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ABSTRACT--An experimental investigation by two-dimen- 
sional photoelastic technique is carried out to study the stress 
distribution and to determine the stress-intensity factors for 
arbitrarily oriented cracks in thin cylindrical shells subjected to 
torsion. A new method is employed to evaluate the pure and 
mixed-mode SIF's. 

Introduction 
The determination of stress distributions in the near 

vicinity of arbitrarily oriented cracks in thin cylindrical 
shells subjected to pure torsion is of considerable impor- 
tance in design practice. A study of the stress field near 
the crack tip provides valuable information, particularly 
regarding the stress-intensity factors. Depending upon the 
orientation of the crack, situations occur where the crack 
is subjected to either pure Mode I or pure Mode II, or to 
a combination of these modes. 

The present paper describes the results of experimental 
investigations carried out on araldite tubes containing 
cracks oriented at 0 deg, 30 deg, 45 deg, 60 deg and 90 
deg to the axis of the tube and subjected to pure torsion. 
The existing methods to determine the values of SIF's are 
not only sensitive to the measured parameters involved, 
but also do not yield either consistent or unique values. 
This is particularly so in the case of mixed-mode situations. 
The present paper describes a new method to evaluate 
the SIF's which yield unique and consistent values. The 
experimentally obtained values are compared with the 
limited theoretical results availabie. Furthermore, a flat 
plate containing a crack was loaded in such a manner so 
as to produce a pure Mode II situation, and the value of 
nondimensionalized SIF obtained for such a model is 
compared with the values obtained for the tubes. 

Experimental Details 

Thin Shell Specimens 

Araldite tubes cold cast from CY 230 resin and HY 951 
hardener manufactured by M/s. Ciba-Geigy of India Ltd. 
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were finished to the dimensions shown in Fig. 1. Slits, 
24-mm long and 0.4-ram wide, were cut in these tubes 
using a HSS slitting saw to simulate through cracks. 
With reference to the axis of the tubes, the crack orien- 
tations c~ were 0 deg, 30 deg, 45 deg, 60 deg and 90 deg. 
Precautions were taken to see that the residual stresses 
near the crack tips were negligible. Using a suitable 
loading fixture, the tubes were subjected to pure torsion. 
All tubes were subjected to the same torsional moment. 
The magnitude of the shear stress induced in regions far 
from the crack" zone was found theoretically as well as 
experimentally to be equal to 14.2 kgf/cm 2. 

In order to employ photoelastic techniques, a small unit 
containing a polarizer and a quarter-wave-plate combina- 
tion was inserted into the tube. The tube with the inser- 
tion was immersed in a liquid having the same refractive 
index as the tube material. The second quarter wave plate 
and the analyzer were kept outside the tube. A schematic 
arrangement of this setup is shown in Fig. 2. Fringe 
patterns near the crack tips corresponding to dark and 
bright fields were recorded on photographic film and 
blown up for analyses. The material fringe value for the 
shell material was determined as 12 kgf per-cm per-fringe. 

Two-dimensional Plate Model 

A two-dimensional plate model, as shown in Fig. 3, 
was employed to develop a Mode II stress field at the 
crack tip. A specially constructed loading frame which 
prevents the development of an opening-mode situation 
by providing side constraints was employed to obtain a 
pure Mode II situation. The load applied on the specimen 
was 45.5 kgf. The material-fringe value for the plate 
specimen was found to be 11.2 kgf per-cm per-fringe. 

Fringe Patterns Observed 
Figures 4-8 show the dark-field fringe patterns for 

crack orientations of 0 deg, 90 deg, 30 deg, 45 deg and 
60 deg, respectively. Choosing rectangular axe~ that are 
along and perpendicular to the crack orientations, the 
rectangular stress components existing in the shell in the 
absence of a crack are shown in Figs. 9(a)-(e). Figure 10 
shows the fringe pattern for the two-dimensional plate 
model. 

From the fringe patterns obtained one can observe the 
following: 
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(1) For crack orientations of c~ = 0 deg and 90 deg, the 
fringe patterns are identical and these agree with the 
computer plots of maximum-shear-stress lines of a Mode 
II crack obtained by Sanford and Dally. '  The far-field 
state of stress for both of these two cases is one of pure 
shear as shown in Figs. 9(a) and (b). 

(2) The fringe pattern observed in the case of the plate 
model is similar to those obtained for the shell models 
with crack orientations of c~ = 0 deg and 90 deg. 

(3) For crack orientations of c~ = 30 deg, 45 deg and 
60 deg, mixed-mode situations exist. The far-field state of 
stress for these are shown in Figs. 9(c)-(e). It is important 
to observe that though the far-field stress for c~ = 45 deg 
is one of pure tension and compression, a mixed-mode 
situation exists because of the curvature effect of the 
shell. This is revealed by the stress pattern and also sub- 
stantiated by the theoretical analysis of Lakshminarayana, 
Murthy and Srinath. 2 

(4) For mixed-mode situations, the isochromatic-fringe 
loops on one side of the crack are bigger than the fringe 
loops on the other side. 

