJ, (1.1)

where z¢ and yo are the coordinates of C
L L
e = 5 cos 0, yo = 5 sin 6. (1.2)

The rod is constrained to move in a vertical plane, with its pinned location,
O, serving as a pivot point. The motion of the rod is planar, consisting of



pure rotation about the pivot point. The directions of the angular velocity
and angular acceleration vectors will be perpendicular to this plane, in the 2
direction.The angular velocity of the rod can be expressed as:
de .
w=wk =—k =0k, 1.3

w is the rate of rotation of the rod. The positive sense is clockwise (consistent
with the x and y directions defined above). This problem involves only a single
moving rigid body and the angular velocity vector refers to that body. For this
reason, no explicit indication of the body, 1, is included in the specification
of the angular velocity vector w = w; . The angular acceleration of the rod

can be expressed as
—w= k—d26k—ék (1.4)
a=w=oack=_ k="0k, .
« is the angular acceleration of the rod. The positive sense is clockwise.
The velocity of the mass center can be related to the velocity of the pivot
point using the relationship between the velocities of two points attached to

the same rigid body

1 ]k
ve = VotwXxroc=|0 0 w|=w(—yc1+2x0c)) =
rc yo O
L Lo
TW(_ sin 01 + cosd)) = 7(— sin 01 + cos 6). (1.5)

The velocity of the pivot point, O, is zero.

The acceleration of the mass center can be related to the acceleration of the
pivot point (ap = 0) using the relationship between the accelerations of two
points attached to the same rigid body

ac:ao—l—axrgc—l—wx(wxroc):ao+axroc—w2rocz

1 )k
0 0 « —wz(xcl—i-ym) = a(—yc1+ x¢)) — Wz +yo)) =
o yo O

—(aye + wrren + (are — Wye)) =

L L
—E(asine + w? cos )1+ 5(04(308(9 —w?sinf)y =

I . .
0 cos® — 0% sin 6);. (1.6)

I . .
—§(Osin0 + 6% cos )1 + 5(



It is also useful to define a set of body-fixed coordinate axes. These are
axes that move with the rod (body-fixed axe). The n-axis is along the length
of the rod, the positive direction running from the origin O toward the mass
center C'. The unit vector of the n-axis is n. The t-axis will be perpendicular
to the rod and be contained in the plane of motion as shown in Fig. 1.1(a).The
unit vector of the t-axis is t and n x t = k. The velocity of the mass center
C' in body-fixed reference frame is

k
Vo =vVo+wXroc= wl=—t=—t, (1.7)
0

veO B
O O et

where roc = (L/2)n. The acceleration of the mass center C' in body-fixed
reference frame is
L L L, L
ac =ap+a xXroc—w'roc = o= —t —6#*=n, (1.8)
2 2 2 2
or
ac = ay +ag,

with the components

Lf L6?
t n
a,=—t and aj =-——n.
¢ 2 ¢ 2
Newton-Euler equation of motion
The rod is rotating about a fixed axis. The mass moment of inertia of the
rod about the fixed pivot point O can be evaluated from the mass moment
of inertia about the mass center C' using the transfer theorem. Thus

IN? mL? mL? mL?
=] Ly _ _ _ 1.9
o C+m<2> 2 T 3 (1.9)

The pin is frictionless and is capable of exerting horizontal and vertical forces
on the rod at O

F01 = Fglxl + F01yJ, (110)

where Fyi, and Fyi, are the components of the pin force on the rod in the
fixed axis system.



The force driving the motion of the rod is gravity. The weight of the rod
is acting through its mass center will cause a moment about the pivot point.
This moment will give the rod a tendency to rotate about the pivot point.
This moment will be given by the cross product of the vector from the pivot
point, O, to the mass center, C', crossed into the weight force G = mgj.

As the pivot point, O, of the rod is fixed, the appropriate moment sum-
mation point will be about that pivot point. The sum of the moments about
this point will be equal to the mass moment of inertia about the pivot point
multiplied by the angular acceleration of the rod. The only contributor to
the moment is the weight of the rod. Thus we should be able to directly
determine the angular acceleration from the moment equation. The sum of
the forces acting on the rod should be equal to the product of the rod mass
and the acceleration of its mass center. This should be useful in determining
the forces exerted by the pin on the rod.

