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4 Velocity and Acceleration Analysis

4.1 Kinematics of the Rigid Body

The motion of a rigid body (RB) is defined when the position vector, velocity,
and acceleration of all points of the rigid body are defined as functions of
time with respect to a fixed reference frame with the origin at Oy.

Let 19, Jo, and ko be the constant unit vectors of a fixed orthogonal
Cartesian reference frame Ogzoyozo (primary reference frame). The unit
vectors 19, Jy, and kg of the primary reference frame are constant with respect
to time. Let 1,3, and k be the unit vectors of a mobile orthogonal Cartesian
reference frame Ozyz (Fig. 4.1). A reference frame that moves with the rigid
body is a body fized (or mobile) reference frame. The unit vectors 1, ], and k
of the body fixed reference frame are not constant, because they rotate with
the body fixed reference frame. The location of the point O is arbitrary.

The position vector of a point M [M €(RB)], with respect to the fixed
reference frame Oyzyo20, is denoted by r1 = ro,n and, with respect to the
mobile reference frame Ozyz, is denoted by r = rpy;. The location of the
origin O of the mobile reference frame, with respect to the fixed point Oy,
is defined by the position vector ro = rp,0. Thus, the relation between the
vectors ry, r, and ry is given by

r, =rop+r=rp+r1+y)+ 2k, (4.1)

where z, y, and z represent the projections of the vector r on the mobile
reference frame. The magnitude of the vector r = rpy, is a constant, as the
distance between the points O and M is constant [O €(RB) and M €(RB)].
Thus, the z, y, and z components of the vector r with respect to the mobile
reference frame are constant. The unit vectors 1, ], and k are time-dependent
vector functions. The vectors 1, J, and k are the unit vector of an orthogonal
Cartesian reference frame. Thus, the following relations can be written as

1-1=1, j-3=1, k-k=1, (4.2)

1-3=0, 3-k=0, k-1=0. (4.3)
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Velocity of a point on the rigid body
The velocity of an arbitrary point M of the rigid body, with respect to
the fixed reference frame Oxgypzp, is the derivative with respect to time of
the position vector ry:
i dr1

v_zg:rp:m+¢:vo+n+w+¢k+m+m+¢h (4.4)

where vp = rp represents the velocity of the origin of the mobile reference
frame Oqx1y,21 with respect to the fixed reference frame Oxyz. Because all
the points in the rigid body maintain their relative position, their velocity
relative to the mobile reference frame Oxyz is zero: * =y = 2 = 0.

The velocity of the point M is

v:vo—l—xi—i—yj—i—zk.
The derivative of the Egs. (4.2) and (4.3) with respect to time gives
i-1=0, j-J=0, k-k=0, (4.5)

and ' '
i-J+j-1=0, j-k+k-3=0, k-1+i-k=0. (4.6)

For Eq. (4.6) the following convention is introduced:

i'J:—j'l:wz,
k-1=-i-k=uw,, (4.7)

where w,, w, and w, can be considered as the projections of a vector w:
W = Wyl + wy) + w.k.
To calculate i, j, k the following formula is introduced for an arbitrary vector,

d,
d=da+dy+dk=(d-1)1+(d-3))j+(d-k)k. (4.8)

Using Eq. (4.8) and the results from Eqs. (4.5) and (4.6) it results

i = (i-)1+(G0-g)+@G-kk
= (0)1+ (w:)) — (wy) k
1 ] k
= | Wy Wy W, |=wxXl,
1 0 0
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b= G-n+0Ga1+0G-kk
= (w14 0+ (@) k

1 )] k
= |Wy Wy w, | =wxX],
0 1 0
k = (k-a)i+(kg)g+(k-k)k (4.9)
= (wy)1—(w)3+ (0)k
1 ] k
= |wy wy w, | =wxk
0 0 1
The relations .
iZ=wx1, j=wx), k=wxk (4.10)

are known as Poisson formulas.
Using Eqs. (4.4) and (4.10), the velocity of M is

V=voptrwX1+ywx]J+z2wx k=vp+wx (r1+y)+ zk),

or
V=Vvo+wXTr. (4.11)

Combining Eqgs. (4.4) and (4.11), it results
I =wXT. (4.12)
Using Eq. (4.11), the components of the velocity are

Vp = Vog+ RWy — YWy,

Uy Voy + TW, — ZWy,

U, = Vo, t Ywr — Twy.
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Acceleration of a point on the rigid body

The acceleration of an arbitrary point M €(RB), with respect to a fixed
reference frame Ogrgyozo, represents the double derivative with respect to
time of the position vector ry:

dv d

V== £(Vo+w><r) = —Vo+—WXr+wX —r = Vo+wXr+wXr.

dt O dt dt
(4.13)

The acceleration of the point O with respect to the fixed reference frame
OoZoYozo, 18

a:i‘lz

ao = \"O = I'O (414)
The derivative of the vector w, with respect to the time, is the vector a given

by

a = w=wl+w)+wk+wi+wj+wk (4.15)
= ot o)taktwwxi+wwxjtwwxk
= o1+ o)+ ak+wxw=a,1+a,)+ ak

where o, = w,, oy = wy, and o, = w,. In the previous expression the Poisson
formulas have been used.
Using Egs. (4.13), (4.14), and (4.15), the acceleration of the point M is

a=—aptaxr+wx (wxr). (4.16)

The components of the acceleration are

ay = oy + (2ay —ya,) + wy (Yyw, — 2wy) + w, (2w, — 2w,),
ay, = aoy+ (ra, — zay) 4w, (2w, — Yw,) + wy (Tw, — Yw,),
a, = ao:+ (Yoo — ray) + w, (zw, — 2w,) + wy (Yyw, — 2wy) .

The vector w characterizes the rotational motion of the rigid body and is
called the angular velocity. The vector a is called the angular acceleration.
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The angular velocity can also be introduced in another way.
If the orientation of a rigid body RB in a reference frame RF{ depends on
only a single scalar variable ¢, there exists for each value of ¢ a vector w such
that the derivative with respect to ¢ in RFy of every vector c fixed in rigid
body RB is given by

e w X c, (4.17)
where the vector w is the rate of change of orientation of the rigid body RB
in the reference frame RFy with respect to ¢. The vector w is given by

da db

7X7
w= 0 (4.18)
“a y

dg¢
where a and b are any two nonparallel vectors fixed in the rigid body RB.
Proof.
The vectors a and b are fixed in the rigid body. The magnitudes a - a,
b - b, and the angle between a and b are independent of ¢
d(a-a) 0 d(b-b) 0 d(a-b)

= 7:’7:0,

dg L e

da db da db
fa -0 P o0 P piatP g
a0 a T

Using the vector triple product of three vectors p, q, t, it results

or

px(qxt)=p-tq-p-qt, (pxq)xt=t-pgq—-t-qt.

