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Tuesday 3/21/23 

 
Circuits for Implementing Nonlinear Functions 
 

1) 4 Quadrant multiplier chips 
 
Analog Devices makes several four quadrant multiplier (and related) chips 
<below>.  Some are pretty fast now. 
 
 

2) Diodes 
 

Small signal: 𝑖 𝐼 𝑒 1  

 
Large signal: useful as a switch  
 
 

3) MOSFET 
 
Triode region: useful as a nonlinear voltage controlled resistance 
 
Small signal: in saturation, the MOSFET is a square law device: 

 𝐼 𝑉 𝑉  

 
Larger signal: useful as an analog switch (analog comparator and digital logic used 
to trip it) 
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Analog Devices Multiplier/Divider chips: 
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4) CMOS Inverter 
 
Amplifier with nonlinear saturation 
 

 
Vo vs. Vin for approximately balanced CMOS inverter.  Green: Vin, red: Vo. 
 
 

5) OP amp and related circuits 
 
Useful as a saturating amplifier 
 

Useful as a comparator (signum function): 𝑠𝑔𝑛 𝑥
1  𝑖𝑓 𝑥 0

0 𝑖𝑓   𝑥 0
1 𝑖𝑓 𝑥 0

 

 
Useful in hysteresis circuits (positive feedback amplifier) 
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6) Digital Nonlinearity 
 

 
 
The input could be one, two, or even more A/D’s.  Could be made from discrete 
components or a single microcontroller. 
 
The function could be a memory lookup table, a multiport SRAM for a time delay, 
or a microcontroller arithmetic processing unit. 
 
It could be a simple multiplication, or almost any mathematical function or 
nonlinearity, even time varying. 
 
It would need to be clocked at a considerably higher frequency than the BW of the 
rest of the system.  A LPF on the D/A output might be required. 
 
Issues to consider: operating speed, converter resolution, propagation delay, 
filtering requirements, added noise to the system. 
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7) Other components possibly useful for circuit nonlinearity generation: 
a. BJTs 
b. jFETs 
c. SCR’s and triacs 
d. Electrolytic capacitors 
e. LED with a CdS photocell 
f. MEMS voltage controlled capacitor 
g. High current resistor that heats up due to I2R losses (light bulb) 
h. Saturating inductor 
i. Current mirror circuits 
j. Switches and relays 
k. Plasma breakdown devices (neon bulb, etc.) 

 
 
The Logistic Map and Chaos 
 
Chaos can be observed in a simple discrete model for the population dynamics 
within a species.  For this: 
 
 r is the reproductive rate, which decreases as the population increases, 
 
 x is a measure of the population as a fraction of the carrying capacity, 
 
 x0 is the starting population, 
 
 xk is the population at the kth interval, 
 
 xk+1 is the population at the (k+1)th interval, 
 
In this simple system, the population completely dies out each interval, and the 
next interval’s population is a function of this interval’s reproductive rate and 
current population. 
 
r x r 1 x  
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Therefore, this equation models the population at successive generations 
(intervals), k: 
 
𝑥 𝑟𝑥 1 𝑥  
 
The plot of x(k) vs. k is called the logistic map. 
 
Consider the logistic maps for some cases for different reproductive rates, r, with 
an initial population, x0, of 0.1.  
 
If r<1, the population eventually dies out. 
 
If r=1.9, the population settles out at 0.47 (47% of the carrying capacity). 
 
If r=2.9, the population stabilizes after several small boom and bust cycles with a 
population at 65.6% of the carrying capacity. 
 
If r=3.3, the population settles to continually having cyclical boom and bust cycles. 
 
If r=3.6, the population is now chaotic. 
 
A bifurcation diagram is useful in understanding the dynamics of this and other 
systems that can have chaotic regions.  A bifurcation diagram shows the values 
visited (or asymptotically approached) of a system as a function of a system 
bifurcation parameter. 
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Bifurcation diagram for this system. 
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Relate to Bifurcation diagram (steady state x(k) ~ .66) 

 

Relate to Bifurcation diagram (steady state x(k) ~ .40 & .82) 
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Relate to Bifurcation diagram (steady state x(k): period doubling) 

 

Relate to Bifurcation diagram (steady state x(k): chaotic response) 
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