INSY 7380 Reference: Chapter 5 of Ebeling (2")

Dynamic Models Maghsoodloo
Static models (chapter 5-Static) are applicable only if components’' RE

practically stay constant (i.e., do not change appreciably during mission time t). If

components' RE do decrease as a function of time (the real-life situation), then we

must apply dynamic models (i.e., the cumulative hazard function H(t) is increasing

during mission time and hence R(t) is a decreasing function of time, as expected).

There are two types of such models: (1) Non-repairable, and (2) Repairable.

Exercise 12. Consider a system whose RE stays almost constant during the fixed
mission time t. Determine the approximate value of its hazard function h(t). Hint: Use the
fact that f(t) = —dR/dt.

The Series (or Serial) Nonrepairable Dynamic Models

This is a system where all n components must function reliably during the
mission interval (0, t) in order to complete the mission; further, the RE of the i*"
subsystem (i =1, 2, ..., n), Ri(t), is a decreasing function of time. The system RE is

given by

Rsys(t) = [ [ R;(0) (48a)

i=1
Clearly, Rsys(t) < Min[Ri(t)], i=1, 2, ..., n.
Next, let hi(t) be the hazard function (HZF) of the i"" component and hsys(t)
be the HZF of the system. Then (from Chapter 2)

¢ t
_Ihi(X)dX _IhSys (X)dX
- —Hg,, (t
Ri (t): e ! =€ H(®) , and Rsys(t) = € 0 =e Sys( ) (48b)
Substituting these last 2 equations into (48a) results in
t t t n
~[hgy(x)dx  n n —[hxdx  —[ > h(x)dx
RSys(t) =e 0 = HRi (t): He 0 =e 0 i=1 (48c)

i=1 i=1

57



Hence,

nt n
n -2 heodx -~y H(t)
hsys(t) = D hi(t)  and Rsy(t) = e ='° = e i=l (49)
i=1

o0
From equation (48b), we can compute the MTTF = E(T) = IRSys(t)dt=

t n

% —jhsys(x)dx @ —[ Yhdx o _3% [t (x)dx
I dt= J'e 0 i=1 dt:j e i=l dt
0 0
® —i H; (t)
or: MTTFs,s = [le = |dt (50a)
0

Example 8. An electrical system has n = 3 circuit breakers in series for the

purpose of closing the circuit (in order for the current to flow), as depicted below.

o/ o) [e)

Each breaker has the same constant failure rate A = 0.00005/hour. (a) Obtain the HZF
and compute system RE for a mission of length t = 400 hours. (b) Compute the MTTF.

(c) Obtain the system failure density function. Note that if the objective were to
interrupt current, then we would need at least one unit to open reliably.

3 3
hsys(t) =Zhi(t) = 20.00005 = 3x0.00005 = 0.00015/hour — Hsys(t) = 0.00015t
i=1 i=1

—Hg,, (t _
N Reye(t) = € sys(D) _ o 0-00015¢

Note that this last RE function for the n = 3 series system can also be obtained from

Rsys(t) = Re(t)xRa(t)xRs(t) = € ' e e = e *t = e 015" _; Ry (400) = 7% =
o0 o0 1
—-0.00015t
0.9417645. (b) MTTFs,e= [ Ry (t)dt = [e dt = = 6666.6667 hrs.
(b) e : sys(*) . 0.00015
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—0.00015t

o0
(c) fsys(t) = —dRsys/dt = 0.00015¢ — | 0.00015¢7%%15tq¢ = 1,00000
y y
0

Exercise 13. Suppose each component of a n-unit serial system has a constant
failure rate h(t) = A; (i =1, 2, ..., n), i.e., each lifetime T; is independently and

exponentially distributed. (a) Prove that in general for such a series-system

n
(XAt n
Rsys(t) = € =1 , and  MTTFs,s = 1(D_A;). (50b)
i=1
(b) Use the results of part (a) to show that the TTF of a serial system, whose individual
component lifetimes, T; (i = 1, 2, ..., n), are independently and exponentially distributed

n
with failure rates A;, is also exponentially distributed with a failure rate A = in . This
i=1

proof also shows, a well-known result in stochastic processes, that the sum of n

independent Poisson streams at rates A4, A2, ..., A, is also Poisson at the arrival rate A =
in . Moreover, if all failure rates A; (i =1, 2, ..., n) are equal to A, then MTTFsys =

i=1

1/(nA).

Example 3.1 on Page 153 of A. E. Elsayed (1996). A serial system consists of n

= 5 components, three of which have constant failure rates A = 5x10‘6, A2 = 3x107°
and A3 = 9x10°%. The remaining components ¢4 and c¢s have Weibull lifetime
distributions with minimum lives 8, = 85 = 0, characteristic lives 0, = 3.5x10%, 05 =
5.5x10°%, and slopes (or shapes) B4 = 2.2, B5 = 2.1. Compute system RE at t = 1000
hours. In order to use Eq. (49), we must first obtain the HZFs of ¢, and c5 using the

result of Exercise 5(c) in Chapter 2, which showed that for a zero minimum life Weibull

) _B B-1 _ 22 8.1.2 _
the HZF is h(t) = = (t/6)P", t>0. Hence, hy(t) = ———— (t/3.5x10%)"2 =
0 8
3.5x10

3.511341x107"° (t"2), hs(t) =2;1108 (t/5.5x10%)! =9.278070 x107"° (") — hsys(t) =
5.5x%
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n
Zhi(t) =17x10"° + 3.511341x107"° (t"?) + 9.278070 x10"° (t"") — H(t) =
i=1

t
[[17x10+3.511341x10™ (x'?) +9.278070x 10" (x"") | dx —
0

_ -6 -19 2.2 -19 2.1
Reyslt) = € [17x107° t+1.596064x10™"" t*** +4.4181286x10™ " t ]_ (51)

| doubt that the MTTFsys can be computed by finding a closed-form antiderivative for
the system RE in Eq.(51). However, numerical integration can be used to obtain the
(infinite-range) )integral value of the function Rsys(t) in (51) from zero to .

