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Abstract. This paper examines the experimental u1, u2, and u3 displace-
ments obtained in the vicinity of a plastically deformed crack tip in different
work hardening materials in the background of the Hutchinson -Rice-
Rosengren (HRR) field equations. It is shown that the two -dimensional
plane stress solution breaks down in the immediate vicinity of the crack
tip because of the three -dimensional nature of the deformations due to
finite plate thickness. This "inner limit" seems to vary from 0.75 to 1.5
times the thickness with directional dependence. Some light is also shed
on the "outer limit" of HRR equations, beyond which the theory ceases
to be valid under the influence of the surrounding elastic field or the
physical boundary of the plate or a combination of both.

Subject terms: photomechanics; moire methods; elastic - plastic fracture; work hard-
ening; three -dimensional deformations.

Optical Engineering 27(8), 625 -629 (August 1988).

1. INTRODUCTION
Lately there has been considerable interest in experimentally
investigating the nature of the prevailing displacement, strain,
and stress fields in the vicinity of a deformed crack tip. More
often than not, the crack tip fields are described by Westergaard's
equations under elastic or small scale yielding conditions and
by the Hutchinson -Rice -Rosengren (HRR) equationsl'2 when
yielding is significant and comparable to the uncracked specimen
length. These are simple plane stress or plane strain models
based on classical 2 -D assumptions. However, in practice, one
often uses materials with finite thickness that are approximated
to either plane stress or plane strain conditions. It is well known
that the existing field near the deforming crack tip is highly
complex and three -dimensional. This results in the breakdown
of 2 -D assumptions in a region close to the crack tip. Rosakis
and Ravi Chandar3 investigated these 3 -D effects using the method
of caustics in elastic situations. They observed that plane stress
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assumptions are valid beyond about one -half of the plate thick-
ness. Chiang and Hareesh4 have used a combined moire method
to study deformation fields near a plastically deformed crack tip
in a low hardening aluminum. Results suggest that there is a
zone of 3 -D effects around the crack tip that could vary from
0.75 to 1.5 times the plate thickness with directional dependence.
Recently, Zehnder et al.5 have used the method of reflection
caustics and finite elements to imply that HRR field equations
under plane stress conditions have an outer limit of validity.
Their results show that this limit seems to occur at about a third
of Irwin's plastic zone length factor. Kang et aí.6'7 have also
observed, in their displacement fields obtained from white light
interferometry, that the HRR field prevails near the crack tip.
Numerical calculations performed by Shih8 show that J- dominance
in plane strain conditions prevails over short distances of 1% to
7% of the uncracked ligament length, depending upon whether
the crack is under pure tension or pure bending. It is anticipated
to prevail over longer lengths when the crack is under plane
stress.*

In this study we further investigate the inner (3 -D zone) and
outer limits of HRR displacement and strain descriptions in sin-
gle edge notch (SEN) samples of materials with various hard-
ening indices. The sample geometry chosen is such that the
material could globally be assumed to be under plane stress
loading.

2. EXPERIMENTAL TECHNIQUE
A combined in -plane and out -of -plane moire method4 is used in
this study to simultaneously obtain all three components of dis-
placement Ili , u2, and u3 along the xl, x2, and x3 directions,
respectively. The experimental arrangement is shown in Fig.
1(a), and the specimen geometry is shown in Fig. 1(b). To begin
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Lately there has been considerable interest in experimentally 
investigating the nature of the prevailing displacement, strain, 
and stress fields in the vicinity of a deformed crack tip. More 
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equations under elastic or small scale yielding conditions and 
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assumptions are valid beyond about one-half of the plate thick 
ness. Chiang and Hareesh4 have used a combined moire method 
to study deformation fields near a plastically deformed crack tip 
in a low hardening aluminum. Results suggest that there is a 
zone of 3-D effects around the crack tip that could vary from 
0.75 to 1.5 times the plate thickness with directional dependence. 
Recently, Zehnder et al. 5 have used the method of reflection 
caustics and finite elements to imply that HRR field equations 
under plane stress conditions have an outer limit of validity. 
Their results show that this limit seems to occur at about a third 
of Irwin's plastic zone length factor. Kang et al. 6 '7 have also 
observed, in their displacement fields obtained from white light 
interferometry, that the HRR field prevails near the crack tip. 
Numerical calculations performed by Shih8 show that J-dominance 
in plane strain conditions prevails over short distances of 1% to 
7% of the uncracked ligament length, depending upon whether 
the crack is under pure tension or pure bending. It is anticipated 
to prevail over longer lengths when the crack is under plane 
stress.*

In this study we further investigate the inner (3-D zone) and 
outer limits of HRR displacement and strain descriptions in sin 
gle edge notch (SEN) samples of materials with various hard 
ening indices. The sample geometry chosen is such that the 
material could globally be assumed to be under plane stress 
loading.