The free body diagram shows the rod at the instant of interest, Fig. 1.1(b).
The rod is acted upon by its weight acting vertically downward through the
mass center of the rod. The rod is acted upon by the pin force at its pivot
point. The components of the pin force parallel (axial) and perpendicular
(shear) to the rod are shown.

The motion diagram shows the rod at the instant of interest, Fig. 1.1(c).
The motion diagram shows the relevant velocity and acceleration informa-
tion. The angular velocity and angular acceleration vectors are depicted as
arcs. The resulting mass center velocity and acceleration vectors are shown
as arrows.The motion of the mass center is circular, the velocity vector has
been shown as tangent to that circle. The acceleration vector has been bro-
ken into its tangent and normal components. Expressions relating these kine-
matic quantities to the angle 6 and its time derivatives were developed above.
Newton Euler equations of motion for the rod are

mac = XF = G + Fyy, (1.11)

IcaZZMC:I‘CO XFOl. (112)

Since the rigid body has a fixed point at O the equations of motion state
that the moment sum about the fixed point must be equal to to the product

of the rod mass moment of inertia about that point and the rod angular
acceleration. Thus

IO o = EMO =Toc X G (113)



Using Eqgs. (1.4),(1.10), and (1.13) the equation of motion is

12 1 ] k
5 Ok = 50050 §sin0 0], (1.14)
mg 0
or
. 3
0= % cos 0. (1.15)

The equation of motion, Eq. (1.15) is a nonlinear, second order, differential
equation relating the second time derivative of the angle, 6, to the value
of that angle and various problem parameters g and L. The equation is
nonlinear due to the presence of the cos ), where 0(t) is the unknown function
of interest.

The force exerted by the pin on the rod have are obtained from Eq. (1.12)

FOl =magc — G,

and the components of the force are

I . .

Forx =mic = —%(esinﬁ + 6% cos 0),
I . .

Fory = miyc +mg = m7(9 cos 0 — 62 sin ) — myg. (1.16)

Using the moving reference frame (body-fixed) the components of the

reaction force on n and t axes are

mLo>
Foin =mag —mgsinf = —

— mgsin 6,
L
Foir = mal, — mgcos = mT — mg cos 6. (1.17)

If the rod is released from rest, then the initial value of the angular
velocity is zero w(t = 0) = w(0) = 0(0) = 0 rad/s. If the initial angle is
6(0) = 0 radians, then the cosine of that initial angle is unity and the sine is
zero. The initial angular acceleration can be determined from Eq. (1.15)

39

6(0) = a(0) = Sicos 0(0) = 57 =161 rad/s’. (1.18)



The positive sign indicates that the initial angular acceleration of the rod is
clockwise, as one would expect.
The initial reaction force components can be evaluated from Eq. (1.19)

FOl:E(O) - 0 lb,

mL . m
Fyr, (0) = “520(0) = mg = —gT — 31 (1.19)

An analytical solution to the differential equation is difficult to obtain.
Numerical approaches have the advantage of being simple to apply even for
complex mechanical systems. A Mathematica®™™ computer program to solve
the governing differential equation is given in the Appendix 1.1. The Math-
ematica™ function NDSolve is used to solvethe differential equation. The
function NDSolve[eqns, y, {x, xmin, xmax}] finds a numerical solution
to the ordinary differential equations eqns for the function y with the inde-

pendent variable x in the range xmin to xmax.



1.2 Dynamics of a Double Pendulum

A two link kinematic chain (double pendulum) is considered, Fig. 1.2(a).
The links 1 and 2 have the masses m; and msy and the lengths AB = [,
and BD = Ls. The system is free to move in a vertical plane. The local
acceleration of gravity is g. Numerical application: m; = my = m=1 kg,
Ly =Ly,=L=1m, and g=10 m/s?. Find the equations of motion.

Solution.