To evaluate the RE at 1000 hours, simply put t = 1000 hours in equation (51). This
yields Rsys(1000) = g™ %-01700000000152 = o 98314368463342, which differs from Elsayed’s
answer of 0.9685 because Elsayed uses the (1951) t. form of the Weibull article, while |
am using his (1952). Weibull in his 1952 article acknowledged that the (1951) format
was an awkward misprint (see A., J. Hallinan, JR., JQT, Vol. 25, No. 2, April 1993).

The RE Function for a Nonrepairable Serial System with a Weibull TTF

Consider an n-unit serial system each unit of which has the HZF h(t) =

n
%(t/ei)ﬁi_l, i=1,2,..,n. Eq.(49) yields hsy(t) = > A;8; (1;t)" " where 2; = 1/6;.

1 i=1

n n t
-Y H;(t) -X I(ﬁi/Gi)(x/Gi)ﬁi_ldx
From equation (48c), we obtain Rsys(t) = e =l =e =10 =

n n .
- wepPi =Y oitPi
= e i=1 = ¢ i1 (50c)

If the n units have identical Weibull distributions, then (50c) reduces to Rsys(t) =

_ P _ p
€ n(t/6)" o € n(At) . The MTTF of a serial dynamic system with n different Weibull

components is not easy to obtain because this author could not find a closed-form
antiderivative for the Rsys(t) in (50c) when Bi’s are different. | surmise that such an

antiderivative may not exist in closed-form and numerical integration has to be applied
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once the system parameters n, 6;, and B; (i =1, 2, ..., n) are specified. However, when
the n units have the same Weibull slope B = B; for all i, then from Eq. (50c) MTTFsys =

n
MTTFsys = E(T) = jo Rgy, (1) dt = j'o e = dt = jﬂ e dt, where A = Asye=

n n
Zmei)ﬁ = Z(Gi )_B for notational simplicity. If we make the transformation x = At in
i=1 i=1

the integral L:o e"st dt, then after 8 long and tedious steps we will obtain

. ~1/
MTTFs,s = A VP (1 + l)= {z egﬁ} T+ %) (50d)
i=1

The MTTF of a serial system has to be a decreasing function of n, which is exhibited
by Eq. (50d). Moreover, if all characteristic lives, 6;, are identical to 6, i.e., iid Weibull
lifetimes, then (50d) further reduces to

MTTFs,e = n~"/Px 0 x T(1 + 1) = 2LA+VP) (506)
B HI/B

Eq. (50e) shows that the MTTF is a decreasing function of n while it is an increasing
function of both 6 and .

The Example 3.6 on Page 162 of A. E. Elsayed. For this example, n =6
components in series, f = 1.75, and the vector 6 = 105x[ 7 82 46 6.5 6.8 5.0]T.
Matlab computations using equation (50d) yields MTTF = 192262.7302989618 hours.
This answer differs from that of Elsayed’s 18551 hours given atop his page 162.

Pure Parallel Nonrepairable Dynamic Models (Hot Spares)

In a pure parallel n-unit redundant system, at least one subsystem must function
reliably in order for the system to complete the specified mission of length t.

Furthermore, it is tacitly assumed that component failures are completely
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independent. Therefore, the system fails during the interval (0, t) only if all n

subsystems (or components) fail, i.e.,
Rsys(t) =1 - Qsys(t) =1 - Fsys(t) =1 - [ Qi) =1 - [J[1-R;(1)] (52a)
i=1 i=1

where Qj(t) is the failure (cumulative) Pr of the i component ¢; (i=1, 2, ..., n).
If all n parallel units have independent and exponential lifetimes with failure rates A;,

—Ast

then Ri(t) =e and as a result equation (52a) reduces to

Roy(t) =1~ [ [[1-Ry(0] = 1= [[11-e™) (52b)

i=1 i=1
Further, if all n components also have identical failure rates A = A; for all i, then (52b)

reduces to

Reyslt) =1- [[[1-e™]=1-(1-€e7)" =1- inck (—e O @k
i=1 k=0

- Z C, (= My Z": O~ e (52¢)
k=1 k=1

Example 9. Consider the 3 circuit breakers of Example 8 that were in series for
the purpose of closing the circuit, but now the objective is to stop the current from
flowing. Then the system has n = 3 hot spares where at least one breaker must open
circuit W/O failure to stop the current flow at time t = 400 hours, where each unit has
the same failure rate A; = 0.00005/hour = A.

