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Thesis Abstract
Multi-Input Ground Vehicle Control Using Quadratic Progra mming
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John Harris Plumlee
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79 Typed Pages

Directed by David M. Bevly and A. Scottedward Hodel

A quadratic programming based control allocation technigue is proposed for the con-
trol of multiple inputs to a ground vehicle to track a desired yaw rate trajectory while
minimizing vehicle sideslip. Detailed models are deriveddr three vehicles, each possess-
ing di erent input capabilities: 1) front steering and fron t and rear di erential braking.
2) front and rear steering and front and rear di erential bra king. 3) front and rear steer-
ing and individual torque control of each wheel. A method forthe application of control
allocation techniques to a ground vehicle with coupled dynanics is presented. The pro-
posed control strategy uses quadratic programming accompaed by linear quadratic
regulator gains to provide intelligent combinations of input commands to a ground ve-
hicle in order to accomplish multiple objectives. Both nominal and failure scenarios
are examined and the results are presented along with a disegion of the e ects of the
proposed controller's design parameters. The control streegy successfully minimizes
opposing commands in the presence of con icting objectivess well as maintains good

tracking in the event of a steering failure.
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Chapter 1

Introduction

Ground vehicles have become an almost essential part of mode life where they
are depended upon daily to provide services such as transpt@tion for people and/or
cargo. For this reason, much research has been devoted to thmverall advancement of
ground vehicle technology. Modern science has allowed fohé production of ground
vehicles that can operate autonomously or semi-autonomoug saving both time and
money. Even the military has come to rely on intelligent unmanned vehicles for per-
fomming routine and/or potentially dangerous tasks. Saftey is undoubtedly a major
source of motivation behind the increacing performance demnds of manned ground ve-
hicles. Steer/brake/throttle-by-wire technology has allowed for passenger vehicle safety
systems such as driver assisted automated lane keeping [3d stability control systems
[36] to become realizable. Performance requirements mustebsatis ed with complex ve-
hicle designs that incorporate by-wire technology and addional control inputs such as
di erential braking and rear steering. The addition of di e rential braking as a control
parameter has proven to be successful in maintaining vehiel stability during drastic
maneuvers [34] and in rollover prevention [12], [13]. Much esearch has been conducted
on the control of multi-input ground vehicles and many methods have been developed
based on linear quadratic regulator/state feedback desigri32, 35]. However, in order to
fully exploit the performance potential of a multi-input ve hicle, a well designedcontrol

allocation law may be required.



The term control allocation in the general sense, refers to the distribution of a control
e ort among the available e ectors of a physical system in order to achieve a desired
objective. Any input parameter that can be used in a controlled manner, e.g., the steering
angle on a car, to manipulate system behavior may be thought as an e ector. The need
for control allocation arises in many di erent physical systems such as vehicle control,
chemical process control, and even production planning of mnufacturing facilities.

In vehicle control system design, the problem of command gesration is made even
more di cult by the fact that the input e ectors have physica | limitations that must
be considered. Traditionally, control allocation (CA) techniques have been used for
aerospace and underwater vehicle applications due to theimbility to satisfy multiple
control objectives (e.g. torques in all three axes). Howewe CA techniques may also be
applied to a multi-input ground vehicle in order to accomplish more than one goal (e.qg.
yaw rate tracking and sideslip minimization).

In the past, solutions to the CA problem of generating input commands that accom-
plish multiple objectives have been found with simple methals such as generalized inverse
or least squares approaches. These methods can provide fasiline solutions but fail to
consider e ector limitations. By posing the CA problem as a quadratic programming
(QP) problem however, the physical constraints of the e ectors may be incorporated into
the solution. Although QP has been disregarded as a CA techmjue in the past due to
the computational time required to solve such a problem, inceased processor speed and
the development of faster QP algorithms have allowed for QP © become a feasible CA

solution method.



Another advantage of CA is its ability to account for failed or damaged e ectors
and maintain the best possible desired performance with thegemaining e ectors. If the
dynamics of the vehicle model are coupled then a CA problem add result in which
con icting objectives must be satis ed. Opposing e ector commands will be produced
and poor tracking of the desired responses will result. Thigoroblem can be avoided by
setting up the QP problem in such a way that the dynamic coupling is e ectively reduced
so that the most important objective is made a priority.

In this thesis, a method for the application of CA techniquesto a ground vehicle
with coupled dynamics is presented. The proposed control sategy provides intelligent
combinations of input commands to a ground vehicle in order 6 accomplish multiple ob-
jectives. The control strategy successfully minimizes oppsing commands in the presence
of con icting objectives as well as maintains good trackingin the event of an e ector
failure.

The remainder of this thesis is organized as follows. An intoduction to the control
allocation problem and a review of control allocation techriques are presented in Chapter
2. A derivation of the vehicle models used for this researchsi presented in Chapter 3.
The design of the vehicle controller is discussed in Chapted. Simulation tests and

results are presented in Chapter 5. And nally, conclusionsare drawn in Chapter 6.



Chapter 2

Control Allocation

2.1 Introduction

In this chapter, existing methods and approaches forcontrol allocation are discussed.
Control allocation (CA) refers to the calculation of multiple input commands th at will
cause a desired dynamic response in a physical system. Coalrllocation is of particular
interest to the vehicle control community where it plays a necessary role in the control
system design of overactuated vehicles. An overactuated técle is one in which di erent
combinations of e ector commands can produce the same resul In many cases the
number of e ectors available exceeds the number of states lieg controlled. For exam-
ple, a car with steering and di erential braking capabiliti es can turn a corner either by
steering in the desired direction, by braking the wheels on he side of the vehicle cor-
responding to the desired direction, or by using some combetion of these two inputs.
The control allocation problem is de ned as the selection ofwhich set of inputs to use
and the corresponding input command values.

A key feature of control allocation is that of recon guratio n. In the event an e ector
failure occurs and is detected, the control e ort is redistributed among the remaining
active e ectors to minimize the tracking error. Therefore, the advantages of such multiply
redundant control systems can be realized not only through mcreased maneuverability
but also through the additional safety aspects they can provde. It is not surprising that
much research has been devoted to this subject and many di eent methods for nding

a solution to CA have been developed. Di erent methods of cotrol allocation have been
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developed for aerospace vehicles [20], [17], marine vess@4], and other areas where this

type of problem arises.

2.2 The Control Allocation Problem

Recent advances in technology have enabled the design of oaetuated vehicles that
in turn lead to increasingly complex CA design requirements Consider, in this chapter,
a vehicle with n actuators with respective command valuesus,...,u,. These commands
shall be assumed to be physically limited i'n the rangeu, ui Ui, or, in vector form
u u u*, whereu = " Uy Un IT. The general control allocation problem
is stated as the generation of a set of e ector commandsl that will match the actual
e ect to some desired e ect u as closely as possible while minimizing the control e ort

and obeying the position and rate constraints of the e ectors. In other words, given a

desired responsai, solve

Bu=u (2.1a)

u u ut (2.1b)

for the unknown command vectoru whereB is am n matrix of rank m de ning the
e ectiveness of the actuators. If multiple solutions exist, then choose the solution that
will minimize a predetermined cost function J (x). If there are no solutions u satisfying
the constraint set (2.1b), then the problem (2.1) is infeasble, and we instead compute a

command vector u such that Bu provides the best possible approximation ofu.



2.3 Direct Control Allocation and Generalized Inverse Solu tions

Direct control allocation is based on the concept of theattainable moment set(AMS)
of a vehicle as proposed by Duram in [15], [16]. The AMS is de ad as the set of all
moment vectors (control e ects u) that can be achieved within the available control space

= fu2R™:u u u*g. The solution to the direct control allocation problem is
then to calculate a matrix G that maps the set of commandsu to the resulting control
e ect u. If the desired control e ect vector u lies outside the AMS, it is clipped at the
boundary and the command vector which produces the maximum ect in the direction
of the original vector is used. The generalized inverse sdlion is described in [8] as any
matrix G : IR™ ! IR" which satises BG = |,,. The most widely used generalized
inverse solution is the pseudo-invers&s = BT[BB ] ! due to the fact that it will yield
the minimum 2-norm solution (or minimum control energy) [15]. The generalized inverse
solution is then found through multiplication of the pseudo-inverseBY of the e ectiveness

matrix B by the desired control e ect.

u=BT[BBT] 'u 2.2)

An alternative to the generalized inverse method is the weigted pseudo-inverse which
uses a weighting matrixQ in the pseudo-inverse calculation. The weighted pseudo-irerse
solution is calculated as

u=0Q BTBQ BT] 'u (2.3)

where the matrix Q may be selected to emphasize or de-emphasize the use of cénta

e ectors [8], [26].



The cascaded generalized inverse (CGI) method has an advaade over the previous
methods in that it addresses actuator saturation. The CGl mahod solves the weighted
pseudo-inverse problem repeatedly. The e ects of any satwated e ectors are subtracted
from the desired e ect and removed from the problem and the wéghted pseudo-inverse
is solved again. This procedure is repeated until either thedesired e ect is achieved, all

e ectors saturate, or fewer e ectors remain than desired e ects [26].

2.4 Daisy Chaining

The method of daisy chaining to solve the CA problem involvesdividing the control
vector u and e ectiveness matrix B into two or more groups. These groups are then used

successively to produce the desired e ecti. In mathematical notation, for k groups of

e ectors 2 3
Uz
Bu = B; Bk é = Biup + + Byug (2.4)
Uk
where Bj, i = 1;:::;k are considered full rank and invertible. The idea is then to se

a generalized inverse method to try and satisfy the control eect with the rst group

of actuators while the other groups are held constant. If oneor more e ectors saturate
then the second group is employed to make up for the saturatio while all other groups
are held constant. This process is repeated until either thedesired e ect is met or all
groups are saturated [15]. The disadvantage of daisy chaing lies in the fact that the

e ectiveness of a group of e ectors is limited by the most corstrained e ector in that



group. Therefore, control authority is lost when e ectors with similar physical limitations

are not grouped together (not all attainable moments are acessible) [8].

2.5 Optimization Based Control Allocation Methods

As stated in Section 2.2, the control allocation problem inwlves the selection of a
control vector u for a vehicle that 1) obeys the vehicle's physical limits (21b) and 2)
provides the best possible approximation of the desired e et u. Di culty arises when an
approximate solution must be found because an exact solutimis not possible, or when a
unique solution must be found and there are an in nite number of equally valid solutions.

