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A B S T R A C T   

This work seeks to measure mixed-mode fracture parameters for a dynamically growing crack in a 
core shell rubber toughened epoxy adhesive (EPONTM 828 with PARALOID™ EXL-2691J parti-
cles). Digital image correlation technique coupled with ultrahigh-speed photography and a hybrid 
finite element-based post-processing approach are used to extract fracture parameters. The dy-
namic loading is accomplished by using a striker to induce stress waves in an incident bar in 
contact with a free-standing semi-circular specimen. A companion finite element analysis is 
performed for investigating suitable experimental parameters and configurations for imple-
menting the approach and determining specific experimental parameters (crack length, crack 
angle, and impact velocity) necessary to achieve the desired experimental conditions (mode 
mixity at crack initiation and strain rate). The critical fracture parameters are used to generate 
mixed mode fracture envelope and fracture toughness-mode mixity relationship for the material. 
Further investigation is carried out to evaluate various fracture criteria for predicting initial crack 
kink angles. The measured dynamic fracture quantities are also compared with the quasi-static 
counterparts to assess strain rate-dependence of the adhesive. The results reveal a decrease in 
critical stress intensity factors of approximately 10 % and 30 % for the mode I and mode II states, 
respectively, with increasing strain rate. Post-initiation, the dynamic crack propagates at a near- 
constant mode I stress intensity factor of ~1.4 MPa-√m. Under dynamic conditions, the critical, 
effective stress intensity factors are relatively constant with respect to mode mixity. This is in 
contrast to quasi-static results where the effective values increased with respect to mode mixity. 
Experimentally measured crack kink angles agree well with those predicted by the maximum 
energy release rate criteria and the maximum tangential stress criteria, particularly under mode I 
dominant conditions.   

1. Introduction 

Fiber-reinforced composite materials have found widespread usage in recent years, generally enabled by a better understanding of 
their thermal and mechanical characteristics and an overall progress with respect to processing and manufacturability. However, 
certain challenges remain. Due to their inherently low bearing strength, traditional methods of fastening using bolts, screws, or rivets is 
challenging, often requiring significant additional material thickness. Therefore, it is frequently advantageous to make structural 
attachments via secondarily bonded adhesive joints. Thus, fracture behavior of polymer adhesives is particularly important in this 
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regard. Design and analysis of these types of joints requires an understanding of mixed mode fracture behavior of the adhesive due to 
complex stress distribution in the adhesive layer. Additionally, structural and thermal loads can occur over a broad range of timescales 
and the polymeric constituents that make up composite laminates and adhesives exhibit time-dependent responses. 

While a great deal of attention has been given to the study of the mode I fracture problem under dynamic initiation and propagation 
conditions, for instance, the noteworthy work by Ravi-chandar and Knauss [1], a more limited amount of work has been devoted to 
mixed-mode fracture problems. One work [2] utilized an eccentrically loaded 3-point bending specimen coupled with coherent 
gradient sensing to characterize mixed-mode fracture of PMMA. The Brazilian disc geometry was used for investigation of mixed-mode 
fracture by a few previous authors including that presented in [3]. This approach, however, has its challenges in that the two crack tips 
that are present in the specimen introduce difficulty in terms of which of the two would initiate first. Having two separate crack 
propagation events invariably creates asymmetry during crack growth. More recently, Gao, et al. [4] introduced a method to utilize the 
notched semi-circular geometry with three-point support and loaded in a split-Hopkinson bar setup for mode I fracture parameter 
extraction. They proposed that the transmitter bar strains be used to compute the force balance in the test specimen for stress intensity 
factor calculation. Their work, however, does not address mixed-mode fracture. Very limited, if any, work is reported in the literature 

Nomenclature 

a Crack length 
A Area encompassed in domain integral calculations 
ASTM American Society for Testing and Materials 
В Specimen thickness 
cc Cubic centimeters 
C Celsius 
DIC Digital Image Correlation method 
DSR Decompose, Shift, Reconstruct method 
F Static specimen load 
F(t) Dynamic force history applied to specimen 
FE Finite elements 
g grams 
G Strain energy release rate 
GPa Gigapascals 
Hz Hertz 
J J-integral 
kN kilo Newton 
KI, KII Mode I and Mode II stress intensity factors 
KEFF Effective stress intensity factor 
LS Least squares 
m meters 
mm millimeters 
min minute 
MHz Megahertz 
MPa Megapascals 
MTS Maximum Tangential Stress criteria 
MERR Maximum Energy Release Rate criteria 
r Radial position in crack tip coordinate system 
R Specimen radius 
s Seconds 
S Specimen support span 
Tx, Ty Specimen rigid body translations 
ux, uy Sliding and opening displacement in crack tip coordinate system 
W Strain energy density 
YI, YII Normalized Mode I and Mode II stress intensity factors 
β Specimen crack angle relative to horizontal edge of specimen 
σij Stress tensor 
µ Shear modulus 
µε Microstrain 
θ Angular dimension in crack tip coordinate system 
Ω Resistance in Ohms 
υ Poisson’s ratio 
◦ Degrees  
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that investigates dynamic fracture across a full expanse of mode mixities for different strain rates using a single test specimen geometry 
that is also conducive to full-field measurements. 

With respect to rubber-toughened epoxies, Kinloch, et al. [5] investigated the quasi-static mode I fracture response with a focus on 
microstructural evaluation and identification of various potential toughening mechanisms. The work was followed by a separate study 
[6] to include characterization of rate-dependent effects at different but low strain rates. A study was later performed by Pearson and 
Yee [7] to investigate the effects of particle size on the toughening of rubber-modified epoxies. Their work contributed to the un-
derstanding of microstructural effects of rubber particles in mode I fracture. A particularly comprehensive review was published by 
Baheri, et al. [8] documenting the history of the usage of rubber to toughen epoxies and a quite extensive survey of the literature with 
respect to characterization of the effects on toughness. 

