Four DOF robot

Figure 1 is a schematic representation of a robot [Kane|, with four links
1, 2, 3, and 4. The mass center of the link ¢ is designated C;, 1 = 1,2, 3, 4.
The dimensions ACy, = Ly, AC; = Ly and C3Cy = L3 are shown in Fig. 1.

Link 1 rotates in a “fixed” newtonian reference frame (0) about a vertical
axis fixed in both (0) and 1. The reference frame (0) has the unit vectors
10, Jo, Ko as shown in Fig. 1. The reference frame (1) of unit vectors [11, J;, k1]
is attached to link 1. The vertical unit vectors j, and j; are fixed in both (0)
and 1. The first generalized coordinate ¢; denotes the radian measure of the
angle between the axes of (0) and (1).

Link 1 supports link 2, and link 2 rotates relative to 1 about a horizontal
axis fixed in both 1 and 2. The reference frame (2) of unit vectors [1g, J,, ko]
is fixed in 2. The horizontal unit vectors 1; and 15 are fixed in both 1 and 2.
The mass center (5 is a point fixed in both 1 and 2. The second generalized
coordinate ¢o denotes the radian measure of the angle between the axes of
(1) and (2).

The link 2 supports link 3, and link 3 has a translational motions relative
to 2. The generalized coordinate g is the distance between the mass centers,
Cy and (5, of 2 and 3, respectively.

The link 3 supports link 4, and link 4 rotates relative to 3 about an axis
fixed in both 3 and 4. The reference frame (4) of unit vectors [14, J,, k4] is
fixed in 4. The unit vectors J, and j, are fixed in both 3 and 4. The mass
center Cy is a point fixed in both 3 and 4. The generalized coordinate g3 is
the radian measure of the rotation angle between 3 and 4.

The reference frame (4), 14, J4, k4] is fixed in 4 in such a way that 1y =
14, Jo = J4r K4 = ko when ¢; = ¢» = g3 = 0.

The generalized speeds, uy, us, us, uy4, are associated with the motion of
a system, and can be introduced as

Uy = Wy * 14-

Uz = Wq0 " Jg;

uz = wyo - ky,

Uy = qa, (1)
where wyg denotes the angular velocity of 4 in (0). One may verify that

wio = (G15253 + Goc3)1s + (G1c2 + 43))s + (—G152¢3 + G253) Ky, (2)
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where s; and ¢; denote sing; and cos ¢;, 1 = 1, 2, 3, respectively. Substitution
into Eq. (1) then yields

U1 = 158283 + gacCs,

Uy = q1C2 + G3,
Uz = —(q152C3 + (253,
Ug = (j4. (3)

Equation (3) can be solved uniquely for ¢y, ¢o, §3, 4. Specifically,

¢1 = (u1s3 — ugcs)/so,
G2 = (u1c3 + us3ss),
43 = ug + (uscs — u1S3)ca/s2,

41 = ug. (4)

with singularities at g = 0° and ¢o = 180° degrees posing no problem. Thus,
u, as defined in Eq. (1) form a set of generalized speeds for the robot. The
mass of link r is m,., r = 1, 2, 3, 4. The central inertia dyadic of link r, can
be expressed as

I = (Ipetp )1y + (Iyn]r>.]r + (Loky )k, (5)

where I, I, I., are the central principal moments of inertia of r = 1, 2, 3, 4.

In the case of the robot, there are two kinds of forces that contribute to
the generalized active forces F,., r =1, 2, 3, 4 namely, contact forces applied
in order to drive links 1, 2, 3, 4, and gravitational forces exerted on the links
by the Earth.

Considering, the contact forces, the set of such forces transmitted from
newtonian frame (0) to link 1 (through bearings and by means of motor) is
replaced with a couple of torque Ty, together with a force Fy; applied to 1
at Cl'

Similarly, the set of contact forces transmitted from 2 to 1 is replaced
with a couple of torque Tg; together with a force Fy; applied to 1 at Cy
(which is a point fixed in 1). The law of action and reaction then guarantees
that the set of contact forces transmitted from 1 to 2 is equivalent to a couple
of torque -Ty; together with the force - Fy; applied to 2 at Cs.

Next, the set of contact forces exerted on 2 by 3 is replaced with a couple
of torque T3y together with a force Fsp applied to 2 at (3o, the point of



2 instantaneously coinciding with C5. The set of forces exerted by 2 on 3
is, therefore equivalent to a couple torque -T3s together with the force -F3
applied to 3 at Cs.

