4/2 Plane Trusses

A framework composed of members joined at their ends to form a rigid structure is called a truss. Bridges, roof supports,
derricks, and other such structures are common examples of trusses. Structural members commonly used are [-beams,
channels, angles, bars, and special shapes which are fastened together at their ends by welding, riveted connections, or
large bolts or pins. When the members of the truss lie essentially in a single plane, the truss is called a plane truss.

For bridges and similar structures, plane trusses are commonly utilized in pairs with one truss assembly placed on each
side of the structure. A section of a typical bridge structure is shown in Fig. 4/1. The combined weight of the roadway
and vehicles is transferred to the longitudinal stringers, then to the cross beams, and finally, with the weights of the
stringers and cross beams accounted for, to the upper joints of the two plane trusses which form the vertical sides of the
structure. A simplified model of the truss structure is indicated at the left side of the illustration; the forces L represent
the joint loadings.

Stringer

Cross bqam

Figure 4/1

Several examples of commonly used trusses which can be analyzed as plane trusses are shown in Fig. 4/2.
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Simple Trusses

The basic element of a plane truss is the triangle. Three bars joined by pins at their ends, Fig. 4/3a, constitute a rigid
frame. The term rigid is used to mean noncollapsible and also to mean that deformation of the members due to induced
internal strains is negligible. On the other hand, four or more bars pin-jointed to form a polygon of as many sides
constitute a nonrigid frame. We can make the nonrigid frame in Fig. 4/3b rigid, or stable, by adding a diagonal bar
joining 4 and D or B and C and thereby forming two triangles. We can extend the structure by adding additional units of
two end-connected bars, such as DE and CE or AF and DF, Fig. 4/3¢, which are pinned to two fixed joints. In this way
the entire structure will remain rigid.
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Figure 4/3

Structures built from a basic triangle in the manner described are known as simple trusses. When more members are
present than are needed to prevent collapse, the truss is statically indeterminate. A statically indeterminate truss cannot be
analyzed by the equations of equilibrium alone. Additional members or supports which are not necessary for maintaining
the equilibrium configuration are called redundant.

To design a truss we must first determine the forces in the various members and then select appropriate sizes and
structural shapes to withstand the forces. Several assumptions are made in the force analysis of simple trusses. First, we
assume all members to be two-force members. A two-force member is one in equilibrium under the action of two forces
only, as defined in general terms with Fig. 3/4 in Art. 3/3. Each member of a truss is normally a straight link joining the
two points of application of force. The two forces are applied at the ends of the member and are necessarily equal,
opposite, and collinear for equilibrium.



The member may be in tension or compression, as shown in Fig. 4/4. When we represent the equilibrium of a portion of
a two-force member, the tension 7 or compression C acting on the cut section is the same for all sections. We assume
here that the weight of the member is small compared with the force it supports. If it is not, or if we must account for
the small effect of the weight, we can replace the weight W of the member by two forces, each W/2 if the member is
uniform, with one force acting at each end of the member. These forces, in effect, are treated as loads externally applied
to the pin connections. Accounting for the weight of a member in this way gives the correct result for the average
tension or compression along the member but will not account for the effect of bending of the member.
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Figure 4/4

Truss Connections and Supports

When welded or riveted connections are used to join structural members, we may usually assume that the connection is a
pin joint if the centerlines of the members are concurrent at the joint as in Fig. 4/5.

Figure 4/5

We also assume in the analysis of simple trusses that all external forces are applied at the pin connections. This



condition is satisfied in most trusses. In bridge trusses the deck is usually laid on cross beams which are supported at the
joints, as shown in Fig. 4/1.

For large trusses, a roller, rocker, or some kind of slip joint is used at one of the supports to provide for expansion and
contraction due to temperature changes and for deformation from applied loads. Trusses and frames in which no such
provision is made are statically indeterminate, as explained in Art. 3/3. Figure 3/1 shows examples of such joints.

Two methods for the force analysis of simple trusses will be given. Each method will be explained for the simple truss
shown in Fig. 4/6a. The free-body diagram of the truss as a whole is shown in Fig. 4/65. The external reactions are
usually determined first, by applying the equilibrium equations to the truss as a whole. Then the force analysis of the
remainder of the truss is performed.
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Figure 4/6



4/3 Method of Joints

This method for finding the forces in the members of a truss consists of satisfying the conditions of equilibrium for the
forces acting on the connecting pin of each joint. The method therefore deals with the equilibrium of concurrent forces,
and only two independent equilibrium equations are involved.

