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8 Packages for Kinematic Chains

8.1 Driver Link

Packages can be used a to calculate the position, velocity and acceleration
of a driver link in rotational motion (Fig. 8.1.(a)). For the position analysis
the input data are the coordinates (z4,ya) of the start joint A with respect
to the reference frame xOyz, the length of the link AB, and the angle ¢ with
the horizontal. For the velocity and the acceleration analysis, the angular
velocity w = é, and the angular acceleration o = gb are considered. The
output data are the position, velocity and acceleration of the end point B.
The position equations for the driver link are

rg =x4+ ABcos ¢,
Y = ya + ABsin ¢, (8.1)

where xp and yp are the coordinates of the point B.
The velocity equations for the driver link are

vy = —ABwsin ¢,
vpy = ABw cos ¢, (8.2)

where vp, and vp, are the velocity components of the point B on the x and
Y axes.
The acceleration equations for the driver link are

ape = —ABw? cos  — ABasin ¢,
apy = —ABw?sin ¢ + ABa cos ¢, (8.3)

where ap, and ap, are the acceleration components of the point B on the x
and y axes.

In order to compute the position, velocity and acceleration of the joint
B, using Mathematica™ | the necessary commands can be can collected in
a function. The name of the function is Driver

Driver[xA _yA _AB _phi _omega _alpha J]:=
Block[ { xB, yB, vBx, vBy, aBx, aBy H
xB = xA + AB Cos|[phi] ;
yB = yA + AB Sin[phi] ;
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vBx = - AB omega Sin[phi] ;

vBy = AB omega Cos[phi] ;

aBx = - AB omega™2 Cos[phi] - AB alpha Sin[phi] ;
aBy = - AB omega™2 Sin[phi] + AB alpha Cos|phi] ;
Return[ { xB, yB, vBx, vBy, aBx, aBy 1

1

The input data, the variable parts of the computation, and the output
data are defined as parameters to this function.

All the variables local to Driver[] are declared in the Block[]  state-
ment to isolate them from any values they might have globally. The Math-

ematica™ command Block[ {x, y, ... }, expr]  specifies that expr
is to be evaluated with local values for the symbols X, vy, ... . In our
case, the local variables are XB, yB, vBX, vBy, aBx, aBy , and expr

is the body of the function.

The Mathematica®™ command Return[expr] returns the value expr
from a function. For the driver, expr represents the output data and it is a
vector which contains the elements xB, yB, vBX, vBy, aBXx , and aBy.

The mechanism that Mathematica™ provides for keeping the variables
used in a package different from those used in the main session is called
context. As each symbol is read from the terminal or from a file, Mathemat-
ica™ checks to see whether this symbol has already been used before. If it
has been encountered before, the new instance is made to refer to that pre-
viously read symbol. If the symbol has not been encountered before, a new
entry in the symbol table is created. Each symbol belongs to a certain con-
text. Within one context the names of the symbols are unique, but the same
name can occur in two different contexts. For the driver the proper context is

Driver::usage = "Driver[xA,yA,AB,phi,omega,alpha]
computes the driver link position,
velocity and acceleration vectors."
Begin["Private™]
Driver[xA _yA _,AB _,phi _omega _alpha .=
Block[ { xB, yB, vBx, vBy, aBx, aBy H
xB = xA + AB Cos|phi] ;
yB = yA + AB Sin[phi] ;
vBx = - AB omega Sin[phi] ;
vBy = AB omega Cos[phi] ;
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aBx = - AB omega™2 Cos[phi] - AB alpha Sin[phi] ;
aBy = - AB omega™2 Sin[phi] + AB alpha Cos[phi] ;

Return[ { xB, yB, vBx, vBy, aBx, aBy } 1

]

End[ ]

The local variables xB, yB, vBXx, vBy, aBXx , and aBy are now cre-
ated in the context Private’ which is not searched when one types a vari-

able name later on.

The usage message defined for the symbol Driver is there to provide
documentation for the function and to make sure that Driver is defined in
the current context. If it had not been defined before entering the context
Private’ | it would not be found later on.

The Mathematica™ command End[] returns the present context and
reverts to the previous one.

The functions that the package provides are put into a separate context
which must be visible to be able to use the functions later on. This can be
done using the pair of Mathematica™ commands BeginPackage[]  and
EndPackage[] . Thus, the following Mathematica®™ package is introduced

BeginPackage["Driver"]

Driver::usage = "Driver[xA YA _AB _phi _omega _alpha ]
computes the driver position, velocity and acceleration
vectors."

Begin["Private™]
Driver[xA _yA _AB _,phi _omega _alpha _]:=
Block[ { xB, yB, vBx, vBy, aBx, aBy H

xB = xA + AB Cos|phi] ;

yB = yA + AB Sin[phi] ;

vBx = - AB omega Sin[phi] ;

vBy = AB omega Cos[phi] ;

aBx = - AB omega™2 Cos|[phi] - AB alpha Sin[phi] ;
aBy = - AB omega™2 Sin[phi] + AB alpha Cos[phi] ;
Return[ { xB, yB, vBx, vBy, aBx, aBy 1

]

End[ ]

EndPackage| ]
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The command BeginPackage['Driver"] sets Driver'  to be the
current context, and the command EndPackage[] ends the package, prepend-
ing Driver'  to the context search path.

Note the initial backquote in the context name inside the command
Begin["Private] . This establishes ‘Private’ as a subcontext of
the context Driver'  (so its full name is Driver‘Private* ).

The name of the source file for the Mathematica™ package Driver is
Driver.m  (see Program 8.1).

Example

A driver link is shown in Fig. 8.1(b). The input data are AB = 0.20
m, the angle between the driver link AB and the horizontal axis, ¢ = 30°,
and the angular velocity, w = 5 rad/s. Calculate the position, velocity and
acceleration components of the joint B. The cartesian reference frame xOyz
is chosen with A = O.

The Mathematica™ package Driver is loaded in the main Mathemat-

ica™ session using the command

<<Driver.m ;

To compute the numerical values of the position, velocity and accelera-
tion components for the joint B, the Mathematica™ function Driver is
used.

Position analysis
Since the joint A is the origin of the reference frame x Ayz, the coordinates
of the joint A are

TA=Ya = 0.
The coordinates of the joint B are

rp =24+ ABcos¢ =0.173 m,
yg = ya + ABsin¢ = 0.10 m. (8.4)

The coordinates zp and yp are the first and, respectively, the second
component of the vector returned by the function Driver

xB = Driver[xA,yA,AB,phi,omega,alpha][[1]] ;
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yB = Driver[xA,yA,AB,phi,omega,alpha][[2]] ;

Velocity analysis
The components vp, on the z-axis and vp, on the y-axis of the velocity
for the joint B are

Vpy = —ABwsin ¢ = —0.50 m/s,
Vpy = ABwcos ¢ = 0.866 m/s. (8.5)

The components vp, and vp, are the third and, respectively, the fourth
component of the vector returned by the function Driver

Driver[xA,yA,AB,phi,omega,alpha][[3]] ;
Driver[xA,yA,AB,phi,omega,alpha][[4]] ;

vBX
VvBy

Acceleration analysis
The components ap, on the z-axis and ap, on the y-axis of the velocity
for the joint B are

apy = —ABw?cos ¢ — ABasin ¢ = —4.330 m/s’,
apy = —ABw?sin ¢ + ABacos ¢ = —2.50 m/s”. (8.6)

The components ap, and ap, are the fifth and, respectively, the sixth
component of the vector returned by the function Driver

Driver[xA,yA,AB,phi,omega,alpha][[5]] ;
Driver[xA,yA,AB,phi,omega,alpha][[6]] ;

aBx
aBy

The Mathematica™ program and the numerical results are shown in
Program 8.2.

8.2 Position Analysis

RRR dyad

The RRR dyad is shown in Fig. 8.2(a). The input data are the coordinates
of the joint M (s, ya), the coordinates of the joint N(zn,yn), and the
lengths of the segments M P and NP. The output data are the coordinates
of the joint P(xp,yp).
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The position equations for the RRR dyad are

(xp —2p)* + (ym — yp)* = MP?,
(xN—xp)2+(yN—yp)2 :NPQ, (87)

where the unknowns are the coordinates zp and yp of the joint P. There
are two solutions for the position of the joint P, those are (zpi,yp;) and

(zp2,Yp2)-
The Mathematica™ function for the positions of zp,, yp,, Tp,, yp, is

PosRRR::.usage = "PosRRR[xM,yM,xN,yN,MP,NP]
Computes the position vectors for RRR dyad"

Begin["Private]

PosRRR[XM_,yM _xN _,yN _,MP_NP ]:=

Block|

{xPSol,yPSol,xP1,yP1,xP2,yP2,eqRRR1,eqRRR2,s0IRRR s

egRRR1 = (xM-xPSol)'2 + (yM-yPSol)'2 == MP"2 ;

eqRRR2 (XN-xPSol)"2 + (yN-yPSol)'2 == NP2 ;

solRRR = Solve[ {eqRRR1,eqRRR2}, {xPSol,yPSol }];

xP1 = xPSol/.solRRR[[1]] ;

yP1 = yPSol/.solRRR[[1]] ;

xP2 xPSol/.solRRR][[2]] ;

yP2 = yPSol/.solRRR[[2]] ;

Return[xP1, yP1, xP2, yP2] ;

]
End[ ]

RRT dyad

The RRT dyad is shown in Fig. 8.2(b). The input data are the coordinates
of the joint M (zpr, yar), the coordinates of the point N(xy, yn) on the sliding
direction, the length of the segment M P, and the value of the angle . The
output data are the coordinates of the joint P(xp,yp).