From these expressions it follows that

da db (Cl‘?‘xdb>xa g.024b  dbda

dg @ o \d¢ ) d¢ S dg ¢ d¢
a a a

dfC'b cTC'b dfC.b

_p.dbda da da
_ d¢ d¢ _ d¢ " d¢ _ da
- da ~ da d¢’
~ b ~—.b
d¢ d¢

(4.19)
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and
da  db (G2 x2)xp b tdadb y, dbde
¢~ d¢ . _ \d¢ d¢ _ o d¢ d¢ d¢ d¢
da P T T T i,
d¢ d¢ d¢
da db
_ ¢ d¢ _ db
S da, & (4.20)
g
The following vector is defined as
da db
7><7
_d¢  d¢
~ da ’
b
g

and the Egs. (4.19) and (4.20) can be written as
da
e wxa, — c w
In general a given vector d can be expressed as

d= d1n1 + d2n2 + d31’13,

where ny, n,, ng are three unit vectors not parallel to the same plane, and
dy, do, d3 are three scalars.
Any vector c fixed in the rigid body RB can be expressed as

c =cja+ b+ cza x b, (4.21)

where c;, ¢y, and c3 are constant and independent of {. Differentiating
Eq. (4.21) with respect to ¢, the following expression is obtained:

dc da db da db
= C—— +tC—— +C3—= ><b—|—03a>< —

¢ a¢ = td¢ U dC dc¢

cawxa+ cwXxXb+c[(wxa)xb+ax (wxDb)

= qqwxat+cwxb+ceb-wa—b-aw+a-bw—a-wb]
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= cqqwxat+owxb+cw-ba—a-bw+a-bw—a-wb]

= cqwXxat+cowxb+elw-ba—w-ab]

= cwxXa+cwXb+cwx(axb)

= wX (cja+ b+ cza x b)

= wxXc. (4.22)

The vector w is not associated with any particular point. With the help of
w the process of differentiation is replaced with that of cross multiplication.
The vector w can be expressed in a symmetrical relation in a and b:

da " db db " da
_ ¢ d¢ | d¢ ¢
w=3 da + | (4.23)
¢ d¢
The first derivatives of a vector p, with respect to a scalar variable ¢ in two
reference frames RF; and RF}, are related as follows:

UZf—uzf+wUXp, (4.24)
where Wi is the rate of change of orientation of RF; in RF}; with respect to
¢ and (JiZde is the total derivative of p with respect to ¢ in RFj.

Proof.

The vector p can be expressed as

P = p1l1 + p2l2 + psls,

where 11, 1o, 13 are three unit vectors not parallel to the same plane fixed in
RF;, and p,, py, p. are the scalar measure numbers of p. Differentiating in
RF}, the following expression is obtained:

Uq g
P - = (p111 + pals + psi3)
d¢ d¢
@ d p, @ d p, @ d ps @y @)1, W1,
= dc 1 + dc I + ac 13+p1TC+p2 ic + 3 ac

dpzl dp21 4 dps
dc ' dc T dc

13 + P1wi; X 11 + Paw;j X 1o + P3w;; X 13
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Wd p W d p, W d py

= ic 11 + i 1 + ic 13 + wij X (P11 + palo + psis)
@Odp

The angular velocity of a rigid body RB in a reference frame RFj is the rate
of change of orientation with respect to the time ¢

da db db da

Var *a at & 1/axb bxa
_ 1 _ - i . 4.2
“=3 dab T db 2 g‘l.b+b.a (4.25)
—_— 7.3
dt dt

The direction of w is related to the direction of the rotation of the rigid body
through a right-hand rule.

Let RF;, i =1,2,....,n be n reference frames. The angular velocity of a rigid
body r in the reference frame RF),, can be expressed as

Wrp = Wp1 + Wi + Woz + ... + Wrn—1- (426)
Proof.
Let p be any vector fixed in the rigid body. Then
Odp
= Wp; X
dt p
(i_l)d p
= Wri-1 X P.
a ot P
On the other hand:
(yq (i
L p + wii-1 X P.

dt dt

Hence,
Wri X P =Wri—1 XP+ w1 XP,

as this equation is satisfied for all p fixed in the rigid body:
Wi = Wi 1+ Wi 1. (4.27)
With ¢ = n, Eq. (4.27) gives

Wrp = Wrn—1 + Wnon—1- (428)
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With i =n — 1, Eq. (4.27) gives
Wrn—1 = Wrp-2 + Wn-1n-2. (4.29)
Substitute Eq. (4.29) into Eq. (4.28) the following expression is obtained:
Wiy = Wrp2+Wn 1p2+Whn1-

Next use Eq. (4.27) with ¢ = n — 2, then with i = n — 3, and so forth.

Motion of a point that moves relative to a rigid body

A reference frame that moves with the rigid body is a body fixed reference
frame. Figure 4.2 shows a rigid body (RB) in motion relative to a primary
reference frame with its origin at point Oy, Ogzgypzo. The primary reference
frame is a fixed reference frame or an earth fixed reference frame. The unit
vectors 19, Jo, and kg of the primary reference frame are constant.

The body fixed reference frame (mobile reference frame), Oxyz, has its
origin at a point O of the rigid body [O € (RB)], and is a moving reference
frame relative to the primary reference. The unit vectors 1,J, and k of the
body fixed reference frame are not constant, because they rotate with the
body fixed reference frame.

The position vector of a point P of the rigid body [P € (RB)] relative to
the origin O of the body fixed reference frame is the vector rop. The velocity

of P relative to O is
dI‘OP

dt
where w is the angular velocity vector of the rigid body.
The position vector of a point A (the point A is not assumed to be a
point of the rigid body, as shown in Fig. 4.2 ) relative to the origin Oy of the
primary reference frame is

= w X Top,

rq=rop-+r,
where
r =ros = 21+ y) + 2k,

is the position vector of A relative to the origin O of the body fixed reference
frame, and x,y, and z are the coordinates of A in terms of the body fixed
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reference frame. The velocity of the point A is the time derivative of the
position vector ry4:
dI‘O dr

Va = gyt T Vot Vao =

votr By By Wy, @, a K
o Mt Tt W T Va T at

Using Poisson formulas, the total derivative of the position vector r is
dr
dt

The velocity of A relative to the body fixed reference frame is a derivative in

the body fixed reference frame:

(EB) dr de  dy dz
re —k =1 . 'ka 4.
VArel = di dt 1+ — dt ]+ dt 1+y)+ =z ( 30)

A general formula for the total derivative of a moving vector r can be written
as

=r=mn+y)+zk+wxr.

dr BBy

— = 4.31
o o +wxr, (4.31)
dr Odr o
where i the derivative in the fixed reference frame (0) (Opzoyo20),
(RB) ]

and is the derivative in the mobile reference frame (body fixed refer-

dt

ence frame).
The velocity of the point A relative to the primary reference frame is

Va4 =Vo+ Vi +wXr, (4.32)

Equation (4.32) expresses the velocity of a point A as the sum of three terms:
e the velocity of a point O of the rigid body,

e the velocity va,¢ of A relative to the rigid body, and

e the velocity w x r of A relative to O due to the rotation of the rigid body.

The acceleration of the point A relative to the primary reference frame is
obtained by taking the time derivative of Eq. (4.32)

as = ap+ajso
= aptage +2WX Vo +@XTr+wX (wxXr), (4.33)
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where

EB 2y &z dPy d?z
el = ——— = —1+ —J]+ —k, 4.34
Hrel = g az' T ad T e (4:34)
is the acceleration of A relative to the body fixed reference frame or relative
to the rigid body. The term

Acor = 2w X VArel-

is called the Coriolis acceleration.
In the case of planar motion, Eq. (4.33) becomes

as = ap+ aure + 2w X Vare + @ X T — W?r. (4.35)

The velocity v4 and the acceleration ay of a point A are relative to the
primary reference frame. The terms va,.q and ay,¢ are the velocity and
acceleration of point A relative to the body fixed reference frame, i.e., they
are the velocity and acceleration measured by an observer moving with the
rigid body (Fig. 4.3).

