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6 Dynamic Force Analysis

For a kinematic chain it is important to know how forces and moments are
transmitted from the input to the output, so that the links can be properly
designated. The friction effects are assumed to be negligible in the force
analysis presented here.

6.1 Equation of Motion for the Mass Center

Consider a system of N particles. A particle is an object whose shape and
geometrical dimensions are not significant to the investigation of its motion.
An arbitrary collection of matter with total mass m can be divided into N
particles, the ith particle having mass, m;, Fig. 6.1

N
m = 2{:171@
i=1

A rigid body can be considered as a collection of particles in which the
number of particles approaches infinity and in which the distance between
any two points remains constant. As N approaches infinity, each particle
is treated as a differential mass element, m; — dm, and the summation is
replaced by integration over the body

m = / dm.

body

The position of the mass center of a collection of particles is defined by

1 N
rc = mi;mr (6.1)

where r; is the position vector from the origin O to the ith particle. As
N — oo the summation is replaced by integration over the body

1
re = — / rdm, (6.2)
m

body

where r is the vector from the origin O to differential element dm.
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The time derivatives of Eq. (6.1) gives

N 2 2
d r; d Irc
;:1 My = M=~ = mac, (6.3)

where ac is the acceleration of the mass center. The acceleration of the
mass center can be related to the external forces acting on the system. This
relationship is obtained by applying Newton’s laws to each of the individual
particles in the system. Any such particle is acted on by two types of forces.
One type is exerted by other particles that are also part of the system. Such
forces are called internal forces (internal to the system). Additionally a
particle can be acted on by a force that is exerted by a particle or object not
included in the system. Such a force is known as an external force (external
to the system). Let f;; be the internal force exerted on the jth particle by
the ith particle. Newton’s third law (action and reaction) states that the jth
particle exerts a force on the ith particle of equal magnitude, and opposite
direction, and collinear with the force exerted by the ith particle on the jth
particle, Fig. 6.1

fj':_fijﬂ J # i

Newton’s second law for the ith particle must include all of the internal forces
exerted by all of the other particles in the system on the ith particle, plus
the sum of any external forces exerted by particles, objects outside of the
system on the ¢th particle

ext eri . :
ijri'Fi =MmMi— o, ] # 1, (6.4)
7 dt
where F¢*' is the external force on the ith particle. Equation (6.4) is writ-
ten for each particle in the collection of particles. Summing the resulting
equations over all of the particles from ¢ = 1 to N the following relation is
obtained

D L+ Y Fi =mac, j#i. (6.5)

7

The sum of the internal forces includes pairs of equal and opposite forces.
The sum of any such pair must be zero. The sum of all of the internal forces
on the collection of particles is zero (Newton’s third law)

DD =0, j#i
]
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The term 3 F§* is the sum of the external forces on the collection of particles

S F&t =F.

One can conclude that the sum of the external forces acting on a closed
system equals the product of the mass and the acceleration of the mass
center

mac = F. (66)

Considering Fig. 6.2 for a rigid body and introducing the distance q in
Eq. (6.2) gives

1 1 1
rc:—/rdm:—/(rc—l—q)dm:rc-i-*/qdm- (6.7)
m m m
body body body
It results
1
— / qdm =0, (6.8)
m
body

that is the weighed average of the displacement vector about the mass center
is zero. The equation of motion for the differential element dm is

adm = dF,

where dF is the total force acting on the differential element. For the entire
body

/adm: /dF:F, (6.9)

body body

where F is the resultant of all forces. This resultant contains contributions
only from the external forces, as the internal forces cancel each other. Intro-
ducing Eq (6.7) into Eq. (6.9) the Newton’s second law for a rigid body is
obtained

mac =F

The derivation of the equations of motion is valid for the general motion of
a rigid body. These equations are equally applicable to planar and three-
dimensional motions.
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Resolving the sum of the external forces into cartesian rectangular com-
ponents

F=Fa1+F,)+F.k,
and the position vector of the mass center
re =xc(t)1+yc(t) )+ 20(t) k,
the Newton’s second law for the rigid body is
mic =F, (6.10)
or

mic = Fy, mic=F, mic=F,. (6.11)

6.2 Angular Momentum Principle for a System of Par-
ticles

An arbitrary system with the mass m can be divided into N particles

Py, P, ..., Py. The position vector of the ith particle relative to an origin

point, O, is r; = rop, and the mass of the ith particle is m;, Fig. 6.3. The
N

position of the mass center, C', of the system isro = Z m;r;/m. The position
i=1
of the the particle P; of the system relative to O is

r,=rc+ Tcp;. (612)

Multiplying Eq. (6.12) by m;, summing from 1 to N, the following relation
is obtained

N
> mrcp = 0. (6.13)

i=1
The total angular momentum of the system about its mass center C| is the

sum of the angular momenta of the particles about C

N
Hq: = ZI'CPZ. X M;V;, (6.14)

=1
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I‘.
where v; = — is the velocity of the particle P;.

The total angular momentum of the system about O is the sum of the angular
momenta of the particles

N N
Hy = Zri X MiV; = Z(r(; +rep) X miv; =rc x mve +He,  (6.15)

i=1 =1

or the total angular momentum about O is the sum of the angular momentum
about O due to the velocity v of the mass center of the system and the total
angular momentum about the mass center, Fig. 6.4.

Newton’s second law for the ith particle is

‘dVi
i dt’

Sofi+F =m j#1,
7

and the cross product with the position vector r;, and sum from 7 =1 to N
gives

ZZI’Z‘ X fji + ZI‘Z' X fot = ZI‘Z' X ;lt(mivi), j 7é 1. (616)
i g i i

The first term on the left side of Eq. (6.16) is the sum of the moments about
O due to internal forces, and

r; X £ + vy x fij = vy x (£ +1£;) =0, j#1i.

The term vanishes because the internal forces between each pair of particles
are equal, opposite, and directed along the straight line between the two
particles, Fig. 6.1. The second term on the left side of Eq. (6.16)

ZI‘i X Ffwt = ZMo,
represents the sum of the moments about O due to external forces and cou-
ples. The term on the right side of Eq. (6.16) is

d dHo

d
;ri X %(szJ = Z %(rz X mivi) —V; X mu;v;| = T

(6.17)

i
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which represents the rate of change of the total angular momentum of the
system about the point O.
Equation. (6.16) is rewritten as

Mo _ 3" M. (6.18)

da
The rate of change of the angular momentum about O equals the sum of the
moments about O due to external forces and couples.
Using Egs. (6.15) and (6.18) the following result is obtained

d dH
ZMO:f(I’C xmvc—kHC):ermaC—l——C, (619)
dt dt
where ac is the acceleration of the mass center.

With the relation

ZMO :ZMc—l—I’C XF:ZMc—f—PC X mag,
Eq. (6.19) becomes

dHo _ 3" Me. (6.20)

da
The rate of change of the angular momentum about the mass center equals
the sum of the moments about the mass center.

6.3 Equations of Motion for General Plane Motion

An arbitrary rigid body with the mass m can be divided into N particles
P, i=1,2,..., N. The position vector of the P; particle is r; = OP; and the
mass of the particle is m;. Figure 6.5(a) represents the rigid body moving
with general planar motion in the (X,Y’) plane. The origin of the cartesian
reference frame is O. The mass center C', of the rigid body is located in the
plane of the motion, C' € (X,Y).

Let dpo = OZ be the axis through the fixed origin point O that is per-
pendicular to the plane of the motion of the rigid body (X,Y"), dpo L (X,Y).
Let dc = Czz be the parallel axis through the mass center C, d¢||do. The
rigid body has a general planar motion and the angular velocity vector is
w = wk. The unit vector of the do = Czz axis is k.
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The velocity of the P; particle relative to the mass center is

dR;
dt

= wk x Ri,
where R; = rop,. The sum of the moments about O due to external forces
and couples is

dH d
ZMO = dto = a[(rc X mvc) + Hc], (621)

where

He = Y"[R; x mi(wk x Ry)],

(2

is the angular momentum about de. The magnitude of the angular momen-
tum about ds is

He =Ho -k = Y [Ri x my(wk x Ry)] - k =
> mi (R x k) x Ry)] - kw = Y my [(Ri x ) - (Ry x k)] w =

> omi Ry x kPw =Y miriw, (6.22)

where the term |k x R;| = r; is the perpendicular distance from d¢ to the P,
particle. The identity

(axb)-c=a-(bxc).
has been used.

The summation Zmirf is replaced by integration over the body [7?dm

and is defined as mass moment of inertia Io.. of the body about the z-axis
through C

2
Ic,. = Z m;r;.
i

The mass moment of inertia /., is a constant property of the body and is a
measure of the rotational inertia or resistance to change in angular velocity
due to the radial distribution of the rigid body mass around z-axis through

C.
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Equation (6.22) defines the angular momentum of the rigid body about
de (z-axis through C')

HC = IszW or HC = ICZZwk = Isz w.

Substituting this expression into Eq. (6.21) gives

ZMO = jt[(rc x mve) + Io..w] = (rc X mag) + Io,.a. (6.23)
The rotational equation of motion for the rigid body is
Ie. o0 = ZMC or Io,,ak= ZMC k. (6.24)
For general planar motion the angular acceleration is
o = w =0k, (6.25)

where the angle 6 describes the position, or orientation, of the rigid body
about a fixed axis.