The position equations for the RRT dyad are

(xp —2p)® + (ym — yp)* = MP?,
Yr = YN (8.8)

tan = ,
I'p —ITN
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where the unknowns are the coordinates xp and yp of the joint P. There
are two solutions for the position of the joint P, those are (zp;,yp;) and

(zp2, yp2).
If the value of the angle 8 is 90° or 180°, then xp = z and the following
equation is used to find the coordinate yp of the point P

(zar — 2n)? + (yss — yp)? = M P, (8.9)
The Mathematica™ function for the position analysis is

PosRRT::usage = "PosRRT[xM,yM,xN,yN,MP,theta]
Computes the position vectors for RRT dyad"

Begin["Private™]

PosRRT[xM_yM _xN _yN | MP _theta .=

Block|[

{xPSol, yPSol, xP1, yP1,xP2, yP2, eqRRT, solRRT, eqRRT1,
eqRRT2 },

If[ (theta==Pi/2)||(theta==3*Pi/2),

xP1 = xP2 = XN ;

egRRT = (XM-xN)2 + (yM-yPSol)'2 == MP2 ;

solRRT = Solve[ eqRRT, yPSol ] ;

yP1 = yPSol/.solRRT[[1]] ;

yP2 = yPSol/.solRRT[[2]] ,

egRRT1 = (xM-xPSol)’2 + (yM-yPSol)’2 == MP"2 ;
egqRRT2 = Tan[theta] == (yPSol-yN)/(xPSol-xN) ;
SsolRRT = Solve[ {egRRT1,eqRRT2}, {xPSol,yPSol }] ;

xP1 = xPSol/.solRRTI[[1]] ;
yP1 = yPSol/.solRRT[[1]] ;
xP2 = xPSol/.solRRT[[2]] ;
yP2 = yPSol/.solRRTI[[2]] ;

1
Return[ { xP1, yP1, xP2, yP2 } ] ;

]
End[ ]

The functions PoSRRRand PosRRT are included in the Mathematica™™
package Position . The name of the source file for the package is Position.m
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and is given in Program 8.3.

R-RTR-RRT Mechanism

The planar R-RTR-RRT mechanism considered is shown in Fig. 8.3(a).
Given the input data AB = 0.20m, AD = 0.40 m, CD = 0.70 m, CE = 0.30
m, the angle of the driver link AB with the horizontal axis, ¢ = 45°, and
the angular velocity, w = 5 rad/s, calculate the positions of the joints. The
distance from the slider 5 to the horizontal axis Ox is yg = 0.35 m. The
cartesian reference frame xOyz is chosen with A = O.

The Mathematica™ packages Driver and Position  are loaded in the
main program using the commands

<<Driver.m ;
<<Position.m ;

Position of the joint A
Since the joint A is the origin of the reference frame x Ayz, the coordinates
of the joint A are

SL’A:yAIO.

Position of the joint B
The coordinates of the joint B are

rg =4+ ABcos¢ = 0.141 m,
yp = ya + ABsin¢ = 0.141 m. (8.10)

The numerical values for the coordinates of the joint B are obtained using
the Mathematica™ function Driver

XB
yB

Driver[xA,yA,AB,phi,omega,alpha][[1]] ;
Driver[xA,xB,AB,phi,omega,alpha][[2]] ;

The RTR (BBD) dyad is represented in Fig. 8.3(b).

Position of the joint D
The coordinates of the joint D are

Ip = O, Yp = —AD = —0.400 m.
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The angle ¢3 is

YB YD _ 75 360

XB —ID

The next dyad RRT (CEE) is represented in Fig. 8.3(c).

¢3 = arctan

Position of the joint C'
The coordinates of the joint C' are

ro=xp+ CDcos¢ps =0.176 m,
Yo = yp + C'Dsin g3 = 0.277 m.

Position of the joint E
In this particular case, the coordinate yg of the joint F is constant

yp = 0.350m.
The coordinate xg of the joint F is calculated using the equation
(xc —2p)* + (yo — ygp)* = CE~ (8.11)
There are two solutions for z g
rp1 = —0.114 m, and xgy = 0.467 m.
The correct solution for xg is selected using the condition zg < x¢
v = —0.114 m.

The numerical solution for x5 is obtained using the Mathematica™ func-
tion POSRRT

XE1l PosRRT[xC,yC,0,yE,CE,phi5][[1]] ;
XE2 PosRRT[xC,yC,0,yE,CE,phi5][[3]] ;
(* Choose the correct solution *)
If (XE1<xC), xE=xE1l, XE=XE2 ] ;

The input data are the coordinates of the joint C'(z¢, yc), the coordinates
of the point P(0,yg) located on the sliding direction, the length of the link
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CFE, and the angle between the sliding direction and the horizontal axis Ox,
phi5 =180°.

The output data are the first and the third element of the vector returned
by the function POSRRT, that are the x-coordinates of the joint E. The
second and the fourth element are constant and equal to the y-coordinate of
the joint F.

The numerical values are printed using the Mathematica™

commands

Print['rB = ", {xB,yB,0 }," [m]" [;
Print['rC = ", {xC,yC,0 }," [m]" I,
Print['rE = ", {xE,yE,0 }," [m]" I,

The Mathematica™ program and the numerical results are shown in Pro-
gram 8.4.

R-RRR-RRT Mechanism

The planar R-RRR-RRT mechanism considered is shown in Fig. 8.4(a).
Given the input data AB = 0.15m, BC' = 0.40 m, CD = 0.37m, CE = 0.23
m, FFF = CFE, La = 0.30 m, Lb = 0.45 m, Lc = CD, and the angle of the
driver link AB with the horizontal axis, ¢ = 45°, calculate the positions
of the joints. The distance from the slider 5 to the horizontal axis Ox is
yre = 0.35 m. The cartesian reference frame xOyz is chosen, with A = O.

The Mathematica™ packages Driver —and Position  are loaded in the
main program using the commands

<<Driver.m ;
<<Position.m ;

Position of the joint A
Since the joint A is the origin of the reference frame x Ayz, the coordinates
of the joint A are

{L‘A:yAZO.

Position of the joint B
The coordinates of the joint B are

rp =24+ ABcos¢ = 0.106 m,
yg = yYya + ABsin¢ = 0.106 m. (8.12)
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The numerical values for the coordinates of the joint B are obtained using
the Mathematica™ function Driver

xB
yB

Driver[xA,yA,AB,phi,omega,alpha][[1]] ;
Driver[xA,xB,AB,phi,omega,alpha][[2]] ;

The RRR (BCD) dyad is represented in Fig. 8.4(b).

Position of the joint D
The coordinates of the joint D are

Tp — La =0.300 m, Yyp = Lb = 0.450 m.

Position of the joint C
The coordinates x¢ and yc of the joint C' are calculated using the equa-
tions

(xp —zc)* + (ys — yo)* = BC?,
(xp — xc)z + (yp — yc)2 = CD?. (8.13)

There are two solutions for the coordinates of the joint C'

o1 = —0.069 m, yo1 = 0.465 m,
roo = 0.504 m ;Yoo = 0.141 m.

The correct solution is selected using the condition yo > yp
o1 = —0.069 m, yo1 = 0.465 m.

The numerical solutions for the coordinates of the joint C' using the Math-
ematica™ commands are

xC1l = PosRRR[xB,yB,xD,yD,BC,CD][[1]] ;
yC1l = PosRRR[xB,yB,xD,yD,BC,CD][[2]] ;
xC2 = PosRRR[xB,yB,xD,yD,BC,CD][[3]] ;
yC2 = PosRRR[xB,yB,xD,yD,BC,CD][[4]] ;

(* Choose the correct solution *)
If[ (yC1>yB), xC=xC1;yC=yCl, xC=xC2;yC=yC2 ] ;
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The input data are the coordinates of the joint B(zg, yg), the coordinates
of the joint D(xp,yp), the lengths of the links BC' and CD.

The output data are the four elements of the vector returned by the
function POSRRR that are the coordinates of the joint C.

The angle ¢3 between the link 3 and the horizontal axis Ox is

Yo — Yp
o — D

¢3 = arctan + 7 = 3.099 rad.

Position of the joint E
The coordinates of the joint E are

rp =20+ CFEcos¢ps = —0.299 m,
ye = Yo + CEsin ¢3 = 0.474 m.

The next dyad RRT (CEFE) is represented in Fig. 8.4(c).

Position of the joint F
In this particular case, the z-coordinate xp of the joint F' is constant

rxp=—L.,=-0.370 m.
The y-coordinate yr of the joint F' is calculated using the equation
(rp —2p)* + (ye —yr)’ = EF*. (8.14)
There are two solutions for yg
yr1 = 0.256 m, and yrs = 0.693 m.
The correct solution for yg is chosen using the condition yr < yg
yr = 0.256 m.

M

The numerical solutions for yr using the Mathematica™ commands are

yF1 = PosRRT[XE,yE,-Lc,0,EF,phis][[2]] ;
yF2 = PosRRTI[xE,yE,-Lc,0,EF,phi5][[4]] ;
(* Choose the correct solution *)
If[ (yF1<yE), yF=yF1, yF=yF2 ] ;
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The input data are the coordinates of the joint F(zg,yg), the coordi-
nates of the point P(—L.,0) on the sliding direction, the length of the link
E'F, and the angle between the sliding direction and the horizontal axis O,
phi5 =90°.

The output data are the second and the fourth element of the vector
returned by the function POSRRT, that are the y-coordinates of the joint F.
The first and the third element are constant and equal to the z-coordinate
of the joint F.

The numerical values are printed using the Mathematica™ commands

Print['rB = ", {xB,yB,0 }," [m]" I;
Print["'rC = ", {xCyyC,0 }," [m]" I,
Print['tfE = ", {xE,yE,O }," [m]" ];
Print['rF = ", {xF,yF,0 }," [m]" I;

The angle @5 between the link 2 and the horizontal axis Ox is

Yo — YB
Tc — TR

@9 = arctan + 7 = 2.025 rad.

The angle ¢4 between the link 4 and the horizontal axis Ox is

Ye — YFr
Tp —XF

¢4 = arctan = 1.259 rad.

The Mathematica™ program and the numerical results are shown in Pro-
gram 8.5.

R-RRT Mechanism

The planar R-RRT mechanism considered is shown in Fig. 8.5. Given the
input data AC'=0.10 m, BC' = 0.30 m, AP = 0.50 m, and the angle of the
driver link AB with the horizontal axis, ¢ = 45°, calculate the positions of
the joints. The cartesian reference frame xQOyz is chosen with A = O.