The use of equation (52c) with n = 3 yields Rsys(t) = 3 (+1)e ' +3 (1) e M +

—3e M 4 ¢M_ Note that this last expression is the same as

—At

(1)(1) e M=3e™

e My iy e M1 e M) 4 cre M1 e

given by Rs,s(400) = 3¢ %% — 3¢ %% + 7% = 0.99999223604754.
The HZF for a pure parallel system is obtained by using the fact that hsys(t) =

)?>. Therefore, system RE at 400 hours is

fsys(t)/Rsys(t), where Rsys(t) is given in equation (52a). First, we need to obtain the

system failure density function by fsys(t) = —dRsys(t)/dt. Therefore,
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—d I |[1 R;(t)]
i=1
hSVS(t) =

(53a)

n

-] -R,®)]
i=1

If the pure parallel system consists of n identical, independent, and exponential

lifetimes each at the same failure rate A, then equation (53a) reduces to

Zn: 1)|(+1 k(e—kﬂt)
hsys(t) = —K=1 (53b)

i ( 1)k+1( —k,lt)

Equation (53b) clearly shows that the HZF of a pure n-unit parallel system is, as
expected, an increasing function of time (i.e., the failure rate is not a constant), and
hence the system TTF is not exponentially distributed (i.e., this is not a Poisson
process).

For the Example 9 above, the hazard rate for the parallel system at t = 400 is

equal to

3
000005 C, (-1)**" k(e ")

hsys(400) = k=1 = 5.764973554342638x10% , while h(1000) =
0.99999223604754

3.394241026928207x10~" > h(400).
The MTTF of a pure parallel system is obtained by integrating the Rsys(t) from 0

to . Thus, E(T)=MTTFsy = j [1 - f[ [1-R. (t)]}dt (54a)
0 1—

In the special case of identical exponential lifetimes at the rate A equation (54a)

reduces to

E(T) = MTTFsys = jzn:nck( D* e * A dt = 2[ C, (- 1)“*‘] e FMdt]
0 k=1 k=1 0

n n

=31, Cy (<D /KA = % 3 [, i (<D< /K] (54b)
k=1 k=1
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Eq. (54b) shows that the MTTF of the pure parallel system of Example 9 is given by
E(T) = 3/A — 3/(2)\) + 1/(3\) = 36666.66666666667 hours. Moreover, (54b) clearly shows
that E(T) is an increasing function of n but a decreasing function of lambda. If we
increase A from 0.00005 to 0.00007 in Example 9, then E(T) reduces to
26190.47619047619, while if we increase n from 3 to 5 at the same A = 0.00005, then
E(T) increases to 45666.66666666667 hours. Finally, equation (54b) can be used to
determine the number of units in pure parallel redundancy needed to achieve a desired
MTTF = E(T). If we wish to increase the MTTF of the Example 9 from
36666.66666666667 to 70000.0000 hours, then an n of at least 19 units are needed in

pure parallel redundancy.

Exercise 14. Consider a pure-parallel system of n = 4 units where each unit has
the same constant hazard function A = 0.00005. Obtain the expression for the RE
function and compute the value of R(500 hours). (b) Use R(t) from your part (a) to
compute the MTTFsys. (c) Compute the value of the HZF at t = 500 hours.

Pure Parallel Nonrepairable Dynamic Models with Weibull TTF
_(=98
Since the RE function for a Weibull TTF is given by R(t) = € 9-3" and in case &

—(t/0:)Bi
= t, = 0, then the RE function for the it" unit with zero minimum life is Ri(t) = e (/6™ 2

—(ns)Bi
€ (0™ , Where 0; is the characteristic life t. of component c; and ; is the Weibull

slope (or shape) of ¢; (i = 1, 2, ..., n). Substituting for Ri(t) in equation (52b) results in
L —(ut)Bi
Rsys(t) =1 - [[[1-e"®"] (55a)
i=1

When all n units have identical t.’s and shapes (B), then equation (55a) reduces to

k=n

n
k=0
< k+1 _—k(At)P
= D [,C, (D) e M (55b)
k=1
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| could not find a closed-form antiderivative for the system RE function in equation
(55a) in order to obtain an expression for MTTFsys = E(T) for the general n, different 6;’s
and Bi’s. So, it seems that the following integral in (56a) has to be evaluated for

specified values of n, 6;’s and B;’s
Bl
MTTFs,s = E(T) = j' {1 H[l e (t/8) }dt (56a)

However, if we take the special case of 6; = 0 and B; = 3 for all i (i.e., identical and ind.

Weibull TTFs), then after 20 tedious steps equation (56a) reduces to

MTTF 0 I'(1+ D™ LG 1)k+1
sys =0 T(1+ B)kz::l[ ]

= er(1+% i [, k)P ] (56b)

Example 3.7 on pages 163-164 of Elsayed. For this example, n =4, and h(t) =

3.5x107% for all four components in pure-parallel redundancy. Then the RE function of

_It?\.xdx _ e_)”t2/2= ( )2

each ¢ (i =1, 2, 3, 4) is given by Ri(t) = ¢ , Where for

convenience | have let 3.5x10°° = A. Clearly this is the RE function for a Weibull with &
a_ 2

A
=0, (1/ 6) = —=, and the slope = 2. Hence, the value of the t; =0 = =
V2 I f3sx107

= 755.9289460184544 hours. Substitutingn =4, 0= 755.9289460184544 hours, and f§ =
2 into equation (56b) yields MTTF = 1049.611304905619 hours. This answer does not
match that of Elsayed’s (1,913 hours) atop his page 164. It seems that there may be

typos in his expression for the MTTF.
Example 3.8 on Pages 164-5 of Elsayed. For this example n = 3, hy(t) = A4t"5,