Therefore, the CA problem (2.1) may be presented as the optirization problem

min KWi(Bu Wwk+ kWp(u up)k (2.5)

subject to u u ut

where up is a vector of preferred commands, andk k represents the chosen norm by
which the accuracy of the solutionu is measured (by which the distance between the
computed and desired solution is minimized). ThekBu uk term serves to minimize
the allocation error, the ku  upk term serves to minimize the total control e ort based

on the selection ofu,, and is a weighting factor used to dictate which term is more
important. These concepts are appropriately referred to byBodson [7] as the Error

Minimization and Control Minimization Problems, respecti vely.



2.5.1 Least Squares

Traditional CA approaches are centered around a simple leassquares approach. The

least squares method

. 1
min  =u' Qu (2.6)
u 2

subject to Bu=u

is a minimization based on a weighted 2-norm (sum of the squad error) cost criteria
subject to linear equality constraints. For control allocation purposes, u is the set of
e ector commands and Q is a weighting matrix chosen to prioritize e ector usage. The
input e ectiveness matrix B from the linear model (3.15) of a vehicle is incorporated
into the equality constraint to ensure that the solution vector u matches the desired
control e ect vector u. A computationally simple solution u to (2.6) may be found
using Lagrange multiplier techniques and is equivalent to he computation of a weighted
pseudo-inverse of a reference model. Although this methodsieasily implemented and
computationally e cient, it does not consider e ector comm and limitations u u ut
[7]. The constraints u u u" exist in practically all vehicle environments and can
drastically limit the control authority of a vehicle. Becau se the simplest of the control
allocation techniques do not take into account these imporant restrictions, more complex

mathematical optimization methods similar to LS (i.e. Quadratic Programming, Linear

Programming, Model Predictive Control, etc.) have been themost obvious solutions.
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2.5.2 Linear Programming

Linear programming (LP) is an optimization technique involving the minimization
of a linear cost function subject to linear equality and inequality constraints. By using
a 1-norm cost criteria (sum of the absolute values of error)the CA problem (2.1) can
be written in standard LP form as demonstrated by Enns [18]. The standard form of a

linear program is

muin clu (2.7

subject to Bu=u

The most popular methods for solving an LP problem are simpl& methods [25] and
interior point methods [4]. The LP problem is based on the assmption that the solution

lies within the spaceU de ned by the inequality constraints. The idea behind the simplex

method is to move along the boundary of the constraint setU from one extreme point
to another until a minimum cost is found where as interior point methods approach a
minimum from the interior of U rather than along the edges. The fact that LP solution

methods such as the simplex algorithm are easy to code and inlgment make LP an
attractive optimization technigue. Hodel and Shtessel [22, and Callahan [11] proposed
the use of multiple LPs to provide a fast online estimate of tre AMS of an aerospace
vehicle. Descriptions and evaluations of LP methods for caimol allocation are presented
in [7], [18], [23], [26]. Itis shown in [18] and [23] that the IP solution uses as few e ectors

as possible to match the desired e ectu. The drawback however, is that the use of exact
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inequality constraints requires more unknowns to be introdiced into the problem making

the iterative solution methods required to solve a LP compugtionally expensive.

2.5.3 Quadratic Programming

Quadratic Programming (QP), like LS, is based on a weighted 2norm optimization.
The general form of the QP problem is the same as that of the LP \th the addition of

a quadratic term in the objective function.

min TuTQu+ cTu (2.8)

subject to Bu=u

The Q and c terms are weights placed respectively on the quadratic andihear parts
of the cost function. These weights can be chosen to favor ce&in e ectors and/or
weight the frequency content of the e ector commands over tme. The incorporation
of inequality constraints ensures that the set of commandsu will always be inside the
attainable operating ranges of the e ectors whether they beposition limits, rate limits, or
any other limiting factor associated with the e ectors. The 2-norm cost criteria causes
the feasible regionU de ned by the inequality constraints to be approximated by an
ellipsoid. This approximation prevents the solution from being exact but provides the
advantage of numerical simplicity. Unlike the LP solution, the QP solution will distribute
the control e ort among all available e ectors. The disadvantage is that a QP problem is
generally harder to solve than a LP problem. Many di erent methods have been devised

for a fast online solution to a QP problem for CA purposes [7],[10], [20], [18].
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2.5.4 Model Predictive Control

Model predictive control (MPC) has recently gained popularty in the vehicle con-
trol community due to advancements that signi cantly reduc e the computational time
required to solve this type of optimization. MPC uses a paraneterized linear vehicle
model to solve a nite horizon trajectory planning optimiza tion. This problem can be
converted to QP notation and solved using multi-parametric quadratic programming
technigues similar to those described in [27]. The disadvaage of this technique is that
it requires a much larger QP problem than the one described inSection 2.5.3 to be
solved. MPC has been developed signi cantly in the chemicalndustry where plant dy-
namics allow for su cient computational time. Recent advan cements in MPC, however,
allow for a faster online solution by shifting some of the computational burden o -line
[5]. This has been proven to be an e ective CA technique for rdover prevention of
ground vehicles [12] but still possesses signi cant compuational complexity along with
a trade o between simplicity of online solution and memory to store o -line computed

solutions.



Chapter 3

Vehicle Model

3.1 Nonlinear Vehicle Model

In this chapter, the dynamic equations of motion for a ground vehicle model are
derived for a vehicle that possesses both front and rear steéeg capabilities as well as
individual torque control of each wheel. This general modeis easily adapted to simpler
vehicles, e.g., vehicles with only front wheel steering, bythe assignment of a constant
control input of zero to the appropriate (unavailable) control e ectors. The free body

diagram (FBD) for the vehicle under consideration is shown n Figure 3.1. A right

Fny

N tf

Ffo

Figure 3.1: Free body diagram of vehicle model

handed coordinate system is used for the derivation of the agptions of motion. The
body xed reference frame is labeled on the FBD in Figure 3.1 wth its origin at the

vehicle's center of gravity. The z axis is pointing down toward the ground, the x axis is

13



14

pointing toward the front of the vehicle, and the y axis_is pointing out to the vehicle's
right side. In the gure, r is the yaw rate, V = " X LIT is the velocity vector acting
at the vehicle's center of gravity, represents sideslip angle, is the steering angle,t
is the track width, and a and b are distances from the vehicle center of gravity to the
front and rear axles, respectively. Subscripts , r, R, L denote front, rear, right, and left
sides of the vehicle, respectively. For clarity, only the Idt slip angles ( . and ) and
the right steer angles (tr and (r) are shown on the FBD. This model assumes that
left and right steer angles are the same for front and rear axds. Note that all forcesF
and slip angles are drawn in the positive direction such that lateral force Fy = C
where C represents tire cornering sti ness.

Newton's laws of motion are applied to the FBD (Fig. 3.1). The sum of the moments

about the vehicle's center of gravity is written as

P . .
Mcg=1;*= a(Fy cost + Fyr COS ¢ Fy Sin ¢ Fygr SiN 1)

s . .
7(Fyf|_ Sin ¢ FyfR SIN ¢ FuiL CcOS ¢ + Fyr COS f)

(3.1)
qurL Ccos r + FyrR cos r + Fer Sln r + FxrR Sln r)

t?r(Fer Sln r FyrR Sln r Fer cos r + FxrR CcOos r)
wherel, is the moment of inertia about the yaw axis. The solution of (31) for ° yields

*=r= [a((Fyr + Fytr)cos ¢ (FxiL + Fxr)SiN ¢)
ts .
=((Fyr  Fyr)sin ¢ (Fxi  Fxtr )COS 1)
2 y y X X (3.2)
b((Fyr. + Fyrr)COS  + (FyL + Fxr)SiN )

t7r(( I:er I:yrR )sin v (FxrL Fxrr ) COS )]=l;
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which describes the nonlinear yaw dynamics of the vehicle.

The sideslip angle is the angle between the vehicle's actual velocity vectov and
its longitudinal velocity component V. Therefore, the vehicle xed velocities and corre-
sponding accelerations due to sideslip are

Vy = V cos \, = \Lcos V _sin
3.3)

Vy = Vsin \y = \Lsin + V _cos

The e ects of yaw rate are then included to give the complete &pressions for acceleration

in the vehicle xed reference frame

x=\Mcos V_sin rv sin (3.4)

y = \sin +V _cos + rV cos (3.5)

The summation of the forces in they axis yields

P .
Fy=my= (FyL + Fyr)cCos ¢ +(FxrL + Fxir )SIin ¢ 36)

+(FyrL + Fyr)COS ( + (FyL + Fxr)SIN o

Equation (3.5) is substituted into (3.6) and solved for —to obtain the equation of motion
for sideslip

—= [( I:ny + I:yfR)COS f +(Ffo + Fyr )Sin f +(Fer + I:yrR)COS r (3 7)

+(Fxr. + Fxrr ) SiN ]J=mMV cos \Ltan =V r
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The roll angle is the amount of rotation of the vehicle's unsprung mass abotiits
roll axis x. In reality, the roll center of a vehicle with independent suspension is not
stationary during transient maneuvers, but since the work done in this thesis does not
rely heavily on extremely accurate roll dynamics a stationay roll center assumption is
made to simplify modeling. The FBD of the front view of the vehicle is split into sprung

and unsprung mass at the roll center as shown in Figure 3.2. A gsitive roll angle

' bl

FZR I:zL

(a) sprung mass (b) unsprung mass

Figure 3.2: Free body diagram of vehicle's front view

is shown, Ry and R, are the reaction forces acting at the roll center,Fs represents the
combined force of the suspension coils and shock absorberstiag on the vehicle body
due to roll, hy is the distance between the center of mass of the sprung massé the
roll axis, and hy is the distance between the roll axis and the ground. Summatn of the

moments about the roll center of the sprung mass (Fig. 3.2(a) yields

X
Mie=1x®*= B - K myhy cos + mghsin (3.8)
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wherel is the moment of inertia about the roll axis, and B and K represent the total
roll damping and roll sti ness constants, respectively, due to the suspension forces-s.
The solution of Equation (3.5) for ° yields the equation for the nonlinear roll dynamics
of the vehicle.