Regarding techniques used to extract fracture parameters using full-field measurements, two-dimensional digital image correlation 
(DIC) technique for quantifying displacement fields has achieved popularity in recent years. The method was introduced in the early 
1980′s but has evolved to include both 2-D and 3-D measurements [9–12]. The general principle involves applying a random pattern to 
the surface of an object in the region of interest. As mechanical loads are imposed on the object, the random pattern/speckles follow the 
deformation of the surface of the object being tested. Image processing techniques are subsequently used to track the surface motion 
and local deformation. The method is widely documented with a particularly thorough exposition of the technique and its applications 
in [13]. Several prior authors have implemented methods to utilize full-field displacement measurements to understand material 
fracture. Sanford [14,15] introduced one approach that has been widely used that utilizes an over-deterministic least-squares error 
minimization technique based on full-field optical measurements and analytical stress field solutions for evaluating opening-mode 

Fig. 1. Experimental setup (side view and top view) of stress wave loading apparatus for dynamic mixed-mode fracture.  

Fig. 2. Semi-circular beam bending test configuration for (a) static and (b) dynamic experiments.  
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stress intensity factors in cracked specimens. Other authors [16–18] have reported utilizing measured displacements from digital 
image correlation in conjunction with least-squares regression analysis to identify fracture parameters. DIC was used with a flexural 
impact setup to investigate particle-filled epoxy under mixed-mode fracture conditions in [19]. With respect to the dynamically 
propagating crack problem, Kirugulige [20] extended one of these approaches to the investigation of mixed mode behavior under 
dynamic loading conditions. Yoneyama [21] demonstrated the extraction of the J-integral from a cracked specimen using displace-
ment data from digital image correlation. Yates, et al. [22] investigated the effects of fatigue on cracked specimens using the least- 
squares approach with displacements from digital image correlation method to extract fracture quantities to include the so-called 
T-stress values. 

In this context, the primary objective of the current work is to investigate the merits of a single edge cracked semi-circular beam 

Fig. 3. Detailed image of specimen in dynamic fracture experimental setup showing support details and incident bar contact.  

Fig. 4. Specimen mold (top), cast sample with an inclined crack (lower left) and close-up of the crack tip produced by razor blade (lower right).  
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geometry in a single-point stress wave loading configuration for studying mixed-mode dynamic fracture from mode I to mode II. 
Quantifying the strain rate dependent behavior of an epoxy toughened with a core shell rubber particles is a secondary objective. 
Details of the experimental setup are discussed first in this paper to include specifics about the material being tested, the specimen 
geometry, and specimen preparation details. The procedure for extracting fracture parameters from full field displacement mea-
surements using a hybrid finite element based approach is critically examined next. Dynamic fracture behavior of the rubber 
toughened epoxy adhesive material is then studied and compared to its quasi-static counterparts. 

2. Experimental details 

2.1. Experimental setup 

To evaluate the fracture quantities of interest, a long bar apparatus was utilized for subjecting the test specimen to single-point 
dynamic loading. The test setup is shown schematically in Fig. 1. In this setup, a gas gun is used to accelerate a 305 mm long, 
25.4 mm diameter 7075-T6 aluminum striker bar up to the desired velocity. The striker bar is propelled towards a 1.83 m long, 25.4 
mm diameter 7075-T6 aluminum long bar. The striker, upon impacting the incident bar, generates an elastic wave that propagates the 
length of the long bar into the test specimen. A strain gage located on the long bar enables measurement of the incident and reflected 
stress waves. A trigger and a delay generator are used to control the image acquisition through a Kirana-05 M ultrahigh-speed camera. 
The camera is equipped with a 924 × 768 sensor with 10-bit gray scale resolution. A Nikkor 80–400 mm focal length macro zoom lens 
with a focal length doubler is utilized. The camera is equipped to acquire 180 images of the dynamic event at up to 5 million frames per 
second. 

2.2. Test specimen geometry and loading configuration 

The semi-circular beam (SCB) test specimen geometry was first introduced to study mechanics problems involving cored concrete 
and rock [23–25] cylinders. However, the geometry has found much more widespread usage across a range of other materials due to its 
ability to be customized for exploration of fracture behavior including mixed-mode conditions. The general specimen geometry and 
loading configuration used in quasi-static studies from prior work in polymer fracture [26] is illustrated in Fig. 2, where R is the radius 
of the specimen, a is the crack length, β is the crack angle with respect to the horizontal axis of the specimen. The Cartesian crack tip 
coordinates are denoted by the x- and y-axes parallel and perpendicular to the crack, respectively. The corresponding crack tip polar 
coordinates r and θ are as shown. 

For quasi-static implementation, the specimen is supported at two points along its lower edge while compressed along the vertical 
axis. As investigated in [25], the stress intensity factors at the crack tip, and therefore the mode mixity under quasi-static conditions, is 
controlled by the geometric parameters of the test setup namely, R, a, β, and the support span, S (for the quasi-static implementation 
only, hence not shown). 

The proposed dynamic configuration (Fig. 2 (b)), on the other hand, has a single loading point, thus eliminating the experimental 
challenges associated with the two support points. The specimen is completely unsupported on its flat edge during loading event and is 
inertially loaded during the fracture event. This simplified loading configuration avoids issues with other experimental factors such as 
specimen alignment and support point friction detailed in [26]. Furthermore, it simplifies the loading configuration for comple-
mentary or supplementary numerical simulations including crack growth using force or displacement history measurements from the 
long bar. By varying the geometric parameters, R, a, and β, the geometry can achieve the complete range of mode mixities, to include 
combined conditions of crack sliding and crack opening. Moreover, even conditions of crack sliding with crack closing forces acting on 
the crack faces can be achieved in this geometry which is also of interest in many situations. The relationship between geometric 
parameters and mode mixity is dependent on material elastic and fracture properties. As is documented in the appendix, this flexibility 
of the geometry is convenient for the dynamic case as it allows the specimen to be configured as needed for a given material. 