If A is a point of the rigid body, A € RB, V4. = 0, and a,. = 0.

Inertial reference frames

A reference frame is inertial if Newton’s second law is applied in the form
> F = ma. Figure 4.4 shows a nonaccelerating, nonrotating reference frame
with the origin at Oy, and a secondary nonrotating, earth-centered reference
frame with the origin at O. The nonaccelerating, nonrotating reference frame
with the origin at Oy is assumed to be an inertial reference. The acceleration
of the earth, due to the gravitational attractions of the sun, moon, etc., is go.
The earth-centered reference frame has the acceleration gp, too. Newton’s
second law for an object A of mass m, using the hypothetical nonaccelerating,
nonrotating reference frame with the origin at O, can be written as

may =mga+ > _F, (4.36)

where ay is the acceleration of A relative to Op, ga is the resulting gravita-
tional acceleration, and > F' is the sum of all other external forces acting on
A. The acceleration of A relative to Oy is

as = ap + agre,
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where ay,.; is the acceleration of A relative to the earth-centered reference
frame. The acceleration of the origin O is equal to the gravitational accel-
eration of the earth ap = gp. The earth-centered reference frame does not
rotate (w = 0). If the object A is on or near the earth, its gravitational
acceleration g4 due to the attraction of the sun, etc., is nearly equal to the
gravitational acceleration of the earth go, and Eq. (4.36) becomes

ZF = MaAAre]- (437)

Newton’s second law can be applied using a nonrotating, earth-centered ref-
erence frame if the object is near the earth. In most applications, Newton’s
second law can be applied using an earth-fixed reference frame. Figure 4.5
shows a nonrotating reference frame with its origin at the center of the earth
O and a secondary earth-fixed reference frame with its origin at a point B.
The earth-fixed reference frame with the origin at B can be assumed to be
an inertial reference and Y. F = may,., where ay, is the acceleration of A
relative to the earth-fixed reference frame.

The motion of an object A can be analyzed using a primary inertial ref-
erence frame with its origin at the point O (Fig. 4.6). A secondary reference
frame with its origin at B undergoes an arbitrary motion with angular ve-
locity w and angular acceleration ae. Newton’s second law for the object A
of mass m is Y F = ma,, where a, is the acceleration of A relative to O.
Newton’s second law can be written in the form:

> F —mlag + 2w X Varer + @ X Tpa + w X (W X Tpa)|] = magye, (4.38)

where a4, is the acceleration of A relative to the secondary reference frame.
The term ap is the acceleration of the origin B of the secondary reference
frame relative to the primary inertial reference. The term 2w X v 4, is the
Coriolis acceleration, and the term —2mw X v 4, is called the Coriolis force.
This is Newton’s second law expressed in terms of a secondary reference
frame undergoing an arbitrary motion relative to an inertial primary refer-
ence frame.

The classical method for obtaining the velocities and/or accelerations of
links and joints is to compute the derivatives of the positions and /or velocities
with respect to time.
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4.2 Driver Link

For a driver link in rotational motion [see Fig. 3.3(a)], the following position
relation can be written:

xp(t) = x4+ Lapcos ¢(t),
yp(t) = ya + Lapsino(t). (4.39)

Differentiating Eq. (4.39) with respect to time, the following expressions are
obtained:

. dxp(t .
UVBr = ITB = dBt< ) = —LAB¢SIH¢,
dyp(t .
Upy = UB = y;; ) = Lap¢cos . (4.40)

The angular velocity of the driver link is w = ¢.
The time derivative of Eq. (4.40) yields

. dUB(t

~—

By = Ip = T —Lap¢* cos ¢ — Lapgsin ¢,
y dvp(t o -
apy =i = T2~ Lpdsing + Lapdeoso,  (441)

where o = ¢ is the angular acceleration of the driver link AB.

4.3 RRR Dyad

For the RRR dyad (see Fig. 3.4), there are two quadratic equations of the
form:

[za(t) — wal® + [yo(t) — yal? = Lie = L3,
[zo(t) — zp)* + [yo(t) — ys)* = Lie = L. (4.42)
Solving the above system of quadratic equations, the coordinates z¢(t) and
yc(t) are obtained.
The derivative of Eq. (4.42) with respect to time yields
(zc —xa) (Fc — 2a) + (Yo — ya) (Yo — ya) =0,
(zc —xB) (¢ — iB) + (Yo — yB) (Yo — yB) =0, (4.43)
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From Eq. (4.43) the velocity vector of the joint C, vg = [i¢, §c]?, is written

in matrix form
ve =M - v, (4.44)
where
v = [d4,9a,%8,95)",
M, =A;' A,

A, = ll‘c—ﬂﬁA Yo — Ya

Tc—TB Yo —Yp |’

A, — | Tc—Ta Yo —Ya 0 0
2 0 0 Tc—TB Yo —YB

Similarly, by differentiating Eq. (4.43), the following acceleration equations
are obtained:

(¢ —da)*+ (xc — xa) (e — Ea) +

(e — 94)? + (Yo — ya) (o —ija) =0,

(ic — @)° + (¢ — zB) (ic — ¥p) +

(9c —98)* + (yo — yB) (Jo — ) = 0. (4.45)

The acceleration vector of the joint C' is obtained from the above system of
equations:

ac = [ic, ¥ic]t = My - a+ Mo, (4.46)
where

a= [:i‘Av CUA, jB? yB]T7
M2 = _Afl ' A37
A, — (T —@4) + (Yo — 9a)?
(¢ — B)* + (Yo — UB)?
To compute the angular velocity and acceleration of the RRR dyad, the
following equations are written for the angles ¢o(t) and ¢3(t):

yo(t) —ya+ [zc(l) — 4] tango(t) =0,
yo(t) — yp + [xc(t) — xp] tan gs(t) = 0. (4.47)
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The derivative with respect to time of Eq. (4.47) yields

R B _ B S
Yo — ya — (¢ — T4) tan gy — (v¢ xA)COS2 % $2 =0,
1 .
o — Uy — (Tc — ) t — — =0. (4.48
Yo — Yy — (Tc — &p) tangs — (zc $B)COSQ b3 ®3 ( )
The angular velocity vector is computed as
W = [(bg, ¢3]T = [u)z,u)g]T = 'Ql -V + 92 A Ze (449)
where
F To —TA To —TA
o _ 2 T 0 0
1= 0 0 Tc—Tg T —Tp |’
I L3 L3
B T —Tpa o —TA
L3 L3
2= To—Tp To—ap
L L3 L3
Differentiating Eq. (4.49), the angular acceleration vector a = w is

a = [fo, 03)" = oz, 3] =2 v+ vo+ 20 -a+ 2 a0 (4.50)

4.4 RRT Dyad

For the RRT dyad [see Fig. 3.5(a)], the following equations can be written
for position analysis

[z0(t) = zal® + [yo(t) —ya® = AC® = L3 = L3,
[zc(t) — zp]sina — [yc(t) — yp] cosa = £ h. (4.51)