25
ha(t) =Ast™® and ha(t) = Ast™S. Therefore, the three RE functions are Ry(t) = e~ *1/2)¢"

—(Ay 12.5)%5 — (M3 /2.5)t%5

Ra(t) = e , and Rs(t) = e , where A =0.625x107°, 2, =
(2.5/4.9)x10°% , and A3 = (2.5/4.1)x10°%. From (55a) Rsys(t) = 1 — F1(t)xFa(t)xF3(t), where
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Fi(t) = Q(t) = R;(t); thus,

2.5 2.5 2.5
Reys(t) =1 — (1 - o= (M1 /2.5) )(1 - o= (A2/2.5)t ) _ e~ (325t ) (57a)

Note that the all 3 units in (57a) have Weibull TTFs with 3; = = 2.5, and t; values 0; =

25
s

1

(ﬁ)—” 25 o (E)l/ 25 = (25040 _, 0, = 437.3448295773114, 0, = 474.3276393803369,
2.5 A

1

and 03 = 441.6859073743618 —» MTTF, = 388.0402430559972, MTTF, =
420.8537520638197 and MTTF3; = 391.8919243142860 hours. In order to evaluate the
system MTTF by integrating the RE function in (57a), we must first expand the last
term on the RHS so that the integration can be carried out. This leads to
Rsys(t) = Rq(t) + Ra(t) + R3(t) —R1(t)xR2(t) — R1(t)xRa(t) — Ra(t)xRs(t) +

R1(t)xRz(t)xRs(t) (57b)
Equation (57b) has 7 terms, each of which is a Weibull RE function, that have to be

integrated from 0 to « one-by-one in order to compute the MTTF. | will illustrate the

—(Ay /2.5)t%5

integration for R(t) = ¢ and you may verify the other 6 in (57b).

(A /2.5)t%3

In the integral I:e dt, make the change of variable, x = (A/2.5)t*° > dx =

d .
(AM)t"*dt . Making the substitutions dt = % Jt= (ﬁ)” 2= (

At M I

2.5 X040 4ng

2.5x
t1.5 = 0.60
(—x )

into the last integral, we obtain
1

© _y dx 1 o ~0.60 1 (o _ 0.60 ,_—0.60
e — | e (25x/A dx=—| e (A,/25 X dx=
I A25x/A)"0 2, Joe ) M Jy e 0250607

1 J-oo 0y gy = LOA) _ 040T(040) _ T(1+0.40)
)\’10.40 (2.5)0.60 0 ()\’1)0.40 (2.5)0.60 ()\’1)0.40 (2.5)—0.40 (0.40 7\‘1)0.40

T(1+ 0.40)

W = 420.8537520638197,
. 2

388.0402430559972; Similarly, I:Rz(t)dt =
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® T'(1+0.40) o
R;(t)dt = ————— =391.8919243142860, | R, (t)xR,(t)dt =
fy Ry = o 7R OxR, 1)
I'(1+0.40 ®
i~ )0 20— 305.6322631371509, j R, (t)x R;(t)dt = 295.5264133923572,
[0.40(\; +2,)]™ 0

j'0°° R, (t)x R4 (t)dt = 307.2895152482671, and j'0°° R,(t)x R,(t)x Ry(t)dt =

T'(1+0.40)

(0400 +4, +1 )]0 20 = 257.3443078631597. Therefore, the use of Eq. (57a) leads to
QA+ Ay T A3

E(T) = L:o Rgys(t)dt = 388.0402430559972 + 420.8537520638197 + 391.8919243142860 -

305.6322631371509 — 295.5264133923572 — 307.2895152482671 + 257.3443078631597 =
MTTFsys = 549.6820355194875 hours. This answer is more than twice that of Elsayed’s
(236.94 hours) given atop his page 165; the source of discrepancy is the difference in
my definition of characteristic life 0 = t; and that of the Elsayed’s for a Weibull
distribution. Incidentally, | have roughly 10 other books on RE Engr in my possession,
and all the authors use the (1952) version of Weibull reliability function, i.e., the
characteristics life t. is that value of t for which R(att =t.=60) = e™' = 0.36788.

The k-Out-Of-n Nonrepairable Parallel Systems (k < n)

As in the previous two cases, it is assumed that all n units fail independently of
each other, but the system is reliable iff at least 1 < k < n units operate successfully
during the mission interval (0, t). The RE expression when the n units are not identical
is not simple, and each case has to be obtained for the specific process parameters n,
k, Ri(t) where at least two R;(t)’s are different. As A. E. Elsayed points out on his pages

157-158, for most such systems the n independent units have identical HZF h;(t)

t
~[ h(x)dx e
= h(t) foralli=1, 2, .., n, and thus R{(t) = e ° =¢ 1O for all i. In case all n units

A

also possess exponential lifetimes, then Ri(t) = ¢ t, where each unit has the same

constant failure rate A. In this latter exponential case, the RE expression is given by
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Rsys(t) = R(k; n, e—}\.t) = z nCr (e—ﬂt)r (l_e—ﬂt)n—r = z nCr e—rﬂt (1_e—ﬂt)n—r

r=k r=k
(58a)
The failure density function for a k-out-of-n Parallel System, with identical exponential

lifetimes, is obtained from fsys(t) = —dRsys/dt, where Rsys(t) is given in (58a).
fsys(t) = Z[ C.e™ta—e*H " (r —ne_’“)} (58b)

The corresponding HZF is given by hsys(t) = fsys(t)/Rsys(t), where fsys(t) is given in (58b)

and Rsys(t) is computed from (58a).