Similarly, torque T,3 and forces F 3 come into play in connection with
the interactions of 3 and 4 at C4. As for gravitational forces exerted on
the links of the robot by the Earth, these are denoted by G,, r =1, 2, 3, 4
respectively.

The following notations are introduced

n = To -3 =klqy — @) — ked,

7o = To -1 =k3(g2 — q27) + kade + g[(m3 + ma)qu + maLs]s,

3 = Tuz-)3 = ks(qs — q3r) + kegs,

o = Fsy-)3=Fkr(qs — quy) + ksqs — g(ms + my)cs. (6)

where ky, ..., kg are constant “gains” ky = 3.0 Nm, ks = 5.0 Nm s, k3 = 1.0
Nm, k4 =30Nms, ks =03 Nm, kg =06 Nms, by =30 N m, kg = 41
N's, and ¢,y = 7/3 rad » = 1,2, 3 while ¢4y = 0.1 m.

The initial numerical data are L; = 0.1 m, Ly = 0.1 m, L3 = 0.7 m, my
—9kg,m2—6kg,m3—4kg,m4—1kg,lx1—001kgm I, = 0.02 kg
m? [zl—()()lkgm [x2—006kgm [2—001kgm [z2—005kgm
= 0.001 kg m? and IZ4 = 0.001 kg m?.

Find and solve the equations of motion of the system.
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O f[Ceneral ::spell]
O f[ General ::spell 1]

(*Cross [ xx_ , yy_1] :=

{ xx[[2]] yy[[3]]-xx[[3]] yy[[2]]
xX[[3]] yy[[1]]-xx[[1]] yy[[3]]
xx[[1]1 yy[[2]]1-xx[[2]] yy[[1]]

(* Kinematics *)

(*transformation matrix from RF2 to RF1*)
R21= {{1,0, 0},

{0, Cos[q2[t]], Sin[q2[t]]},

{0, -Sin[q2[t]], Cos[q2[t]]}};

(*transformation matrix from RF4 to RF2*)
Ra2= {{Cos[q3[t]], O, -Sin[qg3[t]]},

{0, 1, 0},

{Sin[g3[t]], O, Cos[q3[t]]} };

(* rule for expressing ql',q92',93',q94" in terns
of generalized speeds ul, u2, u3, ud*)
rul ={
ql' [t]->(ul[t] Sin[q3[t]]-
ud[t] Cos[q3[t]])/Sin[q2[t]],

2" [t]->(ul[t] Cos[q3[t]]+u3[t] Sin[q3[t]]),
g3 [t]->u2[t]+(u3[t] Cos[q3[t]]-

ul[t] Sin[q3[t]])*Cos[q2[t]]/Sin[q2[t]],
q4' [t]->ud[t]};

(*Angul ar vel ocities*)

(*Angul ar velocities of each link 1, 2, 3, 4, in
RFO, involving the generalized speeds, are expressed
using a vector basis fixed in the body

under consi deration*)

(*angl ar velocity of link 1 in RFO expressed in
ternms of RF1{i 1,1, kl}*)
wl01={0, D{ q1[t],t],0} /.rul

(*anglar velocity of link 1 in RFO expressed in
terns of RF2{i2,j2,k2}*)
wl02 = wl01l. Transpose[ R21] /.rul ;

(*anglar velocity of link 2 in RF1 expressed in
terms of RF1{i1,j1,kl}*)
w211={D[q2[t],t], 0,0} /.rul

(*angl ar velocity of link 2 in RF1 expressed in
terns of RF2{i2,j2,k2}*)
w212={D[ gq2[t],t], 0, 0}. Transpose[ R21] /.rul ;

(*anglar velocity of link 2 in RFO expressed in
terms of RF2{i 2,j 2, k2}*)
Ww202=w102+w212;

(*angl ar velocity of link 2 in RFO expressed in
ternms of RF4{i4,j2,k2}*)
w204=w202. Tr anspose[ R42] ;
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(*angl ar velocity of link 3 in RFO expressed in
terms of RF2{i2,j2,k2}==RF3{i3,j3,k3} *)
w302=w202;

(*anglar velocity of link 4 in RF2 expressed in
terms of RF2{i2,j2,k2}*)
wi22= {0, D[ q3[t],t],0} /.rul ;