Further details regarding the test specimen geometry and loading configuration are shown in Fig. 3. The specimen is placed at the 
end of the incident bar. An adjustable micromechanical stage is used to hold the test specimen at the required height such that the 

Table 1 
Summary of digital image correlation parameters for dynamic fracture experiments.  

Hardware Parameters  Analysis Parameters  

Camera Manufacturer Kirana Software NCORR 
Camera Model 05 M Manufacturer Open source 
Image Resolution 924 × 768 Image Filtering Guided filter 
Lens Manufacturer Nikkor Sub-image Size 45 pixels radius 
Focal Length 80–400 mm Step Size 5 pixels 
Field of View 50 mm × 50 mm   
Image Scale 16.7 pixels/mm   
Stereo Angle N/A   
Image Acquisition Rate 500,000 fps   
Patterning Technique Ink stamp   
Approximate Feature Size 5–7 pixels    
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centerline of the incident bar is aligned with the centerline of the specimen (annotated by F(t) in Fig. 2 (b)). A strip of putty is used to 
hold the specimen in place on the stage and a second piece of putty is placed on the opposite edge of the specimen to minimize 
asymmetries with respect to acoustic impedance. 

In typical long bar setups (e.g. split Hopkinson pressure bar), the second bar on the support side of the specimen is used to measure 
transmitted strain for dynamic loading of a fracture specimen. In those setups, the transmitted strain is used in conjunction with the 
incident strain to estimate the force history in the specimen necessary for extracting experimental quantities of interest in the test 
specimen. This often introduces uncertainties because estimation of force history is reliant on strain signal alignment (superposition) 
and appropriate assumptions about dispersion in elastic waves. Though rarely acknowledged, the former is non-trivial in the presence 
of noise in the signal. Utilizing this approach coupled with a full field method for extracting fracture parameters enables imple-
mentation of tests without the use of a second transmitter bar. 

2.3. Specimen fabrication 

Core shell rubber-toughened epoxy test specimens were fabricated for development and demonstration of the proposed experi-
mental procedure. A set of aluminum molds (Fig. 4) was fabricated with semi-circular cavities of the desired in-plane dimensions (100 
mm diameter). An epoxy formulation representative of a broad range of epoxy-based adhesive materials from the standpoint of elastic 
and failure properties was chosen for the present work. The selected epoxy formulation is a basic mix of difunctional bisphenol A/ 
epichlorohydrin derived liquid epoxy resin (EPONTM 828) with triethylenetetramine (EPIKURETM 3234) curing agent. Based on 
manufacturer recommendations, the two components were mixed at a ratio of 100:13 by weight. Prior to mixing, the EPONTM 828 was 
heated to 66 ◦C. Core-shell rubber particles (PARALOID™ EXL-2691J) were then mixed in at a ratio of 10 % by weight using a Flaktek 
speedmixer. The speedmixer is a dual asymmetric centrifuge planetary mixer that reduces the opportunity for air entrapment in the 
mixer. After mixing, the mixture was allowed to cool to room temperature prior to adding the amine-based hardener and mixing it 
further. The epoxy mixture was then poured into the mold cavity. A sharp razor was inserted into the mold with the help of a template 
to align the razor blade to the desired inclination angle. A clip was attached to the razor blade to hold it in place while the epoxy cured. 
The samples were cured for approximately 18–24 h at room temperature followed by a post cure step for 2 h at 93 ◦C. The face of each 
test sample was then milled flat to the desired nominal thickness of 6.4 mm. The geometry of the crack tip is left as-cast. The cast-in- 
place razor blade forms a very repeatable crack with consistent lengths and consistent crack tip geometry with a root radius of the order 
20 μm from sample to sample. It also minimizes the amount of post-cure machining and thus any local damage and residual stresses in 
the vicinity of the crack tip is avoided. The only machining operation required after curing is to machine the top face of the sample to 
the desired thickness. Photos of the finish-machined test sample and the crack are shown in Fig. 4. 

Fig. 5. Quasi-static tensile stress–strain response of the epoxy-based adhesive studied.  

Table 2 
Epoxy adhesive measured material properties.  

Elastic modulus 2.2 GPa (±0.2 MPa) 

Poisson’s ratio 0.33 
Density 1107 kg/m3  
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2.4. Displacement field measurements 

For the proposed set of experiments, a frame rate of 500,000 frames per second was chosen with acquisition beginning 250 micro- 
seconds after the striker bar contacts the incident bar. This time delay was determined based on the time required for the wave to 
propagate the length of the incident bar and into the specimen. For the 1.83 m aluminum incident bar, the elastic wave requires 
approximately 370 microseconds to propagate the bar’s length. The time delay (250 micro-seconds), followed by the 360 micro-second 
time period of image acquisition (180 frames) allows adequate time to begin capturing images prior to loading followed by a series of 
images corresponding to the loading, crack initiation, and crack propagation phases in the specimen. The test specimen was positioned 
at a distance of 0.9 m from the focal plane of the camera resulting in the edges of the region of interest being located within 2◦ of the 
optical axis to minimize paraxial effects. The image correlation software, Ncorr [27], was used to perform the speckle image corre-
lations on recorded images to quantify displacements in the two orthogonal in-plane directions. Based on the subset spacing (5 pixels), 
and the pixel scale factor (~0.06 mm), the resulting distance between neighboring output points was 0.36 mm. The parameters for the 
digital image correlation setup are summarized in Table 1. 