From the above system of equations, x¢(t) and yc(t) can be computed.
The time derivative of Eq. (4.51) yields

(zc —xa) (Tc — Ta) + (Yo — ya) (Yo — ya) = 0,
(tc — &p)sina — (Yo — yp) cosa = 0. (4.52)

The solution for the velocity vector of the joint C' from Eq. (4.52) is

ve = [te, 9]t = Ms - v, (4.53)
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where
M3 - Azl . A5,
A4:[$c.—93.4 yC_yA]7
sin o —Ccos
A _ | Tc—Ta Yo —ya 0 0
5 0 0 sinae —cosa |-

Differentiating Eq. (4.52) with respect to time

(o — #a)* + (w0 — xa) (B0 — &a) +
(e — 9a4)* + (e — ya) (e — Ga) = 0,
(2c — Zp)sina — (jJo — §p) cosa = 0, (4.54)

the acceleration vector ac is obtained as
ac = [i‘c, ij]T = Mj - a+ My, (455)
where

M, =—A;'- Ag,

A, = | @ —@a) g (Jo —9a)* | (4.56)

The angular position of the element 2 is described by the following equation:
yo(t) — ya — [zc(t) — za] tan ¢a(t) = 0. (4.57)

The time derivative of Eq. (4.57) yields

. . : . 1
Yo — Ya — (o — 4) tan g — (xo — xA)COS2 5 ¢o =0, (4.58)
and the angular velocity of the element 2 is
To—Ta . . ,
Wy = CTQA (o — Ja) — (B¢ — x4) tan ¢ . (4.59)
2

The angular acceleration of the element 2 is agy = ws.
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4.5 RTR Dyad
For the RTR dyad [see Fig. 3.6(a)] the position relations are

[ze(t) — za]* + [yo(t) — yal® = L3,
Yo—YB Yo — YA

To— T To— T
tan o = Cyc —ByB ZCJC - 2A -
1+ .
Toc —Tp To—TA

(Yo —yB)(xc — 2a) — (Yo — ya)(rc — xB)

(ze —zB) (0 — 7a) + (Yo — yB) (Yo — ya) (4.60)
The time derivative of Eq. (4.60) yields
(xc —x4) (Tc — 2a) + (Yo — ya) (Yo — ya) =0,
tana [(Tc — ) (rc — 2a) + (¢ — 2B)(Tc — Ta)] +
tana (Yo — 9a)(ye — ys) + (yo — ya) (Yo — ¥B)] +
(Yo —9a)(xc —xp) + (yo — ya)(@c — ip) —
(Yo —yB)(xc —2a) — (Yo — yB)(Tc — 14) = 0, (4.61)
or in a matrix form
A; - vo=Ag-v, (4.62)

where
A7:[$c—$f1 ?Jc—yA]’
4! 2
Ao | Te—Ta Yo~ Ya 0 0
8 —_ .
V3 V4 75 Ve
In addition,

T = [(zc —zp) + (xc — za)| tana — (yo — y5) + (Yo — ya),
Yo = [(Yo — ya) + (yo — yp)|tana — (v¢ — xa) + (v¢ — 7B),
Y3 = (zc — o) tana + (yo — yn),
Y4 = (xc — xa) tana + (yo — ya),
Y5 = (Yo — yp) tana + (v¢ — ),
Y6 = (Yo — ya)tana — (xc — x4).
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The solution for the velocity vector, v, of the joint C, from Eq. (4.62) is
ve =M; - v, (4.63)
where
M; = A" Ag.
Differentiating Eq. (4.62), the following relation is obtained:
A; - ac =Ag-a— Ay, (4.64)
where
Ay — (tc —34)* + (Jo — ya)?
V7
e = 2(tc —ig)(ic — ia)tana + 2(go — B) (Yo — Ya) tan o —
2(4c = yp)(Ec — a) +2(jo — Ya)(Zc — @5).

9

The acceleration vector of the joint C' is
ac = M5 - a — Mg, (4.65)
where
Mg = A;'- Ay,

To compute the angular velocities for the RTR dyad, the following equations
can be written:

yo(t) —ya = [xc(t) — x 4] tan ¢
b3 = P2 + . (4.66)
The time derivative of Eq. (4.66) yields

. . . : r .
(Yo —9a) = (¢ — Ta) tan g + (rc — xA)COS2 % ¢2
P53 = ¢a. (4.67)
The angular velocities of the links 2 and 3 are
2

cos . . . .

wr=ws = P (o — ) — (b~ Ea)tan ] . (469
Lo — LA

The angular accelerations are found to be

Qg = Q3 = (,4')2 = (,Z)g. (469)
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4.6 TRT Dyad
For the TRT dyad (see Fig. 3.7), the two position equations are

[zc(t) — za]sina — [yo(t) — ya] cosa = +d,
[zc(t) — xp]sin B — [yc(t) — yp| cos B = £ h. (4.70)
The derivative with respect to time of Eq. (4.70) yields
(tc —da)sina — (Yo — ya) cosa +
(xc —xa)dcosa+ (Yo — ya)asina = 0,
(.i‘c — .TB> Sinﬁ — (yc — yB) COSﬁ +
(xc —xp)Bcos B+ (yo — yp)Bsinf = 0, (4.71)
or in a matrix form
A -ve = Aq vy, (4.72)
where

Vi = [a,9a, & 35,98, 8],
—sina —
N v
sinae —cosa & 0 0 0
0 0 0 sinfg —cosfB & |’
& = (x4 —xc)cosa+ (ya — yo) sina,
§o = (v — xc) cos B+ (yp — yo) sin B.

AH:[

The solution of Eq. (4.72) gives the velocity of the joint C' as
vo = My - vy, (4.73)
where
M;=A} - Ay
Differentiating Eq. (4.72), with respect to time, gives

Ajp-ac=A;-a — Ay, (4-74)
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where

ay = [:i'Aa yA, da jB> yB? ﬁ]Tv

Auzlgﬂ,

€5 = 2(ic — da)dcosa+ 2(go — §a)fsina —
(zc — za)d*sina + (yo — ya)d® cosa,

&= 2(ic—ip)Bcos B+ 20jc — yp)Bsinf —
(¢ — xp) 3 sin 3 + (yo — yp)B” cos 5.

The solution of Eq. (4.74) gives the acceleration vector of joint C' as
ac = My -a+ Ms. (4.75)
where

Mg - Afol . A12.
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4.7 Examples

Example 4.1: R-TRR mechanism.
The following dimensions are given for the mechanism shown in Fig. 4.7:
AC = a = 0.100 m and BC = 0.300 m. The angle of the driver link 1
with the horizontal axis is ¢ = ¢; = 45°. The coordinates of joint B are
rp = yp = 0.256 m. The driver link 1 rotates with a constant speed of
n1 = 30 rpm. Find the velocities and the accelerations of the mechanism.
Solution
A cartesian reference frame with the origin at A is selected. The coordi-
nates of joint A are

g =ya=0.
the coordinates of the joint C' are
rc=AC=0.100m and yc =0,
and the coordinates of joint B are
rp=0.256m and yp = 0.256m.

