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Abstract

Multi-species reactive transport equations coupled through sorption and sequential first-order reactions are commonly used to model
sites contaminated with radioactive wastes, chlorinated solvents and nitrogenous species. Although researchers have been attempting to
solve various forms of these reactive transport equations for over 50 years, a general closed-form analytical solution to this problem is
not available in the published literature. In Part I of this two-part article, we derive a closed-form analytical solution to this problem for
spatially-varying initial conditions. The proposed solution procedure employs a combination of Laplace and linear transform methods to
uncouple and solve the system of partial differential equations. Two distinct solutions are derived for Dirichlet and Cauchy boundary
conditions each with Bateman-type source terms. We organize and present the final solutions in a common format that represents
the solutions to both boundary conditions. In addition, we provide the mathematical concepts for deriving the solution within a generic
framework that can be used for solving similar transport problems.
© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Transport problems involving sequentially decaying contaminants are frequently analyzed by groundwater hydrologists
to assess water quality issues associated with environmental and health hazards. Examples of sequentially decaying con-
taminants include radioactive waste materials, chlorinated solvents, and nitrogenous species [4,8,29]. Several types of mod-
els, using both analytical and numerical procedures, have been formulated for solving these sequentially coupled reactive
transport problems [9,15]. Although numerical models are capable of solving complex and heterogeneous problems, their
performance often needs to be tested against experimental datasets or analytical models. Experimental simulations of com-
plex reactive transport problems are not only time consuming but can also be expensive. Therefore, analytical models pro-
vide a convenient, cost-effective alternative to test and validate numerical formulations [11,19,28]. Furthermore, analytical
models also provide computationally efficient screening tools for simulating the fate and transport of reactive contaminants
in groundwater systems [3,10].

The analytical solution given by McLaren [20] and McLaren [21], which describes the steady-state, one-dimensional
transport of a five species nitrogen chain, is one of the first multi-species solutions derived for solving sequentially coupled
reactive transport problems. This work assumed that the transport was governed only by advection, and the effects of dis-
persion and sorption were ignored. Cho [7] developed explicit analytical solutions to a three species transport problem that
was subjected to advection, dispersion, linear equilibrium sorption and coupled through sequential first-order reactions.
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Explicit analytical solutions were obtained using Laplace transform procedures for the Dirichlet boundary condition. Mis-
ra et al. [22] derived semi-analytical solutions to a problem similar to the one solved by Cho [7] using a pulse source bound-
ary. One of the limitations of these solutions is that only the first species in the chain was subjected to sorption. Burkholder
and Rosinger [5] and Lester et al. [18] developed solutions for the advective dispersive transport of radionuclide chains
subjected to linear equilibrium sorption. Explicit analytical solutions were presented for a three species problem involving
distinct retardation factors for each species, for both impulse and decaying-band release boundary conditions. In addition,
they also provided solutions for the case of no dispersion and for the case of identical retardation factors.

Harada et al. [13] published a research report presenting a general format for obtaining semi-analytical solutions to
sequentially coupled one-dimensional reactive transport problems of arbitrary chain lengths subjected to arbitrary source
release modes. However, one of the major limitations of the solution strategy was that, the semi-analytical solution for a
given species in the chain required the computation of its entire predecessor species. This would result in computationally
inefficient algorithms especially when analyzing transport problems involving long reactive chains. Harada et al. [13] and
Higashi and Pigford [14] also provided explicit closed-form solutions for a set of purely advective (no dispersion) transport
problems with various types of boundary conditions.

Gurehian and Jansen [12] presented an analytical solution to a transport problem involving a three member, first-
order decay chain in a multi-layered system, subjected to advection, dispersion and linear equilibrium sorption pro-
cesses for both continuous and band source release conditions. Convolution theorems and Laplace transform tech-
niques were used to obtain semi-analytical solutions for the case involving both advective and dispersive transport
and explicit closed-form analytical solutions for the case involving non-dispersive transport. van Genuchten [29] devel-
oped explicit analytical solutions to model a sequentially coupled four species transport problem governed by advec-
tion, dispersion and linear equilibrium sorption processes involving, first-order reactions. It was assumed that all the
species had distinct retardation factors. One of the key contributions of this work is that it considered both Dirichlet
and Cauchy boundary conditions. Furthermore, van Genuchten [29] developed a robust computer code (CHAIN) for
implementing his analytical solution.

Angelakis et al. [2] developed a semi-analytical solution to a sequentially coupled two-species reactive transport problem
governed by advection, dispersion and linear equilibrium sorption subjected to Dirichlet boundary condition. The trans-
port problem assumed that the reactions were first-order and each of the species had different dispersion coefficients and
distinct retardation factors. The authors also demonstrated that when the dispersion coefficients of both the species were
equal, their solution reduced to the closed-form solution similar to the solutions presented by Cho [7] and Misra et al. [22].
Furthermore, the authors also provided solutions for the no dispersion (pure advection) case. Angelakis et al. [1] developed
an interesting semi-analytical solution for a problem involving the coupled transport of two solutes and a gaseous product
in soils. The solute migration was governed by advection, dispersion, linear equilibrium sorption and sequential first-order
reaction, whereas the gas migration was governed by diffusive transport coupled with reversible linear equilibrium
dissolution.

Lunn et al. [19] solved a three-species transport problem, which was similar to the Cho [7] problem, using the Fou-
rier transform method. The authors demonstrated that the use of Fourier transforms enabled them to solve problems
having non-zero initial conditions by solving two special case problems. Khandelwal and Rabideau [16] developed semi-
analytical solutions for a three species, sequentially-coupled, first-order reactive transport problem. The key contribu-
tion of this work was that they addressed cases involving linear, non-equilibrium sorption mechanisms. Eykholt and Li
[11] developed a solution method based on kinetic response functions to solve a linearly coupled non-sequential reactive
transport problem having different retardation factors. Although, there was no restriction on the number of species in
the system, this method required numerical procedures to evaluate the final solution. Furthermore, for the case of the
non-ideal plug flow scenarios (advective dispersive transport), the accuracy of this method appears to decrease with
decrease in Peclet number.