(*anglar velocity of link 4 in RF2 expressed in
terms of RF4{i 4,4, k4}*)
w424= w422, Tr anspose[ R42] ;

(*angl ar velocity of link 4 in RFO expressed in
ternms of RF4{i4,j4, k4}*)
w404=Si npl i fy[ w424+w204 /.rul ];

(*angl ar velocity of link 4 in RFO expressed in
terns of RF2{i2,j2,k2}*)
w402= w404. R42;

(*angul ar accel erati ons*)

(*angl ar acceleration of link 1 in RFO expressed in
terns of RF1 {i1l,j1,kl}*)
al0ol= D[wi01,t] /.rul ;

(*angl ar acceleration of link 2 in RFO expressed in
terms of RF2{i 2,j 2, k2}*)
a202=D[ w202, t] /.rul ;

(*angl ar acceleration of link 3 in RFO expressed in
ternms of RF2{i2,j2,k2}*)
a302=a202;

(*angl ar acceleration of link 4 in RFO expressed in
terms of RF4{i4,j 4, k4}*)
a404= D[ w404, t];

*

Remar k: The angul ar vel ocity

wl01l was expressed in terns of il,j1,k1,

w202 was expressed in terns of i2,j2,k2,

w302 was expressed in terns of i2=i3,j2= 3, k2=k3,
w404 was expressed in terns of i4,j4,k4.

The reason for doing this is that it |eads

automatically to expressions for
D{w101,ur[t]] (r=1,2,3,4) in terns of il,
D[ w202, ur[t]] (r=1,2,3,4) in ternms of i2,j
D{w302,ur[t]] (r=1,2,3,4) in terns of i2,j
D[ w404, ur[t]] (r=1,2,3,4) in terns of i4,j4,k4,

and this will facilitate later work, where it will be
assurmed that the central principal axes of inertia of
link 1 are parallel to il,j1,k1,

link 2 are parallel to i2,j2,k2,

link 3 are parallel to i2,j2,k2,

link 4 are parallel to i4,j4,k4.
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When it conmes to dealing with the velocities of

Cl, C2, C3, ¢4, the mass centers of links 1, 2, 3, 4,
it is not necessarily advantageous to work with
il,j1,k1, in the case of Cl, with i2,j2,k2, for C2,
and so forth. Instead, it is best to use whatever
vector basis pernmts one to wite the sinplest
expression. *)

(*l'inear velocity of mass center ClL of link 1
in RFO expressed in terms of RF1{i1,j1,k1} is
zero since Cl is fixed in RFO*)

vCl101={0, 0, 0};

(*position vector fromCl, nass center of link 1,
to C2, mass center of link 2, expressed in terns
of RF1{i1,j1,kl}*)

rCl21={L1, L2, 0};

(*l'inear velocity of mass center C2 of link 2 in
RFO expressed in terms RF1{i1,j1, k1}*)
vC201=D[ r C121, t] +Cross[wl01, rC121] /.rul ;

(*Remark: velocity of C2, which is "fixed" in
RF1{i1,j 1, k1l}, can be conputed as
vC201=Cr oss[ w101, {L1,0,0}];*)

(*l'inear velocity of mass center C2 of link 2 in
RFO expressed in terms RF2{i2,j 2, k2}*)
vC202=vC201. Transpose[ R21] ;

(*position vector fromCl, nmass center of link 1,
to C3, mass center of link 3, expressed in terns
of RF2{i2,j2,k2}*)

rC132={L1, L2, 0}. Transpose[ R21] +{0, gq4[t], O};

(*l'inear velocity of mass center C3 of link 3 in
RFO expressed in terms RF2{i2,j 2, k2}*)
vC302=D[ r C132, t] +Cross[ w202, rC132] /.rul ;

(*Remar k: anot her way of conputing vC302
vC302=vC202+
D {0,q4[t], 0}, t]+Cross[w202, {0, g4[t],0}]/.rul ;

*

(*linear velocity of point C32 of link 2
expressed in terns of RF2{i2,j2, k2}

C32, of link 2, is superposed with C3, of |ink 3%)
vC3202=vC202+Cr oss[ w202, {0, gq4[t], 0}];

(*l'inear velocity of mass center C4 of link 4 in
RFO expressed in terms RF2 {i2,j2,k2}*)
vC402=vC302+Cr oss[ w202, {0, L3,0}] /.rul ;