(5) Comparing the fringe patterns for c~ = 30 deg and 
cr = 60 deg with respect to that for c~ = 45 deg, the size 
and tilt of the loops on either side of the crack axis 
follows the far-field shear-stress directions, i.e., for 
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Fig. 1--Dimensions of the shell with 
crack under torsion 
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S: Source of monochramatic tight, G: Ground glass plate, 
T: Tank fitled with refractive index matching I.iquid, P:Polar izer 

(~/4)1: I Quarterwavr platr II Quarterwave plate, 
A: An(alyser, C :Camera, x : Crack on t he tube specimen. 

Fig. 2 - -The schematic diagram of the polar iscope 

c~ = 30 deg, the larger loop is on the right side of the 
crack axis, whereas for c~ = 60 dee, it is on the left of 
the crack axis. The far-field shear-stress directions as 
shown in Figs. 9(c) and (e) correspond to these. 

The apogee angles of the larger loops for a = 30 deg 
and c~ = 60 deg are equal ( =  52 deg with respect to their 
crack axes). So also are the apogee angles of the smaller 
loops (=91 deg). 

E v a l u a t i o n  of  S I F ' s  

Pure-shear-mode Situations 

The fringe patterns shown in Figs. 4, 5 and l0 corres- 
pond to pure Mode II situations. Westergaard's equations 
for the stresses in the immediate vicinity of the crack 
ti3 are 
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Fig. 3 - -D imens ions  of the plate model subjected 
to Mode II deformat ion 
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(r,O) are the usual polar coordinates measured from the 
tip of  the crack as shown in Fig. 11. 

While there is no standard method established to 
evaluate K2 for pure Mode II situations, conceivably one 
can use directly Westergaard's eq (1) and utilize Irwin's 
concept in identifying the point where Orm/O0 = 0. This 
is the technique adopted by Smith and Smith? However, 
the values of Ks obtained by such a method are not only 
very sensitive to the measured parameters r and 0, but 
also do not yield a unique value. One of the reasons for 
this is the fact that Westergaard's equations as given by 
eq (1) are strictly valid in the immediate vicinity of the 
crack tip, and invariably in all experiments a nonlinear 
elastic-plastic stress field exists near the crack tips. Con- 
sequently, eq (1) requires modifications to take care of  
this aspect. Further, when photoelastic observations are 
used to calculate the values of SIF,s, measurements are 
made at points or zones which are not in the immediate 

vicinity of  the crack tip. This also necessitates modifica- 
tions of eq (t). Following Ref. 4, the stress field in the 
not-too-near vicinity of the crack tip is expressed as 

M 
NF K o l - a ~ - - - - - -  + E B m ( r ) ~  (3) 

t ~ / (F~)  m=l a 

where 

2K2 , 2 K = ~ / [ c o s  0 + �88 sin s0] 
~/2 ~ra 

(4) 

In the present investigation, it was found sufficient to 
use only the first term in the summation part, i.e., 

B~ ( r ) .  Calculations showed that the value of  B2 ( r ) ~  

was inconsequential. It is important to observe that the 
constants B, ,  B: . . . . . . .  Bm and the value of K in eq 

Fig, 4--1sochrornatic pattern tor a crack at 0 deg to the 
shell axis 

Fig. 5--1sochromatic pattern for a crack at 
90 deg to the shell axis 

Fig. 6--1sochrornatic pattern for a crack at 30 deg to the 
shell axis 

Fig. 7--1sochromatic pattern for a crack at 45 deg to the 
shell axis 
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(3), depend on 0. Choosing only B1, eq (3) becomes for 
two points rl and r~ along a line 0 

N , F  ~ B j & / a )  
-'-7-- = al - as = ~ ( & / a )  

N 2 F  _ K (5) 
T = ol - as ~ / ( ~  + B~(r2 /a)  

Solving the above two equations simultaneously, the 
values of K and B, can be determined. From eq (4), the 
value of / (2  can be evaluated. The values of Ks so deter- 
mined from eqs (5) and (4) are found to be consistent. 
The value of /(2 foi the shell models (c~ -- 0 deg and 
90 deg) was 43.8 kgf cm -3/2. 

Equation (5) was used to evaluate /(2 for the plate 
model also. The value obtained was 37.5 kgf cm -a/s. In 
order to compare the values of / (2  obtained for the shell 
model and the plate model ,  these values were nondimen- 
sionallzed. The value of K2 for the shell model was 
divided by rt~ff~-~ where rt is the nominal shear stress 

induced by the torque and a~ was half the crack length. 
For the plate model, the dividing factor was r p ~ p ,  
where 7p was the average shear stress induced by the load 
P .  The nondimensionalized values were 2.83 and 2.78 
respectively for the shell and plate models. Further, the 
SIF value for the plate model was compared with the 
analytically obtained SIF from the boundary collocation 
technique of Jones and Chisholm? ,6 The difference was 
found to be within five percent. 

