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Review of Second Order Dynamic Systems 

Consider systems of the form:    

Example: mechanical spring-mass-damper system:    

Often convenient to analyze using Laplace Transforms: 
   

Then , where: 

 ωo is the natural frequency 

 Q is the quality factor 

 ζ is the damping ratio 

finally,  

ζ = 0 or Q → ∞ : undamped system 

0 < ζ < 1 or Q → ∞ > Q > ½ : underdamped system 

ζ = 1 or Q = ½ : critically damped system 

ζ > 1 or Q < ½ : overdamped system 

ζ = Q = 0.707 : maximally flat response (no resonant peak in the frequency 
domain) 

 

Example.  Consider this system with ωo = 1 rad/s: 

 

Simulink model shown on next page with a step response: 

 



 

 

 

 

 

 



 

Input: x(t) 

 

 



 

Output y(t) for Q = 1, underdamped.  Observe the “ringing” at the resonant 
frequency. 

 

y(t) for Q = 1, but response run for 25s to observe decaying ringing. 



 

 

y(t) for Q = 0.5, critically damped response. 

 

y(t) for Q = 0.2, overdamped response. 



 

y(t) for Q = 0.707, maximally flat response.  Observe a slight overshoot with a 
reasonably fast response time. 

State Variable Modelling 

Example:  , a second order system 

Obviously:  (1) 

Define the state variables: 

        Let  and  

Then: 

         and  

Therefore (1) becomes: (t) 

Now the dynamical system can be represented in matrix form: 

 



 

This is a very useful way for representing dynamical systems, and it is very 
applicable to numerical processing techniques.  The general matrix form is: 

 

 

This is also applicable to higher order systems, systems described by multiple 
differential equations, and even nonlinear systems. 

The state-space representation is a mathematic model of a physical system 
consisting of the input u(t), output y(t) and state variables x(t) related by first order 
differential equations.  The term “state space” refers to a dimensional space where 
the axes are the state variables.  Therefore, the state of the modelled physical 
system can be represented as a vector within that space. 

 

 

Diving into Dynamical Systems 

Dynamical system: a system whose states change with time. 

Deterministic dynamical system: a dynamical system where the changes are 
governed by specific rules. 

Stochastic dynamical system: a dynamical system where the changes are governed 
by random events or inputs instead of by specific rules. 

In this class, we are primarily concerned with deterministic dynamical systems.  
However, random events (such as thermal noise) may set an otherwise 
deterministic dynamical system in motion. 

Parameters of a system do not change with time (at least in simple models), and are 
often represented by letters near the beginning of the alphabet (A, c, k, m, etc.) or 
by Greek letters. 

Variables are usually represented by letters near the end of the alphabet (t, u, v, x, 
y, z,).  For our purposes, time (t) is the only independent variable.  All other 
variables are dependent variables, functions of time. 



Inside the state space, a phase space or phase plot is a plot of two of more states 
where the states are proportional to each other by derivatives. A 2-D phase plot 
could be position vs. velocity.  A 3D phase plot could be position (x-axis), velocity 
(y-axis) and acceleration (z-axis). 

 

Undamped second order dynamical system 

Given  where =1 

Assume a solution of  

Therefore:  

And  

Equating terms:  

Resulting in  

Let’s let a = 1 and xo = 2 so that  and  

Then the phase space plot for x and  is: 



 

 

 

 

 

 

 

 

 

 



It is a circle.  This system is undamped, with no energy added to or removed from 
the system.  Positive damping would result in the trajectory spiraling to the origin 
(0,0) as energy is removed from the system (likely as heat).  Negative damping (an 
unstable system) would result in the trajectory spiraling out as the response “blows 
up”. 

Given that , the dynamical system of  could represent a 
simplistic sinusoidal oscillator where a determines the frequency of oscillation. 

This type of system is a “Conservative System,” because energy is conserved, i.e. 
no energy is lost or dissipated from the system.  

In a simple conservative mechanical system, like an ideal mass-spring system, the 
energy in the system moves between potential energy stored in the spring, 

, and kinetic energy stored in the moving mass, .   

In an equivalent lossless electrical circuit, consisting of an ideal inductor and an 

ideal capacitor, energy oscillates from being stored in the inductor, , to 

energy being stored in the capacitor, .  So an ideal inductor in parallel 

with an ideal capacitor, with an initial voltage across the capacitor, would realize a 
simple but unrealizable electrical oscillator. 

 