Examples 3.4&3.5 on Pages 158-9 of Elsayed. For this examplen=3,k=2, ;=
A =0.00003 for all i and t = 1000 hours. Substitution into Equation (58a) yields
Rsys(1000) = 0.99743123021029, which is identical to Elsayed’s answer to 4 decimals.
The value of hazard rate by Matlab computations is fsys(1000)/Rsys(1000) =
5.022905383950688x10~°. For Elsayed’s Example 3.5, let us change system parameter

requirements to a more real-life situation. Keeping lambda at 0.00004/hour, we wish to
determine the number of parallel units, n, for a 2-out-of-n system such that Rsys(2000) >
0.99950. Using equation (58a), Matlab computations yields R(2;4, e *%) =
0.99828695648591, while R(2;5, e *) = 0.99983604029385; thus, n = 5 identical units
are needed to guarantee a RE of at least 0.9995 for a mission of duration 2000 hours.

To obtain the MTTF for a k-out-of-n system with n identical exponential lifetimes,
we must integrate the Rsys(t) in equation (58a) from 0 to .

MTTFsys = [30,C, (" )A-e™)""dt =3, [ncr Jy e a—etyr dt} (59a)

0 r=k r=k

The integral in equation (59a) inside the brackets is tedious to compute for general n,
but | made two transformations in (59a) in order to obtain the integration result; the
change of variables are x = At followed by n —r =j. After 32 careful steps, equation

(59a) integrates to
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n—-k

MTTFsys = nCoj ZJ: [er D" /(n+r—j)] (59b)
r=0

& | =
g

i
Eq. (59b) gives the same MTTF as the much simpler Eq. (5.10) of Ebeling on p. 104.

Example 3.9 on Pages 165-6 of Elsayed.

For this example,n=4, k=2, and A = 8.5x107° failures/hour. Inserting these
values into (59b), Matlab computations yield MTTFsys(2;4, 8.5x107%) = 127450.98039216

hours, which is identical to Elsayed’s answer to 5 significant figures.

The RE function for a k-Out-Of-n Nonrepairable Weibull System
As before, we assume that the failures of the n units are independent and all

units possess a minimum life 6 = 0, t. = 6 = 1/, and the same slope . Then each RE
_ B —_(Lt)B
function R(t) = e (/8" = ¢=(Y for all i. Then equation (58a) becomes

—_(vt)B n
RSys(t) = R(k; n,e (1) ) = Z {nCr [e—O\-t)B ]1‘ [l_e—(?»t)[3 ]n—r} =
r=k

° B p
=Y ,Coe " 1O (60)
r=k
where only for simplicity we have let 1/0 = A in equation (60). The MTTF is obtained

from

0 o B B = o B B
MTTFsy, = j'o 3 L,C e A 1 g 2y [ncr jo A | B dt}
r=k r=k

(61a)
This last integral inside brackets is not easy to carry out for general n and k. It took
me 5 pages of tedious calculations to carry out the integral in (61a). | first made the

n-r
transformation (At)® = x. Then | used the fact that (1 —e™)"" = z n_er (—e™) and
j=0

made a 2" transformation u = (r + j)x to obtain the following result:
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1/
r=k j=0 (l'+J) P

n-r 1]
MTTFs,. = F(1+1/B) Z[ Crz( ) ner J] (61b)

Example 3.10 on page 166 of Elsayed. From the problem statement n =4, k = 2, and

. [ 2.7x107* xdx
h(t) = 2.7x107*t. The RE function for each unit is Ri(t) = e ° =

~1.35x1074 ¢2 . = o (V135 x1072¢)?

e foralli=1, 2, 3, 4, or R(t) Therefore, the TTF of each

unit has a W(0, 100/+/1.35 , 2) distribution so that A = \/1.35 /100. Insertingn=4,k =

2, ) = +/1.35 /100, and B = 2 into my equation (61b), Matlab computations result in
MTTF = 85.71996308005328 hours. This answer is smaller that of Elsayed’s by a factor

) . . -kt ~1.5k t?
of 1000. The system RE given by A. E. Elsayed is Rsys(t) =6¢€ -8e¢ +

2 ® 2 2 2
32X and MTTFsys = Io (65" —8e K 1 37K ) qt=/n (6//4k —8//6k +

3/+/8K) are indeed correct but there seems some glitch in the final answer. | also

used Matlab to compute the expression near the bottom of page 166 of Elsayed, and it

also yielded the value of MTTFsys = </ (6 /v/ak — 8//6k + 3/\/8k ) =
85.71996308005338, which is identical to the value from equation (61b). | surmise that
by now you have gotten the message about how to compute the MTTF of a time-
dependent non-repairable system. The 1 key step is to obtain the system RE
function, Rsys(t), and then integrate the system RE function always from zero to «, no
matter what the value of minimum life t, =6 >0 is.

