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EXTRACTING FRACTURE PARAMETERS USING LOCAL 
COLLOCATION OF FULL-FIELD DISPLACEMENT DATA 

ull-field analysis of optical data is routinely carried 
out for extracting crack tip parameters.'-6 Typically, 
surface or thickness average measurements are an- 
alyzed using overdeterministic least-squares proce- 

dure with two-dimensional plane stress asymptotic field 
equations as basis functions. Commonly used linear and 
nonlinear algorithms in such analyses have been reviewed 
by Sanford.' Experimental simulations, however, invariably 
deal with finite size fracture specimens and hence three- 
dimensional deformations dominate the near tip region. 
Therefore, optical data in the close vicinity of the crack tip 
needs to be avoided to ensure an accurate determination of 
the fracture  parameter^.^ In some instances, such as in case 
of a crack lying along an interface, three-dimensional effects . 
prevail all along the interface 
in addition to the ones near 
the crack tip.5 This would re- 
quire data analysis in a re- 
gion where higher order 
terms (or, nonsingular terms) 
may not be negligible com- 
pared to the K-dominant 
terms. At the present time, 
far-field effects are generally 
taken into account by using a 
certain number of higher or- 
der terms in the least- 
squares analysis by imposing 
restrictions such as (1) con- 
vergence of the coefficients of 
the dominant term (stress in- 
tensity factors) and, (2) cor- 
relation between the fitted 

EXPERIMENTAL SETUP 
The optical setup (Fig. 1) consists of an existing Mach- 
Zehnder interferometer7 modified for performing moire in- 
terferometry. The optical components include a He-Ne laser, 
a collimator, beam splitters-BS1 and BS2, mirrors-M1 
and M2, and an imaging camera. The imaging axis of the 
camera makes a small angle 0 (15-18 deg) with the x,-axis 
in the x2-xx3 plane. The collimated laser beam entering the 
interferometer is split into two paths 1 and 2 by the beam 
splitter BS1. The laser beams emerging from the beam split- 
ter BS2 are made to intersect at  an angle p (not shown) to 
create a standing wave of pitch p given by 

BSI MI 

function and the optical data. 
The optimal number of interferometry 
higher order terms needed is 
generally unknown and determined by trial and error. How- 

Fig. I: Schematic of the experimental set-up for moire 

' 

where A is the wavelength of 
light. When a specimen with 
gratings of the same pitch 
are introduced in this space, 
moire fringes are formed. 
Under no-load conditions, the 
angle p is adjusted until the 
pitch of the virtual gratings 
coincide with that of the sam- 
ple gratings and a uniform 
light field is formed. In this 
paper, only fringes represent- 
ing u,-displacement compo- 
nents have been mapped. 
The displacements, the 
fringe orders and the pitch of 
the gratings are related by 

u2 = N p  (2) 

tion procedvure may lead t i  ill-conditioned matrices. 'Inter- : 
facial crack tio fields are oarticularlv orone to this oroblem.5 . UfDISPLACEMENT 
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. The u~-displacements near a crack subjected to mode-1 load- 

. ing are described by Williams's expansion field as,H 



- 
12.5 mm 

-P 

Fig. 2 Three-point-bending configuration for homogeneous 
specimen and u,-displacement field 

where ( r ,  0)  are crack tip polar coordinates, A,, are the con- 
stant coefficients. When n = 0, 2, 4 . . . , 

H 
n + l  

(K + 1) sin - 2 4 n  + 1) 2 uf,(H) = 

' 

