1 Kane equations - Example 1

Find the equations of the motion for the system in Fig. 1 using Kane’s
method. The homogeneous slender rods OA = AB = 2L have the masses
equals to m. The mass of the slider 3 is M; and the mass of the slider 4 is
M,. The linear spring R has the elastic constant £ and its mass is neglected.
The driver moment M,,, = M,, k acts on 1 at O. The initial conditions are
given. The friction is neglected.

Solution
For the kinematic chain of family f = 3, the mobility is computed with

M=3n—-2c¢—c1=3(4)—2(5)—0=2,

where n=4 moving links and the number of full joints is cs=5. The system
has two degrees of freedom. There are two generalized coordinate ¢;(t) and
¢2(t). The first generalized coordinte is the angle ¢;(t) between link 1 and the
vertical axis, and the second generalized coordinate ¢o(t) is a linear distance
from the origin O to the mass center C' of slider 4.

There are two generalized speeds defined as

Uy = C]l and Uy = QQ.

Kinematics
The angular velocities of links 1 and 2 in a “fixed” cartesian reference
frame (0) of unit vectors [1, J, k] are

wig = 1k = w1k and wyg = —¢1k = —u k. (1)
The angular accelerations of links 1 and 2 in (0) are
aj = wio = @1k =ik, @z = wig = —G1k = —urk. (2)
The position vector of the mass center C of the link 1 is
ro1 = Lcos g+ Lsinqy],
and the position vector of the mass center C5 of the link 2 is

roo = 3L cosqql + Lsin ).
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The position vector of the mass center B of the link 3 is
rg = 4L cos qi1,
and the position vector of the mass center C' of the link 4 is
rc = gol.

The linear velocities of the mass centers are

Vo1 = o1 = —Lug singi1 + Lug cos ¢,

Voo = oo = —3Lug sin ¢u1 + Luq cos q1],

vg =rp = —4Lu, sinqq1,

Vo = I"C = U2l. (3)

The linear accelerations of the mass centers are

ac) = ver = —L(ugsing + u% cos 1)1 + L(ty cosqp — uf sin q1)J,

acy = Voo = —3L(1 singy + u% cos q1)1+ L(1; cosqr — u% sin q1)],

ap =vp = —4L(using + uf oS q)1,

ac = VC = ’L'Lgl. (4)

Generalized inertia forces
The generalized inertia forces for a rigid body RB are
. aVCG Oow

Fr = cFipp+— - Ty, 5
" ou, + ou, (5)

where v is the velocity of the mass center RB in (0), and w = w,1+w,] +
w:k is the angular velocity of RB in (0).
The inertia force for the rigid body RB is

Fin =-M aca, (6)
where M is the mass of RB, and acq is the acceleration of the mass center
of RB in (0).

The inertia torque T;, for RB is
Tn = —a-]—-—wx ([ w), (7)
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where & = w = a,1+ a,) + a. .k is the angular acceleration of RB in (0), and
I = (L)1 + (1,3)) + (I.k)k is the central inertia dyadic of RB. The central
principal axes of RB are parallel to 1, j, k and the associated moments of
inertia have the values I, I, 1., respectively.

e Rigid body 1:

Fi,1 = —mag; = mL(t; sin ¢ + uf cos ¢1)1 — mL(i; cos g1 — uising)y,
_ mL?
Tiw1=—ay- 1 = —ayoli, = — 12 k. (8)

e Rigid body 2:

Fin 2 = —mace = 3mL(t; sin g + 12 cos ¢1)1 — mL(u cos g1 — u? sinq,)J,
_ mL?
Tino = —auy - Ir = —aply, = Tulk. (9)

e Rigid body 3:

Fi,3 = —Mag = 4M; L(t; sinq; + u? cos q1),1
T, 3 =0. (10)

e Rigid body 4:

Fin 4 = —Meac = — Myt
T4 =0. (11)

The generalized inertia forces associated to ¢; and ¢y are

(9V01 (90.710
F = : Fin : Tin
1 aul 1+ au1 1+
Oves Owy
: Fin : Tin
o0 2+ 9u, 2+
8vB aVC
—— - Fus+— - Fuy,
ouq 3+ ouy 4
over Owq
Fy = : Fin - Tin
2 8U2 1+ 8u2 1+