(*Li near accel erations*)

(*l'inear acceleration of mass center ClL of link 1 in
RFO expressed in terns of RF1{i1,j1,kl}*)

aCl01={o0, 0, 0};

(*l'inear acceleration of mass center C2 of link 2 in
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RFO expressed in terns of RF1{i1,j1, kl}*)
aC201=Df vC201, t] +Cr oss[ w101, vC201]/.rul ;

(*l'inear acceleration of mass center C3 of Ilink 3 in
RFO expressed in terms of RF2{i2,j2,k2}*)
aC302= D[ vC302,t] +Cross[ w202, vC302] /.rul

(*l'inear acceleration of mass center C4 of link 4 in
RFO expressed in terms of RF2{i2,j2,k2}*)
aC402=D{ vC402, t] +Cr oss[ w402, vC402] /.rul ;

(*Dyadi cs*)

(*dyadic I'1 of link 1 expressed in terns of
RF1{i 1,1, k1}*)
I1={{Ix1,0,0}, {0,1y1,0},{0,0,1z1}};

(*dyadic 12 of link 2 expressed in terns of
RF2{i 2,j2,k2}*)
12={{1x2,0,0}, {0,1y2,0},{0,0,1z2}};

(*dyadic I3 of link 3 expressed in terns of
RF2{i 2,j 2, k2}*)
13={{1x3,0,0}, {0,1y3,0},{0,0,1z3}};

(*dyadic 14 of link 4 expressed in terns of
RF4{i 4, 4, k4}*)
I14={{1x4,0,0}, {0,1y4,0},{0,0,1z4}};

(*Inertia torques*)

(*inertia torque Tinl of link 1 in RFO expressed in
ternms of RF1{i1,j1,kl} *)
Tinl= -al101.11-Cross[w101,11.w101];

(*inertia torque Tin2 of link 2 in RFO expressed in
terns of RFL1{i2,j2,k2}*)
Ti n2= -a202. | 2- Cross[ w202, | 2. w202] ;

(*inertia torque Tin3 of link 3 in RFO expressed in
terms of RF2{i 2,j 2, k2}*)
Tin3= -a302. 13- Cross[ w202, | 3. w302] ;

(*inertia torque Tind of link 4 in RFO expressed in
ternms of RF4{i4,j4, k4} *)
Ti n4=-a404. | 4- Cr oss[ w404, | 4. w404] ;

(*Inertia force*)

(*inertia force Finl of Iinkl in RFO expressed in
ternms of RF1{i 1,1, kl}*)
Fi nl1=-nml aCl01;

(*inertia force Fin2 of Iink2 in RFO expressed in
terns of RF1{i1,j1,k1}*)
Fi n2=-n2 aC201;

(*inertia force Fin3 of 1ink3 in RFO expressed in
terms of RF2{i 2,j 2, k2}*)
Fi n3=-nB aC302

(*inertia force Find of link4d in RFO expressed in
ternms of RF2{i2,j2,k2}*)
Fi n4=-m4 aC402
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(*Generalized inertia forces*)

Kinl=

D Expand[ w101 ], ul[t]
D Expand[ vC101], ul[t]
DO Expand[ w202 ], ul[t]]. Ti n2+
D Expand[ vC201],ul[t]]. Fi n2+

].Tinl+
]
|
D Expand[ w302 ],ul[t]]. Ti n3+
]
]
]

.Finl+

D[ Expand[ vC302] ,ul[t]]. Fi n3+
Df Expand[ w404 ], ul[t]]. Ti n4+
Df Expand[ vC402],ul[t]]. Fi n4;

Ki n2=

D Expand[ w101 ], u2[t]
D[ Expand[ vC101], u2[t]
D Expand[ w202 ], u2[t]]. Ti n2+
D Expand[ vC201],u2[t]]. Fi n2+

].Tinl+
]
|
D Expand[ w302 ],u2[t]]. Ti n3+
]
]
]

.Finl+

D Expand[ vC302],u2[t]]. Fi n3+
Df Expand[ w404 ],u2[t]]. Ti n4+
D[ Expand[ vC402] , u2[t]]. Fi n4;

Ki n3=

D Expand[ w101 ], u3[t]
D Expand[ vC101], u3[t]
D Expand[ w202 ], u3[t]]. Ti n2+
D Expand[ vC201], u3[t]]. Fi n2+