*= [ B - K m(\M.sin +V _cos + rV cos )hjcos
(3.9)

+mghy sin =l

Expressions for the vertical forces at the tires are found bysumming the moments

about the roll center of the unsprung mass (Fig. 3.2(b))

X t
IV'rc =0= E(FZL FZR)+ hZ(FyL + I:yR)"' B +K (3-10)

The summation of the forces in they direction for both sprung and unsprung mass
FBDs and equating the reaction forces at the roll center give the following relation

my = (FyL + Fyr) which is substituted into (3.10) to obtain
t
t F,= E(FZR F,.)= homy+ B _+ K (3.11)

Through the substitution of the expression for y (3.5) into the above equation (3.11),

equations for the vertical load di erence at each axle can nw be written:

Fi =[Bf —+ K; + hfm(Msin + V _cos + rV cos )]=t

F;=[By -+ K; + hm(Lsin +V _cos +rV cos )]=t, (3.12)
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Finally, the work in this thesis assumes the vehicle travelsat a constant velocity. There-
fore, longitudinal weight transfer is not included in the expressions for the vertical load

at each tire.

Fzre = Far Fzr FaeL Faf Fa

(3.13)
sz + sz

Fzar = Fzr + Fy Fzir
3.2 Nonlinear Tire Model

A Pacejka tire model [3] is used to model the behavior of the ties. This nonlinear
tire model uses tire slip angle and vertical force to approxinate the lateral force acting
on the tire. Figure 3.3 below shows lateral force plotted agmst tire slip angle for several

di erent vertical loads. The slip angle of the tire is calculated as =tan 1(:%). From

Lateral Force vs. Slip Angle

6000 \ \ \
..... F,= 1500 N
- --. F=3000N
A000f= mimmim e = -.- F=4500 N 1
________________ — FZ: 6000 N
2000
z
> or
w
-2000 -
-4000
-6000 L ! L \

-30 -20 -10 0
a (deg)

Figure 3.3: Pacejka tire model lateral force curves
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Figure 3.4: Free body diagram of tire.

Figures 3.1 and 3.2 the velocity components for each tire is educed and the equations

for tire slip angle are written as follows

- 1 Vsin rb — 1 Vsin +ra
L = tan Vecos +rit r i =tan V cos +r % f
(3.14)
_ 1 Vsin rb — 1 Vsin +ra
rR = tan VP r frR = tan - % f

r t
Vcos r- V cos r4

The maximum traction limit of each tire is assumed to be the product of the vertical
load F, and the coe cient of friction between the tire and the road, i.e.,F; = F, .
The friction circle (or friction ellipse) concept [19] requires the vector total of the lateral
and longitudinal tire forces to lie within this maximum fric tion limit of the tire F; >

Fy2+ F2. A plot of the friction circle is shown in Figure 3.5, from which one may
observe how the acceleration and braking force limits depathupon the amount of lateral
acceleration being experienced by the tire. Assumptions att the friction coe cient

and the role the friction circle plays in the CA problem are discussed in Section 5.1.
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Figure 3.5: Friction Circle for F, = 3000N
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3.3 Linear Vehicle Model

The proposed control law relies on a linear approximation otthe vehicle model to pro-
duce meaningful commands. The two states being controlledra yaw rate and sideslip.
Therefore, Equations (3.2) and (3.7) are linearized arounch constant velocity. Through

the use of small angle approximations, the linear vehicle mdel takes the state space

form
2 3 2 32 3
_ Lo &
g £=9 ™ mwZ¥ L9 L.y (3.15)
r & &2 r
r T, Viz
Co=Cs +C;

Ci=aCs bC

C,= a’Cs + PC,
whereC; and C, are constants representing the front and rear linearized tie cornering
sti ness values (per axle), B represents the input e ectiveness matrix, andu is the vector
of corresponding e ector commands. Equation (3.15) is alscknown as the linearized
\bicycle model" [14] because the e ects of lateral and longiudinal weight transfer are
neglected. This model also assumes that steering and tireipl angles are the same for
right and left sides.

The control law proposed in this work is tested for several dierent vehicle e ector

suites that require di erent input e ectiveness matrices. The vehicle con gurations and

their corresponding linear input e ectiveness matrices ae as follows:
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1) e ector suite: front steer, front di erential braking, a nd rear di erential braking.

2
2
Cs
Ci_ 0
Bu=g94 ™ g (3.16)
C
e =

2) e ector suite: front steer, rear steer, front di erentia | braking, and rear di erential

braking.
2 3
2 3g
uz§ ™ w0 0gzE (3.17)
Fxr

3) e ector suite: front steer, rear steer, and individual torque control of each wheel.

The individual torque (at the wheel) is represented by a roadtire interface force.

2 3

f

2 r
Cs C

S S o9 0 Fuir

Bu=g4 ™ g (3.18)
C C, t t ot
a5, b i P e FxiL
I:xrR

I:er
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3.4 Model Veri cation

The accuracy of the linear vehicle model is con rmed by compéng the step responses
to those of the nonlinear model derived in Sections 3.1 and 3. The eigenvalues of the
linear vehicle model (3.15) at 55mph are = 58218 + 37249 and , = 58218
3:7249. For the maneuvers considered in this research, the steerininputs are never
required to exceed an angle of 1.5 degrees, therefore a stamput of 1 degree is used to
validate the front and rear steering responses. The state dputs for inputs of ; =1

and ; =1 are shown in Figures 3.6 and 3.7 respectively.

Yaw Rate Response Sideslip Response
7 ‘ ‘ 0.2 \ —
P PNy SRR — Linear
6/ j & 0.1) ---- Nonlinear
[0}
@5 — Linegr % 0
=2 ---- Nonlinear o)
[J] kel
St 2 0.1f
L =)
g3t Z-02}
2 =3
I 24 2-03"
o
1 D 04t
% 1 2 3 0355 1 2 3
Time (seconds) Time (seconds)

Figure 3.6: Step Response at 55mph for Front Steering inputb ¢ =1

Observe, from the linear vehicle models (3.16)-(3.18), thiathe di erential braking
inputs for models (3.16) and (3.17) have the same e ect as théndividual wheel torque
inputs for model (3.18). Therefore, an accurate dierentia braking step response is
su cient for veri cation of the individual wheel torque inp uts. Unlike the steering inputs

, the di erential braking/wheel torque inputs Fx are expected to perform at their
limits, therefore a step input of 2000N is appropriate for model veri cation. The state

outputs for an input of Fxf =2000N is shown in Figure 3.8.
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Yaw Rate Response Sideslip Response
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Figure 3.7: Step Response at 55mph for Rear Steering input of. = 1
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Figure 3.8: Step Response at 55mph for Front Di erential Braking input of Fy; =
2000N

The yaw rate and sideslip responses for the linear and nonlgar vehicle models follow
each other closely for the step inputs examined. Thereforethe linear model can be

con rmed to be an accurate representation of the nonlinear nodel for these conditions.



Chapter 4

Controller Design

In this chapter the design procedure for a quadratic progranming (QP) based control
allocation (CA) law for a ground vehicle is presented. Recdlfrom Chapter 3 that the

linearized model of the vehicle takes the form

2 3 2 32 3
_ Lo S 1

§ 75=9 ™ ¥ 28 L,y 4.1)
- T Vi r

where the input e ectiveness matrix B has 3, 4, or 6 columns depending on the available
e ector suite. The details of the 3, 4, and 6 input vehicle mockls will be presented

h iT
in Chapter 5. Observe that, for a given desired derivative vetor Xges = _ r

there is more than one possible corresponding input vectou. Therefore, the control law
design is reduced to the selectiqn of a virtual inputu that is chosen to achieve a desired
derivative vector Xges = " _r | T. Then a QP-based CA algorithm is used to compute
corresponding input commands that, when possible, match tke desired derivative vector
while obeying e ector constraints. The design of the propogd QP-based CA algorithm is
predicated on the assumption that measurements or estimai® of the vehicle's yaw rater
and sideslip angle are available. These values may be estimated by traditionaKalman
Itering [34] or by fusion of information from Global Positi oning Systems (GPS) and

inertial sensors [6, 31]. If available estimates are not suciently accurate, the QP law may

require the use of a robust nominal CA law such as that presemd in [21]. Performance

25
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of the proposed controller in the presence of noisy state eishates is discussed further in

Chapter 5.

4.1 Control Law

Linear quadratic regulator (LQR) gains designed for a modi ed linear vehicle model
are used to produce the desired control e ectu. The modi ed system assumes a perfect
input matrix B = | o> so that two ideal control e ects are produced which represehthe
yaw rate and sideslip objectives. The model is augmented wht a yaw rate integrator
in order to improve asymptotic tracking of the desired yaw angle and to de-emphasize
sideslip angle behavior in the control law optimization. The resulting state space model

used for the LQR control design is

2 3 2 32 3 2 3
- < S 100 1072 3
u
Ur
r 0 1 0 00

Since any practical vehicle control law will be implementedin discrete time, a linear
qguadratic regulator (LQR) design is performed based on a disretized model of (4.2)
with a sampling time of T = 0:01s. The desired tracking control e ect u is found using

state error feedback

2
2
§" Z- Kgg 4.3)
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R

wheree = r rges and e is simply ¢e. The controller gains K serve to drive the
h it h it

vector of signals e & to zero,and y are the resulting sideslip and

yaw rate control e ects the control allocator must try to mat ch.

4.2 Command Generation

The task of a control allocation law is to map the ideal commard u described above
to a set of physical vehicle actuator commands, taking into acount actuator failures
and physical limitations such as position and/or rate limits. This task is addressed
through the use of a quadratic programming problem. Recall hat the general form of
the quadratic programming problem is

min 2uTQu+ cu (4.4)

subject to Bu=u

where the input e ectiveness matrix B from the linear model (4.1) of the vehicle is
incorporated into the equality constraint to ensure that th e solution vector u matches
the desired control e ect vector u.