8VCQ 8w20

: Fin : Tin
8u2 2+ 8u2 2+
0VB 8vc
— Fus+— " Fuuq,
61@ 5 0u2 4
(12)
or
Ff = [—6.1666mL2 + 8M, L*(cos 2q; — 1) 4 4mL? cos 2q1} Uy
—4L*(m + 2M, )u? sin 2q;
Fy = —Myus,. (13)
Generalized active forces
The gravitational forces are
G1 =maq1, acts at (],
Gy = maq1, acts at Cs,
Gs = Mg, acts at B,
Gy = Msg, acts at C, (14)
where g = 9.81 m/s? is gravitational acceleration.
The elastic forces that act on the siders 3 and 4 are given by
F/"% = F.p=—k[(rp—rc) — (rpo — reo)] =
k[—4L(cos g1 — q2) — (4L cos qi1o — q20)]1,
Fi"* = F.c = —k[(rc —r5) — (rco — rpo) = —Fep, (15)

where ¢19 = ¢1(0) and ¢op = ¢2(0) are the initial generalized coordinates at
t=0.
The generalized active forces associated to ¢; and ¢y are

dwi Ove Oves
R o= .M, e . G
! aul + 3u1 1+ @Ul 2+
Ovpg Ovpg ove ove
B Gyt =L Fup+—2 G+ —2 - Fe,
8114 3t 8U1 5+ 8u1 4t aul ©
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F, = .M, el el
2 au2 3u2 1+ @Ug 2+
Ovpg Ovpg ove ove
"B G+ =L Fp+ =Y G+ =% F, (16
8U2 3t 8U2 B 8u2 4t 8u2 © ( )

Fy = M,, —4gL(m + Mj)sinq, + 4kL(4L cosq; — 4L cos g0 — q2 + q20) sin ¢y,

Fy = —Myg+4kL(cosq — cosqio) — k(g2 — g20). (17)
The Kane’s dynamical equations are
Fi+F,=0, r=12 (18)

The solution of the system is obtained from Kane’s dynamical relations
Eq. (18) and from kinematical relations Eq. (1) with the initial conditions

qio = Ch(o)’ G20 = Q2(0), Up = Ul(o), and ugy = U2<O)-
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rB={4 L Cos
rc={gz2[t], 0, 0};

(*vel ocity anal ysis*)
vCl=D[rCL1,t];
vQ=D[rC2,t];
vB=D[rB,t];
vC=D[rCt];

(*angul ar vel ocity anal ysi s*)

wl0={0,0,ql'[t]};
w20={0,0,-ql' [t]};

(*accel eration anal ysi s*)

aCl=D[vC1,t];
aC2=D[vC2,t];
aB=D[ vB, t];
aC=DvC t];

(*angul ar accel erati on anal ysi s*)

al phalO=D[ w10, t];
al pha20=D[ w20, t ] ;

(*generalized inertia force*)

| 1z=nmr L 2/ 12. ;

| 2z=r L"2/ 12. ;

Finl=D[vCl,ql [t]].(- maCl)+D[wl0, gql' [t]
DvC2,ql' [t]].(- maC2)+D w20, qgl' [t]
DvB,ql' [t] ].(- ML aB)+DvC,ql' [t]]

Fin2=D[vCl,qg2'[t]].(- maCl)+D[wl0, g2' [t]
DvC2,92'[t]].(- maC2)+D w20, 92" [t]
DvB,g2' [t] ].(- ML aB)+D[vC,q2' [t]]

(*generalized active force*)

(*gravitational forces*)

Gl={m g, 0, 0};

&={m g, 0, 0};

G={M g, 0, 0};

GA={M g, 0, 0};

(*elastic forces*)
rB0={4 L Cos[qgl[0]],
r 0={q2[ 0], 0, 0} ;

0,

0};

| 1z al phalO) +
| 2z al pha20) +
M2 al);

| 1z al phalO) +
| 2z al pha20) +
M2 al);
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FeB=-k ((rB-rC)-(rB0-rC0));
FeC=-k ((rCrB)-(rQ0-rB0));

(*driver torque*)

M={ 0, 0, Mot } ;

1. MO vC1, g2
]. G+ D vB, g2' [
]. &4+ D vC g2' |

(*Kane' s equati ons*)

eql=Fi n1+F1;
eq2=Fi n2+F2;

[t
t]]
t]

]11.Gl+D[vC2, q1' [t]]. G+
]. FeB+
]. FeC

1. GL+D{vC2, q2' [t]]. G2+
. FeB+
. FeC;
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