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Electrostatic transducers, consisting of time-variant capacitors, are utilised in many types of microelectromechanical system (MEMS) devices.
Linear circuit theory is based on the premise of time-invariant passive devices. Time-variant capacitors generally result in one or more
nonlinear differential equations that must be solved to obtain expressions for the voltage across or the current through the capacitor. An
iterative approach can be used to provide an approximate solution to the nonlinear differential equation model of the Thévenin equivalent
RC circuit. This solution technique is verified through comparison with a MATLAB Simulink® simulation of 2 MEMS capacitor that

sinusoidally varies with time because of external stimuli.

1. Introduction: Time-variant capacitors are an integral part of
many microelectromechanical system (MEMS) and nanodevices
as both electrostatic actuators and as sensing structures. The
primary electrostatic actuators are the parallel plate actuator
(PPA) [1] and the comb drive actuator (CDA) [2]. These types of
actuators are readily used in complex MEMS devices such as
force-feedback accelerometers [3], gyroscopes [4], tunable RF
devices [5] and microoptical devices [6]. As a detection
mechanism, variable capacitors are used in applications such as
inertial sensors [7], pressure sensors [8] moisture content sensors
[9] and humidity sensors [10]. In each of these applications, the
resulting capacitance is a function of a measurand, an external
stimulus or an intenal displacement, all of which can be
modelled as a function of time. For a time-variant capacitor, the
equation that relates current through it, i(¢), and voltage across it,
V() is

() = V(@) + V()C®) U]

In many applications, (1) is simplified by either using a DC voltage
for V(¢) [11] or by making V.(¢) an AC voltage where its frequency
is so much higher than the bandwidth of C(r) that C(f) can
reasonably be viewed as being time invariant [12]. However, this
simplification is not appropriate for many applications. A
common example is when a resistor is added between the
time-variant MEMS capacitor and the voltage source, as shown in
Fig. 1. This configuration is often used to protect the MEMS
capacitive element and the voltage source in the event that the
capacitor’s electrodes make physical contact and electrically short
[13]. Additionally, the circuit model in Fig. 1 could be the

<
(e}

—T~ C(t)

Figure 1 Schematic diagram of a time-variant capacitor in series with a
resistor
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Thévenin equivalent circuit for a more complex circuit connected
to C(f).
The circuit is described by the differential equation

Via— Vot . :
=20y pcorvocn @
This equation is a first-order nonlinear ordinary differential equa-
tion, and it is therefore difficult to obtain a closed-form solution
[14].

2. Technique: However, an iterative approach [15] can be used to
obtain an approximate solution for this differential equation that
yields functions for i(f) and V. (f). In order to obtain an
approximate solution, the capacitance needs to be modelled as

CH) = Cy+ C, (1) 3)

where

CO=C @

where Cy is defined as the time-invariant capacitance. C,(¢) is the
time-variant capacitance that must be smaller in magnitude than
Co, such that C(¥)>0. The circuit is first analysed as a linear
circuit with a time-invariant capacitor equal to Cy to obtain the
steady-state solution for V.(t), denoted by V.(f). An expression
for i, (¢) is then found using V,o(r) with (2)(4). The next step is
to use a small-signal analysis with R to find an expression for
V() in terms of i, (r) where

Var®) = =i (DR &)

Then the next i.(¢) term is found using
NG ES VaCE) + Vo (DCQ@) ©)

Equations (5) and (6) are then used to calculate as many terms as
desired where

Ve = Vo) + I [V a®CO + VuCOIRE  (7)
k=1
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and

00

i)=Y [Va®)CO + V40C0)] ®)

k=1

3. Verification: For verification, consider the two primary types of
micromachined capacitor structures, variable area overlap and
variable gap. The model for a variable area overlap capacitor is

_ gEw(x, +x)
- d

o

Cx) ©)

Since most MEMS devices are highly underdamped [16], they
sinusoidally ring at their resonant frequency, ®,, whereas
experiencing extemal stimuli, such as vibrational [17] or acoustic
energy [18]. Therefore x can be replaced by sin(wf) so that