The nature of the input matrix B in model (4.1) implies that the steering inputs
have the most control authority over both states while the di erential braking and wheel
torgue inputs can only a ect vehicle sideslip indirectly th rough the coupling between the
two states. Due to this coupling, the QP optimization may produce e ector commands

that work against each other in an e ort to satisfy both objectives. An e ector failure
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would result in an even greater compromise between objectes yielding larger tracking
errors. Therefore, a virtual input was added to the original linear vehicle model (4.1)

to address this problem. The new state space model is

2 3
2 3 2 32 3 2 3.
_ Lo L1
g 7£=§4 ™ ¥ I8 [,898B gé (4.5)
L 7w r :

The e ectiveness of through the variables and | is selected such that the DC gain
fromr to is zero. This relaxes the equality constraint on the sidesp and removes some
of the control responsibility from the steering angle without a ecting the yaw rate. In
other words, the QP algorithm will be allowed to use the virtual e ector to match the
infeasible portion of the sideslip objectiveu while the main goal of tracking the yaw
rate is left to the real e ectors.

The rst step in the selection of and , is to nd the transfer function from r to

. The virtual input  a ects the states by the following relations

Co Cq
= = 41 o+ 4.6
mvV mvV 2 (4.6)

Cq C,
= + 4.7
T VI L (4.7)

The frequency domain representations of these equations arobtained from the Laplace

transform

_ Go Cy
B(s)s = WB(S) mV2+1 R(s)+ N(s) (4.8)
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R(s)s = %B(s) \?—IZR(S)+ rN(S) (4.9)

In order to account for the coupling e ect of on r, Equation (4.8) is solved for B (s)

N(s) St +1 R(s)

Co
S+ mVv

Equation (4.10) is then substituted into (4.9) to yield an expression solely in terms of
R(s) and N (s)

N (s C1 41 R(s)
R(S)s = G ®) v (5) C2 R(s)+ N(s) (4.11)
B s+ Co Vi,

The transfer function representing the complete relationsip between andr can now

be calculated from (4.11).

R(s) = rml,V2s+ (I,VCy CimV?

= 4.12
N(s) ml,V2s2+1,VCys CimV2 C? (4.12)

Now, the appropriate values for and ; may be selected. The transfer function (4.12)

will have zero DC gain under the following condition

1,V Co CimV2=0 (4.13)

For simplicity, a value of 1 is assigned to . The corresponding value of , that satis es

(4.13) is then
_ CcimVv
o Izc()

(4.14)



30

The resulting modi ed constraints on the QP problem (4.4) are

32 3 2 3
1
98 £9°2-9" ¢
CimV u
1,Co r

2 3 2 3 2
¢z 9" §" ¢ (4.15)

In order to prevent an infeasible QP problem caused by tight nequality constraints
on , suciently large inequality constraints were chosen so that they never become
active. However, since the virtual e ector has no physical meaning, it should generally
be assigned a large quadratic penalty to reduce its use anddee most of the control
responsibility up to the real e ectors. The magnitude of the quadratic penalty Q
on virtual e ector  does have a signi cant a ect on the control action making it an
important design parameter. The selection of an appropriae value for Q is discussed

further in Chapter 5.



Chapter 5

Simulation and Results

Results of the control and control allocation laws tested in simulation on several
vehicles are presented in this chapter. The simulation useshe full nonlinear vehicle
model (3.1)-(3.13) developed in Chapter 3 with the nonlineatire model (3.14). The CA
laws were tested on vehicles with 3, 4, and 6 input capabilitts under nominal operation
as well as a failure scenario. Recall from Chapter 4 that the @ntrol action is signi cantly
a ected by the choice of the quadratic penalty Q placed on the virtual e ector . To
o er insight as to how the over all performance is a ected, eah case was tested for
two dierent weights; Q = 1e3 and Q = 1e7. Simulations were performed in the
Matlab/Simulink simulation environment. A single sine wav e oscillation corresponding
to a double lane change maneuver was computed o -line and uskas the desired yaw
rate trajectory. For each scenario the vehicle was simulaté at constant velocities of
45, 55, and 65mph. This assumes a separate controller regtds fuel ow to the engine

during di erential braking commands to maintain a constant speed.

5.1 E ector Limitations

A constant position limit of 0:5rad( 30) was placed on the steering angle of
the front and rear tires. The limits placed on the di erentia | braking commands were
calculated online in accordance to the friction circle conept discussed in Section 3.2. In
reality, the peak friction coe cient  between the tire and road is a function of the veritcal

load F,. However this work assumes a constant value of = 0:8 for simplicity. The
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maximum tractional force for each tire is calculated asF; = F ;. Then the maximum
braking/acceleration force that can be applied without producing slippage isF, =

q_—
FZ F2. Researchers have shown that online estimates of verticabfce and road

y
friction coe cient are possible through the use of extended Kalman-Bucy Itering and
Bayesian hypothesis selection [29]. Alternatively, the umlerestimation of road friction
coe cient has been shown to provide conservative approximaions of maximum braking

force available to the vehicle [1].

5.2 E ector Failures

Any reduction in the e ectiveness of an e ector is considera a failure. Failures may
be caused by hardware malfunction or by damage in icted uponthe vehicle. Regardless
of the cause, an e ector failure always results in decreasethaneuverability jeopardizing
the safety of the vehicle and its passengers. During a deteet failure situation, control
allocation has the ability to recon gure the vehicle's remaining e ectors in an e ort to
maintain the least amount of tracking error possible.

In order to demonstrate the recon gurable abilities of the controller, a steering failure
is examined in which the steering angle of the front tires is &ick at its current position.
For example, this could represent the failure of the drive maor on a steer-by-wire vehicle.
The front steering input is available to all of the vehicle models and provides more
control authority over yaw rate and sideslip than any of the other e ectors. Therefore, a
comparison of e ector suites can be made in addition to an evimation of the controller's

performance during a steering failure.
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Failures were implemented by scaling the columns of the inpue ectiveness matrix
B from Equation (3.15) corresponding to the failed e ector. Then the corresponding
inequality constraints were set equal to the previous commad. Actual implementation
would require the controller to be alerted of a failure through an on-board vehicle di-
agnostic system such as the one demonstrated in [28]. Alsontine calculation of input
e ectiveness matrix B would be necessary due to its dependence on both failure mode

and velocity.

5.3 The E ects of Noise

The job of the QP based CA routine is to match the virtual command u obtained
from the LQR control law, therefore any noise in the virtual command will be tracked by
the resulting e ector commands. Perfect state measuremert or estimates are desirable
in nearly all cases of closed loop control. In reality howewe sensor noise, process noise,
or other disturbances sometimes prevent su ciently clean sgnals from being available.
Fortunately, much research is devoted to this subject and ne techniques are constantly
being developed which allow for cleaner and more accurate @mates. In [2], the authors
propose the use of GPS measurements and a model based Kalmaiter to estimate
vehicle yaw rate and sideslip angle. Provided with a perfectvehicle model and known
process noise covariance, the state estimation error for e method at a 50Hz update
rate is predicted to be 0.2012 deg/s for yaw rate and 0.1101 dgfor sideslip. These values
were used as guidelines for implementing appropriate amous of noise in the simulation.
This was done for the sole purpose of demonstrating the prop®d controller's perfor-

mance under realistic operating conditions. Figure 5.1 shws the resulting commands
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and corresponding tracking performance for the 3-input velicle model in the presence

of noisy state estimates. The vehicle dynamics Iter out mos of the noisy inputs and

Yaw Rate vs. Time Steering Input vs. Time
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Figure 5.1: Controller performance in the presence of noise3-input vehicle model at
55mph,Q =1le7.

the yaw rate is still tracked with very little error. The nois y input commands are still
unfavorable due to wear and tear on the hardware and/or ride dscomfort. A QP based

CA routine has the ability to address this issue by weightingthe frequency content of the
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output commands. The frequency weighted sign preserving fonulation of the QP prob-
lem proposed in [33] has been shown to successfully cut outree of the high frequency

content of the e ector commands.

5.4 Results

The main focus of this research is the development and evaltian of a control al-
location scheme for ground vehicle applications and therefre neither disturbances nor
sensor noise were simulated in the following experiments. Ae results presented here are
for relative comparison only and are not a measure of true pdormance (qualitative not
guantitative). The root mean squared (RMS) errors of yaw rate and sideslip tracking are

used to compare algorithms and assess the e ectiveness ofdttontroller in each scenario.

Vehicle Model - 3 Inputs

The 3-input vehicle model has front steering and di erential braking capabilities for

the front and rear axles.

2 3
St o0 o ° f
Bu=9 ™ £8 . (5.1)
alr ot
Iz 21, [
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Vehicle Model - 4 Inputs

The 4-input vehicle model possesses the same e ector suitesahe 3-input model with

the addition of rear steering .

2 3
2 _ 3g
Bu =9 iv W0 08 (5.2)
Fa

The addition of rear steering changes the control problem sch that the yaw rate no longer
dictates the trajectory. A vehicle with four wheel steering can change lanes without
inducing any yaw by steering all four tires in the same directon. For this reason, rear
steering has made its way into production automobiles underclaims of increased high

speed stability [9].
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Vehicle Model - 6 Inputs

The 6-input vehicle model has front and rear steering capablities along with individual

torque control of each wheel.

2 3
f
48
- i—fv 0 0 0 0 78 Fur 5.3)
a bt 2% 2% ZtILZ ZtI_rz Py
Fxrr
FrL

This model resembles a vehicle with separate electric motgrat each wheel that can
provide independent braking or acceleration forces genetad by torques at each wheel.
Di erential braking can only provide a yaw torque by providi ng a braking force to one
side of the vehicle. Individual torque control however, hasthe ability to induce the same
amount of yaw torque by applying less braking force to one sid of the vehicle while
accelerating the wheels on the opposite side by an equal amou Therefore, individ-

ual torque control of each wheel provides much more maneuvability than di erential

braking alone and can maintain vehicle speed.

5.4.1 Nominal Case

The front steering angle has the most control authority in all three of the considered
vehicle models. Therefore, it is the primary e ector used tominimize the main objective

of tracking the yaw rate. Due to the coupling of the yaw rate and sideslip equations
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of motion (Equations (3.2) and (3.7) respectively), the QP gotimization results in com-
mands for all other available e ectors that oppose the front steering command in an
e ort to keep the sideslip angle small. The importance of the sideslip objective can
be manipulated by the choice of the quadratic penalty on the vrtual e ector. This is
shown by the di erential braking commands for the 3-input vehicle model. A quadratic
penalty of Q = 1€3 results in minimal use of the di erential braking commands as the
controller relies heavily on the virtual e ector to minimiz e sideslip. Less braking force
opposing the steering angle allows for better yaw rate traclhg at lower speeds. The
larger penalty of Q = 1e7 makes the sideslip objective more of a priority for the realef-
fectors. Therefore,Q = 1e7 provides slightly better sideslip minimization for all vehicle
models under nominal operation. The di erence in magnitudeof the braking commands
for the 3-input vehicle is shown in Figure 5.2 with plots of the commanded braking force
for di erent values of Q . The corresponding di erence in sideslip tracking appearsto
be small for the 3-input vehicle model (Figure 5.3a) while the di erence for the 4-input
model is more signi cant (Figure 5.3Db).