2.5. Stress intensity factor extraction 

Two separate methods were utilized for stress intensity factor extraction in the present work. The first approach is implemented 
through a hybrid DIC-FE methodology [26]. The general flow of the methodology is as follows: experimental displacement mea-
surement, data filtering, mesh generation, output request definition, FE model execution, and data extraction. The experimentally 
measured displacement data is filtered using a guided edge filter (He, et al. [28]). This was chosen to minimize noise within the 
displacement data set while preserving specimen edges as well as higher variance regions, particularly along the crack faces. A custom- 
developed Matlab® script then utilizes the nodal position data to build a mesh that is coincident with the DIC grid points and derive the 
necessary element connectivity. Since the FE nodal positions are inherited from the DIC subset points, problems that arise due to spatial 
misalignment of the DIC subset points with the FE nodal coordinates are avoided. The FE mesh is updated for each image in the series of 
crack propagation images such that the FE nodal coordinates are always aligned to the DIC subset points. Once the nodal positions and 
element connectivity have been established, the script writes the node and element data into a text file in the Abaqus input file order 
and syntax. Lastly, the script also writes the material property definitions for the model, and the appropriate output requests are 
written to extract the fracture parameters of interest. The energy release rate is computed directly by the Abaqus structural solver using 
a domain (area) integral. The J-integral, as presented in Shih, et. al. [29], is defined as: 

J =

∫

A

(

− Wδij + σij
∂uj

∂x1

)
∂q1

∂x1
dA, (i, j = 1, 2) (1)  

where A is the area of the domain or the area that includes the crack tip being evaluated and q1 is a weighting function that equals 1 on 
the outer boundary of the domain and 0 on the inner boundary of the domain. The strain energy density is denoted as W, u is the 
displacement vector, and σij is the stress tensor. The domain integral is then decomposed into the two stress intensity factors KI and KII 
for modes I and II, respectively, using the interaction integral technique described in [30] within the Abaqus solution process. 

The second approach extracts fracture parameters from the experimentally measured displacements using an over-deterministic 
least-squares error minimization approach. Two separate sets of equations are utilized for this approach, one for preinitiation and 
one for post initiation. For the displacement field around the crack tip prior to crack initiation, the over-deterministic least-squares 
results are computed using the equations reported in [31] for the crack sliding (ux) and crack opening displacements (uy): 
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(3) 

In the above equations, µ is the material shear modulus, and r and θ are the polar coordinates with crack tip as the origin and κ = 3− υ
1+υ 

for plane stress and υ is the Poisson’s ratio. The coefficients KI and KII, when n = 1, are the mode I and mode II stress intensity factors. 
For digital image correlation experiments, the ux and uy fields are known for a set of points in the polar coordinates r and θ, as 
illustrated in Fig. 2. 

By selecting a group of points in the vicinity of the crack, a set of linear equations can be formed to determine the (KI)n and (KII)n. 
Using an over-deterministic approach, the experimental crack opening displacement can be used for extracting mode I fracture 
components whereas the crack sliding displacements can be used for mode II fracture components. However, it has been shown that by 
transforming experimental in-plane Cartesian displacements into radial (ur) and angular (uθ) displacements, more accurate SIFs can be 
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found in mixed-mode problems [18]. That is, the Cartesian displacement components can be transformed into polar components as 
shown in [4]. 

{
ur
uθ

}

=

[
cosθ sinθ
− sinθ cosθ

]{
ux
uy

}

(4)  

where f and g are the functions from Equations [2] and [3] and Tx and Ty are terms representing rigid body motion. Experimental radial 
(ur) displacement data was extracted for 0.5 ≤ r/B ≤ 1.5 and − 120◦

≤ θ ≤ 120◦ for extraction of fracture parameters. The over- 
determined equation set with n = 1 was formed and solved for minimizing the least-squares error to compute values of KI, KII, Tx, 
and Ty for the crack up to the point of initiation. 

Once the crack begins to propagate, the opening and sliding displacements can instead be written as: 

ux =
∑N
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In the above equations, µ is the material shear modulus, and r and θ are the polar coordinates with crack tip as the origin and κ = 3− υ
1+υ 

for plane stress. The longitudinal and shear wave speeds are defined as CL =
̅̅̅̅̅̅̅̅̅̅
(κ+1)μ
(κ− 1)ρ

√
and CS =

̅̅
μ
ρ

√
respectively. The non-dimensional 
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are used to compute the spatial variations of rm =
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X2 + β2
mY2

√

and θm = tan− 1
( βmY

X

)

based on the crack speed, c. Also, BI, BII, D, and h are defined in [7] as, 

Table 3 
Rate dependence of elastic modulus derived from DSR method (values 
in italics are extrapolated, value in bold represents expected modulus 
for the present work).  

Strain Rate (s¡1) Predicted Modulus (GPa) 

~10-3  2.00 
~10-2  2.04 
~10-1  2.08 
~100  2.13 
~101  2.17 
~102  2.21 
~103  2.25 
~104  2.29  

Fig. 6. Example of points considered in domain integral calculation (green squares are FE model elements, red-highlighted points are nodes 
included in contour integral evaluation). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version 
of this article.) 
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BI(c) =
(
1 + β2

2

)

D
, BII(c) =

2β2

D  

D = 4β1β2 −
(
1 + β2

2

)2  

h(n) =

⎧
⎪⎪⎪⎨
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2β1β2

1 + β2
2

for even n

1 + β2
2

2
for odd n  

h(n̄) = h(n+ 1), n̄ = n+ 1 (7) 

For both methods of extracting stress intensity factors, it is important to understand the location of the crack tip. For the present 
work, the location is identified manually from the DIC images. A local crack coordinate system that realigns with the instantaneous 
crack propagation direction is used. The SIF values extracted using the domain integral method is much less sensitive to the accuracy of 
the crack tip location. This sensitivity is documented in [26]. 