The plane of motion is xy plane with the y-axis vertical, with the positive
sense directed upward. The origin of the reference frame is at A. The mass
centers of the links are designated by C}(z¢1,yc1,0) and Co(zc2, Yoo, 0).
The number of degrees of freedom are computed using the relation

M = 3n — 2¢5 — ¢4,

where n is the number of moving links, c¢; is the number of one degree of
freedom joints, and ¢4 is the number of two degrees of freedom joints. For
the double pendulum n = 2, ¢5 = 2, ¢4 = 0, and the system has two degrees
of freedom, M = 2, and two generalized coordinates. The angles ¢ (¢) and
q2(t) are selected as the generalized coordinates as shown in Fig. 1.2(a).
Kinematics
The position vector of the center of the mass C of the link 1 is

re, = Tc,1+ yeud, (1.20)

where z¢, and y¢, are the coordinates of C

L L, .
To, = écosql, Yo, = 7151nq1. (1.21)

The position vector of the center of the mass Cs of the link 2 is
ro, = Tyl + Yculs (122)
where ¢, and y¢, are the coordinates of Cf
L L
xe, = Lycosq + ?2 COS @2, Yo, = Lysing + ?2 sin ¢s. (1.23)

The velocity vector of C is the derivative with respect to time of the
position vector of C
Vo, = I"Cl = i‘cll + yclj, (124)
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where
. Ly. . . Ly .
foy = =5 qusing, Yo, = i cos g (1.25)
The velocity vector of Cy is the derivative with respect to time of the
position vector of Cs
Ve, = i'Cz = LtCzl + yCQ.]? (126>
where
. . Ly . .
T, = —Ligising — —-¢asin gy,
22 (1.27)
Yo, = Ligicosqr + 7(]'2 COS (.

The acceleration vector of 'y is the double derivative with respect to time
of the position vector of C}

ag, = f‘cl = Tcyl+ Youds (128)
where
. o Ll TR Ll .9
Toy, = — 5 q1smqgy — ?Ch COS 4y,
.. L. Ly, . (1.29)
Yo, = 7q1 cosq; — ?% sin ¢ .

The acceleration vector of (5 is the double derivative with respect to time
of the position vector of Cy

ac, = Toy = Tepl + Yool (130>

where
. . . L. . Ly .
i, = —LiGisings — LiGi cos ¢ — in S gz — 72615 COS g2, 131
.. .. 9 2. Ly, . (1.31)
Yo, = L1gicosqr — Lagysing: + - 2€08¢2 — "¢y singy.
The angular velocity vectors of the links 1 and 2 are
Wi = qlk, Wy = QQk (132)
The angular acceleration vectors of the links 1 and 2 are

o = qlk, Ol = QQk (133)

Newton-Euler equations of motion

8



The gravitational forces of the links 1 and 2 are
Gi = —mag), G2 = —mag). (1.34)

The mass moments of inertia of the link 1 with respect to the center of
mass C] is

mlL%
I~ =
a1
The mass moments of inertia of the link 1 with respect to the fixed point of
rotation A is ) ,
L1 mlL
Li=lo+mi () =757

The mass moment of inertia of the link 2 with respect to the center of
mass Cy is ,

m2L2

lea =5

The equations of motion of the double pendulum are inferred using the
Newton-Euler method. There are two rigid bodies in the system and the
Newton-Euler equations are written for each link using the free body dia-
grams shown in Fig. 1.2(b).

Link 1.

The Newton-Euler equations for the link 1 are
miac, = F01 + F21 + Gl, (135)
[Clal =T A X F01 + r'e.B X F217 (136)

where Fy; is the joint reaction of the ground 0 on the link 1 at point A, and
F9; is the joint reaction of the link 2 on the link 1 at point B

Foi = Foio1 + Fory), Foi = Fop1 + Foyy).

Since the link 1 has a fixed point of rotation at A the moment sum about
the fixed point must be equal to to the product of the rod mass moment of
inertia about that point and the rod angular acceleration. Thus

Ty = rac, X Gi+rap X For, or (137)
k 1 k
m L2 . 1 J J
13 ! QIk =T, Yo, 0]+ IB YB 0 , Or
0 —myg 0 Fora F21y 0
mlL% .
5 ¢k = (—migze, + Foryep — Foiyp)k.