The Mathematica™™ packages Driver and Position  are loaded in the
main program using the commands

<<Driver.m ;
<<Position.m ;
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Position of the joint A
Since the joint A is the origin of the reference frame x Ay z, the coordinates
of the joint A are

TA=YA = 0.
Position of the joint B
In order to calculate the position of the point B, the position of the point
P located on the driver link AB is calculated with

xp=x4+ APcos¢ = 0.353 m,
yp = ya + AP sin ¢ = 0.353 m. (8.15)

The numerical values for the coordinates of the point P are obtained using
the Mathematica™ function Driver

xP
yP

Driver[xA,yA,AP,phi,omega,alpha][[1]] ;
Driver[xA,xB,AP,phi,omega,alpha][[2]] ;

The coordinates of the point B are calculated using the equations

(zc —xp)* + (yo — yp)* = BC?,
Y —Ypr
rp — .%p.

tanf =

There are two solutions for the coordinates of the point B

rp1 = —0.156 m yp; = —0.156 m,
Tpo = 0.256 m ypo = 0.256 m.

The correct solution is selected using the condition yg > yc¢

The numerical solutions for the coordinates of the point B are obtained
using the Mathematica™ commands

xB1 = PosRRT[xC,yC,xP,yP,BC,phi][[1]] ;
yB1 = PosRRT[xC,yC,xP,yP,BC,phi][[2]] ;
xB2 = PosRRT[xC,yC,xP,yP,BC,phi][[3]] ;

yB2

PosRRT[xC,yC,xP,yP,BC,phi][[4]] ;
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(* Choose the correct solution *)
Iff (yB1>yC), xB=xB1,yB=yB1, xB=xB2;yB=yB2 ]| ;

M

The numerical values are printed using the Mathematica™ command

Print['rB = ", {xB,yB,0 }," [m]" I;

The Mathematica™ program and the numerical results are shown in
Program 8.6.

8.3 Velocity and Acceleration Analysis

RRR dyad

The input data are the coordinates x s, yar, Tn, yn, Tp,yp of the of the
joints M, N and P, the velocities s, yar, Tn, yn and the accelerations @7, Yar, TN, Yn
of the joints M and N. The output data are the velocities @ p, yp and accel-
erations components Zp and ¢p of the joint P.

The velocity equations for the RRR dyad are obtained taking the deriva-
tive of the position equations

(e —zp)(@p —2p) + (ym —yr)(Ym — yp) =0,
(xn —zp)(@N —2p) + (yv —yp)(Un —yp) =0, (8.16)
where the unknowns are the velocity components p and yp of the joint P.

The acceleration equations for the RRR dyad are obtained taking the
derivative of the velocity equations

(war — xp)(Enr — @p) + (Ear — @p)* + (yar — yp) (ar — Gip)

+(Wnr — gp)* =0,

(en —xp)(@n — &p) + (@n — 3p)* + (yv — yr) Gy — Jp)

+(n —yp)? =0, (8.17)
where the unknowns are the acceleration components Zp and ¢p of the joint

P.
The Mathematica™ function for the velocity and acceleration analysis is

VelAccRRR::usage = "VelAccRRR[xM,yM,xN,yN,xP,yP,
vMx,vMy,VNx,vNy,aMx,aMy,aNx,aNy] computes the velocity
and acceleration vectors for RRR dyad"
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Begin["Private™]
VelAccRRR[XM _,yM _xN _,yN _xP _yP _vMx _vMy _VvNx _VNy _
aMx_,aMy _, aNx _,aNy ]:=
Block]
{ vPxSol, vPySol, aPxSol, aPySol, vPx, vPy, aPx, aPy,
egqRRR1lv, egRRR2v, solRRRv, egRRR1la, eqRRR2a, solRRRa H
(* Velocities *)
egRRR1v=(xM-xP) (vMx-vPxSol)+(yM-yP) (vMy-vPySol)==0;
egRRR2v=(xN-xP) (VNx-vPxSol)+(yN-yP) (vNy-vPySol)==0;
solRRRv=Solve[ {egRRR1v, eqRRR2v}, {vPxSol, vPySol }];
vPx = vPxSol/.solRRRV[[1]] ;
vPy = vPySol/.solRRRV[[1]] ;
(* Accelerations *)
egRRRl1la = (xM-xP) (aMx-aPxSol) + (VMx-vPx)2 +
(yM-yP) (aMy-aPySol) + (vMy-vPy)2 == 0 ;
egRRR2a = (xN-xP) (aNx-aPxSol) + (VNx-vPx)2 +
(YN-yP) (aNy-aPySol) + (vNy-vPy)2 == ;
solRRRa=Solve[ {egRRR1la, eqRRR2a}, {aPxSol, aPySol }];
aPx = aPxSol/.solRRRa[[1]] ;
aPy = aPySol/.solRRRa[[1]] ;
Return[ { vPx, vPy, aPx, aPy F1]
End[ ]

RRT dyad

The input data are the coordinates xys, yar, TN, Yn, Tp,yp of the of the
joints M, N and P, the velocities @7, ¥ar, TN, YN, the accelerations T, ar, Tn, Un
of the joints M and N, the angle 6, the angular velocity and acceleration 6
and 6. The output data are the velocities Zp, yp, and accelerations Zp, ijp of
the joint P.

The velocity equations for the RRT dyad are obtained taking the deriva-
tive of the position equations

(zar — @p) (& — &p) + (yar — yp) (Yar — yp) =0,
(tp —&n)sinb + 0(xp —xn) cost — (yp — Yn) cos b
+0(yp — yn) sind = 0, (8.18)

where the unknowns are the velocity components ©p and yp of the joint P.
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The acceleration equations for the RRT dyad are obtained taking the

derivative of the velocity equations

(xar — 2p)(Far — @p) + (@ — @p)° + (yar — yp) (i — Gip)
+(ym — yp)? =0,

(Zp — @n)sinf — (ijp — ijv) cos O + [2(@p — i) cos@ — (xp — x) sin f
+2(yp — yn) sinf + 0(yp — yn) cos 010 + [(zp — zn) cos b

+(yp — yn) sin 0] = 0, (8.19)

where the unknowns are the acceleration components Zp and ¢p of the joint

P.

The Mathematica™ function for the velocity and acceleration analysis is

VelAccRRT::usage = "VelAccRRT[xM,yM,xN,yN,xP,yP,
vMx,vMy,vNx,vNy,aMx,aMy,aNx,aNy,theta,omega,alpha]
computes the velocity and acceleration vectors for
RRT dyad"
Begin["Private™]
VelAccRRT[xM _,yM _xN _,yN _xP _yP _,vMx _vMy _,vNx _vNy _,
aMx_,aMy _,aNx _,aNy _theta _,omega _,alpha .=
Block|[
{ vPxSol, vPySol, aPxSol, aPySol, vPx, vPy, aPx, aPy,
egRRTv, eqRRTa, eqRRT1lv, eqRRT2v, solRRTv ,
eqRRR1a, eqRRR2a, solRRRa },
(* Velocity *)
eqRRT1v=(xM-xP) (vMx-vPxSol)+(yM-yP) (vMy-vPySol)==0;
egRRT2v = Sinftheta] (VPxSol-vNx) +
Cosl[theta] omega (xP-xN) - Cos[theta] (vPySol-vNy) +
Sin[theta] omega (yP-yN) == 0 ;
solRRTv=Solve[ {eqRRT1lv, eqRRT2v }, {vPxSol, vPySol }] ;
vPx = vPxSol/.solRRTV[[1]] ;
vPy = vPySol/.solRRTV[[1]] ;
(* Acceleration *)
egRRTla = (xM-xP) (aMx-aPxSol) + (VMx-vPx)2 +
(yM-yP) (aMy-aPySol) + (vMy-vPy)2 == 0 ;
eqRRT2a = Sin[theta] (aPxSol-aNx) -
Cosltheta] (aPySol-aNy) + ( 2 Cos[theta] (VPx-vNx) -
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Sin[theta] dtheta (xP-xN) + 2 Sin[theta] (vPy-vNy) +

Cos[theta] dtheta (yP-yN)) dtheta +

(Cos[theta] (xP-xN) + Sin[theta] (yP-yN)) ddtheta == O;
solRRTa=Solve] {egRRT1la, eqRRT2a}, {aPxSol, aPySol }];
aPx = aPxSol/.solRRTa[[1]] ;
aPy = aPySol/.solRRTa[[1]] ;
Return[ { vPx, vPy, aPx, aPy 1]
End[ ]

Angular velocities and accelerations

A Mathematica™ function is used to compute the angular velocity and
acceleration of a link. The input data are the coordinates xas, yar, Tn, Yn,
the velocities Tys, yar, TN, Yy, the accelerations Ty, s, Ty, Y of two points
M and N located on the link direction, and the angle € between the link
direction and the horizontal axis. The output data are the angular velocity
w = # and the angular acceleration o = 6 of the link.

The slope of the line M N is

Ym — YN

tan f = (8.20)

JUM—iEN'

The derivative with respect to time of the Eq. (8.20) is

[(yar — yn) sin @ + (zpr — xn) cos Olw = (Vary — Vny) cOS O — (Vpre — Unz) SIn 6.
(8.21)
The angular velocity w is calculated from Eq. (8.21).
The derivative with respect to time of the Eq. (8.21) is

[(zp — 2n) cos O + (yamr — yn) sinbla = (anry — any) cos b
—(ams — ang)sinb — [(yp — yn)w cos 0 + 2(vary — vy ) siné
—(xp — zn)wsinb + 2(vp, — V) cos Olw. (8.22)

Solving Eq. (8.22) the angular acceleration « is obtained.
The Mathematica™ function for the angular velocity and acceleration
analysis is

AngVelAcc::usage = "AngVelAcc[xM,yM,xN,yN,vMx,vMy,
VNX,VNy,aMx,aMy,aNx,aNy,theta] computes the angular velocity
and acceleration of a link."
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Begin["Private™]

AngVelAcc[xM _yM _xN _,yN _,vMx _,vMy _vNx _VvNy _aMx _aMy _
aNx_,aNy _theta ]:=

Block]

{ dtheta, ddtheta H

dtheta = ( Cos[theta] (vMy-vNy) - Sin[theta] (VvMx-vNXx))/
( Sin[theta] (yM-yN) + Cos[theta] (XM-xN) ) ;

ddtheta=( Cos[theta] (aMy-aNy) - Sin[theta] (aMx-aNXx) -
(Cos[theta] dtheta (yM-yN) + 2 Sin[theta] (vMy-vNy) -
Sin[theta] dtheta (xM-xN) + 2 Cos[theta] (vMx-vNX) ) dtheta )/
( Cos[theta] (xM-xN) + Sin[theta] (yM-yN) ) ;

Return[ { dtheta, ddtheta F151

End[ ]

Absolute velocities and accelerations

A function is used to compute the velocity and acceleration of the point
N, knowing the velocity and acceleration of the point M, both points N
and M are located on a rigid link. The input data are the coordinates
Ty, Yum, Ty, and yy of the points M and N, the velocity and acceleration
components T, Ynr, Tar, and s of the point M| and the angular velocity
and acceleration 6 and « of the link. The output data are the velocity and
acceleration components Ty, yn, Ty, and yy of the point N.