' 

hand sides of eq (3) by Y and F respectively, the function Q, 

= 2 [Y, - FJ2,  is minimized with respect to  the unknown 

coefficients A,, using single value decomposition for solving 
the linear system of equations. Here M represents the total 
number of data points used in the analysis. The analysis was 
first carried out under the assumption of K-dominance (n  = 
0). The corresponding match between the experimental data 
and the least-squares fit is shown in Fig. 3(a). The disagree- 
ment between the two is rather significant and is attributed 
to the higher order terms unaccounted for in the analysis. 
Further, the extracted value of KI = 13.0 ? 0.5 M P a 6  
differs from the boundary collocation results7 of 16.9 
M P a 6  reported in the literature. It should be noted here 
that three-point-bend specimens generally have a much 
smaller region of K-dominance compared to other configu- 
rations, say, single or double edge notched sheets subjected 
tension. Next, the higher order terms were sequentially 
added until good agreement between the least-squares fit 
and the data was realized. In this case n = 3 was found 
adequate for representing the data. When more higher order 
terms were added, Kl became unstable and the match be- 
tween the experimental and the least-squares fit deterio- 
rated. The stress intensity factor obtained from the full-field 
analysis with n = 3 is KI = 15.9 ? 0.5 M P a 6 ,  a 
substantial improvement compared to the K-dominant case. 
In Fig. 3(b), the match between the optical data and the 
least-squares analysis are shown and noticeable improve- 
ment can be seen. 

. M  

1=l  

and when n = 1 , 3 , 5  . . . , 

H 
n + l  

(K  - 1) sin - 
2p(n + 1) 2 UfJH) = 

In eqs (4)-(5), p is the shear modulus, and K = (3 - v)/ 
(1 + v )  for plane stress ( u  being Poisson's ratio). Here A, is 
equal to the mode-I stress intensity factor, K,. When all the 
terms n > 0 are neglected, eq (3) provides the so-called K- 
dominant description of the u,-displacement field for the 
cracked body. 

The fringes were digitized and fringe order and fringe loca- 
tion data were obtained. The x,-coordinates of data were cor- 
rected by knowing the angle between the imaging axis and 
the x,-axis. Recognizing the finite root-radius of the crack 
and the existence of a region of dominant three-dimensional 
deformations near the crack tip,",4 only the data in the re- 
gion r iB  2 0.5 ( B  is the sample thickness) was used in the 
analysis. The fracture parameters were extracted using 
overdeterministic least-squares analysis wherein terms from 
eq (3) were used as the basis functions. Denoting the right- 

From the full-field data in Fig. 2 it can be seen that equally 
spaced fringes parallel to the beam axis away from the crack 
tip, resemble the ones we expect for an uncracked beam sub- 
jected to three-point-bending. The influence of beam defor- 
mations near the crack tip are also evident from the fringe 
pattern. It suggests that well known elasticity solutions for 
an uncracked beam can be used as higher order terms for 
analyzing the data. The functional form of the higher order 
terms from flexural analysis' can be derived as follows. 

( 7 )  

where 1 is the shift in the coordinates between the uncracked 
beam coordinates (XI, XJ and the crack tip coordinates (xl, 
xz). In eq (7) ,  C,, C,, C, are constant coefficients. Using the 
boundary condition for this problem, i.e., u2 = 0 when x2  = 
0, we get C, = 0. Therefore, the K-dominant term in eq (3) 
was used along with eq ( 7 )  as basis functions in the least- 
squares analysis to extract KI: 

Up'u'n' = C,(x,  - l ) x ,  + C& - l ) x ;  + c, 

The results obtained from eq (8) are shown in Fig. 4. 
Evidently, the agreement between the optical data and the 
least-squares analysis is as good as in Fig. 3(b). Further- 
more, KI obtained from the analysis is 16.8 2 0.5 MPa 
V'k and is in very good agreement with the published re- 
sult7 of 16.9 M P a 6 .  Thus, the method of using higher or- 
der terms specific to the loading configuration instead of the 
ones from an asymptotic field on a trial and error basis 
seems to he a feasible and better alternative in this case. 
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Next, we consider the proposed method for interfacial crack . 
tip parameter extraction. Bimaterial samples (150 X 25 X . 