Qn=1e7 Qn=1e3

100

0.01

— Front — Front
--- Rear --- Rear

0.005

-0.005

Difterential braking force (N)

-100 3 7 s 6 -0.01 3 4
Time (seconds) Time (seconds)

(@ (b)

Figure 5.2: Nominal case braking commands at 55mph for di eent values ofQ
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Figure 5.3: Nominal case sideslip angle tracking at 55mph.

The results for each of the mentioned virtual e ector weightsQ =1e3andQ =1e7
are included in the tabulated results at the end of the chapte. For the sake of consistency
all of the gures for the nominal case are results from simuléions run with a quadratic
penalty of Q = 1€7 on the virtual e ector.

The 3-input vehicle model has the least amount of e ectors tooppose the front steering
input and is able to provide lower RMS yaw rate tracking error than the other two vehicle
models. Similar to the front steering input, rear steering dso has a direct e ect on both
states. The linear model (5.2) reveals that the front and rea steering inputs a ect
sideslip in the same manner but have an opposite e ect on the gw rate. The resulting
commands will steer all tires in the same direction. The fron wheels must be commanded
a larger angle than the rear however, to produce a yaw rate. Thse commands will result
in a lane change maneuver but the yaw rate tracking will be poo. Figure 5.4 shows the
large rear steering command and poor yaw rate tracking that esults when a nominal
weight of Q , = 1 is used. Since the rear steering input has the ability to drectly

a ect both states, the rear steering commands are una ectedby the choice of the virtual
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Yaw Rate vs. Time Steering Input vs. Time
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Figure 5.4: Poor yaw rate tracking due to rear steering commad. Q , =1

e ector penalty Q . A large quadratic weight of 110 was therefore assigned to, to
reduce the undesirable commands and ensure good yaw rate ttking. Figure 5.6 shows
the rear steering command for the new weighting matrixQ along with the improved yaw
rate tracking. The design goal of the controller is to track adesired yaw rate, therefore
all of the results generated for this thesis utilize a quadréic penalty of 1e10 for the rear
steering input. The 6-input vehicle model provides the sameperformance as the 4-input

model for the nominal case whermQ = 1€3.

5.4.2 Failure Case

In the event of a front steering failure, the controller must cancel the e ect caused by
the front wheels in addition to maintaining good yaw rate tracking. This type of failure
is di cult to recover from, even for the double lane change maneuver considered. The
results in Table 5.2 show that a lower quadratic penalty of Q = 1e3 gave the lowest
tracking error for both yaw rate and sideslip for all of the vehicle models.

Figure 5.8 displays the controller's ability to maintain best possible yaw rate tracking

through recon guration while respecting the limitations o f the remaining e ectors. Both



of the di erential braking commands hit their limits but are still unable to provide enough
force to track the desired yaw rate. The 4-input vehicle mode¢is able to provide good
yaw rate tracking even during a serious failure. Figure 5.9 Bows that the rear steering
and the di erential braking are necessary to make up for the pmmed front wheels. The
6-input vehicle model provides slightly better performance than the 4-input model in

the failure case due to its ability to keep the wheel torque cenmands further from their

limits than the di erential braking.

41

Table 5.1: Nominal Case - no failures

3-Input 4-Input 6-Input
Vel Q RMSr RMS RMSr RMS RMSr RMS
(mph) (le) | (deg/s) (deg) | (deg/s) (deg) | (deg/s) (deg)
45 3 0.0778 0.0222| 0.1296 0.0220| 0.1296 0.0220
45 7 0.0837 0.0170| 0.1678 0.0081| 0.1747 0.0085
55 3 0.0381 0.1145| 0.0485 0.1135| 0.0485 0.1135
55 7 0.0376 0.1039| 0.0587 0.0700| 0.0612 0.0630
65 3 0.1452 0.2826| 0.1111 0.2781| 0.1111 0.2781
65 7 0.1375 0.2685| 0.0921 0.2203| 0.0885 0.2093
Table 5.2: Front Steering Failure at 2.25s
3-Input 4-Input 6-Input
Vel Q RMSr RMS RMSr RMS RMSr RMS
(mph) (1e) | (deg/s) (deg) | (degls) (deg) | (degls) (deg)
45 3 45795 0.5797| 0.3920 1.4248| 0.3867 1.2255
45 7 48792 0.5983| 0.5167 1.6312| 0.5449 1.4367
55 3 3.0645 0.7366| 0.2744 1.5617| 0.2645 1.3770
55 7 3.5522 0.7408| 0.3232 1.6971| 0.3295 1.5233
65 3 1.9753 0.9872| 0.5794 1.8633| 0.5418 1.6785
65 7 2.3252 0.9797| 0.5869 1.9694| 0.5553 1.7940
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Chapter 6

Conclusion

In this thesis, a quadratic programming based control alloation procedure has been
shown to provide intelligent distribution of control e ort among the e ectors in both
nominal and failure cases. The addition of the virtual e ector provided a decoupling
e ect in the QP optimization so that opposing commands would be minimized in the
presence of con icting objectives. The resulting QP problen setup produces commands
which do their best to keep the sideslip angle small while maitaining accurate tracking
of the desired yaw rate. The simulation results show that theselection of the quadratic
weight matrix Q, the virtual e ector weight Q in particular, signi cantly a ects the
output dynamics. The choice ofQ = 17 gave good sideslip minimization in the nominal
case while yaw rate tracking was only better for speeds of 55 65mph. Q = 1e3 gave
the best tracking for both objectives during a steering faiure. The extra maneuverability
provided by additional e ectors is a clear advantage in the filure case. The 3-input
vehicle model could not track the desired yaw rate but the 4-hput and 6-input models
both gave very good results. The 6-input vehicle slightly od performed the 4-input
vehicle during the failure case forQ = 1e3. The proposed control strategy o ers
di erent degrees of design freedom which should be taken imt account depending on
the speci c design goal.

The majority of control allocation research has been publied for aerospace and
underwater applications where overactuated vehicles are ecessary for good maneuver-

ability in three dimensional space. Overactuated ground véicles are becoming more
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popular however, as performance demands increase with thedsancement of technol-
ogy. The overactuated ground vehicle models presented in ik thesis have the ability to
satisfy multiple control objectives which necessitate thedevelopment of a good control
scheme. Control allocation and its recon guration abilities prove to be very useful in
dealing with overactuated systems such as the proposed grod vehicle models. Although
the steering failure presented is not likely in today's meclanically steered automobiles,
the fear of such a failure has prevented steer-by-wire systas from being implemented
in production vehicles. The steer-by-wire concept has draw a lot of attention in the
area of vehicle stability control systems, and the proposeaontroller's ability to recover
from a steering failure could be of signi cant value in this area of research. Overall, for
basic control allocation purposes the proposed QP based miebd provides fast on-line
commands yielding good results.

The results presented here are very promising and naturallylead to areas of future
investigation. The simulation of maneuvers other than a dowle lane change should
o er more insight into the controller's behavior and allow for the development of an
intelligent strategy for tuning the weighting matrices (Q and c) of the QP problem.
Also, an evaluation of driver-in-the-loop performance would be necessary if such a control
strategy were to be used in a vehicle stability control systen. Another logical step in
continuing this research is actual implementation and testng, but a couple of issues must

rst be addressed:

1. The controller is only able to recon gure the e ector commands if it is alerted of
a failure, therefore a suitable fault detection system mustbe incorporated into the

control system design.
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2. In Chapter 5, it was shown that noisy state estimates will @use the controller to
produce high frequency e ector commands. Future work will include investigating
new and existing ways to alter the frequency content of the QPsolution in order

to achieve smoother commands.

The CA problem is a relatively small scale problem and the saltion does not change a
great deal from one time step to the next. Most QP software thd is currently available
is for nding an accurate solution to large scale problems, ad is therefore not very
e cient for smaller problems. Future work also involves the development of a fast QP

solver geared toward nding an approximate solution to smal scale problems.



Appendix A

Computer Code

A.1 Initialization and Simulation Routine

% main.m - This mfile is the main file. It sets up the desired ya w
% rate trajectory and initializes the constant vehicle para meters and
% linear vehicle model used by the controller. It also calcul ates the
% LQR gains and sets up the desired failure case. The simulink

% simulation file car4.mdl is then run one time for each veloc ity

% specified in the vector 'vel' and for each quadratic weight on the

% virtual effector specified in the vector ‘wBeta'.

clear all
close all
clc

% set up desired yaw profile========= = = ==== =====

lanes = 2; %how many lanes to change(setup desired position v  ector)
psi_des(l) = 0;%lane change ~4m = 157.5in
rdes(l) = 0;
tt = 0;
dt = 0.01; %time step
in = 0;
for ii = 1:1200
if 1i<396
psi_des(ii) = 0;
rdes(ii) = 0O;
pos_des(ii) = O;
end
if ((ii>395) & (ii<788))
psi_des(ii) = 0.075%*(1-cos(1.60*tt(ii-1))); % desired he ading
rdes(ii) = (psi_des(ii) - psi_des(ii-1))/dt; % desired yaw rate

pos_des(ii) = in+(psi_des(ii-1)+psi_des(ii))*dt/2;
in = pos_des(ii);
end
if ii>=788
psi_des(ii) = 0;
rdes(ii) = 0O;
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pos_des(ii) = in;
end
tt(ii) = dt*(ii-1);
end
r_des = J[tt' rdes'];
psi_des = [tt' psi_desT;
pos_des = [tt' lanes*13.58*pos_des';

g = 9.81; % gravity (m/s"2)
Ib_N = 4.448; % converts Ibs to N
rad_d = 180/pi; % converts radians to degrees

% car parameters %

L = 2.715; % wheelbase of car (m)

T f = 1.554; % track width of front axle (m)