If the rigid body is a plate moving in the plane of motion (X,Y") the
mass moment of inertia of the rigid body about z-axis through C' becomes
the polar mass moment of inertia of the rigid body about C, I,, = I¢. For
this case the Eqgs. (6.24) gives

A special application of the above equation is for rotation about a fixed
point. Consider the special case when the rigid body rotates about the fixed
point O as shown in Fig. 6.5(b). It follows that the acceleration of the mass
center is expressed as

ac = a X ro — wire. (6.27)

The relation between the sum of the moments of the external forces about
the fixed point O and the product /¢, o is given by Eq. (6.23)

> Mo =r¢ x mac + Ic..o. (6.28)
Equations (6.28) and Eq. (6.27) give

ZMO = roxm(axre—wire)+ Ip.o =
mre X (a X re)+ Io.a =
m [(re-ro)o— (ro - a)re| + loz.o0 =
mrio+ Io.a = (mré + Io..)a. (6.29)
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According to parallel-axis theorem
[Ozz = m?’% + ICZZ7

where I, denotes the mass moment of inertia of the rigid body about z-axis
through O. Therefore for the special case of rotation about a fixed point O
one can use the formula

]Ozza = ZMO (630)

The general equations of motion for a rigid body in plane motion are
(Fig. 6.6)

F=mac or F =mic, (6.31)
Z MC = Isz o, (632)

or using the cartesian components
mﬂ'ﬁc = ZFx, myc = ZFZ/’ Iczzé = ZMc. (633)

Equations (6.31) and (6.32) are interpreted in two ways

1. The forces and moments are known and the equations are solved for
the motion of the rigid body (direct dynamics).

2. The motion of the RB is known and the equations are solved for the
force and moments (inverse dynamics).

The dynamic force analysis in this chapter is based on the known motion of
the mechanism.

6.4 D’Alembert’s principle
Newton’s second law can be writen as
F+ (—maC) = 0, or F+F,, = 0, (634)

where the term F;, = —mag is the inertia force. Newton’s second law can
be regarded it as an “equilibrium” equation.

Equation (6.23) relates the total moment about a fixed point O to the
acceleration of the mass center and the angular acceleration

ZMO = (I‘C X maC) =+ ]sza,
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> Mo + [re x (—mac)] + (—Ic..c) = 0. (6.35)

The term M;,, = —Iq,.a is the inertia moment. The sum of the moments
about any point, including the moment due to the inertial force —ma acting
at mass center and the inertial moment, equals zero.

The equations of motion for a rigid body are analogous to the equations
for static equilibrium:
The sum of the forces equals zero and the sum of the moments about any
point equals zero when the inertial forces and moments are taking into ac-
count This is called D’Alembert’s principle.

The dynamic force analysis is expressed in a form similar to static force
analysis

SR=YF+F, =0, (6.36)
S Te =Y Mg+ M, =0, (6.37)

where Y° F is the vector sum of all external forces (resultant of external force),
and Y. Mg is the sum of all external moments about the center of mass C
(resultant external moment).

For a rigid body in plane motion in the xy plane,

aC:i'Cl—f_yCJ) a:ak,

with all external forces in that plane, Egs. (6.36) and (6.37) become

> Ri=Y Fo+ Finz=Y F,+(—mic) =0, (6.38)
S Ry=> Fy+ Fpny=>_ F,+ (—mijc) =0, (6.39)
ZTC :ZMC+Min :ZMO+(—]COJ) = 0. (640)

With d’Alembert’s principle the moment summation can be about any arbi-
trary point P

ZTP:ZMP+Min+rPC XFinZO, (641)

where
e > Mp is the sum of all external moments about P,
e M,, is the inertia moment,
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e F,, is the inertia force, and

e rpc is a vector from P to C.
The dynamic analysis problem is reduced to a static force and moment bal-
ance problem where the inertia forces and moments are treated in the same
way as external forces and moments.

6.5 Free-Body Diagrams

A free-body diagram is a drawing of a part of a complete system, isolated in
order to determine the forces acting on that rigid body.

The following force convention is defined: F;; represents the force exerted
by link 7 on link j.
Figure 6.7 shows various free-body diagrams that are considered in the anal-
ysis of a crank slider mechanism Fig. 6.7(a).
In Fig. 6.7(b), the free body consists of the three moving links isolated from
the frame 0. The forces acting on the system include a driving moment M,
external driven force F, and the forces transmitted from the frame at joint
A, Fop, and at joint C, Fo3. Figure 6.7(c) is a free-body diagram of the two
links 1 and 2. Figure 6.7(d) is a free-body diagram of a single link.
The force analysis can be accomplished by examining individual links or
subsystem of links. In this way the joint forces between links as well as the
required input force or moment for a given output load are computed.

6.6 Joint Forces Analysis Using Individual Links

Figure 6.8(a) is a schematic diagram of a crank slider mechanism comprised
of a crank 1, a connecting rod 2, and a slider 3. The center of mass of link 1
is (1, the center of mass of link 2 is C5 and the center of mass of slider 3 is C.
The mass of the crank is m;, the mass of the connecting rod is ms, and the
mass of the slider is m3. The moment of inertia of link 7 is I;, i = 1,2, 3.
The gravitational force is G; = —m; gJ, @ = 1,2,3, where g=9.81 m/s? is
the acceleration of gravity.
For a given value of the crank angle ¢ and a known driven force F.,; the
joint reactions and the drive moment M on the crank are computed using
free-body diagrams of the individual links.

Figures 6.8(b), (c), and (d) show free-body diagrams of the crank 1,
the connecting rod 2, and the slider 3. For each moving link the dynamic
equilibrium equations are applied.
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For the slider 3 the vector sum of the all the forces (external forces
F..:, gravitational force Gg, inertia forces F;, 3, joint forces Fa3, Fo3) is zero,
Fig. 6.8(d)

SF® =Fo3 + Fiy + Gy + Fopy + Fo3 = 0.
Projecting this force onto x and y axes gives
STF® 1= oy, + (—maiic) + Fu =0, (6.42)
STF®) .y = Fosy —mag + Fogy = 0. (6.43)
For the connecting rod 2, Fig. 6.8(c), two vectorial equations can be written
> F® =Fy + Fip+ Gy + Fiy = 0,
ZM? = (r¢ —rp) X F3p + (ro2 — 1) X (Fina + Ga) + M2 = 0,

or
STF® 1= Fygp + (—madca) + Fra, = 0, (6.44)
ZF(Q) ) = I3y + (—m2 3702) —mga g+ Figy =0, (6-45)
1 J k 1 J k
rc—2p Yo—Yyp 0|+ | xc2— B Yc2 — YB 0
F3o, Fzp, 0 —maZca —MaYcz —mag 0
_[CZ (%)) k =0. (646)

For the crank 1, Fig. 6.8(b), there are two vectorial equations

ZF(I) =Fo + Fin1 + Gy + Fop =0,
ZMS) =rp X Fo1 + 101 X (Fin1 + G1) + My + M =0,

or
ZF(l) 1= Fglx + (_ml iCl) + FOl:r: - 07 (647)
ZF(D 3= Fory + (—maGcr) — mi g+ Fory = 0, (6.48)

1 J k 1 J k

gy 0|+ T Yo1 0

Foip Foy O —myZcr —mifcr —mig 0

_[C’l &1k+Mk = O, (649)
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where M = |M] is the magnitude of the input moment on the crank.

The eight scalar unknowns Fos,, Fosy = —F305, Fhgy = — 3oy, Floy = —Fo1g, Flay =
— b1y, Forz, Fory, and M are computed from the set of eight equations (6.42),
(6.43), (6.44), (6.45), (6.46), (6.47), (6.48) and (6.49).

6.7 Joint Force Analysis Using Contour Method

An analytical method to compute joint forces that can be applied for both
planar and spatial mechanisms will be presented. The method is based on the
decoupling of a closed kinematic chain and writing the dynamic equilibrium
equations. The kinematic links are loaded with external forces and inertia
forces and moments.

A general monocontour closed kinematic chain is considered in Fig. 6.9.
The joint force between the links ¢ — 1 and i (joint A;) will be determined.
When these two links i — 1 and i are separated, Fig. 6.9(b), the joint forces
F,_,; and F;;_; are introduced and

F,.1,+F;;_1=0. (6.50)

Table 6.1 shows the joint forces for several joints. The following notations
have been used: M is the moment with respect to the axis A, and Fja is
the projection of the force vector F onto the axis A.

It is helpful to “mentally disconnect” the two links (: — 1) and ¢, which
create the joint A;, from the rest of the mechanism. The joint at A; will be
replaced by the joint forces F;_; ; and F;;_1. The closed kinematic chain has
been transformed into two open kinematic chains, and two paths I and 17
are associated. The two paths start from A;.