2.6. Uniaxial material behavior 

2.6.1. Quasi-static testing 
To acquire the elastic properties of the baseline material, tension tests were conducted with ASTM D 638 [32] and ASTM D 695 [33] 

as guidelines. Several tension and compression specimens were cast and cured. The uniaxial tests were conducted on a Tinius Olsen 

Fig. 7. Displacement plots for β = 90◦ experiment (Pre-initiation displacements from ~ -4 µs and post-initiation displacements from ~ 20 µs; t =
0 corresponds to crack initiation). 
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uniaxial load test frame. The specimens were loaded under displacement control at a rate of 0.25 mm/min. A 44.5 kN capacity load cell 
(accuracy = 0.04 % of full scale) was used to measure the applied load. The tensile stress vs strain data for the material is shown in 
Fig. 5 with comparisons between the response measured using a strain gage to that as extracted using strains derived from digital image 

Fig. 8. Displacement plots for β = 65◦ experiment (Pre-initiation displacements from ~ -4 µs and post-initiation displacements from ~ 24 µs; t =
0 corresponds to crack initiation). 

Fig. 9. Dependence of stress intensity factors on the extent of the domain of integration for pure mode I test (upper) and near mode II test (lower).  
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correlation displacement data. 
The elastic modulus for the linear model was calculated as the average slope across the range of 2000 to 4000 microstrain. The 

material properties of this epoxy formulation are summarized in Table 2. 

2.6.2. Dynamic testing 
In the fracture parameter extraction process it is assumed that the material behavior is linear elastic. Since this testing occurs under 

elevated strain rates, this assumption was verified using dynamic mechanical analysis and the DSR method [34]. This technique has 
been demonstrated to work well across a range of strain rates for PMMA and polycarbonate in [34] as well as EPON 826 in [35] by 
comparing predicted response to measured responses at different rates using split Hopkinson pressure bar testing. By measuring the 
loss modulus at multiple frequencies (1 Hz, 10 Hz, and 100 Hz in the present work), it was determined that the α-transition point 
(which is most relevant to the current work) shifts at a rate of approximately 5 ◦C per decade of increase in frequency or strain rate. 

Based on these results, the material’s elastic modulus is expected to have some rate dependence, particularly at higher and lower 
temperatures where the material may be operating near one of its transition points. The predicted elastic modulus at a range of strain 
rates is tabulated in Table 3. The strain rates calculated from complementary dynamic FE models for the present work (see Appendix) 
are on the order of 102 s− 1. Considering dynamic fracture testing at room temperature, the rate-dependent elastic effects are expected 
to be small with the modulus being expected to shift less than 5 % across the strain rates of interest in the current geometry and under 
the current impact conditions, thus justifying a linear elastic material model assumption for the hybrid DIC-FE data extraction process. 
This variation in modulus is consistent with observations from data presented in [34] for an epoxy-based material with a very similar 
composition. 

3. Critical examination of initial fracture experiments 

An initial set of tests was conducted with the proposed geometry with a striker velocity of 8 m/s. The choice was based on 
parametric studies, documented in the appendix, to identify appropriate impact conditions to achieve the desired strain rate and range 
of mode mixities. For each test, the striker velocity, incident bar strain, and specimen images were all recorded. The primary objective 
of the first set of experiments was to quantify any variations with respect to contour path dependence and compare the fracture 
quantity extraction methods. Using the hybrid DIC-FE approach, the domain integral quantities were extracted from the model. For 

Fig. 10. Stress intensity factor histories for three different crack inclination angles: Pure mode I – β = 90◦ (top), mixed mode – β = 80◦ (center), and 
Pure mode II – β = 65◦ (bottom). 
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reference, the mesh in the post-processing model is inherited directly from the DIC output data. Therefore, each node in the post- 
processing model utilizes the same displacement values from its associated DIC output data point. By default, Abaqus performs the 
contour integral computation for individual sets of elements that enclose the crack tip. To assess path dependence, successive contours 
must be extracted at increasing radial extents from the crack tip. In the present work, circular contours of elements were manually 
specified around the crack tip as illustrated in Fig. 6. 

Displacement contours were plotted to visualize and understand the evolution of the elastic deformation in the vicinity of the crack 
tip. For example, the sliding and opening displacements for a mode I crack are shown in Fig. 7. As evidenced in the figure, the opening 
displacement field is quite symmetric implying a mode I dominant deformation at the point of initiation that persists well into the crack 
propagation event. 

The example displacements of the pure mode II case is shown in Fig. 8. In these contour plots for β = 65◦, the displacement fields are 
asymmetric and dominated by sliding displacement at initiation. Early in the propagation event, the deformation pattern quickly 
approaches a symmetric opening displacement field relative to the growing crack tip (or local rotated) coordinates as would be ex-
pected for a pure mode I crack. 

The stress intensity factor output is plotted as a function of the ratio of r/B for the pure mode I and near mode II case in Fig. 9, where 
r is the radial distance from the crack tip and B is the specimen thickness. For reference, a value of r/B = 1 corresponds to a contour 
radius of 6.37 mm from the crack tip. 

For each of these scenarios, one set of contour outputs is plotted for a time close to crack initiation (t ≈ 0 µs) and another set of 
contour integral outputs is plotted for a time earlier in the loading event, approximately halfway to crack initiation. As shown in the 
figure, the stress intensity factors are relatively invariant of contour location at each of the time steps inspected. 