The equation of motion for link 1 is

miL? . L .
; L = (—mlg; cos q1 + Fo1yLy cos g1 — Foip Ly sin ql) ) (1.38)

Link 2.
The Newton-Euler equations for the link 2 are

meac, = Fia + Go,

IC2a2 =Trc,B X F127 (139>
where Fi, = —Fg; is the joint reaction of the link 1 on the link 2 at B.
Equation (1.39) becomes
in'Cb - _F213:7
maijc, = _F21y —mag,
k
mL3 . ! J
122 Gpk=|zg—2c, Yp—vyc, 0], (1.40)
_F21£I,‘ _FQIy 0
or
. ) Ly .. . Lo .
ma (—Llfh S g1 — Llfﬁ Cosq1 — 72(]2 Sl g2 — fqi COs Q2)
= —Fbi,, (1.41)

. 9 . Ly .. Ly 5 .
mo (L1Q1 cosq1 — L1CI% sin g1 + 792 COS g2 — 7615 s 92)

= —F21y —mag, (1'42)
moLl2 . L .
% g2 = 72 (—Fgly COS @2 + Fle S1n QQ) . (143)

The reaction components Fyy, and Fby, are obtained from Eqs. (1.41)(1.42)

.. ) Ly .. . Ly .
Fo1p = my (LlCh sing; + L1g; cos q1 + ?2612 sin gz + ?251; oS Q2> (1.44)

. 9 . Lo . Ly ., .
Fo1y = —mgy (Llfh cosqr — L¢3 singy + ?2(]2 COS Q2 — fqi sin Ch) +

ms g. (1.45)
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The equations of motion are obtained substituting Fs;, and Fs,, in Eq. (1.38)
and Eq. (1.43)

mgL% h=-m &cos —
3 q1 192 q1

. 2 . Ly . Ly 5 .
mo <L1Q1 Ccosqy — LIQ% s ¢ + ?2% COs gz — 72(]5 Sl G2 — 9) Lycosqr —

. : Ly .. Ly :
mo (L1q1 sinq; + LG cos q + ?2(12 sin go + gqg cos q2> Lysingy, (1.46)

m2L§ .

12 g2 =
mo L . . . Ly . Ly 5 .

22 2 (L1q1 cos q; — qu% sin g1 + ?2(:]2 COoS (o — ?qu sin g — g> cos gz +
Mo LQ L2

5 (L1q1 sinq; + L¢3 cos q + qu sin go + ?qg cos q2> sin go. (1.47)

The eqautions of motion represent two nonlinear differential equations. The
initial conditions (Cauchy problem) are necessary to solve the equations. At
t = 0 the initial conditions are

¢1(0) = 10, ¢2(0) = g20, ¢1(0) = wig, ¢2(0) = wag

The numerical solutions for ¢;(0) = 7/6, ¢2(0) = 7/3, ¢1(0) = 0, ¢2(0) =0 is
given in Appendix 1.2.

11



1.3 Dynamics of a Disk on an Inclined Plane

A homogeneous circular disk in motion on a rough inclined plane is shown in
Fig. 1.3. The fixed cartesian reference frame xOyz is chosen with the origin
at 0. The angle between the axis Ox and the horizontal is a. The contact
point between the disk and the plane is B. The disk has the mass m, the
radius 7, and the center of mass at C'. The gravitational acceleration is g.
Find the equations of motion for the disk.

Solution.

Pure rolling (no sliding)

The forces that act on the disk are the gravitational force G = —mgj at
the point C, the normal reaction force N of the plane, and the friction force
F; at the contact point B. The rolling friction is considered negligible. The
position vector ro of the center of mass C' of the disk is

re = rol+ 7). (1.48)
The velocity vector v of the center of mass C' of the disk is
Vo =Tc = Tc1+ 1) = ol (1.49)
Denoting ¢ = v, the velocity of the center of mass C' becomes
Ve = UL (1.50)
Thus, the acceleration vector of ac of the center of mass C' of the disk is
ac = Vo = UL (1.51)
One can express the velocity vg of the contact point B as
v =Ve+wXreg=v1+(—wk) X (=73) = (v — rw)1. (1.52)

In order to find the equation of motion for the disk, one can write the New-
ton’s equation

mag =3 F. (1.53)

The sum of the external forces can be written as

> F=mg+F;+N=(mgsina — Fy)1+ (N — mgcosa)j, (1.54)

12



where Fy = —Fy1 is the friction force, and N = Nj is the reaction force of
the plane on the disk. From Egs. (1.51), (1.53), and (1.54) one can write the
following equations

mv = mgsina — Fy, (1.55)
N = mgcosa. (1.56)

The following moment equation can be written for the disk with respect to
its center of mass C