The following vectorial equation between the velocities vy and vj; of the
points N and M exists

VN =V + W XTIyp, (823)

where vy = In1+Yn], Vay = Tyl + Y, w = wk, and ryy = (y — )1+

(yn — ym)J-
Equation (8.23) is projected on the 1 and j directions to find the velocity

components of the point N

Ty =dy —wyn — ym),
Un = Ym +w(ey — za). (8.24)

The following vectorial equation between the accelerations ay and aj; of
the points N and M can be written

ay =ay +a X rMN—werN, (825)
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where ay = Zx1+ 9n], ay = a1 + Y], and a = ak.
The acceleration components of the point NV are obtained from Eq. (8.25)

in =iy —alyy —ym) — 0@y — z0),
in = im + alzy — xa) — W (yny — yur). (8.26)

The Mathematica™ function for the absolute velocity and acceleration
analysis is

AbsVelAcc::usage = "AbsVelAcc[xM,yM,xN,yN,vMx,vMy,
aMx,aMy, dtheta,ddtheta] computes the absolute velocity
and acceleration vectors."

Begin["Private]

AbsVelAcc[xM _yM _xN _,yN _vMx _vMy _aMx _aMy _,
dtheta _,ddtheta ]:=

Block]

{ vNx, vNy, aNx, aNy },

VNX = vMx - dtheta (yN-yM) ;

VNy = vMy + dtheta (XN-xM) ;

aNx = aMx - ddtheta (yN-yM) - dtheta’2 (XxN-xM) ;

aNy = aMy + ddtheta (xN-xM) - dtheta™2 (yN-yM) ;

Return[ { vNx, vNy, aNx, aNy } ] ;]

End[ ]

The functions VelAccRRR, VelAccRRT, AngVelAcc  and AbsVelAcc
are included in the Mathematica™ package VelAcc . The name of the source
file for the package is VelAcc.m and is given in Program 8.7.

R-RRR-RRT Mechanism

The position analysis of the planar R-RRR-RRT mechanism considered,
see Fig. 8.4(a) is presented in Subsection 8.2. Given the angular velocity
w=¢ =314 rad/s, calculate the velocities and the accelerations of the
joints and the angular velocities and the accelerations of the links.

The Mathematica™ packages Driver |, PosVec, and VelAcc are loaded
in the main program using the commands

<<Driver.m ;
<<PosVec.m ;
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<<VelAcc.m ;

The angular velocity of the driver link is zero

a=¢=0.

Velocity and acceleration of the joint A

Since the joint A is the origin of the reference frame xAyz, the velocity
and acceleration of the joint A are

VA:aAZO.

Velocity and acceleration of the joint B
The velocity and acceleration components of the joint B are

vpy = —ABwsin¢ = —1.110 m/s,

vpy = ABwcos¢ = 1.110 m/s,

apy = —ABw?cos ¢ — ABasing = —11.631 m/s’,
ap, = —ABw?sin ¢ + ABacos ¢ = —11.631 m/s’.

The numerical values for the velocity and acceleration components of the
joint B are obtained using the Mathematica™ function Driver

vBx = Driver[xA,yA,AB,phi,omega,alpha][[3]] ;
vBy = Driver[xA,yA,AB,phi,omega,alpha][[4]] ;
aBx = Driver[xA,yA,AB,phi,omega,alpha][[5]] ;
aBy = Driver[xA,yA,AB,phi,omega,alpha][[6]] ;

Velocity and acceleration of the joint D
The velocity and acceleration of the joint D are

VD:aD:O.

Velocity and acceleration of the joint C

To calculate the velocity components ve, and v, of the joint C' the
following equations are used

(xp —2¢) (Ve — Vez) + (Y — Yo ) (VBy — Vey) = 0,
= 0.

(xp — 2¢)(Vpe — Vea) + (Yp — Ye ) (VDy — vey) (8.27)
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The acceleration components ac, and acy, of the joint C' are calculated
from the equations

(x5 — zc)(aps — aca) + (VBe — vow)® + (Y — ye ) (aBy — acy)
+(vpy — vcy)2 =0,

(zp — x¢)(ape — aca) + (VD2 — vex)? + (yp — Yo ) (apy — acy)
+<UDy — Ucy)2 =0. (828)

The numerical solutions for the velocity and acceleration components of the
joint C' using the Mathematica™ function VelAccCRRR are

vCx=VelAccRRR[xB,yB,xD,yD,xC,yC,vBx,vBy,vDx,vDy,
aBx,aBy,aDx,aDy][[1]];

vCy=VelAccRRR[xB,yB,xD,yD,xC,yC,vBx,vBy,vDx,vDy,
aBx,aBy,aDx,aDy][[2]];

aCx=VelAccRRR[xB,yB,xD,yD,xC,yC,vBx,vBy,vDx,vDy,
aBx,aBy,aDx,aDy][[3]];

aCy=VelAccRRR[xB,yB,xD,yD,xC,yC,vBx,vBy,vDx,vDy,
aBx,aBy,aDx,aDy][[4]];

The input data are the coordinates of the joints B, D, and C, and the
velocities and acceleration components of the joints B and D.

The output data are the four elements of the vector returned by the func-
tion VelAccRRR, that are the velocity and acceleration components of the
joint C.

Velocity and acceleration of the joint E
The numerical values for the angular velocity and acceleration of the link
3 using the Mathematica™™ function AngVelAcc are

omega3=AngVelAcc[xC,yC,xD,yD,vCx,vCy,vDx,vDy,aCx,aCy,
aDx,aDy,phi3][[1]];

alpha3=AngVelAcc[xC,yC,xD,yD,vCx,vCy,vDx,vDy,aCx,aCy,
aDx,aDy,phi3][[2]];

The input data are the coordinates, velocities and accelerations of the
joints C' and D, and the angle ¢3.
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The output data are the two components of the vector returned by the
function AngVelAcc .
The velocity and the acceleration of the joint E are calculated with

VE = W3 X TI'pg and ap = O3 XTpp — W2I'DE.

The numerical solutions for the velocity and acceleration components of
the joint E are obtained using the Mathematica™ function AbsVelAcc

vEx=AbsVelAcc[xD,yD,xE,yE,vDx,vDy,aDx,aDy,omegas,
alpha3][[1]];

vEy=AbsVelAcc[xD,yD,xE,yE,vDx,vDy,aDx,aDy,omega3,
alpha3][[2]];

aEx=AbsVelAcc[xD,yD,xE,yE,vDx,vDy,aDx,aDy,omega3,
alpha3][[3]];

aEy=AbsVelAcc[xD,yD,xE,yE,vDx,vDy,aDx,aDy,omega3,
alpha3][[4]];

The input data are the coordinates of the joints D and E, and the velocity
and acceleration components of the joint D.

The output data are the four elements of the vector returned by the func-
tion AbsVelAcc , that are the velocity and acceleration components of the
joint F.

Velocity and acceleration of the joint F
In this particular case, the angular velocity and acceleration of the link 5
are zero
w5 =a; = 0.

The velocity and the acceleration of the point P(—L,,0), on the sliding di-
rection, are zero
Vp = ap = 0.

The velocity and acceleration components of the joint I’ are calculated using
the Mathematica™ function VelACCRRT

vFx=VelAccRRT[XE,yE xP,yP xF,yF,vEX,VEY,VPX,VPy,
aEx,aEy,aPx,aPy,phi5,omega5,alpha5][[1]];

vFy=VelAccRRT[XE,yE ,xP,yP xF,yF,vVEX,VEY,VPX,vPy,
aEx,aEy,aPx,aPy,phi5,omegab,alpha5][[2]];
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aFx=VelAccRRT[XE,yE xP,yP xF,yF,VEX,VEY,vPX,VPYy,
aEx,aky,aPx,aPy,phi5,omega5,alpha5][[3]];

aFy=VelAccRRT[XE,yE xP,yP,xF,yF,VEX,VEY,VPX,VPy,
aEx,aky,aPx,aPy, phi5,omegab,alpha5][[4]];

The input data are the coordinates of the joints E, P, and F', the velocities
and acceleration components of the joints £ and P, the angle ¢5, the angular
velocity ws, and the angular acceleration as.

The output data are the four elements of the vector returned by the
function VelACCRRT , that are the velocity and acceleration components of
the joint F.

The numerical values for the angular velocity w, and the angular accel-
eration as of the link 2 using the Mathematica™ function AngVelAcc are

omega2=AngVelAcc[xB,yB,xC,yC,vBx,vBy,vCx,vCy,aBx,aBy,
aCx,aCy,phi2][[1]];

alpha2=AngVelAcc[xB,yB,xC,yC,vBx,vBy,vCx,vCy,aBx,aBy,
aCx,aCy,phi2][[2]];

The input data are the coordinates, velocities and accelerations of the
joints B and C, and the angle ¢,.