2. EXPERIMENTAL TECHNIQUE

A combined in-plane and out-of-plane moire method4 is used in 
this study to simultaneously obtain all three components of dis 
placement ui, U2, and us along the xi, \2, and xs directions, 
respectively. The experimental arrangement is shown in Fig. 
l(a), and the specimen geometry is shown in Fig. l(b). To begin
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Fig. 1. (a) Experimental setup. (b) Specimen geometry (dimensions
in millimeters). (c) Enlarged recorded grating.

with, the SEN specimen is printed with a cross grating of pitch
p using a photoengraving process. Typical values of p in this
study are 50.8 p.m and 25.4 µm.

A He -Ne laser beam is first expanded by a microscope ob-
jective and then collimated by a field lens before it impinges
upon a line grating. The regular and diffracted wavefronts are
collected by a second field lens, which forms the diffraction
spectrum of the grating at its focal plane in the form of a series
of equally spaced bright dots called diffraction orders. All the
orders are blocked by a mask except the ± 1 orders, which are
collected by a third lens to form two nearly collimated beams
with an angle 2a between them to impinge upon the specimen.
Within the intersecting beams there exists a standing wave of
period (or pitch)

)`
9 2sina
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Fig. 2. Schematic for optical spatial filtering.

where X is the wavelength.
When a specimen is placed in this field, it is covered by two

patterns. One is the projected grating from the standing wave
with a pitch

X
9 2sinacosß

(2)

where ß is the angle between the normal to the plate and the
optical axis of the projection system. Another is the photograph-
ically printed pattern on the specimen surface. This entire optical
field on the specimen is recorded before load is applied (master
grating) and after load is applied (deformed grating). Several
deformed gratings are recorded, corresponding to different load
levels. An enlargement of one such recording is shown in Fig.
1(c). Each of the deformed gratings contains the information
corresponding to all three displacement components. All these
can be delineated in the form of contour fringes of displacement
component through a process called optical spatial filtering.9 A
system for performing filtering is shown schematically in Fig. 2.
A superimposed pair of master grating and deformed grating is
placed in a coherent light field to display the spatial frequency
content of the recordings at the Fourier transform plane of the
first field lens. By appropriately selecting the diffraction order
at this plane to be collected by the second lens, one can obtain
contour fringes of u t , u2, and u3. Their governing equations are

ut =Np ,

u2=N'p ,

N"),
u3 4tanasinß

where N, N', and N" = 0, ±1, ±2, ±3, etc.

(3)

(4)

(5)

3. EXPERIMENTS
Three aluminum alloys of different hardening indices (n) were
used in this study: A12024 -0 (n ~ 3), A15052 -H32 (n ~ 7), and
A16061 -T6 (n 18). We calibrated the materials by using a
simple tension test and fitting a Ramberg -Osgood type of curve,
i.e.,
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with, the SEN specimen is printed with a cross grating of pitch 
p using a photoengraving process. Typical values of p in this 
study are 50.8 jxm and 25.4 jxm.

A He-Ne laser beam is first expanded by a microscope ob 
jective and then collimated by a field lens before it impinges 
upon a line grating. The regular and diffracted wavefronts are 
collected by a second field lens, which forms the diffraction 
spectrum of the grating at its focal plane in the form of a series 
of equally spaced bright dots called diffraction orders. All the 
orders are blocked by a mask except the ± 1 orders, which are 
collected by a third lens to form two nearly collimated beams 
with an angle 2a between them to impinge upon the specimen. 
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where \ is the wavelength.
When a specimen is placed in this field, it is covered by two 

patterns. One is the projected grating from the standing wave 
with a pitch

2sinacosp
(2)