T r = 1.534; % trach width of rear axle (m)

W = 13735.424; % curb weight of car + 200Ib driver(N)
a = 1.013; % distance from front wheel to cg (m)
b = L-a; % distance from rear wheel to cg (m)
Wf = W*b/L; % weight of front 1/2 car (N)

Wr = W*alL; % weight of rear 1/2 car (N)

mass = W/g; % mass of car (kg)

Ixx =(0.18*3088-150) *32.174*0.04214011; %roll moment of inertia
lyy =(0.99*3088-1149)*32.174*0.04214011; %pitch moment  of inertia
Izz =(1.03*3088-1206)*32.174*0.04214011; %yaw moment of inertia(kg*rm”2)
hcg = 0.4*1.4554; %height of center of gravity(m)(40%roof h eight)
hf = 0.127; hr = 0.127; % height of roll center in front & rear (m )
del_h = hr-hf; % difference in roll center heights
if del_h == % calc distance between cg and roll axis
hl = hcg-hf;
else
h2
hl
end

a*del_h/(a+b);
hcg-hf-h2;

Ca f = 1975*180/pi; % tire stiffness x2 front axl (N/rad)
Ca_r = 1575*180/pi; % tire stiffness x2 rear axl (N/rad)

% Roll stiffness for Front and Rear %
Kphf = 750*180/pi; % total stiffness fr axl (N*m/rad)
Kphr = 650*180/pi; % total stiffness rr axl (N*m/rad)
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Kus=Wf/(Ca_f*pi/180)-Wr/(Ca_r*pi/180) % understeer gra dient

count = 1;
vel = [45, 55, 65]; % simulate at these velocities (mph)
for ii = l:length(vel)

% Linear Car Model ==== ———————= -

V = vel(ii)*0.44704; % mi/hr x0.44704 =(m/s)
COoO =Ca f+ Car
Cl = a*Ca f - b*Ca_r;

C2=a *Caf+ b2 *Car,

A = [-CO/(mass*V), -Cl/(mass*V"2)-1 ; %l[beta]

-C1/lzz, -C2/(V*Izz) I %[r ]

B = [Ca_f/(mass*V), Ca_r/(mass*V), 0, 0, 1;%][delt_f]
a*Ca_fllzz, -b*Ca _r/lzz, T_fl(2*1z2), %l[delt_r]
T_rl/(2*1zz), C1*mass*V/(Izz*CO0)]; %[delFxf]

%[delFxr]
%[ VirEff]

C=1[10; 0 1]

D = zeros(size(B));

[mm,nn]=size(B); % Quad_Prog s-function parameters

% Controller Gains ============ ——==== ==

[Ad, Bd] = c2d(A,B,0.01); % discrete B is used by QP (Bd*u = uba 1)

% add integrators to sys to minimize error
Ap = [A, zeros(2,1);0, 1, 0O];
Bp=[10; 01; 00O];

[Ad, Bpd] = c2d(Ap,Bp,0.01); %gains computed assuming perf ect input
[K,S,E] = digr(Ad,Bpd,0.5*eye(3),eye(2)); % compute LOR g ains

algName = {'QP'};%,'SP'};%,'LS"};
algFlg = [1];
for jj = l:length(algFlg)

% Run Simulation ========= ===== === =

mu = 0.8; %approx coef of static friction between tire and roa d
algorithm = algFlg(jj); % 1. QP, 3: SPQP, 0: LS
wBeta = [1e3 1le7]; %quadratic weight on "virtual-effector"
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Beta = [3 7];

% implement failures
faultl = diag([1, 1, 1, 1, 1]); % condition before failure

thresh = 5.25; % time of failure
fault2 = diag([0, 1, 1, 1, 1]); % condition after failure
FailName = 'Fsteer"; % name of the failure

for kk = l:length(wBeta)
wB = wBeta(kk);

% save all simulation data

cmd = sprintf('save results\\%s_%s_B%i_%i.mat yawRateR
sideslipR rollRateR rollAngR yawErR yawDes
posDes Cmds psiDes X Y heading sigma V
algorithm Bd fLim rLim ubar', FailName,
algName{jj}, Beta(kk), vel(ii));

fprintf(‘running simulation %i of %i ... ', count,...

length(vel)*length(algFlg)*length(wBeta));

sim(‘card',[3, 10]); % run the simulation
fprintf(‘'done\n’);
eval(cmd);
count = count + 1;
end
end
end
analysis(vel,algName,Beta,FailName); % function to anal yze sim results

% plots; % generate plots

A.2 S-function Implementation of the Vehicle Model

% John Plumlee

% car_eom.m - This s-function simulates the nonlinear diffe rential

% equations of motion for the 4 wheeled car model with front an d rear
% steering capabilities.

function [sys,x0,str,ts] = car_eom(t,x,u,flag)

switch flag,
case 0, [sys,x0,str,ts]=mdlInitializeSizes;
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case 1, sys=mdIDerivatives(t,x,u);
case 3, sys=mdIOutputs(t,x,u);
case { 2, 4, 9}
sys = []; % Unused flags
otherwise error(['Unhandled flag = ',num2str(flag)]);
end

function [sys,x0,str,ts]=mdlInitializeSizes

global betadot

betadot = O; % used by dFz, must be global
sizes = simsizes;

sizes.NumContStates = 8;

sizes.NumDiscStates = 0;

sizes.NumOutputs = 8;

sizes.Numlnputs =7,

sizes.DirFeedthrough = 0;

sizes.NumSampleTimes = 1; % at least one sample time is neede d
Sys = simsizes(sizes);

x0O =[00000O0O0 0] % initial conditions

str = []; % str is always an empty matrix
ts = [0 O]; % initialize the array of sample times
return

function xdot=mdIDerivatives(t,x,u)
global betadot
% car parameters %

g = 9.81; % accelleration due to gravity (m/s"2)

mu = 0.85; % apprx cf of static friction b/w tire and road
L = 2.715; % wheelbase of car (m)

T f = 1.554; % track width of front axle (m)

T r = 1.534; % trach width of rear axle (m)

W = 13735.424; % curb weight of car + 200Ib driver(N)

a = 1.013; % distance from front wheel to cg (m)

b = L-a; % distance from rear wheel to cg (m)

Wf = W*b/L; % weight of front 1/2 car (N)

Wr = W*alL; % weight of rear 1/2 car (N)

mass = W/g; % mass of car (kg)

Ixx = (0.18*3088-150)*32.174*0.04214011; %roll moment of inertia

Izz
hcg = 0.4*1.4554; % height of center of gravity (m(40%roof he

(1.03*3088-1206)*32.174*0.04214011; %yaw moment of inertia(kg*rm”2)
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hf = 0.127; hr = 0.127; % height of roll center in front & rear (m

del_h = hr-hf;

if del_ h == 0
hl = hcg-hf;

else

% difference in roll center heights

% calc distance between cg and roll axis

h2 = a*del_h/(a+b)+hf;

hl = hcg-h2;
end

% Roll stiffness and damping coeffs %

Kphf = 750*180/pi;
Kphr = 650*180/pi;

Bphf = 900;
Bphr = 850;
% Inputs
delt f = u();
delt_ r = u(2);
DFx_f = u(3);
DFx_r = u(4);
Fxf = u(b);
Vdot = u(6);
\% = u(7);
%States

beta = x(1);
psidot = x(2);
psi = x(3);
phidot = x(4);
phi = Xx(5);

% total stiffness front axle (N*m/rad)
% total stiffness rear axle (N*m/rad)
% total damping front axle (N*m*s/rad)
% total damping rear axle (N*m*s/rad)

% steer angle of inner tire (rad)
% steer angle of outer tire

% differential braking command front axle (N)
% differential braking command front axle

% front axle drive force? (N)

% acceleration (m/s"2)

% Velocity (m/s)

% sideslip angle (rad)

% yaw rate (rad/s)

% yaw/heading angle (rad)
% roll rate (rad/s)

% roll angle (rad)

% vertical force difference across axle, front and rear
dFzf = (Kphf*phi+Bphf*phidot + Wf/g*hf*(Vdot*sin(beta).
+V*betadot*cos(beta) + psidot*V*cos(beta)))/T_f;
dFzr = (Kphr*phi+Bphr*phidot + Wr/g*hr*(Vdot*sin(beta).
+V*betadot*cos(beta) + psidot*V*cos(beta)))/T r;

Fzf = WIi/2;
Fzr = Wr/2;
if dFzf > Fzf
dFzf = Fzfend
if dFzr > Fzr
dFzr = Fzr;end

% normal static load on front tires
% normal static load on rear tires
% restrict 2 wheel lift-off
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FzRf = (Fzf+dFzf); % norm force on right front tire (N)
FzLf = (Fzf-dFzf); % norm force on left front tire
FzRr = (Fzr+dFzr); % norm force on right rear tire
FzLr = (Fzr-dFzr); % norm force on left rear tire
if FzRf <= 0 % restrict 2 wheel lift-off

FzRf = l1e-6;end
if FzZRr <= 0

FzRr = 1le-6;end
if FzLf <= 0

FzLf = l1e-6;end
if FzLr <= 0

FzLr = le-6;end

% longitudinal forces at tires due to braking command (N)

if DFx_f>0
FxRf = Fxf - DFx_f;
FxLf = O;
else
FxRf = 0O;
FxLf = Fxf + DFx_f;
end
if DFx_r>0
FxRr = 0 - DFx_r,;
FxLr = O;
else
FxRr = 0;
FxLr = 0 + DFx_r;
end

% tire slip angles (rad)

alph_Rf =atan((V*sin(beta)+psidot*a)/(V*cos(beta)-ps
alph_Lf =atan((V*sin(beta)+psidot*a)/(V*cos(beta)+ps
alph_Rr =atan((V*sin(beta)-psidot*b)/(V*cos(beta)-ps
alph_Lr =atan((V*sin(beta)-psidot*b)/(V*cos(beta)+ps

% lateral forces at tires (N)

FyRf = calc_Fy(FzRf/1000, alph_Rf*180/pi);
FyLf = calc_Fy(FzLf/1000, alph_Lf*180/pi);

FyRr = calc_Fy(FzRr/1000, alph_Rr*180/pi);
FyLr = calc_Fy(FzLr/1000, alph_Lr*180/pi);