Ica = ZMc, (157)

where a = w = —wk is the angular acceleration of the disk (w = —wk is the
angular velocity) and I is the mass moment of inertia with respect to the
point C'. The sum of the external moments can be written as

> Mc =rep X F = (-r)) x (=F1) = —rFyk. (1.58)
From Eqgs. (1.57) and (1.58) one can write the following equation
Tow = 1F}. (1.59)

For no sliding, the velocity vp is zero (vp = 0). Thus, from Eq. (1.52) one
can write w = v/r and Eq. (1.59) becomes

v
lo = Fy. (1.60)
From Egs. (1.55) and (1.60) the following equation of motion can be derived
AW :
(m + 2) U = mgsina. (1.61)
r

A homogeneous disk is considered in our case and the mass moment of inertia
2

r
with respect to its center of mass is Io = m;. Thus, Eq. (1.61) can be
written as

.2
= ggsine. (1.62)

Condition for pure rolling
From Eq. (1.55) and Eq. (1.62) one can compute the friction force F as
Fy = %gsina. (1.63)
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The condition for the disk of rolling without sliding on the plane is
Fr < upN, (1.64)

where (i, is the coefficient of kinetic friction. From Eq. (1.56), Eq. (1.63),
and Eq. (1.64) one can obtain

tan o < 3, (1.65)

or
a< P, (1.66)

where the sliding friction angle ® can be determined from the equation
tan ® = 3y, where py, = tan ¢. (1.67)

Eq. (1.66) represents the condition for rolling without sliding of the disk on
the plane. If the angle « of the plane is smaller than the sliding friction angle
®, the disk rolls on the plane without sliding. If the angle a of the plane
is greater than the sliding friction angle ®, the disk rolls and slides on the
plane simultaneously.
Moment of rolling friction

Experimentally one can observe that if the angle a of the plane is small
enough, the disk does not move. The equilibrium conditions for the disk are
v =10, and w = 0. The rolling is stopped by a rolling resistant moment M
that balances the active moment rF

MfZTFf. (168)

The acceleration v is zero and from Eq. (1.55) one can express the friction
force as Fy = G'sina. Thus, one can write

My =rmgsina = rN tana. (1.69)

If oy is the value of the angle o when the rolling starts, the moment M} is
called the rolling friction moment and has the value

My = rN tan . (1.70)

The constant r tan o is denoted by s and represents the coefficient of rolling
friction
s = rtan . (1.71)

14



The rolling friction moment M; become
My = sN. (1.72)

The rolling friction moment M} is proportional to the normal reaction N
and has the expression

w
M;=—sN—. (1.73)
d ]

Rolling with moment of friction
In this case, Eq. (1.57) becomes

I =rFy —sN. (1.74)

From Eq. (1.55) and Eq. (1.74) one can write

2 2si —
0= g(sina—cosatanao)g: W (1.75)
In this case, the rolling condition is
sin(a — ag) < 3sin(¢ — ap) (1.76)
COS (v cos ¢
or
tan o < tan ¢ + 2(tan ¢ — tan ap). (1.77)
Eq. (1.77) can also be written as
a<d, (1.78)
where the angle ® can be obtained from
tan ® = tan ¢ + 2(tan ¢ — tan ayp). (1.79)

For the motion of the homogeneous disk on the plane of slope «, the following
three cases are possible:

Case 1. o < o (Eq. (1.75)). The disk has no motion.

Case 2. ap < a < @ (Eq. (1.79)). The disk has pure rolling (no sliding)
motion.

Case 3. a > ®. The disk has rolling and sliding motion simultaneously .

15



Problems

1. Outside the long slender pendulum 1, of mass my, a translational joint
2, of mass may, is sliding without friction (Fig. 1.4). The length of
the pendulum is L. The mass moment of inertia of the slider 2 with
respect to its mass center point A is I4. The acceleration due to gravity
is g. Find the equations of motion, using Newton-Euler method, for
the system with m; = my = m.

2

Numerical application: m =1 kg, L =1 m, I, = 1 kgm*, and g =

10 m/s?.

2. A slender rod AB = L (link 2) is moving without friction along the
slider 1(Fig. 1.5). The slider is connnected to the ground by a pin joint
at O and is free to swing in a vertical plane. The mass of the rod is
my the mass center is located at C'. The mass of the slider is ms and
the mass moment of inertia of the slider with respect to its mass center
point O is Ip. The acceleration due to gravity is g. Find the Newton
Euler equations of motion.