Sun et al. [26] developed a method that can solve multi-species advective dispersive transport equations coupled with
sequential first-order reactions involving arbitrary number of species for different types of initial and boundary conditions.
Their method was based on the use of a transformation format to uncouple the system of equations, which could then be
solved analytically in the transformed domain. The final solutions are obtained by retransforming the solutions to the ori-
ginal domain. Later, Sun et al. [27] extended the transformation format to solve problems involving a combination of serial
and parallel reactions. Clement [8] presented a more general and fundamental approach to derive the Sun et al. [27] solu-
tion by employing the similarity transformation method. The approach presented by Clement [8] can solve problems
involving serial, parallel, converging, diverging and/or reversible first-order reaction network. However, all of these meth-
ods are only applicable for solving problems involving identical retardation factors.

Bauer et al. [4] presented a method to solve one-, two-, and three-dimensional sequentially coupled reactive transport
problems with distinct retardation factors. This method was based on transforming the system of equations to a Laplace
domain and then obtaining a set of fundamental solutions to each of the equations in the transformed domain. The specific
solutions in the Laplace domain can then be obtained through a linear combination of the fundamental solutions. How-
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ever, in order to accomplish this, the fundamental solutions must be linearly independent. Finally, the Laplace domain
solutions can be transformed back to the time domain using the inverse Laplace transform procedure, which could be
accomplished either analytically or numerically. Although this method can be applied to solve different types of boundary
conditions, the solution procedure is mathematically tedious; specifically obtaining analytical inverse transform expressions
for long chain lengths can be a challenge.

Montas [23] developed an analytical procedure to solve a three species, multi-dimensional transport problem coupled by
a first-order, non-sequential reaction network subject to a pulse type boundary condition. This procedure involved obtain-
ing a basis solution (of a convoluted form) for the transport equation and then evaluating the basis solution using Laplace
transforms. One of the key advantages of this procedure is that it can model transport problems with distinct retardation
factors. However, as mentioned earlier, this solution was limited to a three species system.

Quezada et al. [24] extended the approach given by Clement [8] and developed a method that can solve multi-species
transport equations coupled with a network of first-order reactions involving distinct retardation factors. This method
involves transforming the system of governing equations to a Laplace domain and then solving the transformed system
of equations using the Clement [8] approach. The solutions in the Laplace domain are then retransformed to the time
domain using an inverse Laplace transform procedure. One of the key limitations of this approach is that, except for a
simple two species transport problem, the solutions presented by Quezada et al. [24] are in general semi-analytical since
they require a numerical inverse Laplace transform routine to evaluate them.

Our literature review indicates that one-dimensional reactive transport equations coupled through sorption and sequen-
tial first-order reactions, have explicit closed-form analytical solutions only for short chains, up to four species. To model
transport problems involving longer reaction chains, one has to either use semi-analytical solutions or purely numerical
solutions. In this paper, we develop closed-form analytical solutions for the sequential decay problem involving arbitrary
number of species subjected to a generic exponentially decaying Bateman-type source boundary, and spatially varying ini-
tial conditions.

2. Governing equations

Consider, a one-dimensional transport problem involving »n sequentially decaying contaminants simultaneously sub-
jected to advection, dispersion and linear equilibrium adsorption processes. The general governing equation for this trans-
port problem can be expressed as

Oc;(x,t Oc;(x,t Oci(x, t .
Ri ét )+ v éx ) _D)c 6_5(2 ) :y[ki—lcifl(x, t) - kici(x7 t); Vi= 2737 ERRRYC
= —k,-c,-(x, t), = 1,
Vt>0 and 0<x<oo (1)

where ¢; is the concentration of species i [M L™°]; R; is the retardation coefficient of species i [-]; y; is the effective yield
factor that describes the mass of a species i produced from species i — 1 [M M ~']; k; is the first-order decay rate constant
of species i [T™']; v is the transport velocity [L T~'] and D, is the dispersion coefficient [L*> T~']. Eq. (1) is solved for a
generic exponentially distributed initial condition given by

ci(x,0) =cle ™, O0O<x<oo; Vi=1,2,....n (2)
where ¢? is the initial source concentration of species i at the origin [M L] and g; is the first-order decay parameter
of the initial distribution of species i [L™!]. The boundary condition at co is given as

0c; (o0, 1)

bt St A o\

Ox ’
In the following sections, explicit solutions are developed for the two types of inlet (source) conditions involving the
Dirichlet (Section 3) and the Cauchy (Section 4) boundaries.

t>0; Vi=12,...n 3)

3. Derivation of the solution for the Dirichlet boundary condition

For the case of the Dirichlet boundary condition, the source term is described as follows:
Ci(Oa t) = i=
0,t >ty

Bile ™', 0<t<t,
O S vi=1,2,..n (4)

where B! is the source boundary concentration of specie /; that contributes to species i [M L% and J;, is the first-order
decay of the corresponding B;' term [T~']. Eq. (4) can be conveniently re-written as
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ai(0,0) =Y Ble " {u(t) —u(t — 1)}, t>0; Vi=12,....n

i=1

where u is the unit step function given by

5)
{ 0, ift<a (
u(t—a) = )
1, ift>a
and ‘a’ is an arbitrary positive constant
The system of equations given by Eq. (1) can be written in a matrix format as [8,24]:
ofct | 0{c} e} _
RIS+ 0= p, S — [K]{e) (6)

where [ ] denotes a square matrix and { } denotes a column vector. The corresponding initial and boundary conditions can
be written as

{e(x,0)} = {’e™}, 0<x<oo (7
{W} —0, >0 8)
{c(0,)} ={w}, t>0

where o, = iBf'e’)*fl’{u(t) —u(t—10)}, t>0; Vi=1,2,...,n 9)

The solution procedure used here is adopted from Quezada [24]. Applying Laplace transform to Eq. (6), we get:

Ris(p) ~ (et 0} + v p, THPE gy (10)

where s is the Laplace variable and p is the Laplace transformed concentration.
Substituting Eq. (7) in Eq. (10) and rearranging we get:

&{pr ( v ) d{p} | 1

2 (5) - < e "