PMMA (poly-methylmethacrylate) using methylmethacry- . 
late (MMA) monomer and a polymerizing agent.5a6 A 50 km . 
thick Teflon tape was used to produce an edge crack (a /  W = 
0.25, W being the width of the sample). After curing, one of . 

aluminum film was deposited. Subsequently, gratings of ' 

pitch 8 km were printed using optical lithography with grat- : 

5 mm) were made by bonding equal halves of aluminum and . 

the faces of the bimaterial sample was polished and a thin . 

ing lines parallel to the interface. 

As in the previous case, the bimaterial beams were subjected . 
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Fig. 3 Measured and synthetic u,-displacements: (a) K-dominant case (n = 0) (b) with higher order terms (n = 3) 
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Fig. 4 Measured and synthetic u,-displacements: K- 
dominant terms + higher order terms from an 
uncracked beam analysis 

(b) Bimaterial Fracture Tests 

and growth. The loading configuration and a typical u2- 
displacement field near a quasi-statistically growing inter- 
facial crack (a = 8 mm, P = 260 N) are shown in Fig. 5 .  It 
should be noted that although the loading is nearly sym- 
metric, the elastic mismatch along the interface introduces 
substantial asymmetry in the crack tip u,-displacements. As 
one would expect, deformations dominate the PMMA half 
while the aluminum half undergoes a simple rotation. 

The u,-displacement fringes were digitized to gather fringe 
order ( N )  and fringe location ( r ,  8) data. The experimental 
data outside the region of dominant three-dimensional de- 
format ion~~ (r lB > 0.5, 135 deg < H < 70 deg) in the 8 > 
0 (PMMA half) were then analyzed in an overdeterministic 
least-squares sense to extract the fracture parameters. The 
equations for the K-dominant u,-displacements near an in- 

In  
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terfacial crack tip were used along with the higher order 
' 

terms from beam theory as the basis functions in the least- : 
squares analysis. Thus the u,-displacement field can then be 
expressed aslo 

u&r, 8 > 0)  = - x 
G 
c 

H 
[ I  + 4 E 2 ] e - t i n - ~ ~ ~  sin 0 cos - 

1 
2 2 
- 

0 1 
2 2 

sin H sin -+ + - [I  + 4E21 L I T - I I I  

1 
2.sr 

where C = \&PI1 + 421 cosh TE.  Here, E = - In 

PzK1 + ( =  0.098 for PMMA-aluminum; subscripts 1, 2 
P l K 2  + P, 
represent PMMA and aluminum, respectively) is the elastic 
mismatch parameter and K ( =  K,  + s2) is the complex 
stress intensity factor. The fracture parameters obtained 
from the full-field analysis for the case shown in Fig. 4 are 
Ku" = (1.37 - 10.2) ? 0.1 M P a 6 .  As expected, the value 
of Re(Ku") is dominant in this example due to the tensile 
loading of the bimaterial beam. The experimental and the 
synthetic u,-fields obtained from the above analysis are 
shown in Fig. 6. Good agreement between the two is evident. 
Furthermore, the results agree with a complementary finite 
element (details are avoided here for brevity) results" (ob- 
tained by calculating the interaction integral for the method 
mode-partitioning) Ka" = (1.46 - i0.05) 2 0.1 M P a G .  

CONCLUSIONS 
Least-squares analysis of optically measured displacement 
data for extracting fracture parameters in homogeneous and 
bimaterial beams is discussed. The u,-displacements mea- 
sured using moire interferometry are analyzed and fracture 
parameters are extracted. The feasibility of using K- 
dominant expressions along with the higher order terms spe- 
cific to loading configuration is successfully demonstrated for 
the case of three-point-bending. Elasticity solution of an un- 
cracked beam when used as higher order terms along with 
K-dominant terms provide accurate measurement of stress 
intensity factors. The method offers an alternative for using 
asymptotic fields for fringe analysis wherein the number of 
terms needed for an accurate fracture parameter extraction 
is generally unknown and involves a trial and error process. 
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