Numerical application: m; = ms =1 kg, L =1 m, Ip = 1 kgm?, and
g =10 m/s*.

3. Two uniform hinged rods 1 and 2 of mass m; = ms = m and length
AB = BC = L are shown in Fig. 1.6. The rod 1 is connnected to
the ground by a pin joint at A and to the rod 2 by a pin joint at B.
The end B is moving with friction along the horizontal surface. The
coefficient of friction between rod 2 and the horizontal surface is pu.
The acceleration due to gravity is g. Find the equation of motion of
the system.

Numerical application: m =1 kg, L=1m, g = 0.1, and g = 10 m/s>.

4. Figure 1.7 depicts two uniform rods 1 and 2 of mass m; = my = m
and length OA = AB = 2 L. The rod 1 is connnected to the ground
by a pin joint at O and to the rod 2 by a pin joint at A. The rods are
constrained to move in a vertical plane xOy. The z-axis is vertical, with
the positive sense directed vertically downward. The y-axis is horizontal
and is contained in the plane of motion. The rod 1 is moving and the
instant angle with the vertical axis Oz is ¢(¢). The rod 2 is connnected
to the ground by a pin joint at B which is confined to move in a vertical
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slot. The local acceleration of gravity is g. Find the equations of motion
of the system.

Numerical application: m =1 kg, L =1 m, and g = 10 m/s?.

. Figure 1.8 shows an open kinematic chain with two uniform rigid rods
1 and 2 of mass m; = mo = m and length Ly = Ly = L. The rod 1 is
connnected to the ground by a pin joint at A and to the rod 2 by a pin
joint at B. The rods are constrained to move in a vertical plane zy.
A spring of elastic constant k£ and a viscous damper with a damping
constant ¢ are opposing the relative motion of the link 2 with respect
to link 1. The local acceleration of gravity is g. Find the equations of
motion of the system.

Numerical application: m; =my =1kg, L1 = Ly =1 m, g = 10 m/s?,
k =100 N m/rad, ¢ = 10 N m s/rad, ¢;(0) = 7/3 rad, ¢2(0) = 7/6 rad,
¢1(0) = ¢2(0) = 0 rad/s.

. A slender rod OA = L, link 1, with the mass m; is connnected to the
ground by a pin joint at O. The rod presses against the pyramid 2
of mass my as shown in Fig. 1.9. The pyramid 2 is moving without
friction along the horizontal plane. The acceleration due to gravity is
g. Find the Newton-Euler equations of motion.

Numerical application: m; = 1 kg, L = 0.4 m, mys = 10 kg, and
g =9.81 m/s?

. A uniform rod 1 of length AB = L and mass m is supported on the
smooth perpendicular planes as shown in Fig. 1.10. The acceleration
due to gravity is g. Find the Newton-Euler equations of motion.
Numerical application: m =1 kg, L = 1 m, and g = 9.81 m/s%.

. Repeat the previous problem for rough planes with the coefficient of
friction between the rod and the planes = 0.5 .

. A uniform rod 1 of length AB = L and mass m is supported on the
smooth inclined planes as shown in Fig. 1.11. The acceleration due to
gravity is g. Find the Newton-Euler equations of motion.

Numerical application: m = 0.5 kg, L = 0.5 m, o = [ = 45°, and
g =9.81 m/s?

17



10.

11.

12.

13.

14.

15.

The uniform rod 1 of length L and weight W is pin joint at C' to a roller
2 of radius r and weight W, (Fig. 1.12). A horizontal constant force
F is applied to the roller 2 at C. The rod and the roller are originally
at rest. Find the Newton-Euler equations of motion: a) neglect the
mass of the roller and its size; b) consider the mass of the roller and
its size. Numerical application: W; =10 1b, L =1 ft, W, = 2 1b, and
r=0.2 ft, and g = 32.2 ft /.

The uniform rod 1 of length L and mass m; is pin joint at A to a
roller 2 of radius r and mass my (Fig. 1.13). The inclined plane has
an angle a with the horizontal. The system is released from rest. Find
the Newton-Euler equations of motion.

Numerical application: m; = 10 kg, L1 =1 m, my = 5 kg, r = 0.4 m,
a =45 and g = 9.81 m/s?.