Exercise 15. Consider a nonrepairable parallel redundant system of n =4
components each with a constant failure rate of A = 0.00005/hour. The system is
reliable only if at least 2 units function W/O failure during the mission time of t = 400
hours. Obtain the general form of the reliability function Rsys(t) and then compute
Rsys(t) at t = 400. (b) Compute the hazard function rate at t = 400 hours, and the MTTF.
ANS: (a) 0.9999694054. (b) 2.260379378172426x10~', MTTF = 21666.666666667.
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Repairable Systems

So far we have dealt with system RE W/O repair and maintenance, and therefore,
system availability at time t, A(t), was simply the same as system RE at time t, R(t).
Examples of nonrepairable components are light bulbs, resistors, printer cartridges,
computer chips and batteries, while complex systems such as airplanes, cars
refrigerators, and air conditioning systems have many repairable components. If a
system is repairable, then there are two important performance criteria: MTBF (Mean
Time Between Failures), and steady-state (or long-term) availability. Unfortunately, a
detailed discussion of repairable systems will have to wait until Chapter 9 of Ebeling
because such systems (where Time to Repair, TTR, is generally much smaller than
TTF and as a result MTTR << MTBF) require a thorough knowledge of Markov Chains
and Renewal theory, which | will cover once we arrive at Chapter 6. By renewal we
mean that a system fails but upon failure the failed component is either replaced with a
brand new unit or is repaired to its original condition. This is called a renewal
process. A renewal process is the generalization of a Poisson process where the
interarrival (or intervening) times between two successive events (failures) can have
any pdf instead of just the exponential. Thus, a Poisson process is the simplest
renewal process because its renewal density function is a constant A, and as a result
the renewal function E[N¢(t)] = Expected-value of number of Poisson events (or
failures) = At.

If a failed component is immediately replaced with a new one (i.e., if its Mean-
Time-to-Repair, MTTR, is negligible compared to MTBF), then the long-term availability
of the system is almost 100%, and its point availability at time t, A(t), is equal to Rsys(t).
Otherwise, if the TTR has a specified distribution, such as exponential with repair rate
Ar (or r), then the steady-state (i.e., as t —» « ) inherent availability will be shown to
equal the expression given below.

_ MTBF
MTBF+MTTR

I (62a)

If the system failure rate is also a constant A, then (62a) reduces to
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A = 1/A _ A,
UM+, A A

Example 3.13 of Elsayed on his pages 172-173. The TTF is Weibull with5 =0, t; =
5x10° hours and slope B = 2.15, and the repair time is exponential at the rate A, = 10~

215 |t
_ (L)L15
5x10° 0

(62b)

per hour. Therefore, the failure density function is given by f(t) =

—(t/0)*13 _ 6 At _
e , Where 0 = 5x10° hours, and the TTR has the pdf g(t) =A.¢ ", where A, =

1
10~*. Using equation (7) of chapters 2-3&4, the MTBF =6 I'(1 + E) = 5x10°C°(1 + ) =

2.15
4.428041951947659x10° , and MTTR = 1/10~* = 10,000 hours. Substituting these mean
times into equation (62a) gives A, = 0.99774675406220, which is identical to Elsayed’s
answer to 6 decimal places.

Before we discuss standby redundant systems, we must alert you to the fact
that in RE engineering the repair time may consist of several phases: (1) Detection and
Diagnosis, (2) Delay in obtaining parts, (3) The actual active repair itself, (4) Testing
time at the repair facility before returning the item to service. Therefore, the repair rate
Ar may be an ensemble of the all the aforementioned phases which are also referred to

as administrative and logistic times.

Standby Redundant Systems (Cold or Inactive Spares)

For example, a dc power supply generator, a sensing switch and 3 batteries (in
standby) would form a 4-unit standby system. The three batteries are called cold (or
inactive) spares, and it is generally assumed that their idle (or quiescent, de-energized,
or off-line) failure rates are almost zero. Figure 4 depicts the 4-unit standby system.
Only unit 1 is on-line (or energized) at time 0, while units 2, 3 and 4 are in idle standby
(i.e., cold spares). First, we consider the case of perfect switching where R, = 1. We
first consider the simpler case of four identical units, where each unit for our standby
system has A; = A = 0.001/hour and we wish to compute Rsys(t), specifically Rsys(t) at t =
500 hours, as depicted in Figure 4. Clearly the system lifetime, Tsys = Ty, is given by

Tsys =Ta=TTF1+ TTF2 + TTF3 + TTF, (63)
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where TTF; = the time to failure of unit i (i =1, 2, 3, 4). In equation (63) the notation T,4
means the Sum of 4 independent rvs. Note that for a 4-unit pure parallel system
equation (63) does not hold because in a parallel system all 4 units are simultaneously
energized at time zero; further, for a standby system equation (63) is a good

approximation only because we are assuming that the quiescent failure rate A4 (d

A

M-

x L/

Figure 4. A 4-unit Standby System with identical failure rates

for de-energized) of a standby unit is far much smaller than its energized failure rate.
For the three batteries in standby, for example, the value of off-line failure rate, Aq,
could be as small as 10~ per hour. Note that Ebeling on pp. 130-132 performs a
Markov-analysis of a 2-unit Standby system, where 14 is not small enough to be

ignored. Since each TTF; has an exponential density given by f(t) = 0.001¢~-001¢,

then the Pr density of T, is the 4-fold convolution of 0.001¢ 001t with itself, i.e., the

pdf of Tsis given by g, (t) = f4(t) f2(t) f2(t)*f4(t), where * denotes convolution. | showed

in my chapters 2-3&4 that this 4-fold convolution is simply a gamma pdf with

parameters n =4 and A = 0.001, i.e., the pdf of system lifetime Tsys = T4 is given by
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g, () = T0e, 0st<w

