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Friday, 3/24/17 
 
Historical Perspective 
 
Edward Lorenz was a meteorology professor at MIT.  In 1961, he was developing 
a simplified computer model of the weather using 12 variables.  One day he ran a 
simulation and the results interested him.  So he reran it and got completely 
different results.  He discovered that the first time he ran it, he had used an initial 
condition of 0.506127.  The second time he ran it, he had used an initial condition 
of 0.506.  The two initial conditions differed by just 0.0251%!  This would have 
had little effect on the performance of a linear system.  His result was shocking and 
led to the development of chaos theory.  This extreme sensitivity to initial 
condition led to this statement in 1972: “Does the flap of a butterfly’s wings in 
Brazil set off a tornado in Texas” – Philip Merilees. 
Eventually, Lorenz simplified the model down to these three equations: 
 

 
 

 
 
σ, r and b are constants.   
 
The only nonlinear terms are –xz and xy: two multiplications. 
 
A solution is chaotic for (σ, r, b) = (10, 28, 8/3) 
 
Building the system in hardware or simulation: 
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Simulink model below (run for 100s): 
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Observe that x(t) appears to oscillate about one point for some period of time, with 
the amplitude of the oscillation increasing over time.  Then at some point in time, 
x(t) jumps to some new point about which it oscillates for a while before jumping 
back to the first point.  So over time, x(t) jumps back and forth between these two 
points at which it oscillates for some amount of time.  These two points by which 
x(t) oscillates are called “attractors”, and specifically due to the chaotic nature of 
the system they are called “strange attractors.”  A phase plot of xd vs. x clearly 
shows this <below>. 
 
Each complete loop around an attractor on the phase plot represents one oscillation 
of x(t) about the point of oscillation.  If the radius of the orbit about an attractor 
grows, the amplitude of oscillation is increasing. 
 
As shown in the x(t) vs. t plot, the xd vs. x phase plot also shows that after some 
number of oscillations about one attractor, the trajectory jumps to oscillating about 
a second attractor. 
 
Observe that the trajectory is only allowed in a certain region of the phase plot, but 
in that region it can go anywhere.  This boundedness of the trajectory shows that 
the system is globally stable.   
 
The “Basin of Attraction” is the region of the phase space where if a trajectory 
began at a point via an initial condition, the resulting trajectory would eventually 
be pulled into orbits oscillating about the attractor(s).  
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A plot of xd vs. x after running 1000s, illustrating topological mixing. 
 



8 
 

 
Last 1024 data points of 1000s of x(t) 

 
Illustrative 1024 point FFT of last 1024 data points for 1000s of x(t). Note: only 
first 256 bins shown.  Illustrates wide bandwidth characteristic. 
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Phase plot of z vs. x, the classic Lorenz attractor “butterfly.” 
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Exact same simulations except σ=10 for x(t) system and σ=10.001 for x1(t) 
system.  The two trajectories quickly diverge, illustrating the extreme sensitivity to 
initial conditions, a hallmark of chaotic systems. 
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Building this system in electronic circuitry: 
 

1) Integrators: one op amp, one R and one C per negative integrator 
2) Summers: one op amp, R’s per negative summer 
3) Fixed gain amplifiers: one op amp, R’s per amplifier (inv or non-inv) 
4) Multipliers: low frequency four quadrant multiplier IC’s available 

 
For low frequency operation, it is relatively easy to implement this chaotic system 
as an electronic circuit. 
 
For high frequency operation, electronic circuit implementation issues arise: 

1) Four quadrant multiplier ICs are low frequency only. 
2) Required bandwidth increase with operating speed.  Chaotic systems are 

often very sensitive to nonlinear phase responses of op amps.  Many high 
speed op amps are generally not designed for extremely wide bandwidth 
operation where a linear phase response over the entire bandwidth is 
required. 

3) Op amp gain roll off and phase delay change the realized system governing 
differential equations. 

4) EMI issues such as electromagnetic coupling can adversely affect circuit 
performance (extreme sensitivity to initial conditions) 

5) Noise issues can also adversely affect circuit performance (extreme 
sensitivity to initial conditions).  The thermal noise floor is proportional to 
the square root of the bandwidth, and therefore increases as the speed of the 
chaotic system increases. 

 
Philosophical Implications 
 
Some people ascribe nearly magical powers to chaotic systems, that they produce 
order out of disorder, and are responsible for biological evolution, and does this so 
quickly that it is missed in the fossil record.  Why this is a fallacy: 

1) Chaotic systems are no more ordered than linear oscillating systems.  In fact, 
some dynamical systems can be linearly oscillating for some parameters and 
chaotic for others. 

2) Whether a dynamical system is linear, nonlinear or chaotic in no way 
explains how the system came into existence. 
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3) Whether a dynamical system is linear, nonlinear or chaotic, it is still bound 
by the 2nd law of thermal dynamics: the total entropy (energy given up in a 
system and not available to do any work) of an isolated system can only 
remain constant or increase over time.  In other words, in an isolated system 
where work is being done, less energy is available to do additional work as 
time increases.  Systems become less ordered over time. 

4) The scientific method cannot be used to prove the existence of a 
hypothesized event for which the data is missing, in this case multiple gaps 
in the fossil record. 
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Hypothesized (simplified) evolutionary tree of live. 
http://worldview3.50webs.com/parttrueevol.html 
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Hypothesized (simplified) evolutionary tree of live showing gaps in the fossil 
record. http://worldview3.50webs.com/parttrueevol.html 
 
Gaps cannot be explained by each “life island” being a strange attractor where the 
life trajectory “jumps” to a new life attractor after several million years. 
 