Now in order to uncouple the system of ordinary differential equations (ODEs) given by Eq. (11), we apply the linear trans-
form procedure described by Clement [8] by performing the following matrix operation,

{p} = [4]{b} (12)

where {b} is the concentration in the doubly transformed domain and [4]is an arbitrary square matrix of order n. Apply-
ing this transformation Eq. (11) gets modified as

d[4){p}

a2 (g) %+ Dix([zq — [RIs)[4]){b} :;_i[R] (e ) »

Pre-multiplying Eq. (13) with [4]"" we get:
d*{h} v\d{p} 1 . o —l -

a2 _<E)T+E[K]{b}_px{c} 14
where [K] = [4]™ (K] ~ [Rls)l4] and {C} = [4]"'[RI{c"¢ "}

By forcing the columns of the [4] matrix as the eigenvectors of the combined reaction coefficient matrix ([K] — [R]s) we can
make the [K] matrix a diagonal matrix and thus uncouple the system of equations; the details of this similarity transfor-
mation procedure are illustrated in Clement [8]. The corresponding [4] matrix is
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—(ky+sR;—ki—sR;)
—lkitsRi—ki=sR) ) ()

-

ki
i=2 it
n n
H — (k1 +sRy —ki—sR;) H —(ka+sRy—ki—sR;) 0.0
yiki-1 ’ Viki-1 Y e
i=3 i=3
[4] = (15)
n n n
H —(ky+sR;—ki—sR;) 1—[ —(ko+sRy—ki—sR;) H —(kn—1+sRy—1 —ki—sR;) 0
y/kifl ’ ylki*l i : yl’kifl ’
=n =n =n
L1, 1,. ]
The [4]" matrix is
— n -
H, V,'ki—l
=2
I —(ky+sRy —ki—sR;)’ 0,0,...
=1, (1) TSR
n n
] _Yikiz1 ] Hi:3Yiki—l 0.0
) ) ? yc .
47" = LI o~ CharsRo—bimsi)* [ [, ) ~(hatsRo—kimskti) (16)
::zyiki— 1 7:3)/1/(17 1 H:;n)’[ki—l 1
. — - ——— T = —
_Hi:l.(#”) (kn+sRy—ki—sR;) Hi:Z,(i#n) (kn-+sR,—ki—sR;) Hi:n—l,(i;én) (kn+sR,—ki—sR;)
The corresponding [K] matrix is
_—kl—SRl,0,0,... ]
0, —k2 — SRz,O,O7 N
K] = (17)
10,0,...(n— 1)entries, — k, — sR, |
The corresponding {C} vector is
Rlc?eil(lXH:;zyik[—l
n
H’_:l.(#l)f(kﬁ»sRl7kist,')
Rlé’?e"‘”nlzl’iku chge’“z"]_[f:3y,k[71
n n
{ C} _ ) LI hatsRakimske) [, Ly~ (katsRa—ki=sky) (18)
Rice ] | vikic: Roche 2 T [ ki + ...+ R, e
" —(katsRa—ki—sR;) [ —(kn+sRy—ki—sR;) =~ nn
Hizl#M (kn+sRy—ki—sR; i)~ kntSRn kiR,
The explicit expression for C; in Eq. (18) is
i 0 A~ XT "
~ R c; e Hizziﬁ—lyizkiz*l .
C;, = = . A ;o Vi=1,2,....n (19)
i=1 Hi2:f17<iz#i) o ( i+ SR — A SRiZ)

Eq. (14) describes a set of #n independent second-order non-homogeneous ODEs the boundary conditions of which are ob-
tained by performing Laplace and linear transforms of the boundary conditions given by Egs. (8) and (9). Laplace trans-
form of Egs. (8) and (9) yields:

dp(oo,s)|
(o), o
{p(0,5)} = {¢}

i B;l{l _ eft(](ﬁ»).,-l)} .
where 51.:2 T ;o Vi=1,2,....n (21)

=1
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To transform the boundary conditions from p domain to the » domain, we apply the linear transform given by Eq. (12).
This yields:

foel 22)
{b(0,5)} = [4]7'{&} (23)
The explicit expression for b{0,s) in Eq. (23) is given as
d | F Y {1 e foltin)}
b;(0,s) = - TR ;o Vi=1,2,...,n 24)
©.5) ; [Hiz—il,(iz#i) — (ki + sR; — ki, — sR;,) ; (s + 4i,) (

Since Eq. (14) is uncoupled, it can now be written as a set of n independent equations as

L (Z 2 (v> dbt(xvs*)Jri(*k.st-)b‘(x,s) Iy - Ry e T i vk
dx D, HiZ:il (ir#i) — (ki +sR; — ki, — sR;,)

dx D, i i)Oi :E ]; V1:1,2,...,n (25)

The general solution to Eq. (25) is given as

bi(x,s) = B (x,s) + bP(x,s); Vi=1,2,...n (26)

i=1

where bf.‘(x,s) is the general solution of the homogeneous part of Eq. (25) and b?(x, s) is a particular solution of Eq. (25).
The general solution b?(x7 s) can be readily obtained as

_+ +4(k +sR;) xd v 02 | 4k +sR;)
Bix,s)=We Ve +'P§e[2{”" }; Vi=1,2,....n (27)

where ] and ¥} are constants. The particular solution 4P (x,s) is obtained by using the method of undetermined coeffi-
cients. The general form of the particular solution is given as

__1 i M; Rllctle at le l|+1y12k’2 !
I1

:’2 i1, (i i) (k +SR _k - 12)

bf(x,s) =

]; Vi=1,2,...n (28)

X i=1

where M, is a constant. Substituting Eq. (28) in the governing Eq. (25) and simplifying, we evaluate the constant M, as
M Ds ;
" (l‘le + ;0 — k; — sR;)’

Vi=1,2,....n (29)

Substituting the values of A, into Eq. (28) we get the particular solution 5 (x,s) to Eq. (25) as

bp(x S) _ _ Z Rllcl € —Hi X = 1]+1yl7k12 1 .
o i1=1 (.ulleX + luilv k - SR )le =iy (ir) (k, + SR[ — kiz — SRiz) ’

i

Vi=1,2,....n (30)