The numerical values for the angular velocity w, and the angular accel-
eration oy of the link 4 are calculated with the Mathematica™ function
AngVelAcc

omega4=AngVelAcc|xE,yE,xF,yF,vEX,VEy,VFX,vFy,aEx,aEy,
aFx,aFy,phi4][[1]];

alpha4=AngVelAcc|xE, yE, ,xF,yF,vVEX,VEy,VFXx,vVFy,aEx,aEy,
aFx,aFy,phi4][[2]];

The input data are the coordinates, velocities and accelerations of the
joints E and F', and the angle ¢4.

The output data are the two components of the vector returned by the
function AngVelAcc .

The Mathematica™ program and the numerical results are shown in Pro-
gram 8.8.

R-RRT Mechanism
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The position analysis of the planar R-RRT mechanism considered, see
Fig. 8.5, has been presented in Subsection 8.2. Given the angular velocity
w = 3.141 rad/s, calculate the velocities and accelerations of the joints and
the angular velocities and accelerations of the links.

The Mathematica™ packages Driver , Position | and VelAcc are
loaded in the main program using the commands

<<Driver.m ;
<<Position.m ;
<<VelAcc.m ;

The angular velocity of the driver link is zero

a=¢=0.

Velocity and acceleration of the joint A

Since the joint A is the origin of the reference frame zAyz, the velocity
and acceleration of the joint A are

Vpg = ay = 0.
The velocity and the acceleration of the point C' are zero
Vo = ac = 0.

Velocity and acceleration of the joint B
In order to calculate the velocity and acceleration of the point B, one

need to calculate the velocity and acceleration of the point P, located on the
driver link AB

vpy = —APsin¢gw = —1.110 m/s,

vpy = APcos¢w = 1.110 m/s,

apy = —APw? cos ) — APasin g = —3.489 m /s>,
ap, = —APw?sin ¢ + APa cos ¢ = —3.489 m/s’.

The numerical values for the velocity and acceleration components of the
point P using the Mathematica™™ function Driver —are
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vPx = Driver[xA,yA,AP,phi,omega,alpha][[3]] ;
vPy = Driver[xA,yA,AP,phi,omega,alpha][[4]] ;
aPx = Driver[xA,yA,AP,phi,omega,alpha][[5]] ;
aPy = Driver[xA,yA,AP,phi,omega,alpha][[6]] ;

The velocity components vg, and vg, of the point B are calculated using
the equations

(rc —2B)(vee — vBa) + (Yo — yB)(vey — vBy) = 0,
(Vpy — Upg)sing + w(xp — xp) cosd — (vpy — Vpy) cosl +
w(yp — yp)sing = 0. (8.29)

The acceleration components ap, and ap, of the point B using the equations

(rc — xB)(ace — aps) + (Vox — vBa)* + (Yo — ys)(acy — asy)
+(Ucy — UBy)2 = 0,

(apz — apy)sin ¢ + w(vp, — vpy) cos ¢ — (ap, — apy) cos ¢

+w(vpy — vpy)sing + [(xp — xp) cos ¢ + (yp — yp) sin gJa

+((vpy — vpy)cosp —w(xp — xp)sing + (vpy — Vpy)sing +

w(yp — yp) cos p)w = 0. (8.30)

The solutions for the velocity and acceleration components of the joint F' are
obtained using the Mathematica™™ function VelAccCRRT

vBx=VelAccRRT[xC,yC,xP,yP,xB,yB,vCx,vCy,vPx,vPy,
aCx,aCy,aPx,aPy,phi,omega,alpha][[1]];
vBy=VelAccRRT[xC,yC,xP,yP,xB,yB,vCx,vCy,vPx,vPy,
aCx,aCy,aPx,aPy,phi,omega,alpha][[2]];
aBx=VelAccRRT[xC,yC,xP,yP,xB,yB,vCx,vCy,vPx,vPy,
aCx,aCy,aPx,aPy,phi,omega,alpha][[3]];
aBy=VelAccRRT[xC,yC,xP,yP,xB,yB,vCx,vCy,vPx,vPy,
aCx,aCy,aPx,aPy,phi,omega,alpha][[4]];

The input data are the coordinates of the points C, P, and B, the veloc-
ities and acceleration components of the points C' and P, the angle ¢, the
angular velocity w, and the angular acceleration a.
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The output data are the four elements of the vector returned by the
function VelACCRRT , that are the velocity and acceleration components of
the point B.

The Mathematica™ program and the numerical results are shown in Pro-
gram 8.9.

R-RTR-RTR Mechanism

The planar R-RTR-RTR mechanism considered is shown in Fig. 8.6.
Given the input data AB = 0.14 m, AC = 0.06 m, AE = 0.25 m, CD =
0.15 m, the angle of the driver link AB and the horizontal axis ¢ = 30°,
and the angular velocity w = ¢ = 5.235 rad/s, calculate the velocities and
accelerations of the joints and the angular velocities and accelerations of the
links. The cartesian reference frame xOyz is chosen, A = O.

The Mathematica™ packages Driver and VelAcc are loaded in the
main program using the commands

<<Driver.m ;
<<VelAcc.m ;

Position analysis
Position of the joint A
Since the joint A is the origin of the reference frame x Ayz, the coordinates
of the joint A are zero
ra=ya=0.
Position of the joint B
The coordinates of the joint B are

rg=x4+ ABcos¢ =0.121 m,
Yp = Ya + AB Siﬂ(ﬁ = 0.070 m. (831)

The coordinates of the joint B are obtained using the Mathematica™ func-
tion Driver

XB
yB

Driver[xA,yA,AB,phi,omega,alpha][[1]] ;
Driver[xA,xB,AB,phi,omega,alpha][[2]] ;

Position of the joint C
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The coordinates of the joint C are
rc=0m, yo = AC = 0.06 m.
The angle ¢3 between the link 3 and the horizontal axis Ox is

Ys — Yc
¢3 = arctan ——.
B — TC

Position of the joint D
The coordinates of the joint D are

xp =xc — CDcos¢ps = —0.149 m,
yp = yo — C'Dsin g3 = 0.047 m. (8.32)

Position of the joint E
The coordinates of the joint E are

rp=0m, yp = —AF = —0.25 m.
The angle ¢5 between the link 3 and the horizontal axis Ox is

Os =T+ arctanw.
Ip — TE

Velocity and acceleration analysis
The angular velocity of the driver link is zero

a=¢=0.

Velocity and acceleration of the joint A
Since the joint A is the origin of the reference frame xAyz, the velocity
and acceleration of the joint A are zero

vap=ay=0.

Velocity and acceleration of the joint B
The velocity and acceleration components of the joint B are

vy = —ABwsin ¢ = —0.366 m/s,

vpy = ABwcos¢ = 0.634 m/s,

aps = —ABw? cos ¢ — ABasin g = —3.323 m/s2,
apy = —ABw?sin ¢ + ABacos ¢ = —1.919 m/s”.
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The velocity and acceleration components of the joint B using the Math-
ematica™ function Driver —are

vBx = Driver[xA,yA,AB,phi,omega,alpha][[3]] ;
vBy = Driver[xA,yA,AB,phi,omega,alpha][[4]] ;
aBx = Driver[xA,yA,AB,phi,omega,alpha][[5]] ;
aBy = Driver[xA,yA,AB,phi,omega,alpha][[6]] ;

Velocity and acceleration of the joint C
The velocity and acceleration of the joint C' are zero

vc:aC:O.

Velocity and acceleration of the joint D
The angular velocity w3 and angular acceleration ag of the link 3 are ob-
tained using the Mathematica™ function AngVelAcc

omega3=AngVelAcc[xB,yB,xC,yC,vBx,vBy,vCx,vCy,aBx,aBy,
aCx,aCy,phi3][[1]];

alpha3=AngVelAcc[xB,yB,xC,yC,vBx,vBy,vCx,vCy,aBx,aBy,
aCx,aCy,phi3][[2]];

The input data are the coordinates, velocities and accelerations of the
joints B and C, and the angle ¢5.

The output data are the two components of the vector returned by the
function AngVelAcc .

To obtain the numerical values for the velocity and acceleration compo-
nents of the joint D the Mathematica™ function AbsVelAcc is used

vDx=AbsVelAcc[xC,yC,xD,yD,vCx,vCy,aCx,aCy,
omega3,alpha3][[1]];

vDy=AbsVelAcc[xC,yC,xD,yD,vCx,vCy,aCx,aCy,
omegaa3,alpha3][[2]];

aDx=AbsVelAcc[xC,yC,xD,yD,vCx,vCy,aCx,aCy,
omega3,alpha3][[3]];

aDy=AbsVelAcc[xC,yC,xD,yD,vCx,vCy,aCx,aCy,
omega3,alpha3][[4]];
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The input data are the coordinates of the joints C' and D, the velocity
and acceleration components of the joint C', and the angular velocity and
acceleration of the link 3.

The output data are the four components of the vector returned by the
function AbsVelAcc .

Velocity and acceleration of the joint E

The velocity and acceleration of the joint F are zero

VE:aEZO.

The numerical values for the angular velocity ws and angular acceleration as
of the link 5 using the Mathematica™ function AngVelAcc are given by
the commands

omega5=AngVelAcc[xD,yD,xE,yE,vDx,vDy,vEX,VEY,
aDx,aDy,aEx,aky,phi5][[1]];

alpha5=AngVelAcc[xD,yD,xE,yE,vDx,vDy,VEX,VEY,
aDx,aDy,aEx,aEy,phi5][[2]];

The input data are the coordinates, velocities and accelerations of the
joints D and E, and the angle ¢s5.

The output data are the two components of the vector returned by the
function AngVelAcc .

The Mathematica™ program and the numerical results are shown in
Program 8.10.

8.4 Force Analysis

Force and Moment
A rigid link is shown in Fig. 8.7. The input data are the mass m, the
acceleration vector of the center of mass acys, the mass moment of inertia
Icw, and the angular acceleration ac of the link. The output data are the
total force F and the moment of inertia M of the link.
The total force F is
F=F, +G,

where F;,, = —mag) is the inertia force, G = —m g is the gravitational
force, and g = —9.807k m/ s? is the gravitational acceleration.
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The moment of inertia M of the link is
M = —[CMQ,

where o = ak.
The Mathematica™ function ForceMomentum for the force analysis is

ForceMomentum::usage="ForceMomentum[m,aCM,ICM,ddtheta]
computes
the total force and moment of a rigid link."