The stress intensity factor histories for three different mode states are plotted in Fig. 10. Prior to crack initiation (which corresponds 
to t = 0 µs in the plot) the predicted SIF histories from complementary elasto-dynamic finite element simulations (see Appendix for 
details) are compared with the experimentally derived SIF histories as extracted using the two methods discussed in earlier sections, 
namely the over-deterministic, least squares (LS) approach and the hybrid DIC-FE approach. The simulated results show excellent 
agreement with the experimental values. For β = 80◦ crack inclination angle, the values from the finite element simulation are slightly 
lower than those that are experimentally measured using the hybrid DIC-FE data reduction method for both mode I and mode II. The 
pre-initiation values extracted using the least squares method show a slightly larger deviation from the FE simulation results and the 
values extracted using the DIC-FE method; however, this deviation is still very low throughout the time history preceding initiation. 

Fig. 11. Crack tip position history (top) and crack tip velocity (bottom) for pure mode I (β = 90◦), mixed mode (β = 80◦), and pure mode II (β 
= 65◦). 
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The post-initiation stress intensity factor histories (t > 0 µs) are computed using the hybrid DIC-FE approach and compared with the 
ones obtained using over-deterministic least squares approach. In the post-initiation phase, the data from dynamic finite element 
model is not available since no attempt to simulate crack growth was made in the present work. However, the least squares calculations 
match well with the hybrid DIC-FE results. For the two experiments that have a dominant mode I component (β = 90◦ and 80◦ crack 
angle cases), the slope of the mode I SIF component undergoes very little change between the pre- and post-initiation states. This 
implies that the initial crack is likely very sharp geometrically. For all three of the experiments, the mode I stress intensity factor 
plateaus at approximately 1.4 MPa-√m. In general, for the latter two cases, the mode II stress intensity factor rapidly decreases to near 
zero soon after initiation and approaches zero as the crack approaches a mode I dominant state during propagation. Post-initiation, the 
mode I component of the least squares results appear to have more noise. This is likely due to uncertainties with respect to crack tip 
location, as that influences the displacement values used to form the over-determined equations in the asymptotic expansion. 
Conversely, the mode II component of the results extracted using the DIC-FE method appear to have more noise. While this method has 
been shown [26] to be relatively insensitive to the selection of the crack tip location, uncertainties in manually orienting the local crack 
tip coordinates may still contribute to deviations in this measurement. 

For each of the dynamic experiments, the crack tip position is manually tracked as a function of time by manually inspecting the 
raw images of the test sample and separately inspecting the displacement field contours. The crack tip positions are plotted as a 

Fig. 12. (a) Fracture envelopes from measured critical stress intensity factors for static and dynamic experiments and (b) relationship between 
effective critical stress intensity factor and mode mixity. 

Table 4 
Stress intensity factor envelope fit parameters.  

Condition Curve Fit Parameter (MPa-√m)  

A B 

Static  0.9  1.2 
Dynamic  0.8  0.8  
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function of time in Fig. 11 for β = 90◦, 80◦, and 65◦ cases. The mode I (β = 90◦) and mode II (β = 65◦) test specimens have near- 
identical displacement histories, whereas the mixed-mode case (β = 80◦) still follows a similar trend. 

The crack tip velocity for each of the cases was estimated using numerical differentiation of the displacement histories and is 
plotted in Fig. 11. Prior to differentiation, the crack tip position values were smoothed using a Bezier fit (cubic curve with smoothing 
parameter of 0.5) as has been utilized by previous authors [36]. The velocity is relatively consistent between the three different crack 
inclination angles. Considering velocity values in the range of 15 to 40 µs after crack initiation, the average velocity was estimated to 
be 312 m/s with a standard deviation of 56 m/s. 

4. Results and discussion 

4.1. Mixed-mode fracture envelope 

With the proposed experimental setup, a test series was executed for a range of crack inclination angles from β = 65◦ to 90◦ to 
develop an understanding of the critical stress intensity factors at crack initiation across the full range of mode mixities under stress 
wave loading conditions. For each test case, the results were extracted using the DIC-FE method and are plotted in Fig. 12. For 
comparison, the results from quasi-static experiments from the authors’ earlier work on the same adhesive material [26] are shown as 
well. 

The parameters for the fit are summarized in Table 4. An alternate representation of the mixed-mode fracture behavior of this 

adhesive is shown in Fig. 12 (b). Here, the effective stress intensity factors at crack initiation 
(

Keff =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

K2
I + K2

II

√ )

under static and 

dynamic loading conditions are plotted as a function of mode mixity by the red solid symbols. Again, for comparison, the quasi-static 
counterparts are shown for the same adhesive material by the blue solid symbols. A linear fit is also shown on the plot for both sets of 
data. Under dynamic conditions, the critical effective stress intensity factors are relatively constant within the experimental scatter 
with respect to mode mixity. On the contrary, for the quasi-static experiments, a perceivable increasing trend in the critical effective 
stress intensity factors with mode mixity (or, increasing critical mode II values) is evident. Approximately 38 % higher value of critical 
Keff under mode II conditions relative to the pure mode I value can be estimated from the plot. It should be noted that the relationship 
between effective stress intensity factor and mode mixity is considered a material dependent characteristic. For instance, Lim, et. al. 
[37] observed a general decrease in effective stress intensity factor with increasing mode mixity for soft rocks. Miller [38] observed a 
similar decreasing trend for a rubbery particulate composite. In a study of mixed-mode fracture in epoxy, however, Jamali et al. [39] 
observed an increase in strain energy release rate of approximately 2.47X across the range of mode mixities from pure mode I to pure 