We begin the analysis with any joint where at least one known load exists and where not more than two unknown forces
are present. The solution may be started with the pin at the left end. Its free-body diagram is shown in Fig. 4/7. With the
joints indicated by letters, we usually designate the force in each member by the two letters defining the ends of the
member. The proper directions of the forces should be evident by inspection for this simple case. The free-body
diagrams of portions of members AF and AB are also shown to clearly indicate the mechanism of the action and
reaction. The member 4B actually makes contact on the left side of the pin, although the force 4B is drawn from the
right side and is shown acting away from the pin. Thus, if we consistently draw the force arrows on the same side of the
pin as the member, then tension (such as AB) will always be indicated by an arrow away from the pin, and compression
(such as AF) will always be indicated by an arrow toward the pin. The magnitude of AF is obtained from the equation
XF),=0and 4B is then found from ZF) = 0.

y p
| Compression
|
| AF
|
|
1@
Tension
R,
Figure 4/7

Joint F may be analyzed next, since it now contains only two unknowns, EF and BF. Proceeding to the next joint having
no more than two unknowns, we subsequently analyze joints B, C, E, and D in that order. Figure 4/8 shows the free-
body diagram of each joint and its corresponding force polygon, which represents graphically the two equilibrium
conditions XFy = 0 and XF), = 0. The numbers indicate the order in which the joints are analyzed. We note that, when
joint D is finally reached, the computed reaction Ry must be in equilibrium with the forces in members CD and ED,
which were determined previously from the two neighboring joints. This requirement provides a check on the correctness
of our work. Note that isolation of joint C shows that the force in CE is zero when the equation XF), = 0 is applied. The

force in this member would not be zero, of course, if an external vertical load were applied at C.
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Figure 4/8

It is often convenient to indicate the tension 7 and compression C of the various members directly on the original truss
diagram by drawing arrows away from the pins for tension and toward the pins for compression. This designation is
illustrated at the bottom of Fig. 4/8.

Sometimes we cannot initially assign the correct direction of one or both of the unknown forces acting on a given pin. If
so, we may make an arbitrary assignment. A negative computed force value indicates that the initially assumed direction
is incorrect.
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This New York City bridge structure suggests that members of a simple truss need not be straight.
© Stephen Wilkes/The Image Bank/Getty Images

Internal and External Redundancy

If a plane truss has more external supports than are necessary to ensure a stable equilibrium configuration, the truss as a
whole is statically indeterminate, and the extra supports constitute external redundancy. If a truss has more internal
members than are necessary to prevent collapse when the truss is removed from its supports, then the extra members
constitute internal redundancy and the truss is again statically indeterminate.

For a truss which is statically determinate externally, there is a definite relation between the number of its members and
the number of its joints necessary for internal stability without redundancy. Because we can specify the equilibrium of
each joint by two scalar force equations, there are in all 2j such equations for a truss with j joints. For the entire truss
composed of m two-force members and having the maximum of three unknown support reactions, there are in all m + 3
unknowns (m tension or compression forces and three reactions). Thus, for any plane truss, the equation m + 3 = 2j will
be satisfied if the truss is statically determinate internally.

A simple plane truss, formed by starting with a triangle and adding two new members to locate each new joint with
respect to the existing structure, satisfies the relation automatically. The condition holds for the initial triangle, where m
=j =3, and m increases by 2 for each added joint while j increases by 1. Some other (nonsimple) statically determinate
trusses, such as the K-truss in Fig. 4/2, are arranged differently, but can be seen to satisfy the same relation.

This equation is a necessary condition for stability but it is not a sufficient condition, since one or more of the m
members can be arranged in such a way as not to contribute to a stable configuration of the entire truss. If m + 3 > 2j,
there are more members than independent equations, and the truss is statically indeterminate internally with redundant
members present. If m + 3 <2j, there is a deficiency of internal members, and the truss is unstable and will collapse
under load.