For the path I (counterclockwise), starting at A; and following I the first
joint encountered is A;_;. For the link 7 — 1 left behind, dynamic equilibrium
equations are written according to the type of the joint at A;_ ;. Following
the same path I, the next joint encountered is A; 5. For the subsystem (i — 1
and ¢ — 2) equilibrium conditions corresponding to the type of the joint at
A;_s can be specified, and so on. A similar analysis is performed for the
path IT of the open kinematic chain. The number of equilibrium equations
written is equal to the number of unknown scalars introduced by the joint A;
(joint forces at this joint). For a joint, the number of equilibrium conditions
is equal to the number of relative mobilities of the joint.

The five moving link (j = 1,2, 3,4,5) mechanism shown in Fig. 6.10(a)
has the center of mass locations designated by C;(z¢;, ycj,0). The following
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analysis will consider the relationships of the inertia forces F;, ;, the inertia
moments M, ;, the gravitational force G, , the driven force, F.., to the
joint reactions F;; and the drive moment M on the crank 1.

To simplify the notation the total vector force at C; is written as F; =
F,,; + G, and the inertia moment of link j is written as M; = M, ;.

The diagram representing the mechanism is depicted in Fig. 6.10(b) and has
two contours 0-1-2-3-0 and 0-3-4-5-0.

Remark. The joint at C' represents a ramification point for the mech-
anism and the diagram, and the dynamic force analysis will start with this
joint. The force computation starts with the contour 0-3-4-5-0 because the
driven load F.;; on link 5 is given.

I. Contour 0-3-4-5-0

Reaction F3,
The rotation joint at C' (or Cg, where the subscript R means rotation),
between 3 and 4, is replaced with the unknown reaction, Fig. 6.11,

F3y = —Fy3 = I3y 1+ Fayy ).

If the path [ is followed, Fig. 6.11(a), for the rotation joint at E (Eg) a
moment equation is written

ZM(E4) = (rc—I'E) XF32—|—(I'04—I'D) XF4—|—M4:0,

or
1 J k 1 J k
rc—2g Yo—Ye O |+ | Zca—2g Yoa—ye O
Fsyy Fsyy 0 Fy, Fyy 0

+Mk = 0. (6.51)

Continuing on path I, the next joint is the translational joint at D (Dr).
The projection of all the forces, that act on 4 and 5, onto the sliding direction
A (z axis) should be zero.

Z F(AAL&E)) = Z F(4&5) 1= (F34 + F4 + F5 + Femt) 1=
F34z+F4x+F5:c+Fext:O- (652)

The system of Egs. (6.51) and (6.52) is solved and the two unknowns Fjy,
and Fj4, are obtained.



1.6 Dynamic Force Analysis 15

Reaction Fys
The rotation joint at E (Fr), between 4 and 5, is replaced with the unknown
reaction, Fig. 6.12,
Fys = —F54 = Fusp 1+ Fiysy ).

If the path [ is traced, Fig. 6.12(a), for the pin joint at C' (Cg) a moment
equation is written

S MY = (rg —r¢) X Fsy + (ros — vo) X Fy + My =0,

or
1 ] k 1 J k
rg—2c Yg—Yc 0 |+ | Zcu—2c Yos—Yyc O
_F45ac _F45y 0 F4z F4y 0

+M,k = 0. (6.53)

For the path IT the slider joint at E (Er) is encountered. The projection of
all the forces, that act on 5, onto the sliding direction A (z axis) should be
Z€ero.

ZF(AE)) = ZF(5) 1= (Fys + F5 + Fep) 1=
F45z + F5a: + Fext = 0. (654)

The unknown force components Fys, and Fys, are calculated from Eqs. (6.53)
and (6.54).

Reaction Fs
The slider joint at £ (Er), between 0 and 5, is replaced with the unknown
reaction, Fig. 6.13,
Fos = Fosy ).

The reaction joint introduced by the translational joint is perpendicular on
the sliding direction Fo5 1 A. The application point P of the of the force
Fo5 is unknown.

If the path I is followed, as in Fig. 6.13(a), for the pin joint at £ (Eg) a
moment equation is written for link 5

ZMS) = (I‘p — I'E) X F05 = O,
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or
l’F05y =0 =x2=0. (655)

The application point is at £ (P = F).
Continuing on path 7, the next joint is the pin joint C' (Cg).

S MEY = (rp —re) x (Fos + Fs + Fegr) + (ves — 1) x Fy + My =0,

or
1 J k 1 J k
rg—2c Yg—Yc 0 |+ | 2Zca—2c Yosa—Yyc O
Fsp + Fopy Fos, 0 Fyy Fyy 0

+Mk = 0. (6.56)

The joint reaction force Fys, is computed from the above Eq. (6.56).

II. Contour 0-1-2-3-0
For this contour the joint force Fy3 = —F34 at the ramification point C,
is considered as a known external force.

Reaction Fs3
The pin joint Dpg, between 0 and 3, is replaced with the unknown reaction
force, Fig. 6.14
Foz = Foge 1+ Fozy ).

If the path I is followed, Fig. 6.14(a), a moment equation is written for the
pin joint Cg for the link 3

ZMg) = (rp —rc) X Fo3 + (res —re) X F3 + M3 =0,

or
1 J k 1 J k
Tp—2c Yp—Yo 0 |+| xc3—2c Ycz—yc O
Fo3z Fozy 0 F3, F3, 0

+Mzk = 0. (6.57)

Continuing on path I the next joint is the pin joint Bgr and a moment
equation is written for links 3 and 2

ZM%‘?&Q) = (rp —rp) X Fo3 + (rc3 — 1) x F3 + M3 + (rc —15) x Fy3
—I—(I‘CQ — I‘B) x Fy +M; =0,
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or
1 ] k 1 ] k
tp—2p Yyp—ys O |+ |2c3—2p yYcz—yp O
Fose Fosy 0 Fs, Fs, 0
1 J k

+Msk+| 2c—2p yc—yp 0|+
Fys, Fy3y 0

1 J k
Too — T Yoo —yp 0 |+ Mk = 0. (658)
I Fy, 0

The two components Fps, and Fps, of the joint force are obtained from

Egs. (6.57) and (6.58).

Reaction Fo3
The pin joint Cg, between 2 and 3, is replaced with the unknown reaction
force, Fig. 6.15,
Fo3 = Fosp1+4 Fozy ).
If the path I is followed, as in Fig. 6.15(a), a moment equation is written for
the pin joint Dpg for the link 3

ZMg) = (rc —rp) x (Fa3 + Fu3)(rcs —rp) x F3 + M3 =0,

or
1 J k 1 J k
Tc — Tp yo—yp O |+|xc3—2p Yoz —yp O
Fozy + Fysy Fogy + Fyzy 0 Fs, Fs, 0
+Msk = 0. (6.59)

For the path I1 the first joint encountered is the pin joint Br and a moment
equation is written for link 2

ZMg) = (I‘O — I'B) X (—F23) + (rCQ - rB) X F2 + M2 = O’

or
1 J k 1 J k

xc—2 Yo—yYyp 0 |+ | 2c2o—2B Yc2—yn O

—Fa3, —Fy3, 0 Fy, F, 0

+Msk = 0. (6.60)
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The two force components Fys, and Fbs, of the joint force are obtained from
Egs. (6.59) and (6.60).

Reaction Fi,
The pin joint By, between 1 and 2, is replaced with the unknown reaction
force, Fig. 6.16
Fio = Fiog1+ Figy).

If the path I is followed, as in Fig. 6.16(a), a moment equation is written for
the pin joint C'g for the link 2

ZM(CQ) = (rp—rc) x Fio+ (reg —ro) x Fo + My = 0,

or
1 J k 1 J k
rp—2c Yyp—Yc O |+ |2Tc2—2c Yc2—Yc O
Fioy Fipy 0 Fo, Fy, 0

Mok = 0. (6.61)

Continuing on path I the next joint encountered is the pin joint Dy and a
moment equation is written for links 2 and 3

ZMg&:S) = (I‘B — I‘D> X F12 —+ (I'CQ — I'D) X F2 + M2 +
(I‘C — I'D) X F43 + (I'03 — I'D) X F3 —I—Mg = 0,

or

1 ] k 1 J k
tp—2p Yp—Yp O |+ |Tco—2p Yoc2—yp 0 |+ Mk+

F12£E F12y 0 F2:1: F2y 0
1 ] k 1 J k
ro—2p Yo—Yp O |+| 2cs—2p Yes—yp O
F43a: F43y 0 F3z F3y 0

+Ms3k = 0. (6.62)

The two components Fio, and Fiy, of the joint force are computed from
Eqs. (6.61) and (6.62).
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Reaction Fy; and driver moment M
The pin joint Ag, between 0 and 1, is replaced with the unknown reaction
force, Fig. 6.17
Fo1 = Foie 1+ Fory ).

The unknown driver moment is M = Mk. If the path I is followed,
Fig. 6.17(a), a moment equation is written for the pin joint Bg for the link 1

ZM(B}):@'A—I‘B)XF01+<I'01—I'B)XF1+M1+M:0,

or
1 J k 1 J k
Ta—2B Yya—ysp 0|+ | 2c1—2B yc1—ys 0O
F(Jlx FOly 0 le Fly 0

+M k+Mk=0. (6.63)

Continuing on path I, the next joint encountered is the pin joint C'r and a
moment equation is written for links 1 and 2

ZMg&Q) — <rA —I‘C) X FOl + (r01 — rc) X F1 +M1 +M+
(I‘CQ — 1‘0) X FQ + MQ = 0. (664)

Equation (6.64) is the vector sum of the moments about Dy of all forces and
moments that act on links 1, 2, and 3.

