8 KINEMATIC CHAINS WITH CONTIN-
UOUS FLEXIBLE LINKS

8.1 Transverse vibrations of a flexible link

Often a kinematic chain consists in part of continuous elastic components
supported by rigid bodies. Small motions of the components relative to
the rigid bodies generally are governed by partial differential equations. In
such cases these equations cannot be solved by the method of separation of
variables.

Figure 8.1 shows a cantilever beam B of length L, constant flexural rigid-
ity E'I and constant mass per unit length p. When B is supported by a rigid
body fixed in a frame, small flexural vibrations of B are governed by the
equation

My(z,t) n Oy(z,t)

El = 1
and by the boundary conditions
y(0,0) =y (0,8) =y (L,t) =y (L,t) =0. (8.2)

The general solution of Eq. (8.1) that satisfies Eq. (8.2) can be expressed as

y(x,t) = i O, () qi(t), (8.3)

=1

where ®;(z) and ¢;(t) are functions of x and ¢, respectively, defined as

i Nx coshA;+cosA; (.. Nz .Y

®; = cosh — — — h — , 4
cos 7 cos 7 Sl & s, (sm 7 sin 7 ) (8.4)

and
q; = O COSpit + 61 Sil’lpit, (85)
where \;, i = 1,...,00 are the consecutive roots of the transcendental equa-

tion
cos Acosh A+ 1 =0, (8.6)
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and «; and f; are constants that depends upon initial conditions.
The functions ®;(x) satisfy the orthogonality relations

L
/ 0,0, pdr=mé;  (i.j=1,...,00), (8.8)
0

and .
EI/O OO de =piméy;  (i,j=1,...,00), (8.9)

where m is the mass of the beam and ¢;; is the Kronecker delta.

8.2 Equations of motion for a flexible link

In Fig. 8.2, a schematic representation of a kinematic chain is given. The
system is formed by a rigid body RB that supports a uniform cantilever
beam B of length L, flexural rigidity £, and mass per unit length p. Only
planar motions of the kinematic chain in a fixed reference frame (0) of unit
vectors (19, Jo, Ko] will be considered.

To characterize the instantaneous configuration of the rigid body RB, gen-
eralized coordinates qi, g2, g3 are employed. The first generalized coordinate
¢1 denotes the distance from Cp, the mass center of RB, to the horizontal
axis of the reference frame (0). The generalized coordinate g denotes the
distance from Cfp, to the vertical axis of (0). The last generalized coordinate
g3, (s3 = sings, c3 = cosq3), designates the radian measure of the rotation
angle between RB and the horizontal axis.

Generalized speeds uy, ug, and us, used to characterize the motion of RB in
(0), are defined as

Uy = Ve, 1, Uy = Ve, ©), U3 = Wro - K, (8.10)

where v¢,, is the velocity in (0) of the mass center Cr of RB, wgq is the
angular velocity of RB in (0), and [1, J, k] form a dextral set of mutually
perpendicular unit vectors fixed in RB and directed as shown in Fig. 8.2. It
follows immediately that

Vep = U1l + us J, WRro = U3k. (811)

The unit vectors 19, ]y, ko can be expressed as

lp = ¢€31— 83)],
Jo = 831 + c3l,
ke, = k (8.12)
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The velocity of Cg in (0) is

Voer = qilo+G2)
= (Gic3+ Gos3)+ (—qG1s3+ Gacs)). (8.13)

From Egs. (8.11) and (8.13) follows that

Uy = 1 3 + ¢2 S3,
Uy = —(q1 83 + G2 C3,

Equation (8.14) can be solved uniquely for ¢i, ¢o, g3, and thus uy, ug, ug form
a set of generalized speeds for the RB.

Kinematics

Deformations of the cantilever beam B can be discussed in terms of the
displacement y(x,t) of a generic point P on the beam B. The point P is
situated at a distance z from the point (), the point at which B is attached
to RB. The displacement y can be expressed as

n

y(z,t) = ®i(x) gs44(t), (8.15)

i=1

where ®;(z) is a totally unrestricted function of z, g3,;(t) is an equally un-
restricted function of ¢, and n is any positive integer. Generalized speeds
Usyi, © = 1,...,n are introduced as

U3 = Q3+i, 1= 1, ey n. (816)
The velocity of @ in (0) is

Vo = VCR—|—wR0Xbl
1 3 k
= upl+usJ+|0 0 wug|=u1+ (ug +bus)y, (8.17)
b 0 0

where b is the distance from Cg to Q.
The velocity of any point P of the elastic link B in (0) is

0
vp = VCR+E[(b+x)1+yJ]+wROX[(b+x)l+y.]]