The position of joint B is calculated from the equations

taw(t):ﬁg and  [z5(t) — zo] + lys(t) — yol? = BC?,

or

25(t) sin 6(t) = y(t) cos 6(t),
[xB(t) — zc]® + [ys(t) — yo|* = BC>. (4.76)
The linear velocity of point B on link 3 or 2 is
VB =VpB; = VB, = fBl + yBJ,
where
drp dyp

Tp = and Up =g

The velocity analysis is carried out differentiating Eq. (4.76):
ipsing 4 xpd cosd = YB COS p — qu5 sin ¢,
ip(rp —xc) +ys(ys — yo) =0,
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or

Tp sing + rgw cos¢ = yp coSP — ygw sin @,

ip(zp —xc) +98(ys — yc) = 0. (4.77)
The magnitude of the angular velocity of the driver link 1 is

mny 7 (30 rpm)
= = = 3.141 . 4.
o) 30 30 3 rad/s (4.78)

W =w; =
The angular velocity of link 1 is
w=w; =wk=3141k rad/s.

The link 2 and the driver link 1 have the same angular velocity w; = ws.
For the given numerical data Eq. (4.77) becomes

tp sin45° + 0.256 (3.141) cos45° = yp cos45° — 0.256 (3.141) sin 45°,
2p(0.256 — 0.1) + yp(0.256 — 0) = 0. (4.79)

The solution of Eq. (4.79) gives
tp=-0.999 m/s and yp = 0.609 m/s.
The velocity of B is

vg =vp, =vp, = —0.9991+0.609) m/s,

Vel = Ve, | = [va,| = /(~0.999)2 + (0.609)2 = 1.171  m/s.
The acceleration analysis is obtained using the derivative of the velocities
given by Eq. (4.77):
Fp sing +apw cosd+ gw cosp — rpw? sing =
ijg OS¢ — Ygw sin ¢ — Ygw sin ¢ + yp w? cos ¢,

ip(rp —xc) + 2% +Us(ys —ye) + 95 = 0. (4.80)

The magnitude of the angular acceleration of the driver link 1 is

a=w=¢=0.
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Numerically, Eq. (4.80) gives

Fp sind5° +2(—0.999) (3.141) cos45° — 0.256 (3.141)? sin 45° =
iip cos45° — 2(0.609) (3.141) sin45° + 0.256 (3.141)2 cos 45°,
#(0.256 — 0.1) + (—0.999)2 + §5(0.256) + 0.609> = 0. (4.81)

The solution of Eq. (4.81) is
ip=—1802m/s’ and = —4.255m/s".
The acceleration of B on link 3 or 2 is

ap =ap, =ap, = i1+ i) = —1.8021 — 4.255) m/s’,

lag| = |ag,| = |ag,| = \/(~1.802)% + (—4.255)2 = 4.620 m/s”.
The slope of the link 3 (the points B and C' are on the straight line BC') is

_ yst) —yo
tan ¢3(t) = rn(t) — 20’
[z5(t) — xc] sin@s(t) = [ys(t) — yc| cos ¢s(t). (4.82)

The angle ¢3 is computed as follows:

— .2
YB Ye = arctan & = 1.023 rad = 58.633°.

— arctan 22— 2<
¢s = arctan = 0.256 — 0.1

The derivative of Eq. (4.82) yields
ip sings + (r5 — 2c) b3 cos ds = Y cos 3 — (yp — yc) s sin ¢s,
or
g sings + (xrp — xc)ws cos g3 = Yp cos ¢z — (Yyp — Yo ) ws sin g3, (4.83)

where wg = gﬁg.
Numerically Eq. (4.83) gives

—0.999 sin 58.633° 4 (0.256 — 0.1) w3 cos 58.633° =
0.609 cos 58.633° — 0.256 w3 sin 58.633°,
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with the solution ws = 3.903 rad/s.
The angular velocity of link 3 is

ws =w3k =3.903k rad/s.

The angular acceleration of link 3, a3 = w3y = 453, is obtained using the
derivative of the Eq. (4.83):

Tpg Sin ¢3 + Tp w3 €os Pz +
Epws cosPs + (xp — o) ws cos ¢y — (xp — To) wi Sin¢s =
YB COS ¢3 — Yp w3 Sin 3 —

Ypws sings — (yp — yo) ws sin s — (yp — yo) wi cos s,
or

Ip sings + 2ipws cos gz + (xp — xc) s cos g3 — (xp — ) WA sin g3 =

ijp cos 3 — 2ypws sin gz — (yp — Yo) as sin gz — (Y — yo) Wi cos ¢s3.
Numerically, the previous equation becomes

—1.802 sin 58.633° + 2 (—0.999) (3.903) cos 58.633° +
(0.256 — 0.1) a3 cos 58.633° — (0.256 — 0.1) (3.903)? sin 58.633° =
—4.255 cos 58.633° — 2 (0.609) (3.903) sin 58.633° —

0.256 a3 sin 58.633° — 0.256 (3.903)? cos 58.633°,

with the solution az = —2.252 rad/s*. The angular acceleration of link 3 is
a3 = azk = —2.252k rad/sQ.

The velocity of the point B; on link 1 is calculated with the expression of
velocity field of two points (B; and A) on the same rigid body (link 1):

1 3 k
Vp, = VA +w) XTap=w; XTryp=|0 0 wi|=
g yg O
1 J k
0 0 3.141| = —0.804 14+ 0.804 3 m/s.

0.256 0.256 0



L4 Velocity and Acceleration Analysis 25

The velocity field of two points (B; and Bs) not situated on the same rigid
body (B is on link 1 and By is on link 2) is calculated with

— r R 'y
VB, = VB + VBQBl =Vp + VBgl’

where v is the relative velocity of the point By on link 2 with respect to
the point By on link 1:

Vi, = Vg, —vp =—0.9991+0.609) — (—0.804 1+ 0.804 j)
= —0.1951—0.1955 m/s.

The relation between the angular velocities of link 2 and link 3 is
Wy = W3 + Wa3,
and the relative angular velocity of link 2 with respect to link 3 is
wo3 = wy — w3 = 3.141k —3.903k = —0.762k rad/s.
The acceleration of the point By on link 1 is

ap, =as+a; Xrap —wirag = —wirap = —w?(zp1+ygp))
— —3.141%2(0.256 1+ 0.256 ) = —2.5281 — 2.528) m/s’.

The acceleration of By in terms of Bj is
J— T T
ap, =ap, +ap, +2w; Xvp ,

where a%, is the relative acceleration of the point By on link 2 with respect
to the point By on link 1 and 2w, x v is the Coriolis acceleration:

1 J k
ag, =2w; X Vg, =2wyxXvp =| 0 0 w|=
/U%le UTBQly O
1 J k
0 0  3.141|=1.226 1—1.226 3 m/s".

—0.195 —0.195 0

The relative acceleration of B, with respect to By is

a%zl - aB2 - aBl - aCB21 -
1802 1—4.255 j — (—2.5281— 2.528)) — (1.226 1— 1.226 ) =
—051—05 ) m/s’.
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The relative angular acceleration of link 2 with respect to link 3 is
Qo3 = 0y — g3 = —az = 2.252k rad/sZ,
where ay, = a1 = 0.

Example 4.2: R-RTR-RRT mechanism
The mechanism shown in Fig. 4.8 and has the dimensions: AB = 0.100 m,
AC = 0.150 m, CD = 0.075 m, and DE = 0.200 m. The angle of the
driver link 1 with the horizontal axis is ¢ = ¢ = 45°, and the angular speed
of the driver link 1 is w = w; = 4.712 rad/s. Find the velocities and the
accelerations of the mechanism.