Substituting Egs. (27) and (30) in Eq. (26), we get the general solution to Eq. (25) as

b ( lI/‘ {D‘ \/ I)2+4(k,j:R)} + qu {DX 1)2+“D+VSR‘
X, S

_ Z R’lcl € MIXHV; 11+1y12 ih—1 .
(H,ID + 1, v — ki — sR; )Hh i () — (ki + sR; — ki, — sR;,) |’
In order to apply the boundary condition given by Eq. (22), we differentiate the general solution with respect to x. Differ-
entiation of Eq. (31) with respect to x yields:
2] v v_2+4(ki+sRi)
2| D, D? D,

(—,ull)R,]cl e " TTE vk .
(:utlD + tuzlv - k — SR; )sz =iy, (i #i) (kl +SR! kiz - SRiz) ’

Vi=1,2,....n (31)

db;(x,s)

= yp!
dx

Lfo o [ 4kt sR) {,)X Sttty
121 D, 1)2 D,

»2 4k+vR i
L A(ki+sR;) l
Dy

Vi=1,2,...,n

(32)

To satisfy the boundary condition given by Eq. (22), i.e. when x tends to oco; the exponential function in the first term tends
to oo, hence ] must vanish. Eq. (32) now reduces to
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2 4(ki+sR;) i R, et k;
bi(x,s) = 1% e Vki 1 CVi=1,2,....n
(lullD + K\ v kl - SRI)]._LZ i1,(i27#1) (k + sR; — k SRiz)
(33)
Applying the second boundary condition given by Eq. (24), we get:
w2 _ 2 HZ:i1+1)’t2kirl 'Z‘ Blz{l 10(s+2iy) }
b i — kit SR — ki, — SRiz) = (s+ )“iz)
RHCO 1y kh 1
+ hohohtlTh : Vi=1,2,....n (34)
Z :utlD + My v — ki — sR; )H72_11 (in#0) (kl +sR; — kiz - SRiz)
Therefore, the solution in the 5 domain is
i n X i A+A,7
bi(x7 S) = Z - 1_‘[1'2:1'1‘i'lyizk’Z’] B {1 e [W‘x{vfy/v2+4Dx(ki+st)}]
= Hig:il,(igyéi) — (ki + sR; — ki, — sR;,) = (s + /wz)
i Rllc?l =, t|+1y12k12 l{e[ﬁ{" v2+4DX(k"+SR">}:|767 1 }
+y Vi=1,2,...n (35)

| (8 Dx + v — ki — sROTTL iy ) — (ki + R — ki, — sRy,) |
Inverse linear transform of Eq. (35) is done to obtain the solution in the Laplace domain (p domain) by using Eq. (12). The
solution given by Eq. (35) can be split into two parts and represented as

bi(x,s) = b} (x,5) + b; (x,5)
where

| S U Bh{l Dty e[ﬁ{vf V4D, (ksR,) } ]
_Hzr';:il,(iﬁ&i) — (ki + sR; — ki, — sR;,) P (s + /“tz)

_ R c; le 11+1y12 ir— 1{ [ZD){ \/_m}] _eu,-]x}

(36)

Il
-

i1

b (x,s) = S Vi=1,2,...n
l( ) (,UI]D +:uz] k —SR; )le_ll (ir#i) (ki—’_SRi_kiz _SRiz)

i1=1

Using the distributive property of matrix addition, we can apply the inverse linear transform to each of the individual terms
and then sum them to get the solution in the p domain. This is expressed as

{p} = [A1{b} = [AI{b'}[4]{p"} (37)
The first term [A]{bl} can be evaluated as

{p'} = [4){p"} (38)
The explicit expression for p!(x,s) in Eq. (38) is given as

0 ) ol (o EBTTR )
pi(x,s) = Vikiy 1 . Vi=1,2,...n
I]Z <zzlz_[1+1 > Zl S + Atz IZ 3 =iy, (i3#h) (kiz +sR;, — kiy — SRi3)
(39)

Using a similar approach the second term [A4]{b?} is evaluated and the explicit expression for P(x,s) is
{e [va{"—‘ /02 +4D, (ki +sR,2)}] —e " }
2 .
pi\x,8) = i1 C; y, i 7 ; Vl:1,2,...,n
( ) Z [t ( H 22T l) Z (lullD +,u,1 kiz _SRiZ)Hi3:i1,(i37éi2) - (k[z +SR,‘2 —k,'3 —SR,‘3)

i1=1 ih=i1+1 ih=i]
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Substituting Egs. (39) and (40) into Eq. (37) we get the solution in the Laplace domain as

Blz{l _ e s+/,2)} i e[ﬁ{vf v2+4DX(ki2+sR;2)}]
p( ) pz(‘x S)+pt(xs yl ir—1 i
Z l H 2= Z (s+ 4;,) = | )~ (kiy +sR;, — ki; — SR;,)

=1 =i +1 i3=iy, (i3

i

+ R, ¢ ( I-,- Viki 4) -
i=1 170 lele»l 22 122:; ('ullex + ;v — kiz - SRiZ)Hi3:ila([37éi2) — (ki2 + SR,'2 — k,'3 — SR,'3)

)

Vi=1,2,...n (41)
The final solution is obtained by taking an inverse Laplace transform of the solution given by Eq. (41). Inverse Laplace
transform is performed as follows:

ci(x,t) =cl(x, ) +ci(x, ) = L pl(x,5) + pi(x,5)) = L7 (p} (x,8)) + L p}(x,5)); Vi=1,2,...n (42)

In Appendix A, the terms £~ (p! (x,s)) and £~ (p?(x,s)) are evaluated. Substituting Eqgs. (A.7) and (A.16) in Eq. (42) we
obtain the final solution in the time domain as

ot =Y [(Hi, k) D z{@ +H(G Z I k) 324G + MGG

i=1

ir=I] i3= h=i]
Vi=1,2,...n
1, if M loop is not executed
where A(M) = ) ) (43)
0, if M loop is executed
where the G terms are defined as (See Egs. (A.7) and (A.16) in Appendix A).
g [ ol t] —ult = t9)e ™ Fy j o[, (1 = to)]