where p is the angle between the normal to the plate and the 
optical axis of the projection system. Another is the photograph 
ically printed pattern on the specimen surface. This entire optical 
field on the specimen is recorded before load is applied (master 
grating) and after load is applied (deformed grating). Several 
deformed gratings are recorded, corresponding to different load 
levels. An enlargement of one such recording is shown in Fig. 
l(c). Each of the deformed gratings contains the information 
corresponding to all three displacement components. All these 
can be delineated in the form of contour fringes of displacement 
component through a process called optical spatial filtering. 9 A 
system for performing filtering is shown schematically in Fig. 2. 
A superimposed pair of master grating and deformed grating is 
placed in a coherent light field to display the spatial frequency 
content of the recordings at the Fourier transform plane of the 
first field lens. By appropriately selecting the diffraction order 
at this plane to be collected by the second lens, one can obtain 
contour fringes of m, U2, and us. Their governing equations are

ui = Np 
u2 = N'p

u3 =
N"\

4tanasin(3

(3)

(4)

(5)

where N, N', and N" = 0, ± 1, ±2, ±3, etc.

3. EXPERIMENTS
Three aluminum alloys of different hardening indices (n) were 
used in this study: A12024-0 (n * 3), A15052-H32 (n « 7), and 
A16061-T6 (n « 18). We calibrated the materials by using a 
simple tension test and fitting a Ramberg-Osgood type of curve, 
i.e.,
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to the data points. In the above equation, vo is the yield stress,
E0 is the yield strain, n is the hardening index, and a is a material
constant.

SEN samples were made from 3.17 mm thick sheets with
rolling direction parallel to the loading axis of the specimen.
Initially, notches 12 mm long were cut into each specimen by
the electrodischarge machining (EDM) process. Fatigue cracks
were grown in these EDM samples by subjecting them to sin-
usoidal tensile -to- tensile cyclic loads. The cyclic load levels
were kept to a small fraction of the yield stress (typically 30%
of io), and notches were extended to about 14.5 mm. These
samples were then subjected to monotonically increasing load,
and deformed gratings were recorded at different load levels.
The filtering process mentioned in the previous section resulted
in the typical fringe patterns shown in Fig. 3. Here all three
displacement contours are shown for the three materials chosen
at the indicated load levels. Each fringe represents a displace-
ment value of one pitch.

4. EXPERIMENTAL RESULTS COMPARED TO HRR
EQUATIONS

HRR singularity descriptions 1,2 are widely accepted and used
in the study of plastically deformed cracks in work hardening
materials. The dominant strain -stress relationship based on
deformation theory of plasticity for a hardening material is
given by

3
1 (7)

where E is Young's modulus and sÿ is the stress deviator of a;i.
Here ie is the effective stress given by ae = V(3 /2)(s;is;i)
Using the stress function approach, Hutchinson, Rice, and Ro-
sengren derived plane stress field equations for strain and dis-
placement components as

E¡J(r, 9) = aEoCN(n +1)E,J(e, n) , (8)

u ¡(r, e) = aEorCn/(n
+1)û

¡(e, n) , (9)

where

C= J

aiaEaInr

Under plane stress conditions, the out -of -plane displacement u3
can be expressed in terms of average u3 direction strain:

2u3
E33 -

h
= -(ER + Egg), (10)

where h is the thickness of the undeformed sheet. In the above
equations, J is Rice's path -independent contour integral around
the crack tip, given by

J =
J

Wdx2 - i¡inju¡,z1ds ,

r

where I' is the path of integration,

U1 u2 U3

A12024-0 (ar/ao = 2.04): u1, u2 = 0.0508 mm/fringe, u3 = 0.036 mm/fringe

A15052-H32 (ax/ao = 0.88); u1, u2 = 0.0254 mm/fringe, u3 = 0.032 mm/fringe

A16061-T6 (a./ao = 0.67): u1, u2 = 0.0254 mm/fringe, u3 = 0.032 mm/fringe

W-
rE

mm

Material oe kg /mm2 e, a n

A12024-0 5.0 0.00067 1.9 3.05
AI 5052-H32 17.0 0.0023 3.75 7.3
Al 6061-T6 28.0 0.004 1.22 18.0

rJ

Fig. 3. Crack tip displacement fields.

and In is a constant dependent on hardening index n. Terms @ii
and ûi are functions of the polar coordinate O and n. Since the
crack growth is controlled largely by local phenomena at the
crack tip, Shih10 has hypothesized that the crack tip opening
displacement (CTOD) bt should be a measure of the damage at
the crack tip. He has shown that CTOD is related to J by

st = (aEo)1/n Dn
io

where Dn is a function of n. Tabulations of all these constants
are available in Ref. 11.