Solution.

The origin of the fixed reference frame is at C' = 0. The position of the
fixed joint A is

xa=0, ya=AC=0.150 m.
The position of joint B is
25(t) = 24+ ABcoso(t),  y(t) = ya + ABsin o(0),
and for ¢ = 45°, the position is
xg =0+ 0.100 cos45° = 0.070 m, yp = 0.150 + 0.100 sin 45° = 0.220 m.
The linear velocity vector of B is
Vp = Tpl+ YpJ,

where

. dx - ] d :
:[B:d—tB:—AB¢ sin ¢, yB:%:AB¢ oS ¢.

With ¢ = 45° and ¢ = w = 4.712 rad/s:

5 = —0.100 (4.712) sin45° = —0.333 m/s,
yp = 0.100 (4.712) cos45° = 0.333 m/s,

vp = [vs| = \/i% + 5% = /(—0.333)2 + 0.3332 = 0471 m/s.
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The linear acceleration vector of B is
ap = Ipl1+ YBJ,

where

di : .
ip = % — _AB@?cos ¢ — ABsin ¢,

g = dgf = —AB¢?sin ¢ + ABd cos ¢.

The angular acceleration of link 1 is ¢ = & = 0. The numerical values for
the acceleration of B are

#p = —0.100 (4.712) cos 45° = —1.569 m/s?,
iip = —0.100 (4.712)? sin 45° = —1.569 m/s2,
ap = |ap| = \/i% + i} = \/(—1.569)2 + (—1.569)2 = 2.220 m/s*.

The velocity and acceleration of point B on link 1 (or on link 2) can also
be calculated with the relations

1 J k
VB =Vp =Vp, =VA+ W XTyp= 0 0 w1 | =
rp—2Ta Yyp—Ya O
1 J k
0 0 4.712| = —0.333 14+ 0.333 3 m/s,

0.070 — 0.15 0.220 0

agp =ap, —ap, =ag + a1 XTIag — W%rAB = _W%I'AB =
4.712%[(0.070 — 0.15) 1+ 0.220 j] = —1.569 1— 1.569 } m/s27

where w; =wi k=wk and oy = w; = 0.
The points B and C' are located on the same straight line BD:

yp(t) —yo — [zB(t) — zc] tan@s(t) = 0. (4.84)
The angle ¢3 = ¢ is computed as follows:

YB — Yc

¢3 = ¢ = arctan ,
Ip —Zc



L4 Velocity and Acceleration Analysis 28

and for ¢ = 45° is obtained by
0.22
¢3 = arctan 007 = 72.235°.
The derivative of Eq. (4.84) yields

Y — Yo — (Tp — &¢) tan ¢z — (rp — x¢) ¢3 = 0. (4.85)

1
cos? ¢3
The angular velocity of link 3, wy = wsy = ¢, is computed as follows

- cos® p3(yp — Yo — (g — Tc) tan ¢s]
W3 = Wy = Tp — T 3

and

272.235°(0.333 + 0.333 tan 72.235°
w3 = o8 ( 037 - ) = 1.807rad/s.

The angular acceleration of link 3, a3 = ay = (53, is computed from the time
derivative of Eq. (4.85)

1 .
i (e — Bt 9 _
Ys — Yo (ZUB' ;ﬁo) an g3 — 2(i5 xf)COSQ ¢3¢3
S @3 5 .
2Arp — 20)— §2 — (25 — 20)——— by = 0.
(zp xc)cosg ™ ¢3 — (v gcC)cosQ ™ 3
The solution of the previous equation is
az =y = [ijp — jic — (&p — &c)tangs — 2(ip — iUc)COSQ 5 P3—
3

sings .y, cos? ¢y
cos3 s g —xo

2(zp — x0)
and for the given numerical data:

1
— oy = [—1.569 + 1.569 tan 72.235° + 2(0.333) ———1.807—
o3 a2 [ - 23—;0 an 279 ;;)50( )0082 72.235°
S1n . COS .
2(0.07) ML 2209 COS” 12:299 4 020 rad/s2.
(0.07) 572935 0.07 rad/s

The links 2 and 3 have the same angular velocity w; = ws = w3k and
the same angular acceleration a3 = as = a3 k. The relative angular velocity
of link 2 relative to link 1 is

(1.807)?]

W = we —wy = (1.807 — 4.712) k = —2.905 k rad/s,
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and the relative angular acceleration of link 2 relative to link 1 is
Qo] — g — X] — g = 1.020k rad/sQ.

The velocity and acceleration of point B on link 3 are calculated with

1 ] k
Vp, = Vo +ws Xreg=|0 0 w3|=
rg yp 0
1 J k
0 0 1.807| = —0.398 14+ 0.127 3 m/s,

0.070 0.220 0

ap, =ac + a3 Xrgg — ng'CB =
1 )] k
0 0 az|—wi(zpr+yg)) =
zp yp 0
1 J k
0 0 1.020 | — 1.8072(0.0701 + 0.220)) =
0.070 0.220 0

—0.456 1—0.649 3 m/s’.

The velocity field of two points (B, and Bs) not situated on the same
rigid body (Bs is on link 2 and Bj is on link 3) is expressed by

J— T
VB2 - VBg + VB237
and

Ve, — Vi, = —0.333 14 0.333 J — (—0.398 14 0.127 J)
= 0.065 1+0.205 3 m/s.

'S
VB3

The expression for the Coriolis acceleration is

C _ 'y — r —
ag,, =2wy XVp =2w3Xvp, =

1 J k 1 J k
210 0 ws3|=2] 0 0 1.807 | =
UBysy  UBy, U 0.065 0.205 0

—0.742 1+ 0.237 3 m/s".
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The relative acceleration of B, with respect to Bjs is

aTBQ;; - aBQ - aBS - aCB23 =
—1.569 1— 1.569 j — (—0.4561— 0.6493) — (—0.742 1+ 0.237 3) =
—051—05 ) m/s”.

The position of the joint D is given by the following quadratic equations:

[2p(t) — @c)* + lyp(t) — ycl” = CD?,
[p(t) — ] sings(t) — [yn(t) — yol cos ds(t) =0,

The previous equations are rewritten as follows:

rp(t) +yp(t) = CD?,

xp(t) sin@z(t) — yn(t) cosps(t) = 0. (4.86)
For ¢ = 45°, the coordinates of joint D are
D :
rp == ¢ 0.07 = —0.023 m,

N+ tan? g, V1+ tan® 72.235°
yp = xrptan gz = —0.023 tan 72.235° = —0.071 m.

The negative value for xp was selected for this position of the mechanism.

The velocity analysis is carried out differentiating Eq. (4.86)

xpTp +Yypyp =0,
Epsin gz + xp cos ¢z ¢3 — yp cos Pz + ypsingg o3 = 0. (4.87)

For the given data, Eq. (4.87) becomes

—0.023ip — 0.071§p = 0,
0.952 i — 0.023(0.305)(1.807) — 0.305 95 — 0.071(0.952)(1.807) = 0.

The solution is
tp =0.129m/s, yp = —0.041m/s.