Gl = zl: ! _Fi2>i2 i [x t} + u(t - ZO) “ lle)Fiziz‘iz; [x7 (t - tO)]

L= i i

ig=iy,(ia#i2 . Riy #Riy) (aiz,i4 - /11'3) (Hiszilﬁ(is#izﬁk,ﬂs =Riy) - kI-ZviS) (_Riz,lh)His:il,(i57éi2,i57éi4,Rf5 #Riy) - Riz,iS (aiz«,is - ai2<i4)

Gl B (F 0, 1] — u(t — to)e"F, ;. o[x, (t — t9)])

2 = 7

[T, atinry =) — Koo (44)

G2 = i <Fi2~ilf*iz [x7 t] - e(_”ilx_ai"f'ét) - Finz«,lé [xv t] + e<_mlx_aizj3t)>

1= i i

iy=iy,(i3702,Ri; #Riy ) (aiz,i,z = Qi —iy )Riz (Hi4:i1,(i47éi2,R,-4 =Ri,) ki2~i4)Riz~i3 Hi4:i|,(i47éiz,i47éi3,R,-4 #Riy) Riz‘i4 (ai21i4 - aiz‘i,z)

G? = _<Fi2«,il,*iz [xa t] - e(—;4,-]x7a;1,7;2t)>

2 = 7

Riz Hig:i],(ig#iz,Rf3:Riz) - kiz,is
where the term F, ,, ;, is given by (See Eq. (B.8) in Appendix B):
e izl eaby iy Rix — wj it X0iyin)iy Rix+ w; ; it

Fiinilx, t] =————|e 2 erfe ————=22 3 + e 2 erfed ————=22

i1,i2,13 2 [ 2,/R,]D t 2\/R,1D t (45)

ki
where ;, ;,;, = \/ v?> 4+ 4R, D, ( R—_l - aiz,f,z)
i

The above expression for F;, ;,;, is valid only for real values of w;, ;, ;. For problems involving complex values for w;, ; ;, the
F; ., term is given as (See Eq. (B.14) in Appendix B):

R xw;ﬁlﬁiz i3 : )C(U?l in,i3
Fi tyilx, t] = e7“25'ex |4 cos | —22 | — Bsin | —222
! 2D, 2D,
2 kiy
where o] , v+ 4R, D o+ — iy
1

R:

Riyx+iw;}

i1, 13t (46)
2/R; Dyt

and (4 +iB) = erfc{
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4. Derivation of the analytical solution for the Cauchy boundary condition

For the case of the Cauchy boundary condition, the source term is described as follows:

IB’:lue_’lil’, O<t<ty, Vi=12,...,n
+ v¢;(0,¢) = ilzz:l ' ’ (47)

0, >ty

66,»(0, l)
Ox

_Dx

Eq. (47) can be conveniently re-written as

aC,‘ O,t i i L .
— D, éx )+UCi(0’t):ZBilue alfu(t) —u(t—t)}, t>0; Vi=12,...,n

where u is the unit step function given by

PR (O R
U=, ifr>a

and‘a’ is an arbitrary positive constant

Note that the governing equations, initial conditions and the boundary condition at co for the Cauchy boundary are iden-
tical to the Dirichlet boundary. Furthermore, the boundary conditions at the source for both these boundaries share a sim-
ilar structure. Due to this structural similarity, the solution procedures for the Cauchy boundary will be analogous to that
of the Dirichlet boundary. The details of the solution derivation are presented in the supplementary section. The final solu-
tion for the Cauchy boundary can also be represented by Eq. (43). However, the terms G associated with the Cauchy
boundary are defined as (See (S2.6) and (S2.13) in supplementary section S2):

G1 _ i Bi? <Fi2~i3>0[xv t] (t - t()) 3 lztO)FinLO[x? (t - tO)] - Fiv 12,404 [x7 t] + u(t - tO)e(i%tO)Finz«,fA [x7 (t - tO)D
L i
ig=i1,(ia7i2,Riy #Riy) (aiz,izz - )”13) (Hiszil‘(is#iz,k,ls =Ri,) — kl'z,l's) (= R;,, 14)H15 =iy, (is#i2,is#14,Ris #Riy ) — Riy i (aiz«,is - aiz4i4)
Gl - Bi: <Fi2,i3<0[xa t} - ”(t - to)e(ilqm)FizimO[x’ (t - tO)D
) = -

Hi4:i1,(i4#i2‘R;4 =Ri) kiz,i4
;. Dy W _ SEPS
i <(1 + hl )Fi25i117i2 [x7 t] - e<_uilh_all' 2f) (l + #11 )Fiz,iz,iz [x7 t] + e< KX a!21131)>

G = >

i i
i3=iy(i3#i2,Riy #Riy ) (aiZ‘i»? — iy iy )RiZ (1_[1'421'1«,(iﬁéin’?i4 =Ry) kiz‘i“)R"Z’i3 Hi4=i17(i4#i2$[4¢i3,Ri4 #Riy) Ri iy (aiZ'i4 a ail'i3)

<(1 + H”D )Fiz,ilfiz [x,1] — e(_“'lx_”"l-*‘2’)>

G, =
Riz Hi3:i1,(i37éi2,R,3:R,2) - kiz,iz
(49)
where the term F; , ;, is given by (see (S3.20) in supplementary section S3):
7“)11.12‘!3 \’Oll 12 13
xt e 0 Rix— w; it e 2D R; x4+ w;, 1,5t
Fi iyislx, ] = ve™ 2 s erfc¢ — L2 8 erfc : —
b3 (U+CO,'1J‘27,‘3) 2\/@ (U_wn,iz i3 2\/m
2 w by .
- 2v : e[DT R[ll}erfc Rix+ vt :
(wil oz v ) 2 Rilet
k; iy | Ri x 2 et xv vt w Rix+ vt
when —L+£gq, ;, and =e™ |-erfc| — e b~ <1 +—+ >eﬁerfc Sl N
R, 7 [ (2\/R,,D t) R, D, 2 Dy R Dx 2/R;, Dt
h kil 2 4 kil 0
when R_ = aig,i3 and wipiz.,ij, = V- + Ri]Dx R—— ai21i3 (5 )
I 1