ZM%&Q&:&) =(ra—rp) X Fo1 + (rc1 —rp) x Fy + My + M +
(reg —1p) X Fo + My + (ro —rp) X Faz + (res —rp) X Fy
Lo (6.65)

The components Fyi,, Fo, and M are computed from Egs. (6.63), (6.64),
and (6.65).

6.8 Joint Force Analysis Using Dyads

RRR dyad
Figure 6.18 shows a RRR dyad with two links 2 and 3, and three pin joints
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B, C, and D. The unknowns are the joint reaction forces

Fio = Fiop1+ Fiay),
Fy3 = Fyzz1 + Fuzy),
Fo3 = —F3y = Faz,1 + Fo3y). (6.66)

The inertia forces and external forces F; = Fj1 + Fj), inertia moments and
external moments M; = M;k, (j=2,3) are given.

To determine Fi5 and F43 the following equations are written
e sum of all forces on links 2 and 3 is zero

) FC) = Fiy+ Fy + F3 4+ Fi3 =0,
or

ZF(Q&?’) -l:F12z+F2x+F3x+F43x:0a
SR Ly = Bl + Fyy + Fyy + Fig, = 0. (6.67)

e sum of moments of all forces and moments on link 2 about C' is zero
S MY = (r5 —r¢) X Fig + (ros — 1¢) X Fa+ M,y = 0. (6.68)

e sum of moments of all forces and moments on link 3 about C' is zero
S MY = (rp —re) X Fag + (ros — o) X Fy + Mz = 0. (6.69)

The components Fia,, Fiay, Fis,, and Fys, are calculated from Eqs. (6.67), (6.68),

and (6.69).
The reaction force F3p, = —F53 is computed from the sum of all forces on the
link 2
S F@ =F5 + Fy+ F3 =0,

or

ZF(2) ‘1= Frop + Fop + F3a, = 0,

ZF(2) )= F12y+F2y+F32y = 0 (670)

RRT dyad

Figure 6.19 shows a RRT dyad with the unknown joint reaction forces Fi,,
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F43, and Fo3 = —F35. The joint reaction force Fy3 is perpendicular to the
sliding direction Fy3 1. A or
F43 A= (F43x1 + F43yJ) : (COS 01 + sin 9_]) =0. (671)

In order to determine Fi5 and F43 the following equations are written
e sum of all the forces on links 2 and 3 is zero

SFC) = Fy + Fy+ F3+ Fy3 = 0,
or

STFC) = Py + Foy + Fyy + Fig, = 0,
ZF(Q&,B) Ly = F12y + ng + F3y —+ F43y = 0. (6.72)

e sum of moments of all the forces and the moments on link 2 about C
1S zero

ZM(C%) = (I'B — I‘C) X Fig + (I‘CQ - I'C) x Fy + M, = 0. (6'7?’)

The components Fio,, Fiay, Fise, and Fys, are calculated from Eqgs. (6.71), (6.72),
and (6.73).

The reaction force components Fig, and F3y, are computed from the sum of
all the forces on the link 2

STF® =Fy + Fy+ F3 =0,
or
ZF(2) ‘1= Fiog + Fop + F3a, = 0,
STF® )= Foy + Fyy + Fay, = 0. (6.74)

RTR dyad
The unknown joint reaction forces F15 and Fyu3 are calculated from the rela-
tions, Fig. 6.20

e sum of all the forces on links 2 and 3 is zero

S FCS) = F + Fy+ F3 + Fi3 =0,
or

ZF@&S) 1= Fiop + Fop + F5, + Fys, = 0,
ZF(Q&S) y= F12y + F2y + F3y + F43y =0. (675)
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e sum of the moments of all the forces and moments on link 2 and 3 about
B is zero

ZM(;&B) = (I‘D — I‘B) X F43 + (rcg — I‘B) X F3 + M3 -+
(I‘CQ — I'B) X F2 + MQ =0. (676)

e sum of all the forces on link 2 projected onto the sliding direction
A = cos 61 + sin 0y is zero

STF® A= (Fi+Fy) - (cosbh +sinb) = 0. (6.77)

The components Fia,, Fioy, Fis,, and Fys, are calculated from Egs. (6.75), (6.76),
and (6.77).

The force components Fsy, and F3y, are computed from the sum of all the
forces on link 2

ZF(2) =Fp+Fy+F3 =0,
or

STF@ 1= Fiyp + Py + Fapp = 0,
S F® .y = Fiyy, + Fyy + Fypy = 0. (6.78)
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6.9 Examples

Example 6.1. The R-RTR mechanism shown in Fig. 6.21(a) has the
dimensions: AB = 0.14 m, AC' = 0.06 m, and C'F' = 0.2 m. The driver link
1 makes an angle ¢ = ¢; = T yad with the horizontal and rotates with a

constant speed of n = ny = 307 rpm. The position vectors of the points A,
B, C, and F are

ry = 0140y m,

rg=rc, =2rpl+yp) = 0.0711+40.121) m,
ro =zc1+yc) = 014 0.06) m,

rp =rp1+yr) = 0.1501 4 0.191) m,

where the mass center of the slider 2 is at B (B = C3). The position vectors
of the mass centers of the links 1 and 3 are

re, = Tl + Yo, = %Bl n %BJ — 0.0351 + 0.06) m,
ro, = Tosl + You,] = e ;— L + ye ; yFJ = 0.0751 + 0.125) m.

The total forces and moments at C;, j = 1,2,3 are F; = F;;,; + G, and
M; = M,, ;, where Fy, ; is the inertia force, M; is the inertia moment, and
G; = —m; g} is the gravity force with gravity acceleration g = 9.81 m/s*.

F, =0.3811+0437) N, M, =0k N.m,
F, = 0.5451 4+ 0.1603 N, M, = —0.001k N -m,
F; = 3.3021— 0.539) N, M; = —0.046k N -m.

The external moment on link 3 is Msa.,; = —1000k N-m. Determine the
moment M required for dynamic equilibrium and the joint forces for the
mechanism using the free body diagrams of the individual links.

Solution

For each link two vectorial equations are written

Z Fj -+ ij =0 and Z Mcj -+ Minj = O, (679)

where Y. F; is the vector sum of all external forces (resultant of external
force) on link j, and 3~ Mg, is the sum of all external moments on link j
about the mass center C}.
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The force analysis will start with link 3 because the moment Ms,,; is
known.

Link 3
For the free body diagram of link 3 shown in Fig. 6.21(b), Eq. (6.79) gives

Fo3 + Fip3 + Gg +Fo3 =0,
ro,o X Foz + 1o, X Fog + M3 + Maey, = 0,

or

F03 + F3 + F23 = 07
rcs,o X Fog + I‘ch X F23 + M3 + MSea:t = 0, (680)

where the unknowns are
Fo3 = Fosp 1+ Fosy), Foz = Fogp 1+ Fagy ),

and the position vector rg = zg1 + ygJ of the application point of the joint
force Fa3. Numerically Eq. (6.80) becomes

3.302 + Foge + Fase = 0, (6.81)
—0.539 + Fys, + Fiay = 0, (6.82)
—1000.05 + 0.065Fp3, — 0.075Fp3,, + 0.125F53, — 0.075F53, +

Fosyrg — Faguyg = 0. (6.83)

The application point () of the joint force Fa3 is on the line BC'

Ys —Yc _ Y@ " Yo . 0.874_3/@—0.06:

rp — I¢ T — o Qg

0.  (6.84)

The joint force Fs3 is perpendicular to the sliding direction BC'
F23 rpe = 0 or - OO7F23I - OO61F23y = 0. (685)

There are five scalar equations, Eqgs. (6.81)-(6.85), and six unknowns

Fose, Fosy, Fase, Fasy, g, yg. The force analysis will continue with link 2.
Link 2
Figure 6.21(c) shows the free body diagram of link 2 and Eq. (6.79) gives

Fio+Fio+ G+ Fs =0,
rpg X Fzs + M, =0,
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or

Fi; +Fy — Fo3 =0,
I'BQ X (—F23) + MQ = 0,

where the new unknown is introduced (the reaction of link 1 on link 2)
Fio = Fiop1+ Figy).
Numerically the previous equations becomes

0.545 + Flop — Fygp = 0, (6.86)
0.160 + Fiy — Fig, = 0, (6.87)
—0.001 — 0.121 }‘_’233c + 0.07 Fng —IQ Fggy + Yo Fggx = 0. (688)

Now there is a system of eight scalar equations, Eqgs. (6.81)-(6.88), eight
unknowns, and the solution is

Fo3 = Fozp 1+ Fyzy) = 7078.411—8093.73 N,
Fos3 = Fosp1+4 Fozy ) = —7081.7214-8094.24) N,
Fiy = Figp1+4 Figy) = —7082.261+ 8094.08) N,
rg =x91+yg)=0.06091+0.1213 m.