Harbour Bridge in Sydney, Australia.
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Special Conditions

We often encounter several special conditions in the analysis of trusses. When two collinear members are under
compression, as indicated in Fig. 4/9a, it is necessary to add a third member to maintain alignment of the two members
and prevent buckling. We see from a force summation in the y-direction that the force F3 in the third member must be

zero and from the x-direction that /1 = F». This conclusion holds regardless of the angle 6 and holds also if the collinear
members are in tension. If an external force with a component in the y-direction were applied to the joint, then 3 would
no longer be zero.

2F}=0requiresF1=F2
3F, =0 requires F; = 0 [ EF, =0 requires F3 = F,

2F, = 0 requires F, = 0
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Figure 4/9

When two noncollinear members are joined as shown in Fig. 4/9b, then in the absence of an externally applied load at
this joint, the forces in both members must be zero, as we can see from the two force summations.



When two pairs of collinear members are joined as shown in Fig. 4/9¢, the forces in each pair must be equal and
opposite. This conclusion follows from the force summations indicated in the figure.

Truss panels are frequently cross-braced as shown in Fig. 4/10a. Such a panel is statically indeterminate if each brace
can support either tension or compression. However, when the braces are flexible members incapable of supporting
compression, as are cables, then only the tension member acts and we can disregard the other member. It is usually
evident from the asymmetry of the loading how the panel will deflect. If the deflection is as indicated in Fig. 4/10b, then
member 4B should be retained and CD disregarded. When this choice cannot be made by inspection, we may arbitrarily
select the member to be retained. If the assumed tension turns out to be positive upon calculation, then the choice was
correct. If the assumed tension force turns out to be negative, then the opposite member must be retained and the
calculation redone.
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Figure 4/10

We can avoid simultaneous solution of the equilibrium equations for two unknown forces at a joint by a careful choice
of reference axes. Thus, for the joint indicated schematically in Fig. 4/11 where L is known and F| and F, are unknown,

a force summation in the x-direction eliminates reference to | and a force summation in the x’-direction eliminates
reference to . When the angles involved are not easily found, then a simultaneous solution of the equations using one
set of reference directions for both unknowns may be preferable.

Figure 4/11

Sample Problem 4/1

Compute the force in each member of the loaded cantilever truss by the method of joints.



Helpful Hints

It should be stressed that the tension/compression designation refers to the member, not the joint.

{1) Note that we draw the force arrow on the same side of the joint as the member which exerts the force.
In this way tension (arrow away from the joint) is distinguished from compression (arrow toward the
joint).
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Solution.

If it were not desired to calculate the external reactions at D and E, the analysis for a cantilever truss could
begin with the joint at the loaded end. However, this truss will be analyzed completely, so the first step will be
to compute the external forces at D and E from the free-body diagram of the truss as a whole. The equations of
equilibrium give

[EMz=0] 5T —20(5) —30(10) =0 T=80kN
[EF, = 0] 80c0s30° —E, =0  E,=693kN
[LF,=0] 80sin30° + E,—20-30=0  E,=10kN

Next we draw free-body diagrams showing the forces acting on each of the connecting pins. The correctness of
the assigned directions of the forces is verified when each joint is considered in sequence. There should be no
question about the correct direction of the forces on joint A. Equilibrium requires

[LF,=0]  08664B—30=0 AB=346kNT  .Ans.
[EF,=0] AC—05(346)=0 AC=1732kKNC  Ans.

] where 7 stands for tension and C stands for compression.

Joint B must be analyzed next, since there are more than two unknown forces on joint C. The force BC must
provide an upward component, in which case BD must balance the force to the left. Again the forces are
obtained from

[LF,=0] 0.866BC—0866(34.6)=0 BC=346kNC Ans.
[EF,=0] BD—2(05)(346)=0 BD=346kNT Ans.



Joint C now contains only two unknowns, and these are found in the same way as before:

[LF,=0] 0.866CD —0.866(34.6) —20=0

CD=5T7kNT Ans .
[EF,=0] CE—17.32—05(34.6)—=05(57.7)=0
CE=635kNC Ans .

Finally, from joint £ there results
[EFJ:O] 0866DE=10 DE=1155kNC Ans .
and the equation XF', = 0 checks.
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Sample Problem 4/2

The simple truss shown supports the two loads, each of magnitude L. Determine the forces in members DE, DF,
DG, and CD.




Helpful Hints

Rather than calculate and use the angle f = 78.8° in the force equations, we could have used the
(1)  11.25° angle directly.
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Solution.