8,6, w(xp +x, sin(wt))
dy

where x| <xo. For the special case where the area overlap capacitor

consists of two interdigitated combs, C(f) becomes

) =

(10

npe,e,wlxg +x, sin(wr))
% (1n

where n is the number of interdigitated tooth pairs and S is the
fringing field correction factor. So, this capacitor can be modelled
as

) =

C(0) =y, + y, sin(wr) (12)
where
nfe,&,wx,
y = 22t (3
0
and
nBe,&,wx
yy = TER0E (14)
0

A variable gap MEMS capacitor has the model

Cy=— 554 (15)

Xo + x) sin(wr)

For the case where x| < x, C(f) can be approximated by

C(®) >y, + y, sin(wr) (16)
where
g,e.4
=— ¢ 17
N = 05(()/ ) =
and
=_= i
Y2 =0 % (18)

Therefore both types of MEMS time-variant capacitors can be
modelled by (3).

Consider the case where ¥, is a DC voltage source with a voltage
of V¢ that is less than the pull-in voltage in the case of a PPA [19]
or the lateral instability voltage for a CDA [20]. C(¢) then becomes

C() = Cy + C, sin(wr) (19)
where C, < Cy, and

C() = C,wcos(wl) (20)
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Using the circuit model in Fig. 1, ¥, = Vpc. Therefore from (6)
i ()= CV 4+ V.oC(t) = VpcCwcos(wt) 1)
and, using small signal analysis and (5)
Vei(t) = =iy R = —RVpeCywcos(wr) (22)
Likewise, V¢ (¢) is used to find i»(¢) and Vep(f).
V() = RVpeC, @ sin(e) (23)
and
i = COWV 1) + Ve (DC()
= (Cy + C; sin(wh)) (RVpcC, o sin(wr))
+ (Cyweos(wh) (—RVpcC, wcos(wt)) 24)
which simplifies to
i2(f) = CoRVpcC & sin(wt) — Cla? RVpc (cos? (wf) — sin? (wr))

(25
and finally to

in(H) = CuRVpcC o sin(wr) — C2a®RVp cosat)  (26)
Then,
Vo(t) = —Riy(t) = —CyuR* Ve C, oo sin(wr)
+ C? 0 R* Vi cos(2wr) 27
and
¥ o(t) = —CoR* Ve C 00° cos(of)
—2C2 0’ R?Vy sin(2wr) 28)

Next i.3(t) and V,3(t) are calculated

in(®) = COV () + Ve, (DC(®)
= (Cy + C, sin(wh) (—CoR* Ve C, ° cos(wrt)
—2C &’ R* Ve sinQat))
+ (€, weos(wt)) (~CoR* Ve C; o sin(wr)
+ CL o RV cos2a1)) 29

By reamanging terms

ia(t) = —C3R*Vpe C 00 cos(wr)
—2C,C2 & R? Ve sin2wt))
— CyR Vo Cr e’ sin(wt) cos(wt)
— 2C} * R Wy sin(wif) sin(2 )
— CoR*Vpc Ch e sin(wr) cos(wr)
+ C &’ R*V . cos(wr) cos(Rwf) (30)

Utilising trigonometric identities

sin(awt) cos(ar) = 0.5 sin(2wr) G1)
sin(w?) sinQet) = 0.5 (cos(wt) — cos(3wr)) 32)
cos(wt) cos2wr) = 0.5(cos(wt) + cos(3wt)) (33)
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Figure 2 MATLAB Simulink® model

Equation (30) now can be rewritten as 12 and 11 pF, respectively, for a ¥, of 12V and an R of | MQ.
A value of 2000 rad/s was used for . The Simulink numerical
ia(h) = —Cg R? VocCi o cos(w?) solver was .set fo ﬁxed-sgtep ODE3. (ngacki-Shmpine) with.a
fixed-step size of 1 x 107 s. The Simulink model is presented in

— 2CyC e’ R*V e sinRwt)) Fig. 2.