Link 1
Figure 6.21(d) shows the free body diagram of link 1. The sum of all the
forces for the driver link 1 gives

For+Fi1+Gi+Fopu =0, or —Fiu+F +Fp=0.
The reaction of the ground 0 on the link 1 is

Foy = Fio—F; = —7082.261 + 8094.08  — (0.3811 + 0.437))
— —7082.641+ 8094.52) N.

The sum of the moments about the mass center €'} for link 1 gives the
equilibrium moment

ro,p X For +rca X For + M = 0,
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or

M = rc,p X Fio — rc,a X Fo,
712.632k + 712.671k = 1425.303k N - m.

Example 6.2. Calculate the moment M required for dynamic equilib-
rium and the joint forces for the mechanism shown in Fig. 6.22 using the

contour method. The position of the crank angle is ¢ = ™ tad. The dimen-

sions are AC=0.10 m, BC=0.30 m, BD=0.90 m, and L,=0.10 m, and the
external force on slider 5 is F,,;=100 N. The angular speed of the crank 1 is

n1=100 rpm, or wy;=100 % rad/s. The center of mass locations of the links
Jj=1,2,..., 5 (with the masses m;) are designated by C;(z¢j, yc;,0). The
position vectors of the joints and the centers of mass are

rys=014+0) m,

rep = 0.2121+ 0.2123 m,

rp =reo = 0.2561 + 0.256) m,
ros = 0.17814 0.1283 m,

ro = 0.1001 4- 0.0003 m,

reg = 0.6991 + 0.1783 m,

rp =res = 1.14214 0.1003 m.

The total forces and moments at C; are F; = F;,,; + G; and M; = M;, 5,
where F;), ; is the inertia force, M; is the inertia moment, and G; = —m; g}
is the gravity force with gravity acceleration g = 9.81 m/s?.

F, = 5.5141+ 3.189) N,

F, = 0.7811+ 1.843) N,

F; = 1.2021 + 1.660 N,

F, = 6.4661 + 4.896) N,

Fs = 0.6431 — 0.382) N,

M, =M, = M; =0k N-m,
M, = 0.023k N -m,

M, = —1.274k N - m.
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Solution

The diagram representing the mechanism is shown in Fig. 6.22(b) and
has two contours 0-1-2-3-0 and 0-3-4-5-0.

I. Contour 0-3-4-5-0

The joint at B represents a ramification point, and the dynamic force
analysis will start with this joint.

Reaction F3y
The rotation joint at Bgr between 3 and 4, is replaced with the unknown
reaction, Fig. 6.23,
Fsy = —Fy3 = F3,1+ F34y).

If the path [ is followed, Fig. 6.23(a), a moment equation is written for the
rotation joint Dp

ZM%) = (rp —1p) X F34 + (rca —1p) x Fy + My = 0. (6.89)

Continuing on path I the next joint is the slider joint Dy and a force equation
is written. The projection of all the forces, that act on 4 and 5, onto the
sliding direction x is zero

STFUD) = (Fay+ Fy+F5+Fopy) 1=
F34m+F4x+F5x+Fext:0- (690)

Solving the system of Egs. (6.89) and (6.90)
F34a: = —107.110 N and F34y = 14.415 N.

Reaction Fys
The pin joint at D between 4 and 7, is replaced with the reaction force,
Fig. 6.24,
Fys = —Fs54 = Fusp 1+ Fiysy ).

For the path I, shown Fig. 6.24(a), a moment equation about Bg is written
for the link 4

> MY = (rp—1p) x Fsi + (ros —rp) x Fy + My = 0. (6.91)

For the path I1 an equation for the forces projected onto the sliding direction
of the joint Dy is written for the link 5

ZF(5) 1= (Fys +F5 +Feyy) 1=
F45x + F5x + Fext = 0. (692)
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The joint force Fy45 is obtained from the system of Eqgs. (6.91) and (6.92)
Fisp = —100.643 N and Fjs, = 19.310 N.

Reaction Fos
The reaction force Fy5 is perpendicular to the sliding direction of joint Dy,
Fig. 6.25
Fos = Fosy ).

The application point of the unknown reaction force Fg5 is computed from a
moment equation about Dg, for the link 5 (path I), Fig. 6.25(a)

S MY = (rp —rp) x Fos = 0, (6.93)
or
IF05y =0 =ax2=0. (694)

The application point of the reaction force Fo5 is at D (P = D). The
magnitude of the reaction force Fps, is obtained from a moment equation
about Bpg, for the links 5 and 4, (path I)

ZMSS&4) = (I‘D — I‘B) X (F05 + F5 + Fext) +
(1'04 — I'B) X F4 + M4 = 0. (695)
Solving the above equation
Fosy = —18.928 N.

II. Contour 0-1-2-3-0
The reaction force Fy3 = 107.1101 — 14.415) N, is considered as an external
force for this contour at B.

Reaction Fos3
The rotation joint at Bgr between 2 and 3, is replaced with the unknown
reaction force, Fig. 6.26,

Fo3 = —F3y = I3, 1+ Fasy ).

If the path I is followed, as in Fig. 6.26(a), a moment equation is written for
the pin joint Cy for the link 3

ZM(@?) = (rp —rc) X (Fa3 + Fy3) + (res —rc) X F5 + My =0.  (6.96)
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For the path I an equation for the forces projected in the direction A the
sliding direction of the joint Br, is written for the link 2

STF® A = (Fs + Fy) - (cos ¢+ singy) = 0. (6.97)
The joint force Fa3 is calculated from the Egs. (6.96) and (6.97)

Fys, = —71.155 N and Fy3, = 73.397 N.

Reaction F3
For the joint reaction force Fo3 at Cg, there is only path I. For the pin joint
Bpr one moment equation is written for link 3, Fig. 6.27,

ZM(B;)) = (I‘C — I'B) X Foz + (rc3 - rB) X F3 + M3 = 0. (698>
A force equation is written for the links 3 and 2 for the slider joint Br
S FG A = (Fo3 + Fs 4 Fyg + Fy) - (cos g1 +singy) = 0. (6.99)

The components of the unknown force are obtained by solving the system of
Egs. (6.98) and (6.99)

F()gx = —37.156 N and F03y = —60.643 N.

Reaction Fig
The slider joint at By between 1 and 2, is replaced with the reaction force,
Fig. 6.28
Fip = —Fg = Fio, 1+ Figy ).

The reaction force Fi5 is perpendicular to the sliding direction A

Fio- A = (Figp1+ Fiay)) - (cos $1+ sin ¢)) =
Fio, cos ¢+ Fiay sing = 0. (6.100)

The point of application of force Fi, is determined from the equation (path
I)
S MY = (rg —rp) x Fiy = 0, (6.101)

or

2F=0 =a2=0, (6.102)
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and the force Fi5 acts at B.
Continuing on path I, a moment equation is written for links 2 and 3 with
respect to the pin joint Cg

Z M(g&3) = (I‘B - rc) X (F12 + F2 + F43) +
(I'Cg — I'C) X F3 + M3 = 0. (6103)
The two components of the joint force Fi5 are computed from Eqs. (6.100)

and (6.103)
me = —-71.936 N and Flgy =71.936 N.

Reaction Fy; and equilibrium moment M
The pin joint Ag, between 0 and 1, is replaced with the unknown reaction,
Fig. 6.29,
For = Foiz 1+ Foy ).

The unknown equilibrium moment is M = M k. If the path I is followed, as
in Fig. 6.29(a), for the slider joint By a force equation is written for link 1

STFW A = (Fo +Fy) - (cos g1+ singy) = 0. (6.104)

Continuing on path I the next joint encountered is the pin joint B and a
moment equation is written for links 1 and 2

Equation (6.105) is the vector sum of the moments about Cg of all forces
and moments that act on links 1, 2, and 3.

ZM8&2&3) = —TI¢o X F01 + (rCl — I‘(j) xF;+M+

(I‘B — rc) X (FQ + F43) + M3 + (1‘03 — rc) X F3 =0. (6106)

From Egs. (6.104), (6.105), and (6.106) the components Fyi,, Foi, and M
are computed

Fo1p = —=77.451 N, Fy,, =68.747 N, and M = 37.347 N -m.

Example 6.3. For the R-TRR-RRT mechanism in Example 6.2 calculate
the moment M required for dynamic equilibrium of the mechanism and the
joint forces using the dyad method.
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Solution

Br D Dy dyad
Figure 6.30(a) shows the last dyad Br Dr Dr with the unknown joint reac-
tions F34, Fo5, and Fy5 = —F354. The joint reaction Fg5 is perpendicular to
the sliding direction Fo5 L A =1 or

Fos = Fosyl- (6.107)

The following equations are written to determine F34 and Fs
e sum of all the forces on links 4 and 5 is zero

ZF(4&5) =Fyu+F,+F5+F .+ Fops =0,
or

ZF(Q&?)) '1:F43m+F4x+F5x+Fext:07
STFCY) .y = Fyy + Fuy + Fyy + Fosy = 0. (6.108)

e sum of moments of all the forces and moments on link 4 about Dy is
Zero

ZMg) = (I‘B — I'D> X F43 + (I'04 — I'D) X F4 + M4 =0. (6109)
From Egs. (6.108) and (6.109) the unknown components are calculated
F34m = —107.110 N, F34y = 14.415 N, and F05y = —18.928 N.