The magnitude of the velocity of joint D is

vp = |vp| = /i + i = /0.1292 + (~0.041)% = 0.135m/s.
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The acceleration analysis is obtained using the derivative of the velocity given
by Eq. (4.87):

i'h + xpip + ¥h + ypiip = 0, )

i p sin¢g + 23 pg3 cos g3 — TpP3 sin @3 + T3 cos d3—

Uip €O (3 + 2yp s sin ¢3 + yp@3 cos ¢35 + ypPi sin gz = 0,

or

0.129% + (—0.022)#p + (—0.041)2 + (—0.071)§ip = 0,

i p sin 72.235° + 2(0.129)(1.807) cos 72.235° — (—0.022)(1.807) sin 72.235° +
(—0.022)(1.020) cos 72.235° —

iip cos 72.235° + 2(—0.041)(1.807) sin 72.235° + (—0.071)(1.807)? cos 72.235° +
(—0.071)(1.020)2 sin 72.235° = 0.

The solution of the previous system is
ip =0.147 m/s?, §p = 0.210 m/s*.

The absolute acceleration of joint D is

ap = [ap| = /&% + i3 = /(0.150)2 + (0.212)2 = 0.256 /s>,
The position of joint F is determined from the following equation:
[xp(t) — xp() + [ye(t) — yp(t)]* = DE?,
and with the coordinate yp = 0:
[zp(t) — xp(t)]? + yp(t) = DE>. (4.88)
With the given numerical values Eq. (4.88) becomes
(zp +0.023)* + (0.071)* = 0.22,

with the correct solution xz = 0.164 m.
The velocity of joint E is determined by differentiating Eq. (4.88) as follows

2(¢g — ip)(rg — xp) + 2ypyp = 0, (4.89)
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or
. . YDYD
Tp —Ip=———7H—.
TE — XD

The solution of the above equation is
(—0.071)(—0.041)
0.164 + 0.023

The derivative of Eq. (4.89) yields

T = 0.129 —

=0.113m/s.

(¥ — &p)(xp — xp) + (&g — ip)* + ¥ + ypiip = 0,
with the solution
3} ; U3+ ypip + (g — ip)?
Tp —ITp — y
TEp — XD

or with numerical values

(—0.041)2 + (—0.071)(0.21) + (0.112 — 0.129)?
0.164 + 0.023

The angle ¢4 is determined from the following equation:
ye — yp(t) — [zp(t) —2p(t)] tan gu(t) =0,
where yp = 0. The above equation can be rewritten as
—yp(t) — [zp(t) — zp(t)] tan¢u(t) = 0,

and the solution is

- 0.071
¢4 = arctan (?J[)) = arctan () = 20.923°.

g = 0.150 — =0.217

The derivative of Eq. (4.91) yields

ds = 0.

i (e 5 ta b — (g
Yp — (&g — @p) tands — (zp wD)COSQ¢4

Hence,
_COS2 ¢4[y[) + (iL’E — .CCD) tan (b4]
T —ITp
cos? 20.923°[—0.041 + (0.113 — 0.129) tan 20.923°]
0.164 — (—0.022)

Wy = Q4=

= 0.221 rad/s.

32

(4.90)

(4.91)

(4.92)
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The angular acceleration of link 4 is determined by differentiating Eq. (4.92)
as follows:

_yD—(ZL’E—.’,CD)tanqbgl—Q(l'E—xD)iCOSQqs ¢4_
sin ¢4 9 1 .

ap —ap)nPh g2 (g 0

(xE ID)COSS ¢4 ¢4 ('rE xD)COS2 ¢4 ¢4 )

or

1
—0.210 — (0.217 — 0.147) tan 20.923° — 2(0.113 — 0.129)——0.221 —
0.210 — (0.217 — 0.147) tan 20.923° — 2(0.113 — 0.129) -0

sin 20.923°

1 .
— = 0.2212 — (0.164 + 0.022
cos3 20.92300 (0.164+0 )

2(0.164 + 0.022) 0220005+ =0

The solution of the previous equation is

oy = ¢y = —1.105 rad/s%.



L4 Velocity and Acceleration Analysis 34

4.8
4.1

4.2

4.3

4.4

4.5

4.6

4.7

Problems

The four-bar mechanism shown in Fig. 3.16 has the dimensions: AB =
CD =0.04 m and AD = BC = 0.09 m. The driver link AB rotates
with a constant angular speed of 120 rpm. Find the velocities and the
accelerations of the four-bar mechanism for the case when the angle of
the driver link AB with the horizontal axis is ¢ = 30°.

The constant angular speed of the driver link 1 of the mechanism shown
in Fig. 4.9, is w = w; = 10 rad/s. The distance from link 3 to the
horizontal axis Az is a = 55 mm. Find the velocity and the acceleration
of point C on link 3 for ¢ = 45°.

The slider crank mechanism shown in Fig. 4.10 has the dimensions:
AB = 0.1 mand BC = 0.2 m. The driver link 1 rotates with a constant
angular speed of n = 60 rpm. Find the velocity and acceleration of the
slider 3 when the angle of the driver link with the horizontal axis is
¢ = 45°.

The planar mechanism considered is shown in Fig. 3.19. The fol-
lowing data are given: AB=0.150 m, BC=0.400 m, C'D=0.370 m,
CE=0.230 m, FF=CEFE, L,=0.300 m, L;,=0.450 m, and L.=CD. The
constant angular speed of the driver link 1 is 60 rpm. Find the velocities
and the accelerations of the mechanism for ¢ = ¢; = 30°.

The R-RRR-RTT mechanism is shown in Fig. 3.20. The following data
are given: AB=0.080 m, BC=0.350 m, C'E=0.200 m, C'D=0.150 m,
L,=0.200 m, L,=0.350 m, and L.=0.040 m. The driver link 1 rotates
with a constant angular speed of n = 300 rpm. Find the velocities and
the accelerations of the mechanism when the angle of the driver link
with the horizontal axis is ¢ = 155°.

The mechanism shown in Fig. 3.21 has the following dimensions: AB =
60 mm, AD = 200 mm, BC = 140 mm, CE = 50 mm, FF = 170 mm,
and a = 130 mm. The constant angular speed of the driver link 1isn =
300 rpm. Find the velocities and the accelerations of the mechanism
when the angle of the driver link 1 with the horizontal axis is ¢ = ¢ =
30°.

The dimensions for the mechanism shown in Fig. 3.22 are: AB =
120 mm, BD = 320 mm, BC' = 110 mm, CD = 300 mm, DE =
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4.8

4.9

4.10

4.11

4.12

4.13

200 mm, CF = 400 mm, AE = 320 mm, and b = 80 mm. The
constant angular speed of the driver link 1 is n = 30 rpm. Find the
velocities and the accelerations of the mechanism for ¢ = ¢ = 30°.

The mechanism in Fig. 3.23 has the dimensions: AB = 50 mm, AC =
25 mm, BD = 100 mm, DFE = 140 mm, EF' = 80 mm, L, = 130 mm,
and L, = 30 mm. Find the velocities and the accelerations of the

mechanism if the constant angular speed of the driver link 1 is n =
100 rpm and for ¢ = ¢ = 150°.

The dimensions for the mechanism shown in Fig. 3.24 are: AB =
180 mm, BC = 470 mm, AD = 430 mm, CD = 270 mm, DE =
180 mm, FF = 400 mm, and L, = 70 mm. The constant angular
speed of the driver link 1 is n = 220 rpm. Find the velocities and the
accelerations of the mechanism for ¢ = ¢; = 45°.