The above expresswn for F;, ;, ;, is valid only for real values of Oiy i i For problems involving complex values for w;, ;, ;, in
the case when " 7é a; i, the Fy ;,; term is given as (See (S3.26) in supplementary section S3):
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2v . | (v —=Bwj ;) cos (;T:l}) v? P R; x + vt
Fil i3 [x, t] 4(02 n w*Z ) e—aiz.z3tem 1,12,13 > n : . [DX - ] erfc ! : i)
i1,02,03 —(A ” inia + BU) sin ( 2 13) 2Ri1Dx (ITII - aizi}) e
where ! . . = ([ |v? +4R; D, L7 a and (4 +iB) = erfc Rix & 100 1! (51)
i1,i2,i3 1 Ril 2,03 2\/m
Note: when “ = a,;,;, the F; ,;;, terms are unchanged.

Eq. (43) along with Eqs. (44)—(46) and Egs. (49)—(51) give the complete explicit general solutions to the transport prob-
lem described by Eq. (1) subject to the initial condition given by Eq. (2) and the boundary condition at oo given by Eq. (3)
for the Dirichlet and the Cauchy source boundaries given by Egs. (4) and (47), respectively.

5. Discussions

In the original governing equation given by Eq. (1), it was assumed that the degradation occurs in the liquid phase only.
However, in several practical contaminant transport scenarios (e.g, radioactive transport), decay would occur in both the
liquid and solid phases. Under this condition the governing equation should be modified as
0c;(x, 1) e ci(x,1) D 0%¢i(x, 1)

R ox )

= yRi_1ki_icioi(x,t) — Rikici(x,1); Vi=2,3,...,n

= —Rikic;(x,1); i=1;
Vi>0 and 0<x< o0 (52)

Note the additional parameters in the right side of Eq. (52). The solution to the above equation can be readily obtained
from the previous solution given by Eq. (43) by substituting the value of k with Rk.

From Sections 3 and 4, it can be seen that the solutions for the Dirichlet and the Cauchy boundaries share a common
structure. However, careful observation indicates that the G and G> terms for the Dirichlet boundary (see Eq. (44)) and the
Cauchy Boundary (see Eq. (49)) are different. Furthermore, from Eqgs. (45) and (46) and Eqgs. (50) and (51) it can be
observed that the F; ,, ;, terms involved in the G terms are distinctly different for the two boundary conditions.

It must be noted that the general solution is presented in a format which enables us to directly obtain explicit solutions
for any of the species in the chain without involving the computations of its parent chain members. This unique feature
makes the general solution computationally efficient. The solutions previously published in the literature have either been
restricted to small chain lengths or have been semi analytical solutions for longer chain lengths. The solutions derived in
this study overcome both these difficulties. In part II of this two part article, we derive several simpler analytical solutions
for specialized transport problems and also develop and test a computer algorithm for implementing these solutions [25].
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Appendix A

The first term Z~'(p! (x,s)) can be evaluated as follows. From Egs. (41) and (42) we get:

i ; i Blz{l _ e—tU(H/ﬁ‘z)} i e[ﬁ{l:—\/1:2+4Dx(klz +SR‘2)}]
cl(x,t) =2 (p}(x,5)) = $_I< vk . - ;
; (le:lH—l 2 1) 122::1 (S + /1,'2) ; Hi3:ilv(i37éil) — (kiz +SR,'2 — ki3 —SR,-3)
Vi=1,2,...n (A1)

Eq. (A.1) can be rewritten as

i ; i Bl3 1= —to(s+4i [ x{b— v2+4Dy (k; 5 +sR; )}]
el (x, 1) :$_1<Z (le 11+1ylz - 1) Z Z { e 3 }e 70, ) >; >

i1=1 | s+ alz,O)Hu:zl,(zﬁézz) - Rl2114( + aiz,u)

kx’l.fz .
-2+ when i, > 0
where kihiz = ki] - kizaRilAiz = Ril - Riz and Qi iy = {Rll.lz 7 (AQ’)

25 when i, =0



V. Srinivasan, T.P. Clement | Advances in Water Resources 31 (2008) 203-218 213

It must be noted that for Eq. (A.2) to be valid the condition R;, ;, # 0 must be satisfied. This means that no two species in
the transport problem can have identical retardation factors. However, in practice, we do have situations where the retar-
dation factors of some of the species are equal [7]. To overcome this limitation, we reformulate Eq. (A.2) to accommodate a
generic case when the transport problem has any number of sets of species having any number of species with identical
retardation factors. Incorporating this special case scenario, Eq. (A.2) is reformulated as

) ; ; Bi; {1 _ e—to(.v+ii3)}e [ﬁ{vf v2+4DX(k[2 +5Riy ) }]
A= (3| (Lt 3 ;
i=1 b=n i3=1 (S+ai0) (Hi4:i1.(i47éi2,R;4:R;2) _kiz,m)Hu:il,(m;ﬁzﬁ,»ﬁRQ) =Ry i, (s+ai,)
Vi=1,2,..n (A3)

Note that in Eq. (A.3) the condition %;
gives:

1.4, 7 0 must be satisfied for the solution to be determinate. Factorization of Eq. (A.3)

B3 {1-e 00 i)y, [ﬁ{”’ o?-+4Dx (ki “’R"Z)H
i

i i 7
(s+a; 0)| | - —kiy i
1 7 2 : | | § : E 3L Lig=iy gty Riy =Ryy) 21 .
¢ (x,1) < ( ir= 11+1y’2 2= l) i t ’

ij=1 =i 3= ! 1

i
ig=iy,(is#i2 Riy #Riy ) ~Riyiy (s+aiy '14)Hi5:i| is#in.is#ig Rig#Riy) ~Riyis @i is = ain i)
Vi=1,2,...n (A4)

It must be noted that the solution formulation as given by Eq. (A.4) is valid only when the condition a;, ;; # a;, ,, is satisfied.
Eq. (A.4) can be further factorized and simpliﬁed as