The reaction components Fsy, and Frg, are computed from the sum of
all the forces on link 4, Fig. 6.30(b)

STFW =Fy + Fy+ Fs = 0,
or

ZF(4) 1= Iy + Fag + Fray = 0,
ZF(4) -] :F34y+F5y+F54y:07 (6110)

and
F54p = 100.643 N and Fsyy = —19.310 N.
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BT B R CR dyad
Figure 6.31(a) shows the first dyad By Bg Cg with the unknown joint reaction
forces F19, Fo3, and Fo3 = —F35. The joint reaction force F15 is perpendicular
to the sliding direction F5 1 A or

Fio- A = (Fiop1+ Figy)) - (cos g1+ sin¢y) = 0. (6.111)

The following equations are written in order to determine the forces Fi5 and
Fos
e sum of all forces on links 2 and 3 is zero

> F3) — Fy + Fy + F3 + Fy3 + Fo3 = 0,
or
ZF(Z&S) ‘1= Flop + Fop + Fsp + Fyzp + Fpzp = 0,
S FCS) g = iy + Foy + Fyy + Figy + Foge = 0. (6.112)

e sum of moments of all the forces and the moments on link 3 about Bg
is zero

S M = (r¢ —15) x Fos + (rc3 — rp) x Fs + M; = 0. (6.113)

From Egs. (6.111), (6.112), and (6.113) the following components are ob-
tained
Flop = —71.936 N and Fig, = 71.936 N,

Fyszpy = —37.156 N and Fj3, = —60.643 N.

The reaction components Fh3, and Fbs, are computed from the sum of all
the forces on link 3, Fig. 6.31(b)

STF®) =Foy + F3+ Fy3 + Fg3 = 0,
or

ZF(S) 1= Fysp + F3p + Fyze + Foze = 0,
ZF(2) -] = F23y + ng -+ F43y + F03y = 07 (6114>

and solving the equations

Fysp = —71.155 N and Fys, = 73.397 N.
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Driver link
A force equation for the driver can be written to determine the joint reaction
FOla Flg 6.32

ZF(D =Fp +F +Fy =0,
or

ZF(I) 1= [y + Figp + o, =0,
STFW .y = Fyy + Fiy + Fayy = 0, (6.115)

Solving the above equations gives
Fore = —77.451 N and Fy;, = 68.747 N.
Sum of the moments about Ag for link 1 gives the equilibrium moment
S MY =1y x Fy +r1ey x Fy + M =0, (6.116)

and M=37.347 N-m.
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6.10 Problems

6.1

6.2

6.3

6.4

Figure 6.33 shows a uniform rod of mass m and length L. The rod is
free to swing in a vertical plane. The rod is connnected to the ground
by a pin joint at the distance D from one end of the rod. The rod makes
an angle (t) with the horizontal. The local acceleration of gravity is
g. 1. Find the differential equation or equations describing the motion
of the rod. 2. Determine are the axial and shear components of the
force exerted by the pin on the rod as the rod swings by any arbitrary
position? 3. The rod is released from rest in the horizontal position,
and then the initial value of the angular velocity is zero. Find the initial
angular acceleration and the initial pin force components.

The four-bar mechanism shown in Fig. 3.10(a) has the dimensions:
AB = 80 mm, BC = 210 mm, C'D = 120 mm, and AD = 190 mm.
The driver link AB rotates with a constant angular speed of 2400 rpm.
The links are homogeneous rectangular prisms made of steel with the
width A = 0.010 m and the depth d = 0.001 m. The external moment
applied on the link C'D is opposed to the motion of the link and has
the value |M.,| = 600 N-m. The density of the material is pgieer =
8000 kg/m? and the gravitational acceleration is g = 9.807 m/s*. Find
the equilibrium moment on link AB and the joint forces for ¢ = 120°
using: 1. free-body diagram of individual links; 2. contour method;
and 3. dyads.

The slider crank mechanism shown in Fig. 4.10 has the dimensions
AB = 0.4 m and BC' =1 m. The driver link 1 rotates with a constant
angular speed of n = 1600 rpm. The links 1 and 2 have rectangu-
lar shape made of steel with the width A = 0.010 m and the depth
d = 0.001 m. The steel slider 3 has the width wgger, = 0.050 m, the
height hgjiger = 0.020 m, and the depth d = 0.001 m. The external force
applied on the slider 3 is opposed to the motion of the slider and has the
value |F¢| = 800 N. The density of the material is pgsee; = 8000 kg/m?
and the gravitational acceleration is ¢ = 9.807 m/s*>. Find the equi-
librium moment on the driver link 1 and the joint forces for ¢ = 30°
using: 1. free-body diagram of individual links; 2. contour method;
and 3. dyads.

The planar mechanism considered is shown in Fig. 3.19 and has the fol-



1.6 Dynamic Force Analysis 35

6.5

6.6

lowing data: AB=0.150 m, BC=0.400 m, C'D=0.370 m, C'E=0.230 m,
FF=CEFE, L,=0.300 m, L;,=0.450 m, and L.=CD. The constant angu-
lar speed of the driver link 1 is 1800 rpm. The links 1, 2, 3, and 4 are
homogeneous rectangular prisms with the width A = 0.010 m and the
depth d = 0.001 m. The slider 5 has the width wgize, = 0.050 m, the
height hgjiger = 0.020 m, and the depth d = 0.001 m. The external force
applied on the slider 5 is opposed to the motion of the slider and has the
value |F .| = 500 N. The density of the material is pgee; = 8000 kg/m3
and the gravitational acceleration is g = 9.807 m/s?. Find the equilib-
rium moment on the driver link 1 and the joint forces for ¢ = ¢; = 60°.

The R-RRR-RTT mechanism is shown in Fig. 3.20. The following data
are given: AB=0.080 m, BC=0.350 m, C’E=0.200 m, C'D=0.150 m,
L,=0.200 m, L;=0.350 m, L.=0.040 m. The driver link 1 rotates with
a constant angular speed of n = 2200 rpm. The links 1, 2, 3, and 5
are homogeneous rectangular prisms made of aluminum with the width
h = 0.010 m and the depth d = 0.001 m. The aluminum slider 4 has
the width WSlider — 0.050 m, the helght hSlz’der = 0.020 m, and the
depth d = 0.001 m. The external force applied on 5 is opposed to the
motion of the link and has the value |F.,;| = 1000 N. The density of
the material is py = 2.8 Mg/m? and the gravitational acceleration is
g = 9.807 m/s?. For ¢ = 145° find the equilibrium moment on the
driver link 1 and the joint forces. Select suitable dimensions for the
link 5.

The mechanism shown in Fig. 3.21 has the following dimensions: AB =
100 mm, AD = 350 mm, BC' = 240 mm, C'E = 70 mm, EF' = 300 mm,
and a = 240 mm. The constant angular speed of the driver link 1 is
n = 1400 rpm. The links 1 and 4 are homogeneous rectangular prisms
with the width 4 = 0.010 m and the depth d = 0.001 m. The link 2 has
the width A = 0.010 m and the depth d = 0.001 m. The sliders 3 and
5 have the width wgjiger = 0.050 m, the height hgjiger = 0.020 m, and
the depth d = 0.001 m. The external force applied on 5 is opposed to
the motion of the link and has the value |F.,;| = 1200 N. The density
of the material is pron = 7.2 Mg/m? and the gravitational acceleration
is g = 9.807 m/s?. Find the equilibrium moment on the driver link 1
and the joint forces for ¢ = ¢; = 30°.. Select a suitable dimension for
the link 2.
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The dimensions for the mechanism shown in Fig. 3.22 are: AB =
60 mm, BD = 160 mm, BC' = 55 mm, C'D = 150 mm, DE = 100 mm,
CF =250 mm, AE = 150 mm, and b = 40 mm. The constant angular
speed of the driver link 1 is n = 1400 rpm. The links 1, 3, and 4 are
homogeneous rectangular prisms with the width A = 0.010 m and the
depth d = 0.001 m. The slider 5 has the width wgger = 0.050 m, the
height hgiiger = 0.020 m, and the depth d = 0.001 m. The plate 2
has the width A~ = 0.010 m and the depth d = 0.001 m. The external
force applied on 5 is opposed to the motion of the link and has the value
|Fert| = 1500 N. The density of the material is pgronze = 8.7 Mg/m? and
the gravitational acceleration is g = 9.807 m/s?. Find the equilibrium
moment on the driver link 1 and the joint forces for ¢ = ¢; = 60°.

The mechanism in Fig. 3.23 has the dimensions: AB = 110 mm, AC' =
55 mm, BD = 220 mm, DE = 300 mm, £F = 175 mm, L, = 275 mm,
and L = 65 mm. The links 1, 2, 4, and 5 are homogeneous rectangular
prisms with the width A~ = 0.010 m and the depth d = 0.001 m. The
slider 3 has the width wgjiger = 0.050 m, the height hgjiger, = 0.020 m,
and the depth d = 0.001 m. The constant angular speed of the driver
link 1 is n = 2400 rpm. The external moment on 5 is opposed to the
motion of the link M,,; = —|Mext||z5| where |M.,;| = 600 N-m. The
5
density of the material is pgie; = 8000 kg/m?3 and the gravitational
acceleration is ¢ = 9.807 m/s%. Find the equilibrium moment on the

driver link 1 and the joint forces for ¢ = ¢; = 150°.