One period of simulation data are presented in Fig. 3 along with
the first four terms for the example, V4 and tems from (22), (27)
_ Cla SR Ve (cos( wt) — cos(3 wt)) ?,nd ('37). The eror terms, that is, the Sin:xulirl_k solution minus Fhe

iterative solution terms, are presented in Fig. 4, demonstrating

— CyR* Ve C s’ sinQuf)

+0.5C] 0’ R* Ve (cos(wt) + cos(3wt)) (34

which reduces to 200 error voltage (simulated-approx) against time
r T T T T T T
C o p? 3 2 3p2 . /
iy =—CaRVpcC o’ cos(wt) — 3C,Clw’ R Viye sin(2wt) 200l /
y \ ]
— Clw’ RV (0.5 cos(wt) — 1.5 cos(3wt)) (35) it \
S \
100} / . X 1
Finally, the third iteration voltage ¥_1(t) can be found using (35) Z ; b
in (5) R \
Q S e — 5
= / \
, <] / A
Vc3 »= _RICS(t) (36) E /
-100+ XII
'r‘ .\‘
or
-200} ]
_ 12pd 3 2 3p3 . i
V3 = +CiR Ve C o’ cos(ar) + 3C, Ci 'R’ Vi sinRwf) | ~]
-300 " L s 47
1 C &*R* V(0.5 cos(wr) + 1.5 cos(3wr)) (37 0 05 1 25 3
Observe that Vg is a DC term. V¢ |(t) is an AC term proportional to Figure 4 Graph of the error between the Simulink® solution and the
RCw. V(1) possesses AC terms proportional to R*(C;)’w” and irerative solution
R2C,Cow®. V(f) coniains AC terms proportional to
R(capacitance)’w>.
MATL{\B Simulink® was used to siolve (2) numerically where error voltage (simulated-approx) against time
the capacitor was modelled by (19) with values for Cy and C, of 10 [ * [ T ° — ]
o approximations 10 DC resonant cap 5r
. ‘ y /’:"\"\‘ ' : Simul:;ﬂ( 5
12.24 7 ~ term 0 £ ol - B
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Figure 5 Graph of the error between the Simulink® solution and the
Figure 3 Simulink® results with successive terms added iterative solution zoomed in on the higher-order terms
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that the error decreases when each successive term is included in the
approximate solution. Fig. 5 zooms in on the higher-order error
terms for clarity. The DC V4 error temm has an error voltage exceed-
ing 200 mV, whereas the inclusion of the first through fourth-order
terms drops the error voltage to <1 mV.

4. Conclusions: Linear circuit analysis is based on the premise
of time-invariant passive devices. Many MEMS sensors and
actuators utilise time-variant capacitors for sensing and/or
actuation. When the voltage across the capacitor is not a constant
and the circuit can be modelled as a Thévenin equivalent circuit,
with a DC or a constant amplitude sinusoidal voltage source, the
circuit equation becomes a nonlinear ordinary differential
equation. An approximate solution technique for solving this
equation has been presented and compared with a numerical
solution using MATLAB Simulink®. For many applications, this
technique affords a reasonably simple method for performing
circuit analysis on typical interface circuits utilised with MEMS
time-variant capacitive elements.

5 References

[1] Dong L., Edwards J.: ‘Closed-loop voltage control of a parallel-plate
MEMS electrostatic actuator’. Proc. 2010 American Control Conf.,
Baltimore, MD, USA, 2010, pp. 3409-3414

[2] Wooldridge J., Muniz-Piniella A., Stewart M., Shean T.A.V., Weaver
P.M.: “Vertical comb drive actuator for the measurement of piczoelec-
tric coefficients in small-scale systems’, J. Micromech. Microeng.,
2013,23,p. 12

[3] Meng Z., Jingging H., Tingting Z., £r 4L.: ‘Research on nonlinearity
of closed-loop capacitive accelerometer resulting from time-division
force feedback’. Proc. IEEE 2012 Electron Devices and Solid State
Circuits, Bangkok, Thailand, 2012, p. 4