First of all, we note that the curved members of this simple truss are all two-force members, so that the effect of
each curved member within the truss is the same as that of a straight member.

We can begin with joint £ because there are only two unknown member forces acting there. With reference to
the free-body diagram and accompanying geometry for joint £, we note that § = 180° — 11.25° — 90° = 78.8°.

Q)
[EFJ. =0] DEsn788°—L =0 DE=1020LT Ans.
[EF,=0] EF—DEcos788°=0 EF=0.1989LC

We must now move to joint F, as there are still three unknown members at joint D. From the geometric

diagram,
-1 2Rsin22 57 N 10
~ = tan : === =421
' [ 2Rcos22 5" —R ]

From the free-body diagram of joint F,
[EF,=0] — GFcos67.5" + DFcos42.1" —0.1989L =0
[EF, =0] GFsin67.5" | DFsin42.1" —L =0
Simultaneous solution of these two equations yields

GF=0646LT DF=0601LT Ans .

For member DG, we move to the free-body diagram of joint D and the accompanying geometry.

-, —1| 2Rcos22.5” —2Rcos45"” | _ 141 qo

0=t [ 2Rsin43° — 2Rsin22 5" ] =338
~1[_2Rsin22.5° — Rsin45° 3 one

£ = tan - — = ) — _92

’ [ 2Rc0s22.5° — Rcos43° ]

Then from joint D:



[EF,=0] —=DGcos2.92" — CDsin33 8" — 0.601Lsin47 9"  1.020Lcos78 8" =10
[EFJ' =0] =DGsin2.927 | CDcos33.8" —0.601Lcos47.9” —1.020LsinT8 8" =
The simultaneous solution is

CD=161TLT DG=—-114TLor DG=114TLC Ans.

Note that € is shown exaggerated in the accompanying figures.
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Additional Sample Problem - Method of Joints

Problems

Introductory Problems

4/1. Determine the force in each member of the loaded truss. Explain why knowledge of the lengths of the
members is unnecessary.
4000 1Ib

A 30° 60°\ C

Problem 4/1
Answer:
AB =20001b C, AC=17321b T

BC=34601b C

4/2. Determine the force in each member of the loaded truss. Identify any zero-force members by inspection.



Problem 4/2

4/3. Determine the force in each member of the loaded truss.
B 2m C
f 45

2m

D
‘A 4m
3000 N
Problem 4/3

Answer:

AB =3000N 7, AC=4240N C, CD =4240N T

AD =3000N C, BC=6000N T

4/4. Determine the force in each member of the loaded truss.
D 6m C

Problem 4/4

4/5. Determine the force in each member of the loaded truss.

B C
4m
A/ 3m 6m 3m \ D
s F E
Y ./
4 kN 6 kN

Problem 4/5



Answer:

AB =563 kN C, AF=338kN T
BC=413kN C,BE=0901 kN T
BF=4kN T, CD=6.88 kN C

CE=550kNT,DE=413kN T

EF=338kNT
4/6. Calculate the force in each member of the loaded truss. All triangles are isosceles.

30001b B

A

(oo,

12’ E
4000 1b
Problem 4/6

4/7. Determine the force in member AC of the loaded truss. The two quarter-circular members act as two-
force members.

L

A C

Problem 4/7
Answer:

Ac=L7

4/8. Determine the force in each member of the loaded truss. Make use of the symmetry of the truss and of
the loading.

B ¢ D
4m
E
% 5m 5m 5m 5m
H G F
Y Y
30 kN 60 kN 30 kN
Problem 4/8

4/9. Determine the force in each member of the loaded truss.



Problem 4/9

Answer:

AB=1442KkKN T, AC=2.07kN C,AD =0

BC=645kN T, BD=12.89 kN C

4/10. Determine the forces in members BE and CE of the loaded truss.
5 kN

Problem 4/10

Representing Problems

4/11. Calculate the forces in members CG and CF for the truss shown.
2 kN

Ao 2m J’Bszzml},l

|
4kN G ‘ 3m
|
|

Problem 4/11

Answer:



CG=224kNT,CF=1kN C

4/12. Each member of the truss is a uniform 20-ft bar weighing 400 1b. Calculate the average tension or
compression in each member due to the weights of the members.