Figure 4 compares typical normalized displacements u2 and
u3 obtained from experimental results with those calculated by
the HRR equations. Here 8t is used for normalizing the dis-
placements, and plate thickness h is used for the polar coordinate
r. Experimental St were measured by counting the total number
of fringes between the lower and upper lips of the crack up to
about 1 to 2 mm behind the visible crack tip position, where
the crack lips are parallel. Plate thickness h is used to normalize
r to bring out the 3 -D effects around the crack tip, where plane
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to the data points. In the above equation, a0 is the yield stress, 
e0 is the yield strain, n is the hardening index, and a is a material 
constant.

SEN samples were made from 3.17 mm thick sheets with 
rolling direction parallel to the loading axis of the specimen. 
Initially, notches 12 mm long were cut into each specimen by 
the electrodischarge machining (EDM) process. Fatigue cracks 
were grown in these EDM samples by subjecting them to sin 
usoidal tensile-to-tensile cyclic loads. The cyclic load levels 
were kept to a small fraction of the yield stress (typically 30% 
of a0), and notches were extended to about 14.5 mm. These 
samples were then subjected to monotonically increasing load, 
and deformed gratings were recorded at different load levels. 
The filtering process mentioned in the previous section resulted 
in the typical fringe patterns shown in Fig. 3. Here all three 
displacement contours are shown for the three materials chosen 
at the indicated load levels. Each fringe represents a displace 
ment value of one pitch.

4. EXPERIMENTAL RESULTS COMPARED TO HRR 
EQUATIONS
HRR singularity descriptions l ' 2 are widely accepted and used 
in the study of plastically deformed cracks in work hardening 
materials. The dominant strain-stress relationship based on 
deformation theory of plasticity for a hardening material is 
given by
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where E is Young's modulus and Sy is the stress deviator of CTJJ. 
Here ae is the effective stress given by ae = V(3/2)(sySij). 
Using the stress function approach, Hutchinson, Rice, and Ro- 
sengren derived plane stress field equations for strain and dis 
placement components as
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where
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Under plane stress conditions, the out-of-plane displacement 
can be expressed in terms of average U3 direction strain:
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where h is the thickness of the undeformed sheet. In the above 
equations, J is Rice's path-independent contour integral around 
the crack tip, given by
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Fig. 3. Crack tip displacement fields.

W = J o-jjdeij ,

and In is a constant dependent on hardening index n. Terms ly 
and ui are functions of the polar coordinate 6 and n. Since the 
crack growth is controlled largely by local phenomena at the 
crack tip, Shih 10 has hypothesized that the crack tip opening 
displacement (CTOD) 8t should be a measure of the damage at 
the crack tip. He has shown that CTOD is related to J by

5t = (cte0) 1/n Dn - (H)

where Dn is a function of n. Tabulations of all these constants 
are available in Ref. 11.

Figure 4 compares typical normalized displacements U2 and 
ua obtained from experimental results with those calculated by 
the HRR equations. Here 8t is used for normalizing the dis 
placements, and plate thickness h is used for the polar coordinate 
r. Experimental 8t were measured by counting the total number 
of fringes between the lower and upper lips of the crack up to 
about 1 to 2 mm behind the visible crack tip position, where 
the crack lips are parallel. Plate thickness h is used to normalize 
r to bring out the 3-D effects around the crack tip, where plane
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Fig. 4. Normalized displacements compared with plane stress HRR
equations for (a) u2 and (b) u3.

stress assumptions break down owing to the finite plate thickness
and crack tip blunting. In these figures, note that in the immediate
vicinity of the crack tip there are marked deviations between
experimental measurement and theory. The out -of -plane dis-
placement u3 is finite at the crack tip, unlike the theoretical
prediction. To estimate the size of this region of dominant 3 -D
effects, we chose the boundary of the region to be at length r,
where the difference between the HRR model and the experi-
mental measurements of normalized displacements is ±0.025
or more. Several experiments were done with three different
materials, and results were plotted. In each case, the boundary
of the 3 -D effects was measured using the above criterion along
discrete directions ahead of the crack tip. Figure 5 is a composite
of all such measurements. Despite the experimental scatter, these
data points seem to have a regular trend showing that the 3 -D
zone size is about 0.75h to 1.5h with direction dependence. This
forms the "inner limit" of the HRR equations, beyond which
the 2 -D model seems to agree with the experimental observa-
tions.