Fig. 13. Micrographs comparing fracture surfaces from (a) quasi-static mode I, (b) dynamic mode I, (c) quasi-static mode II, (d) dynamic mode II 
(arrow indicates propagation direction). 
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mode II and noted similar trends in other epoxies. 
Interestingly, the dynamic results were measurably lower than the static counterparts for this adhesive, with a larger change in the 

two sets of data occurring in the shear-dominated regime, close to the pure mode II case. Extensive uniaxial tension and compression 
testing, as well as torsion testing, revealed that the material exhibits an elastic-brittle response in tension, whereas, in compression and 
shear, it exhibits greater ability to deform inelastically. The inelastic behavior in polymers has been shown to be significantly affected 
by loading rate and that is suspected to be the case here since the tension-dominated fracture properties were measurably less rate- 
sensitive. Several prior works have observed a similar effect with respect to differences between quasi-static and dynamic fracture 
toughness. Most recently, mode I fracture testing by Kanchanomai, et al. [40] measured a decrease in critical stress intensity factors 
with increases in loading rate. Work by Kalthoff, et al. [41] reported results from dynamic experiments where the initial dynamic stress 
intensity factor (at crack initiation) was lower than its static counterpart. However, dynamic values from later in the propagation were 
higher than their static counterparts. Marur, et al. [42] performed tests on particulate composites comprised of epoxy and alumina 
nanoparticles. Their results also demonstrated lower fracture toughness in dynamic conditions relative to their quasi-static counter-
parts for studies involving two different particle sizes and multiple volume fractions. Joudon, et al. [43] reported dynamic stress 
intensity factor values that were 88–91 % of their static equivalent for a neat epoxy material. Pittman and colleagues [44] studied 
mode I stress intensity factors for two different epoxy systems. One system, PR-520, exhibited static critical SIF values that were higher 
than the dynamic SIF values, whereas the other system, 3502, exhibited dynamic critical SIF values that were lower than the dynamic 
SIF values. All these works seem to support the observed rate dependent behavior of fracture envelopes. 

4.2. Fracture surface microscopy 

Fractography was also undertaken to shed light on potential differences in microscale failure mechanisms for the adhesive under 
different loading rates. Fracture surface (x-z plane) micrographs from tension- and shear-dominated fracture events are presented in 
Fig. 13 at a distance of r

B = 1 from the original crack front. 
Evidently, the fractographs for quasi-static and dynamic mode I and mode II cases show visible differences. The dynamically loaded 

specimens appear to have fewer finer features relative to the quasi-static cases over the fractured surface. In the mode I case, numerous 
locations where crack pinning has occurred are clearly visible whereas the same are less dominant and mostly interspersed amongst 
broad, randomly cleaved features in the dynamic counterpart. Particle cavitation is another potentially significant mechanism 
dominant under quasi-static conditions appearing as pronounced localized features in contrast to the dynamic surface features. In the 
mode II case, the fracture surface features are again visibly dominant under quasi-static conditions relative to the dynamic counter-
parts. The crack has numerous pinned and cavitated locations besides cleaved structures. The same features are relatively muted under 
dynamic conditions. These textural differences are consistent with the lower critical stress intensity factor values at initiation for the 
dynamic case. 

Fig. 14. Comparison of crack propagation direction with predictions using MTS and MERR criteria.  
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4.3. Crack propagation directions 

For each test specimen, image analysis was used to measure the crack initiation direction as precisely as possible. For the full range 
of mode mixities, the expected crack propagation angles were first calculated using maximum tangential stress (MTS) criterion. This 
criterion states that the crack is assumed to crack grow when the maximum average tangential stress in the region ahead of the crack 
tip reaches its critical value and the crack growth direction corresponds to the direction of the maximum tangential stress along a 
constant radius around the crack tip. Higher order terms in Williams’ asymptotic stress fields are considered to be negligible. Sepa-
rately, the maximum energy release rate criterion was used to estimate expected crack propagation direction which postulates that the 
parent crack initially propagates in the direction that maximizes the value of energy release rate G or J. The estimated crack propa-
gation directions are compared with the different criteria in Fig. 14. Given the difficulties in the measurement of crack kink angles from 
the initial crack tip, reasonably good agreement between the experimental results and those predicted by the two crack propagation 
direction criteria is evident. 

5. Concluding remarks 

Dynamic mixed-mode fracture behavior of an epoxy-based adhesive is studied experimentally. The work successfully demonstrates 
the adoption of an SCB three-point geometry to a simplified, single-point impact configuration to generate the full range of mixities 
(and beyond) for high strain rate fracture characterization. The digital image correlation method coupled with ultrahigh-speed 
photography was employed to measure in-plane deformations near cracks. A data reduction technique was investigated for extract-
ing dynamic fracture parameters by utilizing the displacement measurements mapped into a finite element discretization. The data 
reduction approach was implemented using the Abaqus structural solver, allowing extraction of mode I and mode II stress intensity 
factors. Viscoelastic measurements were performed on the material of interest and the so-called decompose, shift, reconstruct method 
was used to predict the rate dependence of the elastic modulus to verify the use of a linear elastic material model for the data post- 
processing. The results indicated that for this rubber-filled epoxy adhesive there is minimal change in the elastic properties across 
the loading regime in this study. The dynamic fracture experimental setup was used to perform multiple experiments across a range of 
crack inclinations to obtain critical stress intensity factors over the full range of mode mixities. The results were compared with their 
quasi-static counterparts; for the mode II condition, the dynamic measurements were approximately 70 % of the quasi-static coun-
terparts. This was also reflected in plots of the effective stress intensity factors as a function of mode mixity. For the dynamic tests, the 
effective stress intensity factors were relatively constant with mode mixity, whereas for the quasi-static case, the values increased 
approximately 38 % across the full range of mode mixities. Texture and feature differences noted in micrographs of quasi-static and 
dynamic specimen fracture surfaces are consistent with the differences between critical stress intensity factors at the two load states, 
particularly for the mode I case. Measured crack kink angles were compared to those predicted by popular crack propagation direction 
criteria. 
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Appendix A. Specimen and experimental design 