1 J k
= U11+U2J+y_]+ 0 0 wus
b+x y O

= (u; —ugy)1+ [ug+ (b+ x) us + Yy
= (Ul —us Z ®; Q3+z‘> 1
i=1

+ |}L2+(b+fl§) U3+Z(I)iU3_H“| J- (818)

i=1

The velocity of the midpoint Cz of the uniform elastic link B in (0) is
L n
Vo, = vp(r= 2 )= |w —uz Y Pigs |1
i=1

i=1
The angular acceleration of RB in the reference frame (0) is
Ry — wRO = U3k (820)

The linear acceleration of Cg in the reference frame (0) is

0
ac, = aVCR + wpo X VCgr
1 )] k
= iLl 1+ UQJ +10 0 us
uy U2 0

= (U — uguz)t+ (g + ug uy)J.

The acceleration of point P in the reference frame (0) is

ap = aVP‘l—wRo X Vp

= [ul — UU3 — (b + {L')U,g — Z (I)Z'(U3Q3+Z' + 2U3U3+i)‘| 1
i=1

+ ldz + uguy + (b + x)us + Z (345 — U§Q3+i)1 J- (8.21)
i=1



Generalized inertia forces

If mg and I, are the mass of RB and the moment of inertia of RB about
a line passing through C'i and parallel to k, then the generalized inertia force
F is given by

. Owrp Ove
Fr = . (=1, ago) + 8urR - (—mpac,) +
L
8ZP-(—ap)pdx7 r=1,...,3+n (8.22)

The constants mpg, eg, Ip, E;, F;, and G;; are defined as
L L L
mB:/ pdx, eB:/ xpdx, IB:/ 2 pdx,
0 0 0

L L L
0 0 0
,j=1,...,n.
Equation (8.22) then leads to

n

Fy = — (mp+mp)(t — ugus) + us ZEiCIS—H

=1

+2us Z Eiusy; +ui(bmp + ep),
i=1

Fy = — (mp+mp)(ty + usuy) — Y Eylizy
=1

—uz(bmp + ep) + u% Z Eiqs44,
i=1

Fy = (41 — usus) > Eigs+i — (U + ugur ) (bmp + ep)
=1

—tz(b®mp + 2bep + Ip + I.) — > _tsi(bE; + F)

=1

—2u3 > Y Guegsyitisin — Uz Y > GirlsriG3 ks

=1 k=1 i=1k=1
F§+j = — T:LQE]‘ — Z Gijug_;,_i — U3(bE] + F]) — U3U1Ej

=1

+u3 > Giigs+i, j=1,...,n. (8.23)

=1



Generalized active forces

The contributions to the generalized active forces are made by the inter-
nal forces, and by the gravitational forces exerted. The internal forces are
considered first. The force dF is the force exerted on a generic differential

element of B
oV (z,1)

Ox
where V' (z,t) is the shear at point P. If rotatory inertia is neglected, then
V(z,t) may be expressed in terms of the bending moment M (z,t) as

dF = —

dz j, (8.24)

OM (x,t)
t) = —. 2
V1) = 22 (8.25)
Since 52
- Yy
M=EI . (8.26)
Eqs. (8.24),(8.26) yield
0? 0%y

The system of forces exerted on the rigid body RB by the elastic beam B
is equivalent to a couple of torque M(0,t)k together with a force - V(0,1))
applied at point (). Hence, (F,);, the contribution of the internal forces to
the generalized active force F}, is given by

. 8wRO 8VQ
(FT)I - aUT M(()? t)k aur

Lovp  O? 0%y
o Ou, 'J(‘?aﬂ (EléxQ du

B dwro , Py(0,t)  Ivg y(0,¢)

= B ( ou, -k or2 o, E ox? B

L 2 2
aVP.Ja (E]a y(:c,t)) de, r=1,...,3+n. (8.28)

-V (0,t)y —

0o Ou, °O0x2 0x?
which leads to

(F1)r = 0,



n " L n\n
(F2)r = =D 344 [(EM% )m:O"’/O (EI®;) dx] ,
=1
n " L s
(F3)1 = b(Fo)r+ > g3 [(EI(I)Z- )o=0 — / (EI®;) dm] ,

i=1 0

n L "n )
<F3+j)] = _quJri/O (I)j(EICI)l) de, ] = 1,...,%. (829)
i=1

The restrictions on ®; to ensure that y and y vanish at « = 0 while M and
V' vanish at x = L are

®;(0) = @,(0) = &, (L) = ®; (L) = 0, i=1,...,n. (8.30)
When the integrations are carried out, the following expressions result for
the contribution of the internal forces to the generalized active forces

(F1)r = (F2)r = (F3)1 =0,
(F34j)1 = — Y Hijgs14, J=1...n, (8.31)
=1

where H;; is defined as

" "

@, dr, ,j=1,...,n. (8.32)

L
Hy= / EI®
0

The gravitational forces exerted on RB and B by the Earth, are denoted by
Gpg, and Gp, and can be expressed as