].Tinl+
]
%
D Expand[ w302 ], u3[t]]. Ti n3+
]
]
]

.Finl+

D Expand[ vC302],u3[t]]. Fi n3+
D[ Expand[ w404 1, u3[t]]. Ti n4+
Df Expand[ vC402], u3[t]]. Fi n4;

Ki n4=

D Expand[ w101 ], u4[t]
D Expand[ vC101], u4[t]
D Expand[ w202 ], u4[t]]. Ti n2+
Df Expand[ vC201], u4[t]]. Fi n2+

].Tinl+
]
|
Df Expand[ w302 ], u4[t]]. Ti n3+
]
]
]

.Finl+

D[ Expand[ vC302] ,u4[t]]. Fi n3+
Df Expand[ w404 ], u4[t]]. Ti n4+
Dl Expand[ vC402],u4[t]]. Fi n4;

(*Contact and gravitational force*)
(*rigid link 1*)

(*force applied by base 0 to link 1 at Cl1
expressed in terns of RF1{il,j1, k1}*)
K01={ KO1lx, KO1ly, KO01z};

(*torque applied by base 0 to link 1
expressed in terns of RF1{il,j1, k1}*)
T01={TO1x, TOly, TO01z};

(*force applied by link 2 to link 1 at C2
expressed in terms of RF2{i2,j2,k2}*)
K21={ K21x, K21y, K21z};

(*torque applied by link 2 to link 1
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expressed in terns of RF2{i2,j2,k2}*)
T21={T21x, T2ly, T21z};

(*gravitational force that acts on link 1 at Cl1
expressed in terns of RF1{il,j1, k1}*)
Gl={0,-nl g, O};

(*generalized active forces for |ink 1%)

Klal=

D[ Expand[ w101 ], ul[t]].TO1+

D Expand[ vC101],ul[t]]. KO1+

D Expand[ w101 ], ul[t]]. Transpose[ R21].(T21) +
D Expand[ vC201], ul[t]]. Transpose[ R21] . (K21) +
D Expand[ vC101],ul[t]]. GL;

Kla2=

DO Expand[ w101 ],u2[t]]. TO1l+

D Expand[ vC101],u2[t]]. KO1+

Df Expand[ w101 ], u2[t]]. Transpose[ R21].(T21) +
D Expand[ vC201], u2[t]]. Transpose[ R21] . (K21) +
D[ Expand[ vC101],u2[t]]. GL,;

Kla3=

D[ Expand[ w101 ],u3[t]].TO1+

D Expand[ vC101],u3[t]]. KO1+

D Expand[ w101 ], u3[t]]. Transpose[ R21].(T21) +
D Expand[ vC201], u3[t]]. Transpose[ R21] . (K21) +
D Expand[ vC101],u3[t]]. GL;

Kla4=

Df Expand[ w101 ], u4[t]]. TO1l+

D Expand[ vC101],u4[t]]. KO1+

Df Expand[ w101 ], u4[t]]. Transpose[ R21].(T21) +
D Expand[ vC201], u4[t]]. Transpose[ R21] . (K21) +
D[ Expand[ vC101], u4[t]]. GL,;

(*rigid link 2%)

(*force applied by link 1 to link 2 at C2
expressed in terns of RF2{i2,j2,k2}: -K21 *)

(*torque that applied by link 1 to link 2
expressed in terns of RF2{i2,j2,k2}: -T21 *)

(*force applied by link 3 to link 2 at C32
expressed in terns of RF2{i2,j2,k2}*)
K32={ K32x, K32y, K32z};

(*torque applied by link 3 to link 2
expressed in terms of RF2{i2,j2,k2}*)
T32={ T32x, T32y, T32z};

(*gravitational force that acts on link 2 at C2
expressed in terns of RF2{i2,j2,k2}*)
&={0,-nm2 g, 0};

(*generalized active forces for |ink 2%)

K2al=

O Expand[ w202 ], ul[t]].(-T21)+

Df Expand[ vC201 ], ul[t]]. Transpose[ R21]. (-K21) +
DO Expand[ w202 ], ul[t]].T32+
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D Expand[ vC3202] , ul[t]]. K32
DO Expand[ vC201 ], ul[t]]. &2;