[4] Hudson T.D., Holt S.W., Ruffin P., £ 4..: “High-performance micro-

fabricated angular rate sensor’, J. Microlithogr. Microfabr.
Microsyst., 2005, 4, (4), p. 8
[S] Sundaram A., Maddela M., Ramadoss R., Feldner L.M.:

‘MEMS-base electronically steerable antenna array fabricated using
PCB technology’, J. Microelectromech. Syst., 2008, 17, pp. 356-362

[6] Zhang J., Zhang Z., Lee Y.C., Bright V.M., Neff J.: ‘Design and
invention of multi-level digitally positioned micromirror for
open-loop controlled applications’, Sens. Actuators A, Phys., 2003,
103, pp. 271-283

518
© The Institution of Engineering and Technology 2013

7
(8]

%]

(10]

(1]

(12]

[13]

[14]

[15]

[16]

(171

[18]

[19]

[20]

Xie H., Fedder GK.: ‘A DRIE CMOS-MEMS gyroscope’. Proc.
IEEE Sensors, Orlando, FL, USA, 2002, pp. 1413-1418

Ridzuan N.A.A., Masuda S., Miki N.: ‘Flexible capacitive sensor
encapsulating liquids as dielectric with a largely deformable
polymer membrane’, Micro Nano Lett., 2012, 7, pp. 11931196
Dean R.N., Rane A., Baginski M., Richard J., Hartzog Z., Elton D.J.:
‘A capacitive fringing field sensor design for moisture measurement
based on printed circuit board techuology’, /EEE Trans. Instrum.
Meas., 2012, 61, pp. 1105-1112

LilJ, Liu Y., Tang M., Li J., Lin X.: ‘Capacitive humidity sensor with
a coplanar electrode structure on anodized porous alumina film’,
Micro Nano Lett., 2012, 7, pp. 1097-1100

Dean R., Flowers G., Horvath R., £r 4..: ‘Characterization and experi-
mental verification of the nonlinear distortion in a technique for meas-
uring relative velocity between micromachined structures in normal
translational motion’, /EEE Sens. J., 2007, 7, pp. 496-501

Senturia S.D.: ‘Microsystem design’ (Springer, New York, 2001),
pp. 502-504

De Coster J., Rottenberg X., Sangameswaran S., Ekkels P., Tilmans
H.A.C., De Wolf I.: ‘Robustness of electrostatic MEMS actuators
against electrical overstress’. Proc. Transducers 2009, Denver, CO,
USA, 2009, pp. 893-896

DuChateau P.: ‘First order nonlinear equations’, available at http:/www.
math.colostate.cdw/~pauld/M345/1stOrdertNLODE.pdf, accessed 24
April 2013

Li Y.: ‘Monotone iterative method for numerical solution of nonlinear
ODEs in MOSFET RF circuit simulation’, Math, Comput. Model.,
2012, 51, pp. 320-328

Yasumura K.Y., Stowe T.D., Chow E.M., £r 41.: ‘Quality factors in
micron- and submicron-thick cantilevers’, J. Microelectromech.
Syst., 2000, 9, pp. 117-125

Brown T.G.: ‘Harsh military environments and microelectromechan-
ical (MEMS) devices’. Proc. 2003 IEEE Sensors, Toronto, Canada,
2003, pp. 753-760

Weinberg M.S., Kourepenis A.: ‘Error sources in in-plane silicon
tuning-fork MEMS gyroscopes’, J. Microelectromech. Syst., 2006,
15, (3), pp. 479491

Dean R.N., Wilson C., Brunsch J.P., Hung J.Y.: ‘A synthetic voltage
division controller to extend the stable operating range of parallel
plate actuators’. Proc. 2011 IEEE Multi-Conf. Systems and Control,
Denver, CO, USA, 2011, pp. 1068-1074

Borovic B., Lewis F.L., Liu A.Q., Kolesar E.S., Popa D.: ‘The lateral
instability problem in electrostatic comb drive actuators “modeling
and feedback control”’, J. Micromech. Microeng., 2006, 16,
pp. 1233-1241

Micro & Nano Letters, 2013, Vol. 8, Iss. 9, pp. 515-518
doi: 10.1049/mnl.2013.0239