The mechanism in Fig. 3.25 has the dimensions: AB = 200 mm, AC =
600 mm, BD = 1000 mm, L, = 150 mm, and L, = 250 mm. The driver
link 1 rotates with a constant angular speed of n = 60 rpm. Find the
velocities and the accelerations of the mechanism for ¢ = ¢; = 120°.

Figure 3.26 shows a mechanism with the following dimensions: AB =
250 mm, BD = 900 mm, and L, = 300 mm. The constant angular
speed of the driver link 1 is n = 500 rpm. Find the velocities and the
accelerations of the mechanism when the angle of the driver link 1 with
the horizontal axis is ¢ = 240°.

The mechanism in Fig. 3.27 has the dimensions: AB = 150 mm, AC =
350 mm, BD = 530 mm, DF = 300 mm, £F = 200 mm, L, = 55 mm,
and L, = 250 mm. The constant angular speed of the driver link 1 is
n = 30 rpm. Find the velocities and the accelerations of the mechanism

for ¢ = ¢y = 120°.

Figure 3.28 shows a mechanism with the following dimensions: AB =
150 mm, BC = 550 mm, CD = DFE = 220 mm, EFF = 400 mm,
L, = 530 mm, and L, = L. = 180 mm. Find the velocities and the
accelerations of the mechanism if the constant angular speed of the
driver link 1 is n = 1000 rpm and for ¢ = ¢; = 150°.
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4.14

4.15

4.16

4.17

4.18

4.19

4.20

Figure 3.29 shows a mechanism with the following dimensions: AB =
250 mm, BC = 1200 mm, C'E = 400 mm, C'D = 800 mm, FF =
700 mm, L, = 650 mm, L, = 1000 mm, and L. = 1200 mm. The
constant angular speed of the driver link 1 is n = 70 rpm. Find the
velocities and the accelerations of the mechanism for ¢ = ¢; = 120°.

Figure 3.30 shows a mechanism with the following dimensions: AB =
100 mm, BC' = 270 mm, C'F' = 260 mm, C'D = 90 mm, DFE = 300 mm,
L, = 350 mm, L, = 200 mm, and L, = 120 mm. The constant angular
speed of the driver link 1 is n = 100 rpm. Find the velocities and the
accelerations of the mechanism when the angle of the driver link 1 with
the horizontal axis is ¢ = 60°.

Figure 3.31 shows a mechanism with the following dimensions: AB =
40 mm, BC = 100 mm, AD = 50 mm, and BE = 110 mm. The
constant angular speed of the driver link 1 is n = 250 rpm. Find the
velocities and the accelerations of the mechanism if the angle of the
driver link 1 with the horizontal axis is ¢ = 30°.

The dimensions of the mechanism shown in Fig. 3.32 are: AB =
100 mm, BC = 200 mm, BE = 400 mm, CE = 600 mm, C'D =
220 mm, FF = 800 mm, L, = 250 mm, L, = 150 mm, and L, =
100 mm. The constant angular speed of the driver link 1 is n =
100 rpm. Find the velocities and the accelerations of the mechanism
for ¢ = ¢ = 150°.

The dimensions of the mechanism shown in Fig. 3.33 are: AB =
200 mm, AC' = 300 mm, CD = 500 mm, DE = 250 mm, and
L, = 400 mm. Find the positions of the joints and the angles of the
links. The constant angular speed of the driver link 1 is n = 40 rpm.
Find the velocities and the accelerations of the mechanism when the
angle of the driver link 1 with the horizontal axis is ¢ = 60°.

The dimensions of the mechanism shown in Fig. 3.34 are: AB =
160 mm, AC' = 90 mm, CD = 150 mm, and DE = 400 mm. The
constant angular speed of the driver link 1 is n = 70 rpm. Find the
velocities and the accelerations of the mechanism for ¢ = ¢; = 45°.

The dimensions of the mechanism shown in Fig. 3.35 are: AB =
150 mm, AC' = 250 mm, and CD = 450 mm. For the distance b
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4.21

4.22

4.23

4.24

4.25

4.26

select a suitable value. The constant angular speed of the driver link 1
is n = 80 rpm. Find the velocities and the accelerations of the mecha-
nism for ¢ = ¢; = 30°.

The dimensions of the mechanism shown in Fig. 3.36 are: AB =
180 mm, AC' = 90 mm, and C'D = 200 mm. The constant angular
speed of the driver link 1 is n = 180 rpm. Find the velocities and the
accelerations of the mechanism for ¢ = ¢; = 60°.

The dimensions of the mechanism shown in Fig. 3.37 are: AB =
180 mm, AC' = 500 mm, BD = L, = 770 mm, and DE = 600 mm.
The constant angular speed of the driver link 1 is n = ny = 700 rpm.

Find the velocities and the accelerations of the mechanism for ¢ = ¢; =
45°.

The dimensions of the mechanism shown in Fig. 3.38 are: AB =
220 mm, AD = 600 mm, and BC = 250 mm. The constant angu-
lar speed of the driver link 1 is n = 700 rpm. Find the velocities and
the accelerations of the mechanism for ¢ = ¢; = 120°. Select a suitable
value for the distance a.

Referr to Example 3.1. The mechanism in Fig. 3.11(a) has the dimen-
sions: AB = 020 m, AD = 040 m, CD = 0.70 m, CE = 0.30 m,
and yp = 0.35 m. The constant angular speed of the driver link 1 is
n = 1000 rpm. Find the velocities and the accelerations of the mecha-
nism for the given input angle ¢ = ¢;=60°.

Referr to Example 3.2. The mechanism in Fig. 3.12 has the dimensions:
AB =0.02m, BC =0.03m, CD =0.06 m, AE = 0.05 m, and L, =
0.02 m. The constant angular speed of the driver link 1 is n = 600 rpm.
Find the velocities and the accelerations of the mechanism for the given
input angle ¢ = ¢y = /3.

Referr to Example 3.3. The mechanism in Fig. 3.15 has the dimensions:
AC = 0.100 m, BC' = 0.300 m, BD = 0.900 m, and L, = 0.100 m.
The constant angular speed of the driver link 1 is n = 100 rpm. Find
the velocities and the accelerations of the mechanism for ¢ = 30° .
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Figure captions

Figure 4.1. Mobile reference frame (1, J, k) that moves with the rigid body
(RB).

Figure 4.2. Motion of a point A that moves relative to a rigid body (RB).

Figure 4.3. Velocity (va,¢) and acceleration (aa,.) of A relative to the
rigid body.

Figure 4.4. Nonaccelerating, nonrotating reference frame with the origin
at Oy, and a secondary nonrotating, earth-centered reference frame with the
origin at O.

Figure 4.5. Nonrotating reference frame with the origin at the center of
the earth O and a secondary earth-fixed reference frame with the origin at
B.

Figure 4.6. Primary inertial reference frame with the origin at O and a
secondary reference frame with the origin at B.

Figure 4.7. R-TRR mechanism for Example 4.1.

Figure 4.8. R-RTR-RRT mechanism for Example 4.2.

Figure 4.9. Mechanism for Problem 4.2.

Figure 4.10. Mechanism for Problem 4.3