The dimensions for the mechanism shown in Fig. 3.24 are: AB =
250 mm, BC = 650 mm, AD = 600 mm, CD = 350 mm, DE =
200 mm, EFF = 600 mm, and L, = 100 mm. The constant angular
speed of the driver link 1 is n = 2500 rpm. The links 1, 2, 3, and 4
are homogeneous rectangular prisms with the width ~ = 0.010 m and
the depth d = 0.001 m. The slider 5 has the width wgj;ge, = 0.050 m,
the height hgjiger = 0.020 m, and the depth d = 0.001 m. The external

force on 5 is opposed to the motion of the link F.,; = —|F

|F.st| = 1600 N. The density of the material is pgsee; = 8000 kg/m3 and
the gravitational acceleration is g = 9.807 m/s?. Find the equilibrium
moment on the driver link 1 and the joint forces for ¢ = ¢; = 60°.

The mechanism in Fig. 3.25 has the dimensions: AB = 50 mm, AC =
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160 mm, BD = 250 mm, L, = 30 mm, and L, = 60 mm. The driver
link 1 rotates with a constant angular speed of n = 1500 rpm. The
links 1, 2, and 5 are homogeneous rectangular prisms with the width
h = 0.010 m and the depth d = 0.001 m. The sliders 3 and 4 have the
width WSlider — 0.050 m, the helght hSlider = 0.020 m, and the depth
d = 0.001 m. The external moment on 5 is opposed to the motion of
the link My, = —|Mm||:5| where [M.y;| = 900 N-m. The density of
5
the material is pgsees = 8000 kg/m? and the gravitational acceleration
is ¢ = 9.807 m/s?. Find the equilibrium moment on the driver link 1
and the joint forces for ¢ = ¢; = 130°. Select a suitable dimension for

the link 5.

Figure 3.26 shows a mechanism with the following dimensions: AB =
150 mm, BD = 500 mm, and L, = 180 mm. The constant angu-
lar speed of the driver link 1 is n = 1600 rpm. The links 1, 2, and
4 are homogeneous rectangular prisms with the width h = 0.010 m
and the depth d = 0.001 m. The sliders 3 and 5 have the width
Wsider = 0.050 m, the height hgjiger = 0.020 m, and the depth d =
0.001 m. The external force on 5 is opposed to the motion of the

link Fpy = —yFm|"’L" where [Fup| = 2000 N. The density of the
VD
material i pgee; = 8000 kg/m3 and the gravitational acceleration is

g =9.807 m/s?%. Find the equilibrium moment on the driver link 1 and
the joint forces for ¢ = 210°. Select a suitable dimension for the link 4.

The mechanism in Fig. 3.27 has the dimensions: AB = 20 mm, AC =
50 mm, BD = 150 mm, DE = 40 mm, EFF = 27 mm, L, = 7 mm,
and L, = 30 mm. The constant angular speed of the driver link 1 is
n = 1400 rpm. The links 1, 2, 4, and 5 are homogeneous rectangular
prisms with the width A~ = 0.010 m and the depth d = 0.001 m. The
slider 3 has the width wgjige, = 0.050 m, the height hgjiger, = 0.020 m,
and the depth d = 0.001 m. The external moment on 5 is opposed to
the motion of the link M,,; = —\Mext\|:5’ where [M.,;| = 1500 N-m.
5
The density of the material is pgsee; = 8000 kg/m? and the gravitational
acceleration is ¢ = 9.807 m/s?. Find the equilibrium moment on the

driver link 1 and the joint forces for ¢ = ¢ = 120°.

Figure 3.28 shows a mechanism with the following dimensions: AB =
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250 mm, BC' = 940 mm, CD = DFE = 380 mm, FF = 700 mm,
L, =930 mm, and L, = L. = 310 mm. The driver link 1 rotates with
a constant angular speed of n = 1500 rpm. The links 1, 2, 3, and 4
are homogeneous rectangular prisms with the width A = 0.010 m and
the depth d = 0.001 m. The slider 5 has the width wgj;ge, = 0.050 m,
the height hgjiger = 0.020 m, and the depth d = 0.001 m. The external

v
force on 5 is opposed to the motion of the link F.,;, = — |Fm||—F| where
\Z3

|Feet| = 2000 N. The density of the material is pgseer = 8000 kg/m? and
the gravitational acceleration is g = 9.807 m/s?. Find the equilibrium
moment on the driver link 1 and the joint forces or ¢ = ¢, = 120°.

Figure 3.29 shows a mechanism with the following dimensions: AB =
200 mm, BC' = 900 mm, CE = 300 mm, C'D = 600 mm, EFF =
600 mm, L, = 500 mm, L, = 800 mm, and L. = 1100 mm. The
constant angular speed of the driver link 1 is n = 1000 rpm. The
links 1, 2, 3, and 4 are homogeneous rectangular prisms with the width
h = 0.010 m and the depth d = 0.001 m. The slider 5 has the width
Wsider = 0.050 m, the height hgjiger = 0.020 m, and the depth d =
0.001 m. The external force on 5 is opposed to the motion of the

link Fopy = —yme’VF‘ where |[Fop| = 3000 N. The density of the
Vp
material i pgee; = 8000 kg/m3 and the gravitational acceleration is

g =9.807 m/s?%. Find the equilibrium moment on the driver link 1 and
the joint forces for ¢ = ¢; = 150°.

Figure 3.30 shows a mechanism with the following dimensions: AB =
200 mm, BC = 540 mm, C'F' = 520 mm, C'D = 190 mm, DE =
600 mm, L, = 700 mm, L, = 400 mm, and L, = 240 mm. The constant
angular speed of the driver link 1 is n = 1200 rpm. The links 1, 2, 3, and
4 are homogeneous rectangular prisms with the width A = 0.010 m and
the depth d = 0.001 m. The slider 5 has the width wgj;ge, = 0.050 m,
the height hgjiger = 0.020 m, and the depth d = 0.001 m. The external

%
force on 5 is opposed to the motion of the link F,; = — \Fert||—E| where
Vg

|Feet| = 900 N. The density of the material is pgeer = 8000 kg/m? and
the gravitational acceleration is g = 9.807 m/s?. For ¢ = 30° find the
equilibrium moment on the driver link 1 and the joint forces.

Figure 3.31 shows a mechanism with the following dimensions: AB =
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80 mm, BC = 200 mm, AD = 90 mm, and BE = 220 mm. The
constant angular speed of the driver link 1 is n = 1300 rpm. The
links 1, 2, and 4 are homogeneous rectangular prisms with the width
h = 0.010 m and the depth d = 0.001 m. The sliders 3 and 5 have
the width WSlider — 0.050 m, the helght hSlider = 0.020 m, and the
depth d = 0.001 m. The external force on 3 is opposed to the motion

of the link Fopy = —|Feur| O where [Fep| = 1900 N. The density of

Vel
the material is pgsee; = 8000 kg/m? and the gravitational acceleration
is ¢ = 9.807 m/s?. Find the equilibrium moment on the driver link 1
and the joint forces for ¢ = 60°..

The dimensions of the mechanism shown in Fig. 3.32 are: AB = 80 mm,
BC = 150 mm, BE = 300 mm, CFE = 450 mm, CD = 170 mm,
FF = 600 mm, L, = 200 mm, L, = 150 mm, and L. = 50 mm.
The constant angular speed of the driver link 1 is n = 1500 rpm.
The links 1, 3, and 4 are homogeneous rectangular prisms with the
width ~ = 0.010 m and the depth d = 0.001 m. The slider 5 has
the width wgjiger = 0.050 m, the height hgjiger = 0.020 m, and the
depth d = 0.001 m. The plate 2 has the width » = 0.010 m and the
depth d = 0.001 m. The external force applied on 5 is opposed to the
motion of the link and has the value |F.,;| = 2000 N. The density of
the material is ppronze = 8.7 Mg/ m? and the gravitational acceleration
is g = 9.807 m/s?. Find the equilibrium moment on the driver link 1
and the joint forces for ¢ = ¢; = 210°.

The dimensions of the mechanism shown in Fig. 3.33 are: AB =
140 mm, AC = 200 mm, C'D = 350 mm, DE = 180 mm, and
L, = 300 mm. The constant angular speed of the driver link 1 is
n = 900 rpm. The links 1, 3, and 4 are homogeneous rectangular prisms
with the width A = 0.010 m and the depth d = 0.001 m. The sliders 2
and 5 have the width wgjige, = 0.050 m, the height hgiger = 0.020 m,
and the depth d = 0.001 m. The external force on 5 is opposed to
the motion of the link F,,; = —|F€xt]‘ZE’ where |Fe.¢| = 1000 N. The
E
density of the material is psi s = 8000 kg/m?® and the gravitational
acceleration is ¢ = 9.807 m/s?. Find the equilibrium moment on the

driver link 1 and the joint forces for ¢ = 60°.