=3y [(leﬂyn e 1) Z Z{G1 +h(GHGY|; Vi=1,2,...n
i1=1 - iy=i] i3=
where
i Y—"X {1 e —to(s+ /13 }C[ \/t +4DV(I¢ +sR; )]
i Biewn ™ < (T ary0) 5 an )
G| = , ,
ig=iy,(is#i2 Riy #Riy ) (H;5:i14(i57éi2,R,-5 =Riy) kizﬂis) (_Riz,l?t)H;szil,(iﬁéiz,iﬁém,RiS #Riy) Ry is (ains - aizﬂh) (AS)
b {l—efto('”’t".%)} [21) 1/2+4m<k +sR; )]
° @2Dx
Bil ey (x+a,3_q)
Gé = i
Hm:il,(m#iz,RM:sz) = ki
hM) { 1, if M loop is not executed
~ 0, if M loop is executed

The term G in Eq. (A.5) can be further factorized and simplified as

Bi3 e% |jg1 <{lef0(.c+/1,3)}e [ﬁ, /l-2+4/)x(k,»2 +cR,-2)] > B g <{1 e—f[)(c«#/,% Je [70 /2 +4Dx (kijy +sR; )] >]
i

i Gray0) i)

G, =

; : (A.6)
ig=iy,(ia#i2,Ris=Riy) (aiz,u - /11'3) (Hi's:i],(is#igﬁRfS:R,-z) - kiz,is) (_Rizal?t)Hi’szik(is#iz,is#uﬂ,s#R,-Z) - Riz,is (aizis - aim)

Again it must be noted that Eq. (A.6) is valid only when the condition a;, ;, # a;, o Where a;, o = 4, is satisfied. Using the
results from Appendix B, inverse Laplace expressions for the terms G| and Gj can be evaluated and the solution for ¢! (x, ¢)
is obtained as

nn=) l(H;My,z - 1) Z Z:{G1 FR(GHGH; Vi=1,2,....n
i=1 ih=i] i3=
G} = 2 Bi? <Fi2<l'3,0[x t} B u(t - to)e(iifst())Fiz,is,O[xv (t B l‘o)] lz in,ig [xv t] + u(t B t0)6(72i3t0)Fiz,iz,i4 [xv (t - t0)]>

ig=iy,(ia7#i2,Riy #Riy ) (@iriy — i) <H15 =iy (is#i Ris=Riy) kizis)( Ry, u)H,D iy (is#i2.is#i4.Ris #Riy) = Ry i (@i i5 — @iy,
B (F 0, 1] — u(t — t0)e™F,, ;. o[x, (1 — 15)])

H;At:i,ﬁ(iﬁéizﬂu =R) kiz,u

is given by Eq. (B.8) or Eq. (B.14) in Appendix B.

Gy = (A7)

where the term F ;, ;,
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The second term # ' (p?(x,s)) is evaluated as follows. From Egs. (41) and (42) we get:

R;, c?l (H;:iwlyizkirl)
{e[ﬁ{u,/1‘2+4Dk<k,-2+s1e,-2>}] e;(,'lx} >; Vi=1,2,...n (A.8)

i
ir=n (2 Doty v—kiy = ,2)His:il.(iS#iz)f(ki2+AvRiz—k,3—sR,;)

1

C?(x, t) = gil@?(xvs» = $]< l

Eq. (A.8) can be written as

{e[ﬁ{v— z>2+4Dx(k,2+sR,2)}] _e—y,lx}

A t)=2" <Z Ru‘u (H’_’:I_l“yhkirl) Z . . >;
i1=1 ; =i — (S +ai i )R[Z <Hi3:i| J(i3in,Riy=Ri) kfz-h) Hi;:il J(i37in,Riy #Riy ) _R[z«,[s (S + afzis)
Vi=1,2,...n (A.9)

Note: the term g, ;, is modified as

k
i .
R when i, > 0
@y, =4 4 wheni, =0 (A.10)
2
— 7, Dx—p, vtki .
1R+H; when i, < 0
)

Note that the condition k;

ip,i3

=# 0 must be satisfied in Eq. (A.9). Factorization of Eq. (A.9) yields:

i

cx,t) = Z

i=1

Ry (H;:il+1yi2k,~z,1) NG +h(GHGY|; Vi=1.2,...n

ir=i]

where

{ zm{qu +4Dy k,ZﬂRzz } u,],}
i < a+a11 —iy ) (A +aiy, ,; >
2
G= >

i
i3:i1,(i3#i2sz3 #RIZ) Riz (Hi4:i| ,(i4;ézz,R =R; ) klz iy 12 i3 Hl4 =iy, (14;&12 igi3,R;, #R,,) Rlz iy alz iy aiz-,lé)

l:i{rf v24+4Dy (kl +sR; )}
{e 2Dy \/ 2 Ty ST

(S+all ,—/2)

(A.11)

—er P!

6= R T k
szi;zil,(i3¢iz,Rf3:Rf2) T s

Note that the condition a;, ;, # a;,;, must be satisfied in Eq. (A.11). The term G; in Eq. (A.11) can be further factorized and

simplified as
{e [ﬁ{v— L-2+4Dx(ki2+sRi2)}] e“’IX} {e [ﬁ{”’ ”2+4DX("12+SR1'2)}] e“"lx}
eﬁg_l < >

i (s+aiy,—i,) (s+aiyy)
G = 3 : : (A.12)
1 1
iy=iy,(i3#i Riy #Riy) (aiz,i3 — Qi —iy )Riz (Hi4:i1 J(is#is.Riy=Riy) kiz,i4)Riz,i3 Hi4:i1 Jiain,iais,Riy #Riy) ~ Riz~i4 (aiz,m - aiz,ig)
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Note that the condition a;,;, # a;, _;, must be satisfied in Eq. (A.12). G can be further simplified as

Gf = Z ebx

i3=iy,(i3#0 . Riy #Riy)

Lﬂ1<e[ﬁ{”v"z”D‘”k’f‘VRi2>}]> et - <m>—$l<e[ﬁ{v ()}]> +e g <ﬁ>]
" 2,03

(s+ai),—ip) (s+aiy,iy)

X
i i
(@ipiy — @i —iy) R, (Hi4:i1,(i47éiz,R,4 —Ry) kiZ«,m)Rizti; T it isin iy ) — Rivis (@i — @)

(A.13)
G% in Eq. (A.11) can be further simplified as

- . [ﬁ{ v 2+4DV ki +sRiy }
_eix g_ [S 7”’1 Xg 1
(s+aiy i) (:+a,l 5)

G = : (A.14)
Riz Hi3:[|,(i37£i27R,3:R,-2) - kizﬂ‘z

From inverse Laplace transform tables we get: [6] (p494, Eq. (3)).