D

E
Ol 1O
/ 60° 60° \ C
O 1O} .
20 B 20 =

o

Problem 4/12

4/13. A drawbridge is being raised by a cable EI. The four joint loadings shown result from the weight of the
roadway. Determine the forces in members EF, DE, DF, CD, and FG.

2 kips
Problem 4/13

Answer:
EF =3.87 kips C, DE =4.61 kips T
DF =437 kips C, CD =2.73 kips T

FG =17.28 kips C

4/14. The truss is composed of equilateral triangles of sides a and is loaded and supported as shown.
Determine the forces in members EF, DE, and DF.

30°




Problem 4/14

4/15. Determine the forces in members BC and BG of the loaded truss.
3 kN 3 kN

Ap
3m lG 3m

Problem 4/15

Answer:

BC=346kN C,BG=1528kN T
4/16. Determine the forces in members BI, CI, and HI for the loaded truss. All angles are 30°, 60°, or 90°.

C D
BME
Aé é F
a i § a H a G @
2 l l 2

4 kN 2 kN
Problem 4/16

4/17. Determine the forces in members AF, BE, BF, and CE of the loaded truss.

D
6 kN =
2m
C
5 kN =——>o0—h E
2m
B
4 kN > F

2m
N - G

Problem 4/17



Answer:
AF =613 kKN T, BE=559 KN T

BF=650kN C,CE=5kKN C
4/18. The signboard truss is designed to support a horizontal wind load of 800 Ib. A separate analysis shows

that = of this force is transmitted to the center connection at C and the rest is equally divided between D

and B Calculate the forces in members BE and BC.
D

Problem 4/18

4/19. A snow load transfers the forces shown to the upper joints of a Pratt roof truss. Neglect any horizontal
reactions at the supports and solve for the forces in all members.

1kN

1 kN

2m H 2m
Problem 4/19

Answer:
AB=DE=BC=CD=335kN C
AH=EF=3kN T, BH=DF=1kN C

CF=CH=1414kKNT,FG=GH=2kKN T

4/20. The loading of Prob. 4/19 is shown applied to a Howe roof truss. Neglect any horizontal reactions at the
supports and solve for the forces in all members. Compare with the results of Prob. 4/19.

1kN

1 kN ¢C 1kN

2m H 2m @G 2m F 2m

Problem 4/20



4/21. Determine the force in each member of the pair of trusses which support the 5000-1b load at their
common joint C.

5000 1b

B Cl D
I o

60° 60°

Problem 4/21

Answer:

AB=BC=BG=0,AG=CG=28901b C
4/22. Determine the force in member BF of the loaded truss.
A

Problem 4/22

4/23. The rectangular frame is composed of four perimeter two-force members and two cables AC and BD
which are incapable of supporting compression. Determine the forces in all members due to the load L in
position (@) and then in position (b).

L

(a)




Problem 4/23

Answer:

AB=AD=BD=C.BC=LC

ac=3Lrcp=3Lc

AB:A-D:BC:B]:)ZO

ac=3Lrcp=3Lc

4/24. Verify the fact that each of the trusses contains one or more elements of redundancy and propose two

separate changes, either one of which would remove the redundancy and produce complete statical
determinacy. All members can support compression as well as tension.

(e) (d)
Problem 4/24

4/25. Determine the forces in members AC and AD of the loaded truss.

500 1b

Problem 4/25

Answer:

AC=4D=17791b C

4/26. Analysis of the wind acting on a small Hawaiian church, which withstood the 165-mi/hr winds of
Hurricane Iniki in 1992, showed the forces transmitted to each roof truss panel to be as shown. Treat the
structure as a symmetrical simple truss and neglect any horizontal component of the support reaction at

A. Identify the truss member which supports the largest force, tension or compression, and calculate this
force.



2450 1b

Problem 4/26
= The tower for a transmission line is modeled by the truss shown. The crossed members in the center

4/27.
sections of the truss may be assumed to be capable of supporting tension only. For the loads of 1.8 kN
applied in the vertical plane, compute the forces induced in members 4B, DB, and CD.

’% 5 panels at 3 m
H I J D E A

Problem 4/27

Answer:

AB =389 kN C,DB=0,CD =0.932kN C
= Determine the force in member CM of the loaded truss.

4/28.
*‘4m-—-+4mﬂ—i4m *“4m
D _E F

J
J
|

Arc of radius 16 m
Arc of radius 18 m—

Problem 4/28



Answer:

CM=341LT



