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Thursday, 1/12/23 

Introduction 

There are three types of common analog subsystems: 

(1) The rectifier – generally a nonlinear system 
AC in, DC out 
 

(2) The amplifier – can often be considered a linear system 
Output Signal = Input Signal X Gain 
 

(3) The oscillator: 
a. Linear Oscillator: DC in, stable AC sinusoid out 
b. Nonlinear Oscillator: DC in, complex periodic waveform out 
c. Chaotic Oscillator: DC in, deterministic non-periodic complex waveform 

out 
 

Definition of a Linear System: 

1) Mathematical definition of a linear differential equation: 

A linear ordinary differential equation of order n, in the dependent variable y and 
the independent variable x, is an equation that is in or can be expressed in the form: 
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There are two types of linear differential equations: those with constant 
coefficients {ao} and those with variable coefficients {ao(x)}. 

 

In ECE and ME, we are most use to differential equations with constant 
coefficients. Example: 
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But this differential equation with variable coefficients is also linear: 
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Examples of ordinary differential equations that are nonlinear: 
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2) Engineering definition of a linear system, H, where x1(t) is an input and x2(t) 
is an input, while y1(t) = H{x1(t)} and y2(t) = H{x2(t)}: 
 
a. Superposition applies 

 
ay1(t) + by2(t) = H{ax1(t) + bx2(t)}, where a and b are scalars 
 

b. In steady state, the frequency components of the output are the same as 
the frequency components of the input 
 
Y(f1) = H{X(f1)} 
 
(1)  One exception: H{X1(f1) + X2(f1)} = Y1(f2) + Y2(f2).  This also falls 

under superposition.  
 

c. The system is not sensitive to small changes in initial conditions. 
 

3) Most, if not all, “linear” engineering systems are modelled by linear ordinary 
differential equations with constant coefficients. 
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Consider some engineering examples of systems modeled by linear differential 
equations: 

a. Simple cantilevered beam with attached mass 

 

 

finertial + fdamping + fspring = f(t) 

ma + cv + kx = f(t) 
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2nd order linear differential equation with constant coefficients 
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b. LCR circuit 

 

𝑉 (𝑠) =RI(S) 
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𝑠𝐿 + 1
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𝑉 (𝑠)(𝑠𝐿 + 1
𝑠𝐶 + 𝑅) = 𝑅𝑉(𝑠) – Integro-differential equation. 

Therefore differentiate both sides and divide by R: 
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2nd order linear differential equation with constant coefficients 
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c. Op amp based voltage feedback system 

 

𝐸(𝑠) = 𝑘 𝑉 − 𝐸(𝑠) − 𝐸(𝑠)       (1) 

𝑉 (𝑠) =
( )

      (2) 

 

Rearranging (1): 
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+
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Therefore: 

𝐸(𝑠) = =      (3) 

(3) into (2): 

𝑉 (𝑠) =      (4) 

Rearranging (4): 

𝑉 (𝑠)(𝑠 + 𝑘 𝑠 + 𝑘 ) = 𝑘 𝑉  

In the time domain: 
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2nd order linear differential equation with constant coefficients 
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Conservative Systems 

Conservative systems: have no energy dissipating elements (resistances in circuits, 
damping in mechanical systems) 

Example: 𝑎 +bx = 0 

Let an initial condition be x = xo at t=0 

Assume a solution of x(t) = xocos(ωt) 

Therefore �̇�(𝑡) = −𝑥 𝜔 sin(𝜔𝑡) 

And �̈�(𝑡) = −𝑥 𝜔 cos(𝜔𝑡) 

Then: −𝑎𝑥 𝜔 cos(𝜔𝑡) + 𝑏𝑥 cos(𝜔𝑡) = 0 

Therefore: 𝜔 =  

It will oscillate indefinitely with frequency ω.  Not realizable, but the concept is 
useful later in explaining the operation of real oscillators.   

 

Dissipative Systems 

Dissipative systems: have energy dissipating elements (resistances in circuits, 
damping in mechanical systems) 

Free oscillations will dampen out over time as energy is dissipated from the 
system, usually in the form of heat (resistive losses, frictional losses, etc.) 

All real systems are dissipative. 

 

Sustained oscillating systems (i.e. oscillators) use some form of feedback to cancel 
out the dissipative term(s) from the system so that the system behaves like a 
conservative system.  