K2a2=
DO Expand[ w202 ],u2[t]].(-T21)+
D Expand[ vC201 ],u2[t]]. Transpose[ R21]. (- K21) +
D Expand[ w202 ], u2[t]].T32+
D Expand[ vC3202] , u2[t]] . K32
Dl Expand[ vC201 ],u2[t]]. &;

K2a3=

DO Expand[ w202 ],u3[t]].(-T21)+

Df Expand[ vC201 ],u3[t]]. Transpose[ R21]. (- K21) +
DO Expand[ w202 ], u3[t]].T32+

D Expand[ vC3202] , u3[t]]. K32

D Expand[ vC201 ],u3[t]]. &;

K2a4=
D[ Expand[ w202 ], u4[t]].(-T21)+
D Expand[ vC201 ], u4[t]]. Transpose[ R21]. (- K21) +
Df Expand[ w202 ], u4[t]].T32+
Df Expand[ vC3202] ,u4[t]]. K32
D[ Expand[ vC201 ],u4[t]]. &2;

(*rigid link 3*)

(*force applied by link 2 to link 3 at C3
expressed in terns of RF2{i2,j2,k2}: -K32 *)

(*torque applied by link 2 to link 3
expressed in terns of RF2{i2,j2,k2}: -T32 *)

(*force that applied by link 4 to link 3 at C4
expressed in terns of RF2{i2,j2,k2}*)
K43={ K43x, K43y, K43z};

(*torque that applied by link 4 to link 3
expressed in terms of RF2 {i2,j2,k2}*)
T43={T43x, T43y, T43z};

(*gravitational force that acts on link 3 at C3
expressed in terns of RF2{i2,j2,k2}*)
&@B={0,-nB8 g, 0}.Transpose[ R21];

(*generalized active forces for |ink 3%)

K3al=
DO Expand[ w302 ],ul[t]].(-T32)+
D[ Expand[ vC302] , ul[t]]. (-K32) +
D[ Expand[ w302 ],ul[t]].T43+
Df Expand[ vC402] ,ul[t]]. K43
Df Expand[ vC302],ul[t]]. &3;

K3a2=
D[ Expand[ w302 ],u2[t]].(-T32)+
D[ Expand[ vC302],u2[t]]. (- K32)+
D[ Expand[ w302 ], u2[t]].T43+
Df Expand[ vC402],u2[t]]. K43
D[ Expand[ vC302] ,u2[t]]. G3;
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K3a3=
D[ Expand[ w302 ], u3[t]].(-T32)+
D Expand[ vC302],u3[t]]. (-K32)+
D[ Expand[ w302 ], u3[t]].T43+
Df Expand[ vC402],u3[t]]. K43
D Expand[ vC302],u3[t]]. &3;

K3a4=
DO Expand[ w302 ],u4[t]].(-T32)+
Df Expand[ vC302],u4[t]]. (-K32)+
Df Expand[ w302 ], u4[t]]. T43+
D Expand[ vC402],u4[t]] . K43
D Expand[ vC302] , u4[t]] . G3;

(*rigid link 4*%)

(*force that applied by link 3 to link 4 at C4
expressed in terns of RF2{i2,j2,k2}: -K43 *)

(*torque that applied by link 4 to link 3
expressed in terns of RF2 {i2,j2,k2}: -T43*)

(*gravitational force that acts on link 4 at C4
expressed in terns of RF2{i2,j2,k2}*)
&= {0, -m} g, 0}.Transpose[ R21];

(*generalized active forces for |ink 4%)

K4al=

DOf Expand[ w404 ],ul[t]].R42. (-T43)+
D[ Expand[ vC402] , ul[t]]. (-K43) +

D[ Expand[ vC402] , ul[t]]. &4,

K4a2=

D Expand[ w404 ],u2[t]].R42. (-T43)+
Df Expand[ vC402] ,u2[t]]. (- K43) +

Df Expand[ vC402],u2[t]]. &4;

K4a3=

D[ Expand[ w404 ], u3[t]].R42. (-T43)+
D Expand[ vC402],u3[t]]. (-K43) +

D Expand[ vC402],u3[t]]. &4;

K4a4=

Df Expand[ w404 ], u4[t]].R42. (-T43) +
D[ Expand[ vC402] , u4[t]]. (-K43) +

D[ Expand[ vC402] , u4[t]]. &4,

(*Generalized active forces *)