The dimensions of the mechanism shown in Fig. 3.34 are: AB =
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250 mm, AC' = 100 mm, CD = 280 mm, and DE = 800 mm. The
constant angular speed of the driver link 1 is n = 1600 rpm. The
links 1, 3, and 4 are homogeneous rectangular prisms with the width
h = 0.010 m and the depth d = 0.001 m. The sliders 2 and 5 have
the width WSlider — 0.050 m, the helght hSlider = 0.020 m, and the
depth d = 0.001 m. The external force on 5 is opposed to the motion
of the link Fup = —|Fe,,0t||zE| where [Fupe| = 900 N. The density of
E
the material is pgsee; = 8000 kg/m? and the gravitational acceleration
is g = 9.807 m/s?. For ¢ = ¢; = 210° find the equilibrium moment on

the driver link 1 and the joint forces.

The dimensions of the mechanism shown in Fig. 3.35 are: AB =
100 mm, AC = 200 mm, and CD = 350 mm. The constant angu-
lar speed of the driver link 1 is n = 900 rpm. The links 1, 3, and
5 are homogeneous rectangular prisms with the width A = 0.010 m
and the depth d = 0.001 m. The sliders 2 and 4 have the width
Wsider = 0.050 m, the height hgjiger = 0.020 m, and the depth d =
0.001 m. The external force on 5 is opposed to the motion of the
link F.,; = —]Fm||:G| where |F..| = 2500 N. The density of the
el

material is pgieer = 8000 kg/m? and the gravitational acceleration is
g = 9.807 m/s%. Find the equilibrium moment on the driver link 1 and
the joint reaction forces for ¢ = ¢; = 45°. Select suitable dimensions
for the link 5 and the distance b.

The dimensions of the mechanism shown in Fig. 3.36 are: AB =
140 mm, AC' = 60 mm, and C'D = 140 mm. The constant angular
speed of the driver link 1 is n = 2200 rpm. The links 1, 3, and 5 are
homogeneous rectangular prisms with the width A = 0.010 m and the
depth d = 0.001 m. The sliders 2 and 4 has the width wggge, = 0.050 m,
the height hgjiger = 0.020 m, and the depth d = 0.001 m. The external
moment on 5 is opposed to the motion of the link M.,; = —|Mext||(:5|

5
where M., = 1500 N-m. The density of the material is pgiee; =
8000 kg/m? and the gravitational acceleration is g = 9.807 m/s*. Find
the equilibrium moment on the driver link 1 and the joint forces for

¢ = ¢1 = 60°. Select suitable lengths for the link 3 and 5.

The dimensions of the mechanism shown in Fig. 3.37 are: AB =
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110 mm, AC' = 260 mm, BD = L, = 400 mm, and DE = 270 mm.
The constant angular speed of the driver link 1 is n = n; = 1000 rpm.
The links 1, 2, and 4 are homogeneous rectangular prisms with the
width h = 0.010 m and the depth d = 0.001 m. The sliders 3 and 5
have the width wggiger = 0.050 m, the height hgjiger = 0.020 m, and the
depth d = 0.001 m. The external force on 5 is opposed to the motion
of the link Flp = —|Fe,,0t||zE| where [Fupe| = 900 N. The density of
E
the material is pgsee; = 8000 kg/m? and the gravitational acceleration
is g = 9.807 m/s?. Find the equilibrium moment on the driver link 1

and the joint forces for ¢ = ¢ = 45°.

The dimensions of the mechanism shown in Fig. 3.38 are: AB =
180 mm, AD = 450 mm, and BC' = 200 mm. The constant angu-
lar speed of the driver link 1 is n = 1600 rpm. The links 1, 2, and
5 are homogeneous rectangular prisms with the width A~ = 0.010 m
and the depth d = 0.001 m. The sliders 3 and 4 have the width
Wsider = 0.050 m, the height hgjiger = 0.020 m, and the depth d =
0.001 m. The external force on 5 is opposed to the motion of the
link F.,; = —|Femt||zG| where |F..;| = 1500 N. The density of the
G
material is pgieer = 8000 kg/m? and the gravitational acceleration is
g = 9.807 m/s%. Find the equilibrium moment on the driver link 1 and

the joint forces. Select suitable lengths for the link 5 for ¢ = ¢; = 135°.

The mechanism in Fig. 3.11(a) has the dimensions: AB = 0.20 m,
AD =040 m, CD = 0.70 m, CE = 0.30 m, and yg = 0.35 m. The
constant angular speed of the driver link 1 is n = 2600 rpm. The
links 1, 3, and 4 are homogeneous rectangular prisms with the width
h = 0.010 m and the depth d = 0.001 m. The sliders 2 and 5 have
the width wgjiger = 0.050 m, the height hgjiger = 0.020 m, and the
depth d = 0.001 m. The external force on 5 is opposed to the motion
of the link Fyy = —\Fm\ﬁ where |F,,,| = 1500 N. The density of
E
the material is pgieer = 8000 kg/m? and the gravitational acceleration
is g = 9.807 m/s?. Find the equilibrium moment on the driver link 1

and the joint forces for ¢ = ¢y = 30°.

The mechanism in Fig. 3.12 has the dimensions: AB = 0.04 m, BC =
0.07m, CD =0.12m, AF = 0.10 m, and L, = 0.035 m. The constant
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angular speed of the driver link 1 is n = 900 rpm. The links 1, 2, and
4 are homogeneous rectangular prisms with the width A~ = 0.010 m
and the depth d = 0.001 m. The sliders 3 and 5 have the width
Wsiger = 0.050 m, the height hgjiger = 0.020 m, and the depth d =
0.001 m. The external force on 5 is opposed to the motion of the
link Fop = —|Fm||:D| where |F.y;| = 1250 N. The density of the
D
material is pgree; = 8000 kg/m?® and the gravitational acceleration is
g = 9.807 m/s?. Find the equilibrium moment on the driver link 1 and

the joint forces for ¢ = ¢; = 60°.

The mechanism in Fig. 3.15 has the dimensions: AC = 0.080 m,
BC = 0.150 m, BD = 0.400 m, and L, = 0.020 m. The constant
angular speed of the driver link 1 is n = 1500 rpm. The links 1, 3,
and 4 are homogeneous rectangular prisms with the width h = 0.010 m
and the depth d = 0.001 m. The sliders 2 and 5 have the width
WSlider = 0.050 m, the helght hSlider = 0.020 m, and the depth d =
0.001 m. The external force on 5 is opposed to the motion of the

link Fop = —|Fm||vD| where |F.y;| = 2000 N. The density of the
VD
material is pgieer = 8000 kg/m? and the gravitational acceleration is

g = 9.807 m/s?. Find the equilibrium moment on the driver link 1 and
the joint forces for ¢ = ¢; = 60°. Select a suitable length for the link
1.
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Figure captions

Figure 6.1 Rigid body as a collection of particles
Figure 6.2 Rigid body with differential element dm
Figure 6.3 System of particles
Figure 6.4 Angular momentum about the mass center for a system of
particles
Figure 6.5 (a) Rigid body in general plane motion; (b) rotation about a
fixed point
Figure 6.6 Rigid body in plane motion
Figure 6.7 Free-body diagrams for a crank slider mechanism
Figure 6.8 (a) Crank slider mechanism; free-body diagrams: (b) crank 1,
(c) connecting, and (d) slider 3
Figure 6.9 (a) Monocontour closed kinematic chain, (b) joint at A; re-
placed by the jOth forces Fi—l,z‘ and Fz’,i—l: Fi—l,i + Fi,i—l =0
Figure 6.10 (a) Mechanism, and (b) diagram representing the mechanism
Figure 6.11 Joint force F34 (a) calculation diagram, and (b) force diagram
Figure 6.12 Joint force Fy5 (a) calculation diagram, and (b) force diagram
Figure 6.13 Joint force Fy5 (a) calculation diagram, and (b) force diagram
Figure 6.14 Joint force Fy3 (a) calculation diagram, and (b) force diagram
Figure 6.15 Joint force Fy3 (a) calculation diagram, and (b) force diagram
Figure 6.16 Joint force F5 (a) calculation diagram, and (b) force diagram
Figure 6.17 Joint force Fy; (a) calculation diagram, and (b) force diagram
Figure 6.18 Joint forces for RRR dyad
Figure 6.19 Joint forces for RRT dyad
Figure 6.20 Joint forces for RTR dyad
Figure 6.21 Joint forces for R-RTR mechanism (Example 6.1)
Figure 6.22 (a) Mechanism, and (b) diagram representing the mechanism
with two contours
Figure 6.23 Joint force F34 (a
Figure 6.24 Joint force Fy5 (a
Figure 6.25 Joint force Fys5 (a
Figure 6.26 Joint force Fy3 (a
(
(
(

b
b
b
b
b

calculation diagram, and (b) force diagram
calculation diagram, and (b) force diagram
calculation diagram, and (b) force diagram
calculation diagram, and (b) force diagram
Figure 6.27 Joint force Fy3 (a) calculation diagram, and (b) force diagram
Figure 6.28 Joint force F5 (a) calculation diagram, and (b) force diagram
Figure 6.29 Joint force Fy; (a) calculation diagram, and (b) force diagram
Figure 6.30 Joint reactions for the dyad Br Dr Dr

Figure 6.31 Joint reactions for the dyad Br Br Cr
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Figure 6.32 Joint reactions for the driver link