Figures 6(a) and 6(b) are logarithmic plots of fringe order
(equivalent to the opening displacement component u2) versus
r along different directions from the crack tip for two different
materials. The solid line represents the slope [1/(n + 1)] of these
experimental curves based on the HRR equations. Note that in
each of these displacement plots there seems to be a region of
constant slope (approximately that indicated by the solid lines)
in a region where r ranges from about 5 mm to 13 to 15 mm.
Outside this region, the slopes differ from those indicated by
the HRR equations. In Fig. 6(c), the log of the opening strain
£22 is plotted against log (r) along A = 0° (xi axis). The HRR
field predicts a slope of -n /(n + 1) for the strain component,
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A: a. = 1.9ao (A12024-0)
13: a: = 0.85ao (A15052-H32)
C: = 0.69ao (A16061-T6)
D: a. = 0.88ao(A15052-432)
E: a: = 0.670.0 (A16061-T6)

A

(r /h) = 1

Fig. 5. Estimated 3 -D zone around the crack tip.

which is represented by the solid lines. The two types of triangles
are the strain values calculated from the fringe patterns shown
in the figures. Here again, there is a region of constant slope.
In these logarithmic plots, the initial deviation in the slope, as
explained earlier, is due to the 3 -D effects near the crack tip.
Deviation beyond r = 13 to 15 mm can be looked at as the
"outer limit" of the HRR fields, where the singularity descrip-
tions cease to dominate owing to the boundary effects of the
specimen or the elastic field surrounding it.

The results obtained from the A15052 -H32 sample, for which
the outer limit is at about 14 mm, are in fair agreement with
those of Zehnder et al.5 for a steel with similar hardening index
(n ^ 8.5). Their investigations showed that the outer limit of
the HRR field is at about a third of Irwin's plastic zone length
factor rp, given by

2

rp =
1

Q

and the stress intensity factor K, given by

(12)

K = com rra' , (13)

where a' is the corrected crack length to account for the devia-
tions from small scale yielding assumptions,12 c is a constant to
account for geometrical effects of the specimen,13 and v. is the
far -field applied stress. Equations (12) and (13) give a value of
rp /3 equal to 12.5 mm, which is close to the value of 14 mm
shown by plots 6(b) and 6(c) and where the curves begin to
change slope. However, when similar calculations were done
on the A12024 -0 results, rp /3 turned out to be 53 mm, although
the plots still show slope deviation at around 13 to 14 mm. This
could be because A12024 -0 is a soft variety of aluminum and
the applied far -field stress (2.04a.) had already resulted in net
section yielding of the specimen. Thus, the above approach of
estimating plastic zone length is unrealistic in this case. How-
ever, in both cases, for the same specimen geometry, the outer
limit seems to occur at about 0.2b, where b is the uncracked
ligament length of the sample.
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stress assumptions break down owing to the finite plate thickness 
and crack tip blunting. In these figures, note that in the immediate 
vicinity of the crack tip there are marked deviations between 
experimental measurement and theory. The out-of-plane dis 
placement us is finite at the crack tip, unlike the theoretical 
prediction. To estimate the size of this region of dominant 3-D 
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where the difference between the HRR model and the experi 
mental measurements of normalized displacements is ±0.025 
or more. Several experiments were done with three different 
materials, and results were plotted. In each case, the boundary 
of the 3-D effects was measured using the above criterion along 
discrete directions ahead of the crack tip. Figure 5 is a composite 
of all such measurements. Despite the experimental scatter, these 
data points seem to have a regular trend showing that the 3-D 
zone size is about 0.75h to 1.5h with direction dependence. This 
forms the "inner limit" of the HRR equations, beyond which 
the 2-D model seems to agree with the experimental observa 
tions.