Begin["“Private]

ForceMomentum[m _,aCM_ICM _,ddtheta _]:=

Block|

g, Fin, G, F, M,

g = 9.807 ;

Fin = - m aCM ;

G={0 -mg 0 };
F=Fn+ G ;

M = -ICM { 0, 0, ddtheta }os
Returnf { F, M } ] ;]

End[ ]

Joint Force Computation

RRR dyad
Figure 8.8 shows a RRR dyad with two links 2 and 3, and three pin joints
M, N, and P. The input data are the total forces F5, F3 and the moments
M, M3 on the links 2 and 3, the position vectors ry;, ry, rp of the joints
M, N, P, and position vectors rgo, re3 of the centers of mass of the links 2
and 3. The output data are the joint reaction forces Fio, Fy3, and Fas.
The unknown joint reaction forces are

Fio = Fio.1 + F1ay),
Fy3 = Fyz,1 + Fuzy),
F23 = —F32 = Fggxl + Fggyj. (833)

To determine F15 and F43 the following equations are written
e sum of all forces on links 2 and 3 is zero

Y FCY) —Fy + Fy + F5 + Fy3 =0,
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or

STFCS) 1 = Py + Foy + Fay + Fig, = 0,
ZF(Q&?)) )= F12y + F2y + ng -+ F43y = 0. (8.34>

e sum of moments of all forces and moments on link 2 about P is zero
S MY = (rp —rp) X Fra+ (rog — 1p) X Fy + My = 0. (8.35)

e sum of moments of all forces and moments on link 3 about P is zero
S MY = (ry —1p) X Fyg + (o3 — rp) x Fy + Mz = 0. (8.36)

The components Fio,, Fioy, Fise, and Fys, are calculated from Eqgs. (8.34), (8.35),

and (8.36).
The reaction force F3p, = —F53 is computed from the sum of all forces on the
link 2
ZF(2) =Fp +Fy +F3 =0,
or

ZF(Q) ‘1= Flop + Fop + F39, =0,
ZF(Q) -] :F12y+F2y+F32y = 0. (837>

The Mathematica™ function ForceRRR for the RRR dyad joint force
analysis is

ForceRRR::usage = "ForceRRR[F2,M2,F3,M3,rM,rN,rP,rC2,rC3]
computes the joint reactions for the RRR dyad."

Begin["Private™]

ForceRRR[F2 _,M2_F3 _M3_,rM N _rP rC2 _rC3 =

Block|[

{ F12, F12Sol, F12xSol, F12ySol, F43, F43Sol, F43xSal,
F43ySol, rPC2, rPC3, rPM, rPN, F32, eqRRR1, egRRR2, eqRRR3,
eqRRR4, solRRR },

F12Sol = { F12xSol, F12ySol, 0 J

F43Sol = { F43xSol, F43ySol, 0 s

rPC2 = rC2 - 1P ;
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rPC3 = rC3 - 1P ;

rPM =M - rP ;

rPN = rN - P ;

eqgRRR1=(F12Sol+F43Sol+F2+F3)[[1]]==0;
egRRR2=(F12Sol+F43Sol+F2+F3)[[2]]==0;
eqRRR3=(Cross[rPC2,F2]+Cross[rPM,F12Sol]+M2)[[3]]==0;
egRRR4=(Cross[rPC3,F3]+Cross[rPN,F43Sol]+M3)[[3]]==0;
solRRR = Solve[ {eqRRR1, egRRR2, eqRRR3, eqRRR4},

{F12xSol,F12ySol,F43xSol,F43ySol 1
F12 = F12Sol/.solRRR[[1]] ;
F43 = F43Sol/.solRRR[[1]] ;
F32 = - F2 - F12 ;

Return[ { F12, F43, F23 } ] ;

]
End[ ]

RRT dyad
Figure 8.9 shows a RRT dyad with two links 2 and 3, two pin joints M and
P and one slider joint P. The input data are the total forces Fy, F3, and
moments My, M3 on the links 2 and 3, and the positions vectors ry;, ry, rp
of the of the joints M, N, P, and the position vector of the center of mass r¢o
of the link 2. The output data are the joint reaction forces Fio, Fy3, Fo3 =
—F32, and the position vector rg of the application point of the joint reaction
force Fys.

The joint reaction Fyu3 is perpendicular to the sliding direction rpy or

Fy5-rpy = (F43a:1 + F43y.]) : [(IN - $P)1 + (yN - ?/P).]] =0. (8-38)

In order to determine Fi5 and F43 the following equations are written
e sum of all the forces on links 2 and 3 is zero

Z F%) — Fly + Fy+ F3 + Fy3 = 0,
or
STFCS) = Py + Foy + Fay + Fize = 0,
ZF(2&3) 1) = Fugy + Foy + Fyy + Fuzy = 0. (8.39)
e sum of moments of all forces and moments on link 2 about P is zero

S M = (ry —rp) x Fia + (rca —1p) x Fy + My = 0. (8.40)
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The components Fia,, Fiay, Fis,, and Fys, are calculated from Egs. (8.38), (8.39),
and (8.40).

The reaction force components Fiy, and Fjy, are computed from the sum
of all the forces on the link 2

S F@ =F5 + Fy+ F3 =0,
or

ZF(Q) 1= Fiop + Fop + F39, = 0,
S F? .y = Figy + Fyy + Fpy = 0. (8.41)

To determine the application point Q(zq,yq) of the reaction force Fys,
one can write sum of moments of all the forces and the moments on the link
3 about C5 = P is zero

ZMSE) = (I‘Q — I‘p) X F43 + M3 = 0. (842)

If M3 = 0 then P is identical to @ (P = Q).
If M3 # 0 an equation regarding the location of the point () on the sliding
direction ryp is written

Yo —yr _ Yn —Yr
T —Xp I‘N—ZL’p.

(8.43)

From Egs. (8.42) and (8.43) the coordinates xg and yg of the point () are
calculated.

The Mathematica™ function ForceRRT for the RRT dyad joint force
analysis is

ForceRRT::usage = "ForceRRT[F2,M2,F3,M3,rM,rN,rP,rC2]
computes the joint reactions for the RRR dyad."

Begin["Private™]

ForceRRT[F2 _,M2_F3 ,M3_rM N _rP _rC2 J=

Block[

{ F12, F12Sol, F12xSol, F12ySol, F43, F43Sol, F43xSal,
F43ySol, F32, eqRRT1, eqRRT2, egRRT3, egRRT4, solRRT, rNC2,
rNM, rNP, rNQ, rQP, rQ, rQSol, xQSol, yQSol, eqRRTQ1, eqRRTQ2,
SOIRRTQ },
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F12Sol { F12xSol, F12ySol, 0 s
F43Sol { F43xSol, F43ySol, 0 J
rPC2 = rC2 - rP ;
rPM = 1M - 1P ;
rPN = rN - rP ;
eqRRT1 (F12Sol+F43Sol+F2+F3)[[1]] == ;
egRRT2 = (F12Sol+F43Sol+F2+F3)[[2]] == ;
egRRT3 = (F43Sol.rPN) == 0 ;
egRRT4 = (Cross[rNC2,F2]+Cross[rNM,F12Sol][+M2)[[3]]==
solRRT = Solve[ {eqRRT1, eqRRT2, eqRRT3, eqRRT4 },
{F12xSol,F12ySol,F43xSol,F43ySol 1
F12 = F12Sol/.solRRT[[1]] ;
F43 = F43Sol/.solRRT[[1]] ;
F32 = - F2 - F12 ;
F23 = - F32 ;
Ifl M3[[3]]==0 , rQ = rP ,
rQSol = { xQSol, yQSol, 0 }
rQP = rP - rQSol ;
egRRTQ1 = rPQI[[2])/rPQI[1]] - rPN[[2]]/rPN[[1]]
egRRTQ2 = Cross[rPQ,F43] + M3 = ;
SOIRRTQ = Solve[ egRRTQ1, eqRRTQZ , XQSol,yQSol ] ;
rQ = rQSol/.solRRTQI[1]] ; ] ;
Return[ { F12, F43, F23, rQ 1

]
End[ ]

RTR dyad
Figure 8.10 shows a RTR dyad with two links 2 and 3, and one pin joints
M, one slider joint P, and one pin joint P. The input data are the total
forces Fy, F3, and moments My, Mj of the links 2 and 3, and the position
vectors rys, ry, rp of the joints M, N, and the position vector of the center
of mass rgo of the link 2. The output data are the joint reaction forces
Fi2, F43, Fo3 = —F3, and the position vector rq of the application point of
the joint reaction force Fag.

The unknown joint reaction forces Fi5 and Fy3 are calculated from the
relations
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e sum of all the forces on links 2 and 3 is zero
Z F43) = Fio+Fy+Fs+Fy3 =0,
or
ZF(Q&S) ‘1= Fro, + Fop + F3p + Fize = 0,
STFCS) 3= Ry, + By + Fyy + Fug, = 0. (8.44)

e sum of the moments of all forces and moments on link 2 and 3 about
M is zero

SOMGE = (rp —1ar) x (Fs + Fag) +
(I‘CQ — I'M) X FQ + Mg + M3 =0. (845)

e sum of all the forces on link 2 projected onto the sliding direction ry;p
is zero

Fy-ryp = (F43x1 + F43yJ) : [(QTP - il?M)l + (yP - yM).]] = 0. (8-46)

The components Fia,, Fiay, Fis,, and Fys, are calculated from Eqs. (8.44), (8.45),
and (8.46).

The force components Fig, and Fjy, are computed from the sum of all
the forces on link 2

S F@ =F5 + Fy+ F3y =0,
or

ZF@) ‘1= Flg, + Foy + F39, = 0,
S FP .y = Flgy + Fyy + Fpy = 0. (8.47)

To determine the application point Q(zg,yg) of the reaction force Fas,
one can write sum of moments of all the forces and the moments on the link
3 about C3 = P is zero

ZMS;%) = (I‘Q — I‘p) X F23 + M3 = 0. (848)

If M3 = 0 then P is identical to @ (P = Q).
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If M3 # 0 an equation regarding the location of the point @ on the sliding
direction rpp is written

Yo —Ym _ Ym —Yp (8.49)
T —Tpm JIM—JIP. ’

From Eqgs. (8.48) and (8.49) the coordinates xzo and yq of the point @
are calculated.