% calculate the derivatives

idot*T_f/2))-delt_f;
idot*T_f/2))-delt_f;
idot*T_r/2))-delt_r;
idot*T_r/2))-delt_r;
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betadot = ((FyRf+FyLf)*cos(delt_f) + (FxRf+FxLf)*sin(de It f)
+(FyRr+FyLn)*cos(delt_r) + (FxRr+FxLr)*sin(delt_r)) ..
/(mass*V*cos(beta)) - (Vdot*tan(beta))/V - psidot;

rdot = (a*((FyRf+FyLf)*cos(delt_f) + (FxRf+FxLf)*sin(de It ) ...
-b*((FyRr+FyLr)*cos(delt_r) + (FXRr+FxLr)*sin(delt_r) ) ..
+T_f/2*((FyRf-FyLf)*sin(delt_f) + (FxLf-FxRf)*cos(del t f) ...
+T_r/2*((FyRr-FyLr)*sin(delt_r) + (FxLr-FxRr)*cos(del t M)/lzz;

phiddot = (mass*hl*g*sin(phi) - (Kphf+Kphr)*phi - (Bphf+B phr)*phidot ...
-mass*hl*(Vdot*sin(beta) + V*betadot*cos(beta) ...
+psidot*V*cos(beta))*cos(phi))/Ixx;

% position, space fixed frame
Xdot = V*(cos(beta)*cos(psi)-sin(beta)*sin(psi));
Ydot = V*(cos(beta)*sin(psi)+sin(beta)*cos(psi));

Fxr = (FyLf+FyRf)*sin(delt_f) - (FxLf+FxRf)*cos(delt_f) .
+ mass*Vdot*cos(beta) - mass*V*(betadot+psidot)*sin(be ta);

xdot = [betadot, rdot, psidot, phiddot, phidot, Xdot, Ydot, Fxr]';

return

function yy=mdIOutputs(t,x,u);

yy = [X];
return

function Fy = calc_Fy(Fz, alph)

% Nonlinear tire force model

% input: vertical force Fz in kN, slip angle alph in deg
%  output: lateral force Fy in N

% Pacejka coefficients of a real data set SAE Paper #870421
al = -22.1; %3.6;

a2 = 1011; %1200;

a3 = 1078;

a4 = 1.82;

a5 = 0.208; %0.25;

a6 = 0;
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a7 = -0.354;

a8 = 0.707;

a9 = 0.028;

al0 = O;

all = 14.8;

al2 = 0.022;

al3 = 0;

C = 1.30;

D = al*Fz"2+a2*Fz; % represents the peak side force
B = (a3*sin(ad4*atan(a5*Fz)))/(C*D);

E = a6*Fz"2+a7*Fz+a8;

BCD = a3*sin(a4*(atan(a5*Fz))); % represents cornering st iffness

Phi = (1-E)*alph+(E/B)*(atan(B*alph));
Fy = -D*sin(C*(atan(B*Phi))); % calc lateral force on the in ner tires

A.3 Implementation of Nonlinear Tire Model and Friction Cir cle

% John Plumlee 3/12/04

% fricCirc.m - This s-function calculates the max force aval iable in the
% x direction for each tire of a four wheeled ground vehicle ba sed on
% the fricion circle concept. The Pacejka tire model is used t 0 simulate

% nonlinear tire behavior.
function [sys,x0,str,ts] = fricCirc(t,x,u,flag,mu)

switch flag,
case 0, [sys,x0,str,ts]=mdlInitializeSizes;
case 3, sys=mdlOutputs(t,x,u,mu);
case { 1, 2, 4, 9}
sys = []; % Unused flags
otherwise error(['Unhandled flag = ',num2str(flag)]);
end

function [sys,x0,str,ts]=mdlinitializeSizes
sizes = simsizes;
sizes.NumContStates = 0;
sizes.NumDiscStates = O;
sizes.NumOutputs = 2;
sizes.Numinputs =7
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sizes.DirFeedthrough = 1;
sizes.NumSampleTimes = 1; % at least one sample time is neede d
sys = simsizes(sizes);

x0 =1 % initial conditions

str = []; % str is always an empty matrix

ts = [0.01 O]; % initialize the array of sample times
return

function yy=mdIOutputs(t,x,u,mu);
global betadot

% car parameters %

g = 9.81; % gravity (in/s"2)
L = 2.715; % wheelbase of car (m)
T f = 1.554; % track width of front axle (m)
T r = 1.534; % trach width of rear axle (m)
W = 13735.424; % curb weight of car + 200Ib driver(N)
a = 1.013; % distance from front wheel to cg (m)
b = L-a; % distance from rear wheel to cg (m)
Wf = W*b/L; % weight of front 1/2 car (N)
Wr = W*alL; % weight of rear 1/2 car (N)
mass = W/g; % mass of car (kg)
Izz = (1.03*3088-1206)*32.174*0.04214011;%yaw moment of inertia (kg*m”2)
hcg = 0.4*1.4554; % height of center of gravity(m)(40%roof h eight)
hf = 0.127; hr = 0.127; % height of roll center in front & rear (m )
del_h = hr-hf; % difference in roll center heights
if del_h == % calc distance between cg and roll axis
hl = hcg-hf;
else
h2 = a*del_h/(a+b)+hf;
hl = hcg-h2;
end
% Roll stiffness and damping coeffs %
Kphf = 750*180/pi; % total stiffness front axle (N*m/rad)
Kphr = 650*180/pi; % total stiffness rear axle (N*m/rad)
Bphf = 900; % total damping front axle
Bphr = 850; % total damping rear axle
delt f = u(); % steer angle of inner tire
delt_ r = u(2); % steer angle of outer tire

\% = u(3); % Velocity (m/s)



Vdot = O;

beta = u(4);
psidot = u(b);
phidot = u(6);
phi = u(?);
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% sideslip angle (rad)
% yaw rate (rad/s)
% roll rate (rad/s)
% roll angle (rad)

% vertical force difference across axle, front and rear
dFzf = (Kphf*phi+Bphf*phidot + Wf/g*hf*(Vdot*sin(beta).

+V*betadot*cos(beta) + psidot*V*cos(beta)))/T_f;
dFzr = (Kphr*phi+Bphr*phidot + Wr/g*hr*(Vdot*sin(beta).

+V*betadot*cos(beta) + psidot*V*cos(beta)))/T r;
% normal static load on fr tires
% normal static load on rr tires

Fzf = WIi/2;
Fzr = Wr/2;
if dFzf > Fzf

dFzf = Fzf;end
if dFzr > Fzr

dFzr = Fzr;end
FzRf = (Fzf+dFzf);
FzLf = (Fzf-dFzf);
FzRr = (Fzr+dFzr);
FzLr = (Fzr-dFzr);
if FzRf <= 0

FzRf = l1e-6;end
if FzZRr <= 0

FzRr = 1le-6;end
if FzLf <= 0

FzLf = le-6;end
if FzLr <= 0

FzLr = 1le-6;end

% norm force on right front tire (N)

% norm force on left front tire
% norm force on right rear tire

% norm force on left rear tire
% restrict 2 wheel lift-off

% calculate tire slip angles (rad)

alph_Rf =atan((V*sin(beta)+psidot*a)/(V*cos(beta)-ps
alph_Lf =atan((V*sin(beta)+psidot*a)/(V*cos(beta)+ps
alph_Rr =atan((V*sin(beta)-psidot*b)/(V*cos(beta)-ps
alph_Lr =atan((V*sin(beta)-psidot*b)/(V*cos(beta)+ps

% lateral forces at tires (N)

FyRf = calc_Fy(FzRf/1000, alph_Rf*180/pi);
FyLf = calc_Fy(FzL{/1000, alph_Lf*180/pi);

FyRr = calc_Fy(FzRr/1000, alph_Rr*180/pi);
FyLr = calc_Fy(FzLr/1000, alph_Lr*180/pi);

idot*T_f/2))-delt_f;
idot*T_f/2))-delt_f;
idot*T_r/2))-delt_r;
idot*T_r/2))-delt_r;
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% Max longitudinal force allowed by the friction circle
FxRf = sgrt(abs((FzRf*mu)*2 - FyRf*2));

FxLf = sqgrt(abs((FzLf*mu)*2 - FyLf*2));

FxRr = sqgrt(abs((FzRr*mu)*2 - FyRr2));

FxLr = sgrt(abs((FzLr*mu)*2 - FyLr"2));

front = min(FxRf,FxLf);
rear = min(FXRr,FxLn);

yy = [front;rear];
return

function Fy = calc_Fy(Fz, alph)

% input: vertical force Fz in kN, slip angle alph in deg

% output: lateral force Fy in N

% Pacejka coefficients of a real data set SAE Paper #870421

al = -22.1; %3.6;

a2 = 1011; %1200;

a3 = 1078;

a4 = 1.82;

a5 = 0.208; %0.25;

a6 = 0;

a7 = -0.354;

a8 = 0.707,;

a9 = 0.028;

al0o = 0O;

all = 14.8;

al2 = 0.022;

al3 = 0;

C = 1.30;

D = al*Fz"2+a2*Fz; % represents the peak side force
B = (a3*sin(a4*atan(a5*Fz)))/(C*D);

E = a6*Fz"2+a7*Fz+a8;

BCD = a3*sin(a4*(atan(a5*Fz))); % represents cornering st iffness

Phi = (1-E)*alph+(E/B)*(atan(B*alph));
Fy = -D*sin(C*(atan(B*Phi))); % calc lateral force on the in ner tires
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A.4 Implementation of Quadratic Programming Based Control

%
%
%
%
%
%

function [sys,x0,str,ts] = QuadProg(t,x,u,flag,algorit

Quad_Prog.m - This S-function is the quadratic programmin
control allocation routine used by the vehicle model. It ta
inputs the discretized input effectiveness matrix from th
model, the desired virtual effect calculated by the LQR gai
front and rear braking limits calculated by fricCirc.m. Th
are the computled command vector and allocation error.