Gr = —mpg)o=-mpryg(sz1+cs)),
Gp = —mpg)y=—mpg(s31+c3)). (8.33)
The contribution to F, of the gravitational forces is
(F)g = a(;’;’% Gp+ 8523 Gp, r=1,...,3+n. (8.34)
The generalized active forces are
F.=(F)r+ (F)g r=1,...,3+n. (8.35)

To arrive at the dynamical equations governing the system, all that remains
to be done is to substitute into Kane’s dynamical equations, namely,

Fr+F. =0, r=1,...,3+n. (8.36)
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In[13]: =

O f [Ceneral ::spell]
O f [General ::spell 1]

(* FLEXI BLE BEAM CANTILEVED I N A RI G D BODY FALLI NG
UNDER GRAVI TY *)

Apply [ O ear, Names ["Q obal **" ]7;

(* (0) - fixed reference frane attached to the
ground with the unit vectors {i0, jO, kO} *)

(* (1) - nobile reference frame attached to the
rigid body base RB with the unit vectors {i, j, k}*)

(*Cross[xx_ , yy_1 :={xx[[2]] yy[[311-xx[[3]] yy[I[2]],
XX[[311 yy[[111-xx[[111 yy[[3]1,
XX[[111 yy[[211-xx[[2]1] yy[[111} ™)

(* initial data *)
L=1.;

b=0.1;

2 b;

0. 3;

=1.;

amlL = 1. 875;

ro=0.21991;

mB=Lro;

El =35. 3;

lz =1/712. MR (c"2 + d"2);
g =29.81;

2 3500

(* transformation matrix from (0) to (1) *)

ROl = {{Cos[q3[t]1], ~-Sin[q3[t]], 03,
{Sin[g3[t1], Cos[g3[t]], 0},
{0 0, 1y

(* kinematic eqs. in generalized speeds ¥*)
rule={ql [t] ->ul[t] Cos[g3[t]] - u2[t] Sin[g3[t]],
q2' [t]->ul[t]Sin[g3[t]]+u2[t] Cos[q3[t]],
q3' [t] ->u3[t],
q4' [t] —>ud[t]};

(* angul ar velocity of RBin (0)%)
WR = {0, 0, u3[t1};

(* linear velocity of mass center CR of RBin (0)
expressed in ternms of (1) {i,j,k} *)
VCR= {ulf[t], u2[t], 0};

(* linear velocity vQ of point Qon RBin (0)
expressed in terms of (1) {i,j,k} *)

rQ={b, 0, 0};

vQ=VvCR +Cross [WR, rQJ;

Fil = (Cosh[lamLx /L] -Cos[lamlx /L] -

(Cosh[l anml] +Cos [l aml]) / (Si nh[laml] +Sin[l aml])
(SinhflanL x /L] -Sin[lam.x /L1));

(* elastic displacement of an arbitrary point P on the



EX_EL.nb

elastic link Bin (1) expressed in terns of (1) {i,j,k}™*)
yP1=q4[t] Fi 1,

(* linear velocity of an arbitrary point P on the elastic
link in (0) expressed in ternms of (1) {i,j,k} *)
rP={b+x, yP1, O0};

vP= vCR+ D[rP, t] + Cross[WR, rP] /. rul e;

FiCcB=Fil/. x->L/2.;

(* elastic displacement of the midpiont CB on the
elastic link Bin (1) expressed in ternms of (1) {i,j,k}?*)
yCB= q4[t] Fi CB;

(* linear velocity of a mdpiont CB on the elastic
link Bin (0) expressed in terns of (1) {i,j,k} *)
rcB={b+L/2, yCB, 0};

vCB=VvCR+ D[rCB, t] + Cross[WR, rCB] /. rule;

(* angul ar accel eration of RBin (0) expressed in termns
of (1) {i,j.,k} ™
al phaR=D[WR, t];

(* linear acceleration of CR of RBin (0) expressed
interms of (1) {i,j,k} *
aCR=Sinplify [D[VCR, t]+Cross[wWR, VCR] /. rule];

(* linear acceleration of an arbitrary point P on |ink
Bin (0) expressed in terms of (1) {i,j,k} *)
aP= D[vP, t] + Cross[WR, VvP] /. rule;

(* generalized inertia forces ¥*)

intel = ExpandAl | [D[vP, ul[t]] . (-aP) ro]l;
i nte2 = ExpandAl | [D[vP, u2[t]] . (-aP) rol;
i nte3 = ExpandAl | [D[vP, u3[t]] . (-aP) rol;
i nte4d = ExpandAl | [D[vP, u4[t]] . (-aP) rol;

Integralal =Chop[lntegrate[intel, {x, 0, L}11;
Integrala2 =Chop[lntegrate[inte2, {x, 0, L}]1;
Integral a3 =Chop[Integrate[inte3, {x, 0, L}]1;
Integral a4 =Chop[lntegrate[inted4, {x, 0, L}]1;