Thus, Rsys (500 hours ) = P(Tsys > 500) = I (x t)3 e Mdt. Making the transformation

o 3
x = At in this last integral yields Rsys (500) = j' %e"" dx. After three integrations by
0.50

0 3
X —X — — — —
part, we obtain Rss(500) = j —e “dx =(0.50%6)e"° +0.125e%° +0.5e%° +e° =
0.50

0.9982484. Note that this result could also have been obtained by noting that R(500)

(Kt) (0. 50) e 050 =
P(T. > 500 hours) = P[X(500 hours) < 3 failures] = kz;) - kz;) =

0.9982484, where we have made use of the relationship between the Gamma density
and the Poisson pmf, and the rv X(500) represents the number of failures occurring in
500 hours. Further, in this example, if the sensor switch had a constant RE of 0.999
during the interval [0, 500 hours], then system RE would reduce to Rsys (500) =
0.9982484x0.999 = 0.99725013.

Exercise 16. Repeat the above example for n = 3 and Rsw = 0.999. ANS: Rsys
(500) = 0.999xP(T3 > 500 hours) = 0.984627.

Now consider an example of a 3-unit standby system where A, = 0.0005, A, =
0.001 and A3 = 0.001 so that A;'s are not equal. Then TTFsys = TTF{+ TTF2 + TTF3 in
equation (63) has no longer a gamma pdf with n = 3 and constant FR, and we have to
resort to either to the following procedure, or to a Markov-analysis in Chapter 6, in
order to compute the system RE for a given t. However, the MTTFsys = E(TTF1 + TTF; +
TTF;) = E(TTF4 )+ E(TTF; )+ E(TTF3) = }%+i+i = 4000 hours. Letting Asys

1 2 3

represent the system’s average effective failure rate, then Asys = 1/4000 = 0.00025 per
hour. Note that this does not mean that the system failure intensity (or rate) is a
constant! This is due to the fact that hsys(t) = fsys(t)/Rs(t).

Mode 1. Unit 1 is put on-line at t = 0 and is reliable for the duration of mission
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time t = 500 hours, or during the interval [0, 500 hours]. Then

1t

RY) (500) = e M= 0% = 0.778801.

Sys
Mode 2. Unit 1 fails at time t; < 500, the switch (assumed to have Ry, = 1)

works at t1, and unit 2 is reliable for the duration of 500 — t;. Hence

500 500
(500)= [ A edt;R,(500-t)= [ 0.0005¢11e7 20 gt, =
t,=0 t,=0

(2)
RSys

500 5

00
o050 J‘ 0.0005e A1)t dt, = o050 [e0.0005t1]0 _, R®

() (500) = 0.172270.
t;=0

Note that f;(t1)dt; = A4 e M gt, gives the mortality Pr element for unit 1 during the
interval (t1, t + dt1).
Mode 3. Unit 1 fails at t4, unit 2 fails at t; (0 < t; < t2 < 500), and unit 3 is reliable

from t; to 500 hours. Note that all times are measured from 0, as depicted in Figure 5.

t;

I i > T Figure 5.

0 t1 t2 500 nours

Recall that A4 = 0.0005, ., = A3 =0.001. Then

3 500 t,
Rgys(500) = _[ leofl (t))dt, f,(t, —t,)dt, R;(500-t,)
t=0

500

t ~0.50 _0.0005¢
= j' A, eV tdt, dt, =
t1=0
t,=0

In this last integral integration wrt t; must be carried out first followed by t,. Carrying

out the double integral results in R, (500) = 0.041274921. Since the above three

modes are mutually exclusive, then Rsys (500) = R{); (500) + R{}, (500) + R{}) (500) =

0.992346. This system RE is a bit larger than a 3-unit standby RE of 0.985612 where all
3 failure rates are equal to A = 0.001; this is due to fact that for this case A1 = 0.0005 is
equal to half of 0.001. Note that if the quiescent failure rates of the 2 standby units

were not close to zero, such as both Ap =1~ =0.000002 per hour or less, then Mode 2
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500
(500) = | A e ™Midte 1R, (500—¢,)+
1 1 2 1
t;=0

RE changes as follows: R(Szy)S

500
j Ae1dt, (1—e7*2')e DR, (500—t,). The double-integral in R{}. (500) can also

t1=0

be carried out by integrating t; first from t, to 500, followed by t, from zero to 500, i.e.,

500
500) = 500 %o h @ 050 000058 4o o
(500)= [ "7 a,h,e" e t,dt,

t;=0
Exercise 17. (a) Verify the answer Rsys(500) = 0.985612 for the 3-unit standby

where each A; = 0.001 using the 3 possible modes of success. (b) For mode 3

3)
RSys

reliability above, R(S3y)s (500) = 0.04127492, exchange the order of integration and

3)

Sys (500), where integration wrt t; is carried out first followed by t,.

recompute R

Imperfect Switching
When it is possible for the switch to fail during the mission of length t, which is

more realistic, it is generally assumed that it has a constant failure rate As,, so that its

RE function is equal to e_)“swt. For example, consider the 3-unit standby in the last
example but assume Ry, <1 and Asy = 0.00001/hour. Further, A4 =0.0005, A, = A3 =
0.001. How does the imperfect switching affect the values of system REs for modes 2

and 3?