The Mathematica™ function ForceRTR for the RTR dyad joint force
analysis is

ForceRTR::usage = "ForceRTR[F2,M2,F3,M3,rM,rP,rC2]
computes the joint reactions for the RTR dyad.”

Begin["Private™]

ForceRTR[F2 _,M2_F3 _M3_rM P _rC2 =

Block]

{ rC3, F12, F12Sol, F12xSol, F12ySol, F43, F43Sol, F43xSol,
F43ySol, F32, eqRTR1, egRTR2, egRTR3, egRTR4, solRTR, rMC2,
rMP, rPQ, rQ, rQSol, xQSol, yQSol, eqRTRQ1, eqRTRQ2,

SOIRTRQ 1},
F12Sol = { F12xSol, F12ySol, 0 J
F43Sol = { F43xSol, F43ySol, 0 J

rMC2 = rC2 - M

MP = P - M ;

egRTR1 = (F12Sol+F43Sol+F2+F3)[[1]] ==0;

eqRTR2 = (F12Sol+F43Sol+F2+F3)[[2]] == 0;

egRTR3 =(F12Sol+F2).rMP ==0;

eqRTR4 =(Cross[rMC2,F2]+Cross[rMP,(F3+F43Sol)]+M2+M3)[[3]] == 0;
solRTR = Solve[ { eqRTR1, eqRTR2, eqRTR3, eqRTR4 } ,

{ F12xSol, F12ySol, F43xSol, F43ySol L
F12 = F12Sol/.solRTR[[1]];
F43 = F43Sol/.solRTR[[1]];
F32 = - F2 - F12 ;
F23 = - F32 ;

Ifl M3[[3]]==0 , rQ = rP ,
rQSol = { xQSol, yQSol, 0 h
rMQ = rQSol - M ;

= rQSol - rP ;
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egRRTQ1 = rMQ[[2])/rMQ[[1]] - rMP[[2]}/rMP[[1]] ==O0;
egqRRTQ2 Cross[rPQ,F23] + M3 ==0;

solRTRQ = Solve[ {eqRTRQ1, egRTRQZ, {xQSol,yQSol }I;
rQ = rQSol/.solRTRQI[1]];

I;
Return[ { F12, F43, F23, rQ }

]
End[ ]

Driver link
A driver link mechanism is shown in Fig. 8.11. The input data are the total
force F; and moment M; on the driver link, the joint reaction force Fs;, the
position vectors ry, rp of the joints A, B, and the position vector of the
center of mass rgy of the driver link. The output data are the joint reaction
force Fop, and the moment of the motor M,,, (equilibrium moment).

A force equation for the driver link is written to determine the joint
reaction Fy;

S FW =Fp +F; +Fy =0,
or

ZF(I) 'l:F01:E+F1x+F21x:07
STFW .y = Fyy + Fiy + Foyy =0, (8.50)

The sum of the moments about Ag for link 1 gives the equilibrium mo-
ment M,,

ZMS) = (I'B — I‘A) X F21 —+ (1'01 - I'A) X Fl + Mm =0. (851>

The Mathematica™ function FMDriver for the driver link joint force
analysis is

FMDriver::usage = "FMDriver[F1,M1,F21,rA B,rC1]
computes the joint reaction and torque of the motor."

Begin["Private™]

FMDriver[F1 _M1_F21 rA B rCl =

Block|[

{ FO1, rAC1, rAB, Mm },
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FO1 = - F1 - F21 ;

rAC1 = rC1 - rA ;

rAB = rB - rA ;

Mm = - Cross[rAC1,F1] - Cross[rAB,F21] - M1 ;
Return[ { FO1, Mm } ] ;

]
End[ ]

The functions ForceMomentum, ForceRRR, ForceRRT, ForceRTR
and FMDriver are included in the Mathematica™ package Force . The
name of the source file for the package is Force.m and is given in Pro-
gram 8.11.

R-RRT Mechanism

The position, velocity and acceleration analysis of the planar R-RRT
mechanism considered are presented in Subsections 8.2 and 8.3. Given the
external moment M,,; = —100sign(ws)k N-m, applied on the link 3, cal-
culate the motor moment M,, required for the dynamic equilibrium of the
mechanism (see Fig. 8.12(a)). All three links are rectangular prisms with the
depth d = 0.001 m and the mass density p = 8000 Kg/m3. The height of the
links 1 and 3 is A = 0.01 m. The link 2 has the height hg = 0.02 m, and the
width wg = 0.05 m. The center of mass location of the links i = 1, 2, 3 are
designated by C;(z¢q, yci, 0).

The Mathematica™ packages Driver | Position , VelAcc , and Force
are loaded in the main program using the commands

<<Driver.m ;
<<Position.m ;
<<VelAcc.m ;
<<Force.m ;

Force and moment analysis

Link 1
The mass m, the acceleration of the center of mass aci, and the mass
moment of inertia I~ of the link 1 are

my=p AP hd,

)
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ac1 = (aa +ap)/2,
]Cl = ml(AP2 + h2)/12

The total force I} and moment M of the link 1 are calculated using the
Mathematica™ function ForceMomentum

Fl1=ForceMomentum[m1,aC1,IC1,alpha][[1]];
M1=ForceMomentum[m1,aC1,IC1,alpha][[2]];

The input data are the mass ml the acceleration vector of the center of
mass aCl, the mass moment of inertia IC1, and the angular acceleration
alpha of the link 1.

The output data are the two elements of the vector returned by the func-
tion ForceMomentum , that are the total force F1 and moment of inertia
M1 of the link 1.

Link 2
The mass mo, the acceleration of the center of mass acs, and the mass
moment of inertia Ioo of the link 2 are

m2:prhSda

ac2 = ag,

The total force F, and moment M of the link 2 are computed using the
Mathematica™ function ForceMomentum

F2=ForceMomentum[m2,aC2,IC2,alpha][[1]];
M1=ForceMomentum[m2,aC2,IC2,alpha][[2]];

The input data are the mass m2 the acceleration vector of the center of
mass aC2, the mass moment of inertia IC2 , and the angular acceleration
alpha2 of the link 2.

The output data are the two elements of the vector returned by the func-
tion ForceMomentum , that are the total force F2 and moment of inertia
M2 of the link 2.

Link 3



1.8 Packages for Kinematic Chains 41

The mass mgs, the acceleration of the center of mass acs, and the mass
moment of inertia Io3 of the link 3 are

ms = p BC h d,

gy = (aB + a(;)/2,
103 = mg(AB2 + hz)/12

The total force F3 and moment Mj of the link 3 are calculated using the
Mathematica™ function ForceMomentum

F3=ForceMoment[m3,aC3,IC3,alpha3][[1]];
M3=ForceMoment[m3,aC3,I1C3,alpha3][[2]];

The input data are the mass m3 the acceleration vector of the center of
mass aC3, the mass moment of inertia IC3, and the angular acceleration
alpha3 of the link 3.

The output data are the two elements of the vector returned by the func-
tion ForceMomentum , that are the total force F3 and moment of inertia
M3 of the link 3.

Joint reactions
The joint reactions for the dyad RRT (CBB) (Fig. 8.12(b)) are computed
using the Mathematica™ function ForceRRT

FO3=ForceRRT[F3,M3+Mext,F2,M2,rC,rB,rA,rC3][[1]];
F12=ForceRRT[F3,M3+Mext,F2,M2,rC,rB,rA,rC3][[2]];
F23=ForceRRT[F3,M3+Mext,F2,M2,rC,rB,rA,rC3][[3]];

The input data are the total force F3 and moment M3+Mext of the link
3, the total force F2 and moment M2 of the link 2, the position vectors rC,
rB, rA, rC3  of the joints C, B, A, and the center of mass C3 of the link
3.

The output data are the three elements of the vector returned by the func-
tion ForceMomentum ;| that are the joint reactions FO3, F12 | and F23.

The position vector of the application point ¢ of the joint reaction F23
can be also computed using the Mathematica™ function ForceRRT
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rQ=ForceRRT[F3,M3+Mext,F2,M2,rC,rB,rA,rC3][[4]];

The joint reaction and the moment of the motor (Fig. 8.11(c)) are calcu-
lated using the Mathematica™ function FMDriver

FO1=FMDriver[F1,M1,F21,rA,rB,rC1][[1]];
Mm=FMDriver[F1,M1,F21,rArB,rC1][[2]];

The input data are the total force F1 and moment M1 of the link 1, the
joint reaction F21=-F12 | the position vectors rA, rB, rC1l of the joints
A, B, and the center of mass C] of the link 1.

The output data are the two elements of the vector returned by the func-
tion FMDriver | that are the joint reaction FO1 and moment Mmof the
motor.

The Mathematica™ program and the numerical results are shown in Pro-
gram 8.12.

R-RTR-RTR Mechanism

The position, velocity and acceleration analysis of the planar R-RTR-RTR
mechanism considered, see Figs 8.6 and 8.13, are presented in Subsection 8.3.
Given the external moment M,,; = —100sign(ws) k N-m, applied on the link
5, calculate the motor moment M, required for the dynamic equilibrium of
the mechanism. All five links are rectangular prisms with the depth d =
0.001 m and the mass density p = 8000 Kg/m3. The heights of the links 1,
3, and 5 are h = 0.01 m. The link 2 has the height hg = 0.02 m, and the
width wg = 0.05 m. The center of mass location of the links i =1, 2, 3,....,5
are designated by C;(z¢ci, yci, 0).