switch flag,

en

case 0, [sys,x0,str,ts]=mdlinitializeSizes(mm,nn);
case 2, sys=mdlUpdate(t,x,u,algorithm,mm,nn,wB);
case 3, sys=mdlOutputs(t,x,u,mm,nn);
case { 1, 4, 9}

sys = []; % Unused flags
otherwise error(['Unhandled flag = ',num2str(flag)]);
d

Allocation

g based
kes as

e linear car
ns and the
e outputs

hm,mm,nn,wB)

function [sys,x0,str,ts]=mdlInitializeSizes(mm,nn)
sizes = simsizes;

sizes.NumContStates = 0;
sizes.NumDiscStates = nn*4+3;
sizes.NumOutputs = nn+3;
sizes.Numlinputs = mm*nn+mm+2;
sizes.DirFeedthrough = 1;
sizes.NumSampleTimes = 1;

Sys = simsizes(sizes);

X0 = [zeros(nn,1); O; 1; 1; zeros(nn*3,1)];%initial condit
str = []; % str is always an empty matrix

ts = [0.01 O]; % initialize the array of sample times
return

ions

for sys

function sys=mdlUpdate(t,x,u,algorithm,mm,nn,wB)

% Inputs

B = reshape(u(1:mm*nn,1),mm,nn); % Effectiveness Matrix
ubar = u(mm*nn+(1:mm),1); % desired control effect
¢ = zeros(nn,l); % linear weight matrix
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Q =[1 1el10 1 1 wBj; % quadratic weight matrix (Diagonalized la  ter)
limldx = mm*nn+mm+1; % index of braking limits

% position limits of effectors (inequality constraints)
xhi = [ 0.5 0.5 u(limldx) u(limldx+1) 100];
xlo = [-0.5 -0.5 -u(limldx) -u(limldx+1) -100];

% Uncomment these for steering failures

% if t>5.24 % front steering failure, stuck-at fault

% xhi = [ x(1) 0.5 wu(limldx) u(limldx+1) 100];
% xlo = [ x(1) -0.5 -u(limldx) -u(limldx+1) -100];
% end

% if t>5.49 % rear steering failure, stuck-at fault

% xhi = [ 0.5 x(2) u(limldx) u(limldx+1) 100];
% xlo [ -0.5 x(2) -u(limldx) -u(limldx+1) -100];
% end

% Command History

xxkl = reshape(x([1:nn]),nn,1); % cmd from last time step (k -1)
xxk2 = reshape(x(nn+3+[1:nn]),nn,1); % cmd (k-2)

xxk3 = reshape(x(2*nn+3+[1:nn]),nn,1);

xxk4 = reshape(x(3*nn+3+[1:nn]),nn,1);

xxh = [xxkl, xxk2, xxk3, xxkd4];

C
C

-le-3*eye(nn)./(0.01)*xxk1; % setup to penalize cmd vel ocity
c + le-5*eye(nn)./(0.0172)*(xxk2-2*xxk1);% penalize c md vel & accel

% Matlab's quadratic programming solver

ops = optimset('Display','off'); % set up options

warning off;

[uinput,fval,exflg] = quadprog(diag(Q),c.[],[],B,ubar xlo,xhi,[],ops);

if isempty(uinput)

uinput = xx(nn,1);

fprintf('uinput is empty QP solution is not good\n');
end

% Allocation Error
CErr = ubar - B(:,:)*reshape(uinput,nn,1);

% save CA error and command history
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output4
outputs

[norm(cErr);1;1];
reshape(xxh(:,1:3),nn*3,1);

sys = [uinput;output4;output5];
return

function y=mdIlOutputs(t,x,u,mm,nn);
y = Xx(1:nn+3);
return




Bibliography

[1] L. Alvarez, J. Yi, R. Horowitz, and L. Olmos. Emergency braking control in auto-
mated highway systems with underestimation of friction coecient. In Proceedings
of the American Control Conference pages 574{579. IEEE, June 2000.

[2] Rusty Anderson and David M. Bevly. Estimation of slip angles using a model based
estimator and gps. In Proceedings of the American Control Conference Boston,
MA, June 2004. IEEE.

[3] Egbert Bakker, Lars Nyborg, and Hans B. Pacejka. Tyre moctlling for use in
vehicle dynamic studies. Technical Report 870421, Societyf Automotive Engineers,
Febuary 1987.

[4] J. E. Beasley, editor. Advances in Linear and Integer Programming Clarendon
Press, Oxford, 1996.

[5] A. Bemporad, M. Morari, V. Dua, and E. N. Pistikopoulos. T he explicit linear
quadratic regulator for constrained systems.Automatica, 38:3{20, 2002.

[6] D. M. Bevly, J. C. Gerdes, and C. Wilson. The use of gps bask velocity mea-
surements for measurement of sideslip and wheel slipVehicle System Dynamics
38:127{147, 2002.

[7] Marc Bodson. Evaluation of optimization methods for cortrol allocation. Journal
of Guidance, Control, and Dynamics 25(4):703{711, July-August 2002.

[8] Kenneth A Bordington and Wayne C Durham. Closed-form soltions to con-
strained control allocation problem. Journal of Guidance, Control, and Dynamics,
18(5):1000{1006, September-October 1995.

[9] Jean L. Broge. Quadrasteer debuts in 2002. Tech briefs,AE International Online,
http://www.sae.org/automag/techbriefs/01-2001/techb 2.htm, February 2001.

[10] John J. Burken, Ping Lu, Zhenglu Wu, and Cathy Bahm. Two recon gurable ight{
control design methods: Robust servomechanism and contrallocation. Journal of
Guidance, Control, and Dynamics 24(3):482{493, May-June 2001.

[11] Ronnie R. Callahan. Dynamic control allocation and aubnomous recon gurable
control allocation for aerospace vehicles. Master's thesj Auburn University, May
2002.

[12] Christopher R. Carlson and J. Christian Gerdes. Optimd rollover prevention with
steer by wire and dierential braking. In Proceedings of IMECE 2003 ASME,
November 2003.

66



67

[13] B. Chen and H. Peng. Di errential-braking-based rollover prevention for sport
utility vehicles with human-in-the-loop evaluations. Vehicle System Dynamics 36(4-
5):359{389, 2001.

[14] John C. Dixon. Tires, Suspension, and Handling Society of Automotive Engineers
Inc., second edition, 1996.

[15] Wayne C. Durham. Constrained control allocation. Journal of Guidance, Control,
and Dynamics 16(4):717{725, August 1993.

[16] Wayne C. Durham. Constrained control allocation: Three-moment problem. Jour-
nal of Guidance, Control, and Dynamics 17(2):330{337, March-April 1994.

[17] Wayne C. Durham. Computationally e cient control allo cation. Journal of Guid-
ance, Control, and Dynamics 24(3):519{524, May-June 2001.

[18] Dale Enns. Control allocation approaches. InProceeding of AIAA Guidance, Nav-
igation, and Control Conference and Exhibit pages 98{108, Boston, MA, 1998.
AlAA.

[19] Thomas D. Gillespie. Fundamentals of Vehicle Dynamics Society of Automotive
Engineers Inc., 1992.

[20] Ola Harkegard. E cient active set algorithms for solvi ng constrained least squares
problems in aircraft control allocation. In Proceedings of the 41st IEEE Conference
on Decision and Control, pages 1295{1300. IEEE, December 2002.

[21] A. S. Hodel. Robust inversion and data compression in atrol allocation. In
Proceedings of AIAA Guidance, Navigation, and Control Conference and Exhibit
Denver, CO, August 2000. AIAA.

[22] A. S. Hodel and Yuri B. Shtessel. On-line computation ofa local attainable moment
set for reusable launch vehicles. IrProceedings of AIAA Guidance, Navigation, and
Control Conference and Exhibit AIAA, August 2002.

[23] Yutaka lkeda and Mark Hood. An application of I1 optimization to control allo-
cation. In Proceeding of AIAA Guidance, Navigation, and Control Conference and
Exhibit, Denver, CO, August 2000. AlAA.

[24] Tor A. Johansen, Thor I. Fossen, and Svein P. Berge. Comiiined nonlinear control
allocation with singularity avoidance using sequential gquadratic programming. IEEE
Trans. Control Systems Technology 12, 2004.

[25] David G. Luenberger. Linear and Nonlinear Programming. Addison-Wesley, Read-
ing, MA, 1984.



68

[26] Anthony B Page and Marc L Steinberg. A closed-loop compason of control alloca-
tion methods. In Proceeding of AIAA Guidance, Navigation, and Control Conference
and Exhibit, Denver, CO, August 2000. AIAA Paper 2000-4538.

[27] C. Van De Panne. Methods for Linear and Quadratic Programming, volume 17.
North-Holland publishing Co., 1974.

[28] R. Rajamani, A. S. Howell, C. Chen, J. K. Hendrick, and M. Tomizuka. A com-
plete fault diagnostic system for automated vehicles operting in a platoon. IEEE
Transactions on Control Systems Technology 9(4):553{564, July 2001.

[29] Laura R. Ray. Nonlinear tire force estimation and road fiction identi cation: Sim-
ulation and experiments. Automatica, 33(10):1819{1833, 1997.

[30] Eric J. Rossetter, J. P. Swikes, and J. C. Gerdes. A gentl nudge towards safety: Ex-
perimental validation of the potential eld driver assista nce system. InProceedings
of the American Control Conference Denver, CO, June 2003. IEEE.

[31] J. Ryu, E. J. Rossetter, and J. C. Gerdes. Vehicle sideig and roll parameter
estimation using gps. In AVEC 2002 6th International Symposium of Advanced
Vehicle Control, 2002.

[32] Arvin R. Savkoor and C.T. Chou. Application of aerodynamic actuators to improve
vehicle handling. Vehicle System Dynamics 32:345{374, 1999.

[33] Adam T. Simmons and A. Scottedward Hodel. Control alloation for the x-33
using existing and novel quadratic programming techniques In Proceedings of the
American Control Conference, Boston, MA, June 2004. IEEE.

[34] Anton T. van Zanten. Evolution of electronic control systems for improving the
vehicle dynamic behavior. In Proceedings of the 6th International Symposium on
Advanced Vehicle Contro| 2002.

[35] Anthony B. Will and Stanislaw H. Zak. Modelling and control of an automated
vehicle. Vehicle System Dynamics 27:131{155, 1997.

[36] Anton T. Van Zanten, Rainer Erhardt, Georg Pfa, Friedr ich Kost, Uwe Hartmann,
and Thomas Ehret. Control aspects of the bosch-vdc. Innternational Symposium
on Advanced Vehicle Contro] pages 573{605, June 1996.