K1=Si mpl i f y[ Expand[ Klal+K2al+K3al+K4al]];
K2=Si npl i f y[ Expand[ Kla2+K2a2+K3a2+K4a2] ] ;
K3=Si npl i f y[ Expand[ Kla3+K2a3+K3a3+K4a3]];
K4=Si mpl i f y[ Expand[ Kla4+K2a4+K3a4+K4a4] ] ;

(*input numerical data*)

i ndat a={

L1->0.1, L2->0.1, L3->0.7,
ml->9., nR->6., nB->4., mi->1.,
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I x1->0.01, ly1->0.02, 1z1->0.01,

I x2->0. 06, ly2->0.01, 1z2->0.05,

I x3->0.4, 1y3->0.01, 1z3->0.4,

| x4->0. 0005, |y4->0.001, |z4->0.001,
k1->3.,k2->5.,k3->1., k4->3., k5->0. 3,

k6->0. 6, k7->30., k8->41.,

g->9. 8,

pl->N[Pi /3], p2->N[Pi / 3], p3->N Pi / 3], p4->0. 1};

(*control torques and force*)
control ={
TOly->k1 (pl-qgl[t])- k2 ql'[t],
T21x->k3 (q2[t]-p2)+k4d qg2'[t]+
g ((nmB+md) g4[t]+md L3) Sin[q2[t]],
T43y->k5 (q3[t]-p3)+k6 q3'[t],
K32y->k7 (q4[t]-p4)+k8 q4'[t]-g (mB+md) Cos[q2[t]]
} /.indata/.rul ;

(* Kane's dynanmical equations *)

el=K1+Kinl /.indata /.control;

e2=K2+Kin2 /.indata /.control;

e3=K3+Kin3 /.indata /.control;

e4=K4+Kin4 /.indata /.control;

eqs ={

(*ki nemati c equations*)

ul[t]== gl ' [t] Sin[g2[t]] Sin[qg3[t]] +
q2' [t] Cos[qg3[t]],

uz[t]==qgl'[t] Cos[q2[t]]+q3'[t],

ud[t]==-ql'[t] Cos[q3[t]] Sin[q2[t]] +
q2'[t] Sin[qg3[t]],

udft]== qg4'[t],

(*dynanmi cal equations*)

el==0, e2==0, e3==0, e4==0,

(*initial conditions*)

gql[ 0] ==N[ Pi / 6],

g2[0]==N Pi /12],

g3[ 0] ==N[ Pi / 10],

g4[ 0] ==0. 01,

ul[ 0] ==0, u2[ 0] ==0, u3[ 0] ==0, u4[ 0] ==0 };

(*Nurreri cal simulation of the equations of notion*)

kane = NDSol ve [egs, {ql, g2, g3, g4, ul, u2, u3, u4},
{t, 0, 15}]

Pl ot [Evaluate[qgl[t] /. kane], {t, O, 15},

Pl ot Range->{ Al |, Al |}, AxesLabel ->{ "t[s]","ql[rad]"}];

Pl ot [Evaluate[g2[t] /. kane], {t, 0, 15},

Pl ot Range->{Al | , Al | }, AxesLabel ->{ "t[s]","q2[rad]"}];

Pl ot [Evaluate[qg3[t] /. kane], {t, 0, 15},

Pl ot Range->{ Al |, Al I}, AxesLabel ->{ "t[s]","q3[rad]"}];

Pl ot [Evaluate[qg4[t] /. kane], {t, 0O, 15},

Pl ot Range->{ Al | , Al I}, AxesLabel ->{ "t[s]","q4[mM"}];

>
>

Qut[186]= {{gl £ I nterpol ati ngFunction]
g2 £l nterpol ati ngFunction[{{0., 15.}},
g3 £l nterpol ati ngFunction[{{0., 15.}},
g4 £l nterpol ati ngFunction[{{0., 15.}1,

on|

on|

on|

on|

{{0., 15. 31, <
<
<
<

ul £ I nterpol ati ngFuncti {{0., 15.}3, <
<
<
<

\

vV Vv

\

u2 £l nterpol ati ngFuncti {{0., 15. }3,
u3 £ I nterpol ati ngFuncti {{0., 15.}3,
ud £ I nterpol ati ngFuncti {{0., 15.}1,

>

>11}

]
]
]
IF
]
]
]
]
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