The Mathematica™ packages Driver, VelAcc  , and Force are loaded
in the main program using the commands

<<Driver.m ;
<<VelAcc.m ;
<<Force.m ;

Force and moment analysis

Link 1
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The mass my, the acceleration of the center of mass acy, and the mass
moment of inertia I of the link 1 are

my =p AB h d,

ac1 = (aa +ag)/2,
Icr = mi(AB? + h?)/12,

The total force F; and moment M; of the link 1 are computed using the
Mathematica™ function ForceMomentum

F1=ForceMomentum[m1,aC1,IC1,alpha][[1]];
M1=ForceMomentum[m1,aC1,IC1,alpha][[2]];

The input data are the mass ml the acceleration vector of the center of
mass aCl, the mass moment of inertia IC1, and the angular acceleration
alpha of the link 1.

The output data are the two elements of the vector returned by the func-
tion ForceMomentum , that are the total force F1 and moment of inertia
M1 of the link 1.

Link 2
The mass ms, the acceleration of the center of mass aco, and the mass
moment of inertia I-o of the link 2 are

me = p ws hg d,

ac2 = ag,

The total force F5 and moment My of the link 2 are calculated using the
Mathematica™ function ForceMomentum

F2=ForceMomentum[m2,aC2,IC2,alpha2][[1]];
M1=ForceMomentum[m2,aC2,IC2,alpha2][[2]];

The input data are the mass m2 the acceleration vector of the center of
mass aC2, the mass moment of inertia IC2 , and the angular acceleration
alpha2 of the link 2.

The output data are the two elements of the vector returned by the func-
tion ForceMomentum , that are the total force F2 and moment of inertia
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M2 of the link 2.

Link 3
The coordinates of the center of mass C5 of the link 3 are

To3 =xc + (DF/2 — CD) cos ¢3,
yos = yo + (DF/2 — CD)sin ¢3.

The acceleration components of the center of mass of the link 3 are compted
using the Mathematica™ function AbsVelAcc

aC3x=AbsVelAcc[xC,yC,xC3,yC3,vCx,vCy,aCx,aCy,
omega3,alpha3][[3]];

aC3y=AbsVelAcc[xC,yC,xC3,yC3,vCx,vCy,aCx,aCy,
omega3,alpha3][[4]];

The mass ms and the mass moment of inertia Io3 of the link 3 are

mg=p DF h d,
Icg = mg(DF2 + h2)/12

The total force F3 and moment Mj of the link 3 using the Mathematica™™
function ForceMomentum are

F3=ForceMoment[m3,aC3,IC3,alpha3][[1]];
M3=ForceMoment[m3,aC3,IC3,alpha3][[2]];

The input data are the mass m3 the acceleration vector of the center of
mass aC3, the mass moment of inertia IC3, and the angular acceleration
alpha3 of the link 3.

The output data are the two elements of the vector returned by the func-
tion ForceMomentum , that are the total force F3 and moment of inertia
M3 of the link 3.

Link /
The mass my, the acceleration of the center of mass ac4, and the mass
moment of inertia /-4 of the link 4 are

mg = p ws hg d,
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ac4 = ap,
]C4 = m4(w§~ + h%)/lQ

The total force F; and moment M, of the link 4 using the Mathematica™
function ForceMomentum are

F4=ForceMomentum[m4,aC4,IC4,alpha4][[1]];
M4=ForceMomentum[m4,aC4,IC4,alpha4][[2]];

The input data are the mass m4 the acceleration vector of the center of
mass aC4, the mass moment of inertia IC4 , and the angular acceleration
alpha4 of the link 4.

The output data are the two elements of the vector returned by the func-
tion ForceMomentum , that are the total force F4 and moment of inertia
M4 of the link 4.

Link 5
The coordinates of the center of mass C5 of the link 5 are

zros = xp + EG/2 cos ¢s,
Yos = yr + EG/2sin ¢5.

The acceleration components of the center of mass of the link 3 using the
Mathematica™ function AbsVelAcc are

aCbx=AbsVelAcc[xE,yE,xC5,yC5,vEX,VEy,aEx,aEy,
omegab,alpha5][[3]];

aC5y=AbsVelAcc[xE,yE,xC5,yC5,vEx,VEy,aEx,aEy,
omegab,alpha5][[4]];

The mass ms and the mass moment of inertia I-5 of the link 5 are

ms =p EG h d,
Ics = ms(EG? + h?)/12.

The total force F5 and moment M; of the link 5 using the Mathematica™
function ForceMomentum are
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F5=ForceMomentum[m5,aC5,IC5,alpha5][[1]];
M5=ForceMomentum[m5,aC5,IC5,alpha5][[2]];

The input data are the mass m5 the acceleration vector of the center of
mass aCb, the mass moment of inertia IC5, and the angular acceleration
alpha5 of the link 5.

The output data are the two elements of the vector returned by the func-
tion ForceMomentum , that are the total force F5 and moment of inertia
M5 of the link 5.

Joint reactions
The joint reactions for the dyad RTR (EDD) (see Fig. 8.14(a)) are com-
puted using the Mathematica™ function ForceRTR

FO5=ForceRTR[F5,M5+Mext,F4,M4,rE,rD,rC5][[1]];
F34=ForceRTR[F5,M5+Mext,F4,M4,rE,rD,rC5][[2]];
F54=ForceRTR[F5,M5+Mext,F4,M4,rE,rD,rC5][[3]];

The input data are the total force F5 and moment M5+Mext of the link
5, the total force F4 and momentum M4 of the link 4, the position vectors
rg, rD, rC5 of the joints £, D, and the center of mass C5 of the link 5.

The output data are the three elements of the vector returned by the func-
tion ForceMomentum , that are the joint reactions FO5, F34 , and F45.

The position vector of the application point P of the joint reaction F45
can be also computed using the Mathematica™ function ForceRTR

rP=ForceRTR[F5,M5+Mext,F4,M4,rE,rD,rC5][[4]];

Next consider the dyad RTR (C'BB), shown in Fig. 8.14(b).
The reaction force Fy3 acting at point D can be moved to a parallel
position at point C5 by adding the corresponding couple

M43 =Trcy,D X F43.

The joint reactions for the dyad RTR (CBB) using the Mathematica™
function ForceRTR are

FO3=ForceRTR[F3+F43,M3+M43,F2,M2,rC,rB,rC3][[1]];
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F12=ForceRTR[F3+F43,M3+M43,F2,M2,rC,rB,rC3][[2]];
F32=ForceRTR[F3+F43,M3+M43,F2,M2,rC,rB,rC3][[3]];

The input data are the force F3+F43 and moment M3+M43of the link
3, the total force F2 and moment M2 of the link 2, the position vectors rC,
rB, rC3 of the joints C', B, and the center of mass C3 of the link 3.

The output data are the three elements of the vector returned by the func-
tion ForceMomentum , that are the joint reactions FO3, F12 , and F23.

The position vector of the application point () of the joint reaction F12
can be also computed using the Mathematica™ function ForceRTR

rQ=ForceRTR[F3+F43,M3+M43,F2,M2,rC,rB,rC3][[4]];

The joint reaction and the moment of the motor (see Fig. 8.14(c)) are
computed using the Mathematica™™ function FMDriver

FO1=FMDriver[F1,M1,F21,rA,rB,rC1][[1]];
Mm=FMDriver[F1,M1,F21,rArB,rC1][[2]];

The input data are the total force F1 and moment M1 of the link 1, the
joint reaction F21=-F12 | the position vectors rA, rB, rC1l of the joints
A, B, and center of mass C} of the link 1.

The output data are the two elements of the vector returned by the func-
tion FMDriver , that are the joint reaction FO1 and moment Mmof the
motor.

The Mathematica™ program and the numerical results are shown in Pro-
gram 8.13.

Remark. All the packages must be placed in the Mathematica™ folder
for PC. For Macintosh OS X the the packages must be placed in Home,
Library, Mathematica, Applications.
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8.5
8.1

8.2

8.3

8.4

8.5

8.6

8.7

8.8

8.9

8.10

Problems

Referring to Problem 3.5 (Fig. 3.20). Write a Mathematica®™ program
using packages for the position analysis of the mechanism.

Referring to Problem 3.7 (Fig. 3.22). Write a Mathematica®™ program
using packages for the position analysis of the mechanism.

Referring to Problem 3.8 (Fig. 3.23). Write a Mathematica®™ program
using packages for the position analysis of the mechanism.

Referring to Problem 3.13 (Fig. 3.28). Write a Mathematica®™ program
using packages for the position analysis of the mechanism.

Referring to Problem 3.14 (Fig. 3.29). Write a Mathematica®™ program
using packages for the position analysis of the mechanism.

Referring to Problem 4.1 (Fig. 3.16). Write a Mathematica™ pro-
gram using packages for the velocity and acceleration analysis of the
mechanism.

Referring to Problem 4.3 (Fig. 4.10). Write a Mathematica™ pro-
gram using packages for the velocity and acceleration analysis of the
mechanism.

Referring to Problem 6.4 (Fig. 3.19). Write a Mathematica®™ program
using packages for the equilibrium moment and the joint forces of the
mechanism.

Referring to Problem 6.16 (Fig. 3.31). Write a Mathematica®™ program
using packages for the equilibrium moment and the joint forces of the
mechanism.

Referring to Problem 6.18 (Fig. 3.33). Write a Mathematica® program
using packages for the equilibrium moment and the joint forces of the
mechanism.
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Figure captions

Figure 8.1 Driver link

Figure 8.2 (a) RRR dyad and (b) RRT dyad

Figure 8.3 (a) R-RTR-RRT mechanism, (b) RTR (BBD) dyad, and (c)
RRT (CEFE) dyad,

Figure 8.4 (a) R-RRR-RRT mechanism, (b) RRR (BCD) dyad, and (c)
RRT (CEFE) dyad

Figure 8.5 R-RRT mechanism

Figure 8.6 R-RTR-RTR mechanism

Figure 8.7 Rigid link

Figure 8.8 RRR dyad

Figure 8.9 RRT dyad

Figure 8.10 RTR dyad

Figure 8.11 Driver link

Figure 8.12 (a) R-RRT mechanism, (b) RRT (CBB) dyad, and (c) driver
link

Figure 8.13 R-RTR-RTR mechanism: forces and moments

Figure 8.14 Joint reactions for: (a) RTR (EDD) dyad and (b) RTR
(CBB) dyad, and (c) driver link