M i x e d - m o d e  S i tuat ions 

For shells wi th crack orientations c~ = 30 deg, 45 deg 
and 60 deg, mixed-mode situations exist. Westergaard's 
equations for combined mode are 

1;xy= 14.2 kgf /cm 2 

(a) ~ = 0  ~ 

1;xy = 14.2 kgf/cm 2 

(b). 0{,=90 ~ 

Fig. 8--1sochromatic pattern for a crack at 60 deg to the 
shell axis 
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Fig. 9--Dif ferent states of stress for c~ equal 
to 0 deg, 90 deg, 30 deg, 45 deg and 60 deg 

Fig. 10--1sochromatic patterns for the plate model 
with crack under pure Mode II deformation 
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Fig. 11 --Polar-coordinate 
representation of a point in 
the field with respect to the 
crack tip 
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Similar to the pure-mode situation, the above equation 
is modified for the not-too-near vicinity of the crack tip 
as 
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where 

K - - -  1 x/[(K1 sin 0 + 2K2 cos 0) 2 + (K2 sin 0) 2] 
4 ~  (8) 

Here also, the values of K and B,, are functions of 0. 
Once again retaining only B1 in eq (7), the values of K and 
B1 can be determined by choosing two points r, and r2 
along a line 0. Since K is a function of K, and Ks, 
another set of values K '  and B~ are determined along a 
second line 0 '. From these values of K and K ' ,  the 
values of K~ and/(2 are determined. The values of K~ and 
/(2 so obtained are found to satisfy the equation for any 
third line 0" also. Again, eq (7) yields consistent values 
for K~ and /s for each cr Table 1 gives the results 
obtained. 

Figures 12 and 13 show the variations of nondimen- 
sional SIF's, theoretical and experimental, K~/(r,x/~,)  
and K~/r tx /~ , ) ,  as functions of the crack-orientation 
angle c~. Though the number of points obtained from the 
present investigation are limited, the mode of variations 
are similar to the theoretical curves of Ref. 2. The 
theoretical solutions are available for shells having a 
curvature parameter ~, 0 _< ~ _< 1. This curvature para- 
meter is a nondimensional quantity defined as 

3.2 

2.1. 
1=1,75 

I I I I 

- E x p e r i m e n t a l  

- - - -  T h r  

'~ 0.8 - " ~ \  

~ o ~J 

\~-~ ~0 (Plate E - 0 . 8 -  ~- ~ , , ,  "~....~. 

i " "  T o - -  
-1.6 .E 

? 

~- -2.4 

. 

IE 
-3.2 

-4.  I I I I I I I I 
0 10 20 30 40 50 60 70 80 

Crack '.Jnglr 3 ~ ,  ( d e g )  

Fig.  1 3 - - P l o t  o f  n o n d i m e n s i o n a l  M o d e  II SIF,  t h e o r e t i c a l  

1 
9O 

and e x p e r i m e n t a l ,  vs. (x 

266 �9 September t983 



where 

- -  [ 12 ( l  - ~ 2)] , /4 

2a = crack length 
R = radius of shell 
t = thickness of shell 
v - Poisson's ratio 

For our shell models, ~ = 1.75. 

C o n c l u s i o n s  

The present investigation is concerned with the deter- 
mination of SIF's for arbitrarily oriented cracks in shells 
subjected to pure torsion. The crack orientations tested 
were at angles of c~ equal to 0 deg, 30 deg, 45 deg, 60 deg 
and 90 deg with respect to the shell axis. In addition to 
the shell model, a two-dimensional plate with cracks was 
suitably loaded to induce pure Mode II situation. The 
values of K, and K2 were determined by using modified 
Westergaard's equations as proposed by Prabhu et aL4 so 
that the measurements made in the not-too-near zones of 
the crack tips yield consistent and unique values. The 
values of nondimensionalized/s obtained for cracks with 
c~ = 0 deg and c~ = 90 deg compare very well with those 
obtained for the plate model. For cracks with c~ = 30 
deg, 45 deg and 60 deg, mixed-mode situations exist and 
the values of K, and K2 obtained by the new method are 
again consistent. An error analysis shows that errors of 
+ 3 deg made in the measurement of 0 result in values of 
K~ not differing by more than _+0.15 percent and K2 not 
differing by more than +4 percent. The design para- 
meter (K~ + K # ) / E  does not vary by more than 0.25 
percent. The variations of K, and K2 as functions of 
have the same mode shape as those obtained analytically. 
In the present investigation only the first term of the 

series was used. Though it is conceivable that truncation 
with only a finite number of terms might not work for a 
general geometry, it is observed in the present series of 
investigations that truncating with only the first term of 
the series has given consistent results. 

In all the investigations a narrow slit was used instead 
of a crack. According to Smith et al. 7 the use of a slit can 
have a consistent effect of raising the measured stress- 
intensity factor. However the plate model with a narrow 
slit of 0.4-mm width subjected to pure Mode II deforma- 
tion gives values for SIF which agree with the SIF analy- 
tically obtained by the boundary-collocation techniques 
of Jones and Chisholm ',6 within five percent. The shell 
model under torsion having a 0-4-mm wide slit oriented 
at c~ equal to 0 deg and 90 deg and hence subjected to 
pure Mode II deformation resulted in nondimensional 
SIF's which agree quite well with those for the plate 
model. Hence it can be construed that a narrow slit is 
representative of a crack to a fair degree of accuracy. 
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