Finl = D[WR, ul[t]]. (-lzal phaR) +
DIVCR, ul[t]] . (-nRaCR) + Integral al,

Fin2 = D[WR, u2[t]]. (-lz al phaR) +
D[VCR, u2[t]] . (-nRaCR) + I ntegral a2;

Fin3 = D[WR, u3[t]]. (-lzal phaR) +
DIVCR, u3[t]] . (-nmRaCR) + Integral a3;

Find = D[WR, u4[t]]. (-lzal phaR) +
DIVCR, u4[t]] . (-nRaCR) + I ntegral a4;

(* generalized active forces ¥*)

(* gravitational forces *)
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GR={0, -nRg, 0}.RO1;
&B={0, -nBg, 0}.R01;
F1G=D[VCR, ul[t]].GR + D[vCB, ul[t]]. GB;
F2G=D[VCR, u2[t]1]. GR + D[vCB, u2[t]]. GB;
F3G=D[VCR, u3[t]].GR + D[vCB, u3[t]]. GB;
FAG=D[VCR, u4[t]].GR + D[VCB, u4[t]]. GB;

M = El D[D[yP1, x1, Xx1I;

M = {0, 0, M/. x->0};
V = D[M x1;

VO = {0, V/. x->0, 0};

F = {0, DID[M x], x], O};

integl = ExpandAl | [D[vP, ul[t]]. FI;
i nteg2 = ExpandAl | [D[vP, u2[t]] . FI;
i nteg3 = ExpandAl | [D[vP, u3[t]] . FI;
i nteg4 = ExpandAl | [D[vP, u4[t]] . FI;
Integral 1 =Chop[lntegrate[integl, {x, O, L}]1;
Integral 2 =Chop[lntegrate[integ2, {x, 0, L}]1;
Integral 3 =Chop[lntegrate[integ3, {x, 0, L}]1;
Integral 4 =Chop[lntegrate[integ4, {x, 0, L}11;

F1l =D[WR, ul[t]]. MO-D[vQ ul[t]].VO-Integrall;
F2l =D[WR, u2[t]]. MO-D[vQ u2[t]].VO-Integral 2;
F3l =D[wWR, u3[t]]. MO-D[vQ u3[t]].VO-Integral 3;

FAl =D[WR, u4[t]]. MO-D[vQ u4[t]].VO-Integral4;

el = Finl+ F1l + F1G
e2 = Fin2+ F2I + F2G
e3 = Fin3+ F3l + F3G
e4 = Find+ F41 + FAG
e5 = -u3[t] +q3' [t];
e6 = -u4[t] +qd' [t];

(* nunerical sinulation *)

kane = NDSol ve[

{el1==0, e2==0, e3==0, e4==0, e5==0, e6==0,
ul[f0] ==0.0, u2[0] ==0.0, u3[0] ==0.0,

u4[0] ==0.0, g3[0] ==1.0, g4[0] ==0. 0001},

{ulft], u2[t], u3[t], ud4f[t], q3[t], gq4[t1}, {t, 0.0,

Pl ot [Evaluate[ul[t] /. kane], {t, 0.0, 1.0},
Pl ot Range -> {Al |, All},

AxesLabel -> {"t [s]", "ul[nVs]" }1;

Pl ot [Eval uate[u2[t] /. kane], {t, 0.0, 1.0},
Pl ot Range -> {Al |, Al'l },

AxeslLabel -> {"t [s]", "u2[nVs]" }1;

Pl ot [Eval uate[u3[t] /. kane], {t, 0.0, 1.0},
Pl ot Range -=> {Al |, Al 1},

AxesLabel -> {"t [s]", "u3[rad/s]"}];

Pl ot [Eval uate[u4[t] /. kane], {t, 0.0, 1.0},
Pl ot Range -> {Al |, Al'l 3},

AxesLabel -> {"t [s]", "ud4[nV/s]"}];

Pl ot [Eval uate[qg3[t] /. kane], {t, 0.0, 1.0},

1.0}1;
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Pl ot Range -> {Al'l, Al },

AxesLabel -> {"t [s]", "q3[m]" }1;

Pl ot [Eval uate[qg4[t] /. kane], {t, 0.0, 1.0},
Pl ot Range -> {Al |, Al },

AxesLabel -> {"t [s]", "q4[m]" }];

ul[nvs]

0.2 0.4 0.6 0.8 1

u3frad/s]

0.02

0.01

-0.01
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u4 [nm/s|

Tl

w LA

a3 [m

[y

[y

. 9999
. 9998
. 9997
. 9996
. 9995
. 9994

O O O o o o

a4 [m]
0. 00045
0. 0004
0. 00035
0. 0003
0. 00025
0. 0002
0. 00015