Figures 6(a) and 6(b) are logarithmic plots of fringe order 
(equivalent to the opening displacement component ui) versus 
r along different directions from the crack tip for two different 
materials. The solid line represents the slope [l/(n 4-1)] of these 
experimental curves based on the HRR equations. Note that in 
each of these displacement plots there seems to be a region of 
constant slope (approximately that indicated by the solid lines) 
in a region where r ranges from about 5 mm to 13 to 15 mm. 
Outside this region, the slopes differ from those indicated by 
the HRR equations. In Fig. 6(c), the log of the opening strain 
622 is plotted against log (r) along 6 = 0° (xi axis). The HRR 
field predicts a slope of   n/(n+ 1) for the strain component,

= 1.9a0 (AI2024-0)
= 0.85a0 (AI5052-H32) 

C: a = 0.69 a0 (AI6061-T6) 
D: a = 0.88 a0 (AI5052-H32) 
E: a = 0.67a0 (AI6061-T6)

Fig. 5. Estimated 3-D zone around the crack tip.

which is represented by the solid lines. The two types of triangles 
are the strain values calculated from the fringe patterns shown 
in the figures. Here again, there is a region of constant slope. 
In these logarithmic plots, the initial deviation in the slope, as 
explained earlier, is due to the 3-D effects near the crack tip. 
Deviation beyond r = 13 to 15 mm can be looked at as the 
"outer limit" of the HRR fields, where the singularity descrip 
tions cease to dominate owing to the boundary effects of the 
specimen or the elastic field surrounding it.

The results obtained from the A15052-H32 sample, for which 
the outer limit is at about 14 mm, are in fair agreement with 
those of Zehnder et al. 5 for a steel with similar hardening index 
(n « 8.5). Their investigations showed that the outer limit of 
the HRR field is at about a third of Irwin's plastic zone length 
factor rp , given by

-M-)  
IT \OV

and the stress intensity factor K, given by

K = CCToc

(12)

(13)

where a' is the corrected crack length to account for the devia 
tions from small scale yielding assumptions, 12 c is a constant to 
account for geometrical effects of the specimen,13 and a«> is the 
far-field applied stress. Equations (12) and (13) give a value of 
rp/3 equal to 12.5 mm, which is close to the value of 14 mm 
shown by plots 6(b) and 6(c) and where the curves begin to 
change slope. However, when similar calculations were done 
on the A12024-0 results, rp/3 turned out to be 53 mm, although 
the plots still show slope deviation at around 13 to 14 mm. This 
could be because A12024-0 is a soft variety of aluminum and 
the applied far-field stress (2.04a0) had already resulted in net 
section yielding of the specimen. Thus, the above approach of 
estimating plastic zone length is unrealistic in this case. How 
ever, in both cases, for the same specimen geometry, the outer 
limit seems to occur at about 0.2b, where b is the uncracked 
ligament length of the sample.
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5. CONCLUSIONS
Using a combined in -plane and out -of -plane moire method, we
have been able to map out the complete displacement field around
a plastically deformed crack tip. Comparison of the normalized
displacements near the crack tip shows that there is a region
around the crack tip where plane stress approximations do not
hold owing to the strong 3 -D effects. This zone is estimated to
be from 0.75 to 1.5 times the thickness of the sheet with direc-
tional dependence. From the logarithmic plots of u2 displacement
and 622 strain, we estimate the outer limit of plane stress HRR
fields to be at about 13 or 14 mm. This measures out to about
0.2 times the uncracked ligament length.
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5. CONCLUSIONS
Using a combined in-plane and out-of-plane moire method, we 
have been able to map out the complete displacement field around 
a plastically deformed crack tip. Comparison of the normalized 
displacements near the crack tip shows that there is a region 
around the crack tip where plane stress approximations do not 
hold owing to the strong 3-D effects. This zone is estimated to 
be from 0.75 to 1.5 times the thickness of the sheet with direc 
tional dependence. From the logarithmic plots of 112 displacement 
and 622 strain, we estimate the outer limit of plane stress HRR 
fields to be at about 13 or 14 mm. This measures out to about 
0.2 times the uncracked ligament length.
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