The uniform rod 1, in Fig. 1.14, has the the length OA = L; and the
mass mq, while rod 2 has the length AB = L, and the mass ms. The
rods are released from rest with the geometry shown in Fig. 1.14, Find
the Newton-Euler equations of motion and the joint reaction forces at
this instant.

Numerical application: m; =1 kg, Ly = 0.3 m, my = 5 kg, Ly = 0.9 m,
a=0.6 m, and g = 9.81 m/s?.

The disk of mass m shown in Fig. 1.15 rolls without friction on the
inclined plane when a moment M is applied. The radius of the disk
is 7 and the elastic constant of the spring is k. At the initial time the
disk is at rest and the spring keeps it in equilibrium. Determine the
equations of motion.

Numerical application: m = 10 kg, » = 0.3 m, £k = 500 N/m, M =
50 N'm, o = 30°, and g = 9.81 m/s%.

The slider 1 of mass m shown in Fig. 1.16 moves without friction on
an inclined fixed link (the inclined angle is (). Determine the equation
of motion and the acceleration of the slider. Numerical application:
m = 1kg, =45 and g = 9.81 m/s%

The slider 2 of mass my shown in Fig. 1.17 moves without friction on
an inclined link 1 of mass m; and length L (the inclined angle is ().
The link 2 translates along the horizontal axis Find the equation of

18



16.

17.

18.

19.

20.

motion and the acceleration of the slider 2 if link 1 translates with a
constant speed v. Numerical application: m; = my =1 kg, L = 1 m,
B =45 v=2m/s, and g = 9.81 m/s>.

The link 2 of mass m and length L is held in place as shown in Fig. 1.18.
The mechanism is released from rest at an angle §(0), then the initial
value of the angular velocity is zero w(t = 0) = w(0) = (0) = 0 rad/s.
Neglecting the mass of the links 1 and 3, determine the equations of
motion and the acceleration of the link 2. Numerical application: m =
1keg, L=1m, 0(0) =60°, and g = 9.81 m/s%.

A disk of mass m and radius r has a cord wrapped around it at midsec-
tion as shown in Fig. 1.19. The free end of the cord is attached to a fixed
support. The disk is allowed to fall. Analyze the equations of motion.
Numerical application: m = 10 kg, r = 0.1 m, and g = 9.81 m/s?.

The block 1 has the mass m; and is released from rest when it is at
the top of ramp 2 at the point A (Fig. 1.20). The ramp 2 has the mass
of my and makes an angle o with the horizontal. The coefficient of
friction between 1 and 2 is . Determine the tension in the cord C'B
needed to hold the ramp 2 from moving while the block 1 is sliding down
the inclined plane. Numerical application: m; = 1 kg, my = 10 kg,
a=45° =04, and g = 9.81 m/s%

The cart 2 of mass ms can translate without friction on the horizontal
plane (Fig. 1.21). The block 1 of mass my is released from rest at A
(the top of cart 2). The ramp has an angle a with the horizontal.
Find the equations of motion and determine the distance the ramp
moves when the bloc slides down the ramp and reaches the bottom B.
Numerical application: m; = 1 kg, my = 10 kg, a = 45°, AB =1 m,
and g = 9.81 m/s%.

A disk 1 of mass m; and radius r has a cord wrapped around it, as
shown in Fig. 1.22, and can roll on a horizontal plane. The cord passes
over a massless and frictionless pulley and is carrying a block 2 of mass
mso. Find the equations of motion and determine the acceleration of
2. Numerical application: m; = 2 kg, ms = 10 kg, » = 0.4 m, and
g=9.81 m/s?.
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21.

22.

The slider 1 of mass m is attached to the spring of elastic constant k
that has an unstretched length of [y (Fig. 1.23). If the slider is drawn
to point B and released from rest, determine its speed when it arrives
at point D. Numerical application: m =2 kg, a =5 m, b = [y = 3 m,
k=10 N/m, and g = 9.81 m/s%.

The planar mechanical system considered is shown in Fig. 1.24 and has
a slider 1 of mass m; and a pendulum 2 with the mass ms. The length
of AB is L. The local acceleration of gravity is g. The numerical values
are: L =1m, g =10 m/s?, and m; = my = 1 kg. Find the equations
of motion of the system.
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