500
(500) = [ Ae1dtR, (t)R,(500t,)=
t;=0

(2)
RSys

500
=0.0005 % [ ¢! gt, = 0.1718223
0

which is a bit smaller than R(Szy)S (500) = 0.172270 for the case of perfect switching as

expected!

3)

Exercise 18. Compute RSyS

(500) for mode 3 when the switch is imperfect with
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Rew(t) =€ swt = @ 000001t \NS < 0.041275). Then compute the overall system RE at t

= 500 hours. ANS: Rsys = 0.99175922251

Mixed Parallel and Standby Systems (Hot and Cold Spares)

As an example, consider the following system where units A and B are in pure
parallel redundancy (i.e., both energized at t = 0) and unit C is in cold standby (i.e., idle
att = 0). For convenience, let A =Aa=Ag=Ac =0.0001. Mission time t=1000 hours.
We 1st assume that at least one reliable unit is needed for mission success.

Mode 1. At least one of the 2 units, A or B, is reliable for 1000 hours.

(sly)s (1000) = Rp + Rg — RaRg = %1% + 7010 _ 7020 = 0,99094408299394.

Parameter values are Aa = Ag =Ac=0.0001/hr, and Asy = 0.00005/hr.

A

@ B

cl /

Mode 2. Unit A fails at t; <1000, B is reliable by t| but fails at t; (or vice versa),

switch is reliable at t; and C is reliable from t, to 1000 hours.
1000

2
R{>) (1000) = 2 jj £, (t,)dt, Ry(t,)f(t, —t;)dt, R, (t,) R (1000 t,)=
ty=0

Note that Rg(t1)fs(t2 — t1)dt, = fg(t2)dt, = Xe_“z dt,. Hence, the above double integral
1000

reduces to (Szy)s(1000) 2 I I Ae M1 dt, he M2 dt, e hew 2 ¢ MI000-12) =
ty=0
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1000

2¢70-10 j [j'tt2 M e M1 g 00000502 g4 1q¢, = 20,6701 (46.7980195) = 0.008468919824. Thus,
1=
ty=0

(1000) + R (1000) = 0.99094408299394 + 0.008468919824 —>

Rsys(1000) = R{) Sye

Sys
Rsys(1000) = 0.9994130028.

Secondly, suppose at least 2 reliable units are needed for mission success, i.e., we
now simply have a 2-unit series system with one cold spare in standby redundancy.
Then

Mode 1. Both A and B work W/O failure for 1000 hours.

At

RW = e %2 =0.8187307531

Sys
Mode 2. Either A or B fails at t4, the other is reliable for 1000 hours, and C is

reliable for 1000 — t1, while the switch is also reliable at t;.

(1000) = e 2

1000
(1000)=2 [ Ae™ dt,e™ R, (t,) R (1000—t,) =

Y =0

(2)
I{Sys

1000
= 2\e7 0% jo e 000051 gt = 0.15971988002631

(1000) +RZ) (1000) = 0.97845063313.

—> Rsys(1000) = RY) A

Sys
Exercise 19. Consider a mixed system where units A, B, C are in parallel
redundancy with Ax = Ag = A¢c = 0.0003/hour and unit D is in standby redundancy with Ap
= 0.0003/hr. The switch has a constant failure rate of Ay, = 0.00001/hr. The switch puts
the parallel system on-line at t = 0. Compute the system RE at t = 800 hours if at least
2 reliable units are needed for mission success. For convenience, let A = 0.0003/hour

for all 4 units.

Shared-Load Parallel Redundancy

Consider 2 components, A and B, in pure parallel redundancy (hot spares).
When both units are reliable, their failure rates are at half-load and equal to A =

0.00007/hr, but ASA one of them fails, the other failure rate increases to full-load at A; =

A" =0.00012/hr, where 1" is Ebeling’s notation on page 129. What is this system's
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reliability for a mission of t = 1000 hours if at least one operational unit is needed for
mission success? Note that
Mode 1. Both A and B are reliable at half loads. Note that Ebeling uses just A to

denote failure rates at half-load on p. 129.
R, (1000) = (e7h')? = ¢ Pt = g0 = 0,86935823539881.

Mode 2. Either A or B fails at half load at time t; and the other is reliable at half

load at t; and then is reliable at full load from t; to 1000 hours.

1000
(1000) = 2 j A e ' dt, R, (t,)R; (1000 —t,)=
t1=0

(2
RSys

1000
= 20ne 012 j' e 1000024 g¢ = 2),67°1%(990.0663346622349) = 0.12293540922846 —>

t1=0
Rsys (1000) = 0.99229364462727.

Exercise 20. Compute Rsys(1000) hours for the system below, where at least
one reliable unit is needed for mission success.
The parameter values are An(A) = An(B) = 0.00008/hr, and A{(A) = A(B) = A{(C) =
0.00014/hour. Mission time =t =1000 hours and Rsw = 0.9990. The switch is needed
only to put unit C on-line. Note that a pure parallel system with 3 units having the
same parameters has a RE of 0.9999651 at A = 0.00008 and a RE of 0.9977703 at A =
0.00014. ANS: Rsys = 0.999521911624916

A I
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