A complementary dynamic model of the experimental setup was created in the Abaqus finite element modeling software to 
determine the effect of certain experimental parameters such as the crack length and crack angle on certain output quantities such as 
mode mixity and demonstrate the overall utility of this experimental setup. Two options were considered for introducing the 
experimentally derived force history into the test specimen. The first option is to estimate the force history using the incident and 
reflected strain signals in the incident bar (Fig. A1) and apply the force history directly to the specimen. The second option is to model 
the aluminum striker bar and incident bar with contact at the incident to striker interface and striker to specimen interface. 
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Each of the two approaches have advantages and disadvantages. As evident in Fig. A1, the incident and reflected signals must be 
aligned which is a nontrivial step and can result in uncertainty depending on the method chosen for signal alignment. In addition, 
considering the signal is measured at some distance away from the specimen uncertainty due to wave dispersion, though small in this 
work, could be a factor as well. These uncertainties are typically addressed in traditional two bar setups by using the one-dimensional 
equations of motion at the specimen faces to assess the estimated input force using the incident, reflected, and transmitted signals. The 
limitation with the second approach is uncertainty associated with the contact descriptions at the two interfaces. The second approach 
is also more computationally intensive but reliable. In the absence of a transmitter bar in the present work to estimate force balance, 
the second approach was chosen. 

For the model, the test specimen was modeled using approximately 2,200 solid 4-noded reduced integration elements (S4R) with 
approximately 2,200 nodes. An elastic modulus of 2.2 GPa and a density of 1.11 g/cc was used for the epoxy specimen. An elastic 
modulus of 69 GPa and a density of 2.8 g/cc was used for the aluminum striker and long bar. An initial velocity was prescribed for the 
striker bar and contact was modeled at the interface between the striker bar and the long bar as well as between the long bar and the 
test specimen using the surface-to-surface contact algorithm in Abaqus. A study of friction at the interfaces showed that friction at these 
two interfaces had negligible effect on stress intensity factors. The interfaces were thus assumed to be frictionless. The automatic time 
stepping scheme was utilized in the model. To initially evaluate the performance of the model, a strain gage was mounted on the 
incident bar to verify that the stress wave loading was being captured appropriately. The strain data measured from the initial tests was 
in good agreement with that predicted in the finite element model with the strain averaged over a similar length segment in the model. 

The mode mixity at failure is dependent upon the critical effective stress intensity factor for a given sample material and geometry 
(crack length and crack inclination angle). For the finite element-based parametric studies, an effective critical stress intensity factor, 

Keff, of 0.7 MPa-√m was assumed for computing mode mixity at crack initiation where Keff =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

K2
I + K2

II

√

. This value was based on 
initial mode I dominated dynamic experiments. 

A.1 Influence of crack length 

Three crack lengths, 16 mm, 19 mm, and 22 mm, were analyzed with an impact velocity of 8 m/s. As shown in Fig. A2, the mode 
mixity at presumed crack initiation for the specimen with the shorter crack length is less sensitive to changes in crack inclination angle 
and thus, even at very shallow crack angles (β below 65◦ from the horizontal), pure mode II does not appear to be possible at the 
imposed velocity. 

The longer cracks (19 mm and 22 mm), however, approach pure mode II at angles of 65◦ and 70◦ from the horizontal respectively. 
Based on these results, for a given material system with a given fracture toughness, it appears that crack length can be a useful 
experimental variable for sizing the specimen geometry to achieve a desired range of mode mixities. It is also interesting that at longer 
crack lengths, the crack inclination angle has a more significant influence on mode mixity at crack initiation (e.g., small changes in 
crack inclination angle lead to large changes in mode mixity). This may be undesirable from an implementation standpoint if, for 
instance, results are targeted for a specific mode mixity. Therefore, the crack length can be used to control that sensitivity. 

Fig. A1. Incident and reflected strain history measured from incident bar.  
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A.2 Influence of striker velocity 

With the 19 mm crack length, a series of analyses were executed to understand the influence of striker initial velocity on the 
apparent mode mixity at crack initiation. As shown in Fig. A3, as the striker velocity increases, the apparent mode mixity at crack 
initiation becomes more sensitive to changes in crack inclination angle. 

Thus, for high striker velocities, very small changes in crack inclination angle are expected to result in very large changes in mode 
mixity at failure for a given material. Again, this may also be undesirable from an implementation standpoint. Likewise, for slower 
striker velocities, the experimental setup may not be able to achieve pure mode II conditions. For this combination of geometric 
parameters, a velocity of 8 m/s allows a sufficiently wide range of crack inclination angles to be tested to achieve the desired range of 
mode mixities. At lower velocities, the full range of mode mixities is less likely to be achieved, and for higher impact velocities, small 
changes in inclination angle result in large changes in mode mixity. This linear, dynamic finite element model demonstrates the 
flexibility of the experimental setup to enable study of fracture at a wide range of strain rates. 

A.2 Influence of supports 

In the present work, a strip of putty was used to hold the specimen in place while in contact with the incident bar. A second piece of 
putty was utilized on the opposite edge in the event of asymmetries in the boundary of the specimen resulting in asymmetric wave 
reflections. The complementary FE model was used to investigate the effects of the putty. Four different specimen edge boundary 
conditions were investigated: free-free, putty on one edge only, putty on both edges, and putty on both edges but with one piece of 
putty fixed. The results show that for pure mode I case (β = 90◦), introduction of the putty on only one edge results in a slight 
asymmetry in the loading behavior, and hence a slight mode mixity (<1◦). The model was also used to investigate the effect of the 
modulus of the support point, or more importantly, the impedance mismatch between the test specimen and the support point. As long 
as the acoustic impedance of the supporting material is substantially lower than the test specimen material and the contact area is 
minimum, as is the case for the epoxy being tested here, the effect is negligible. 

Fig. A3. Predicted mode mixity values for different crack angles for different striker velocities for crack length of 19 mm.  

Fig. A2. Predicted mode mixity values for different crack angles for three different crack lengths.  
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