1
7! <> =e “n (A.15)
(S +a, ‘iz)

Using Eq. (A.15) and Appendix B, inverse Laplace expressions for the terms G% and G% can be evaluated and the solution
for ¢?(x, ) is obtained as

i ; i |
C?(xa t) = Z [Rzlczl (Hizzilﬂyizkiz*l) Z{G? + h(G?)G;} c Vi=1,2,...n
=1 =i}
where
G2 = [ <Fi2‘i1-,*i2 [x7 t] - e<7'uil)c7ailﬂz 9 Fn 102,03 [x t] + C THi YT i 0y )>
1 - .
i3:il‘<i3#i2:Ri3#R12) (ai2vi3 B ail,_iZ)Riz (H;‘t:il’([“#iz’RQ&:RiZ) - kiz’i4) 1213 Hi4:i1,([4#[2,1'475[3,161'4#&2) - Riz,i4 (aiz,i4 - aiz,i3)
(=, x—aiy —iyt)
s —(Fii—inx, 1] — e Haman—nl)
G2 _ 1,—i2 [

Riz Hig:il,(ig#ig,Ris =Ri,) kiz,is
(A.16)

where the term F; ,,;, is given by Eq. (B.8) or Eq. (B.14) in Appendix B.

Appendix B. Evaluation of inverse Laplace expressions for the Dirichlet boundary condition

—1o(s+4; Dy v24+4Dx (ki, +sRi, )
«____:eﬁgl<{l i) ol ! 1]> (B.1)

/{11,12,13,14 (S + a;, ; )
2,13

Eq. (B.1) can be simplified as
Liy isigis = e () — f,)

where

(B.2)

'l
Dy 4R DX
-1
=9
d (=2 k) _ e _ﬁ+
S 4R, D; Ry R, D, R, T inis
]
l‘()/»me*tob Dx 4Ri1DX R’l
_ o1
ﬂZ =Y ki .
s— (=2 Ay o2 K
4R, D; R 4R, D; Ry 2,3

1
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f1 can be evaluated as follows: invoking the First Shifting Theorem (see [17, p. 253]) we can simplify f; as

Ri
[EEREN) REved
ﬁl —e AR; Dx Ry g—l - - (B.3)
O )

The Laplace inverse of Eq. (B.3) can be readily obtained from the tables (see [6, p. 495, Eq. (19)]). Applying this inversion,
f1 can be evaluated as

—aiyiyt | —xy /7L I il —ajy i
c 2913 Dy 4R11Dx ,1 2 3 ll
b= 5 e erfcq = 4R D — a4 |t
( 2 ok kip
R, Dx Ky Y ‘3 R; ki
erfcd = L +—L—a; )t (B.4)
{ \ D, \/ 4R,]D R, h

p1 can be further rearranged and simplified as

k
v2+4R; Dy ( a,w)z
24/Ri Dyt
e i3l
By = (B.5)
2 ki
2/) v +4R Dy ( —aiy I_‘) Ri1x+ v2+4R; D (——a,z ,3)
i
+€ erfc
24/Ri\ Dut

f» is evaluated as follows: 5, can be simplified as
py=e g e LN (B)) (B.6)

Now, we invoke the Second Shifting Theorem (see [17, p. 265]) and evaluate f3, as [Note: We have already evaluated f;; Eq.
(B.4)]

Rix — \/y2 + 4R, D, (;i - a,-z‘,é) (t—1)
ul ’
2+/R; D, (t — to)

+4R Dy in i
ﬁ — a—tigto —aj, in (1—1o) |/ ( i 3) fi
, = e Myt — ty)e h e erfc

R,—lx —+ \/U2 —+ 4R1'1Dx (% — a,—z,h) (t — t())

A
21) U +4R Dy ( iy, ,3)

+e erfc (B.7)
2\/R; D(t — to)
The final solution can be compactly expressed as
Lisini,ia [x7 t] 11 ip,i3 [x [} ([ - to)ei;“toFihinz [x7 ([ - [0)}
where
63711’2"3163ﬁ iy iy i3 R;x — wj i it Yy iy i3 Rix + w;, it k;
F,‘ i ,t:— € 20x erfC Sl ) VP TE M eTerfC Sl b VRTE and iy dnin — 2 4Rli A in i
l-_xS[x ] 2 |: { 2 R,’let }+ { 2 R[‘IDXZ }} wl-lv} \/U + 1 (R[I a2-3)
(B.8)
The above expression for F;, ;, ;, is valid only for real values of w;, ;, ;. For problems involving complex values for w;, ;, ;, the
F, ., term is evaluated as follows:
5 k;, -
Let, @4 = 4 [V* + 4R, D, R s | =105
1
1 (B.9)

where o} = \/
1 12 13

k;
v? +4R; D, <i — iy, >
1 Ril 2,13
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Now the F, ;,;, terms can be written as
e iledy | Vi R x — t O} by iy Riyx+iw! . .t
Fi pilx, ] =———— e erfc Rix = 10 ! +e 0 erfed —————22 (B.10)

2 2, /Ri]Dxt

From the symmetric relations we get:

if erfc{a +ib} = 4 + 1B then erfc{a — ib} =4 — iB

where a,b,4,B € R (B.11)
Also the exponent of a complex number can be expressed as

e'*io = cos(f) —isin(6) (B.12)

e = cos(0) + isin(0)
Using Egs. (B.11) and (B.12). Eq. (B.10) can be simplified as

iyl et {cos (V‘#) —1isin (WZ‘#) }(A —iB)+
Finnlx,t] = — - O '
{cos (—) +isin (—) }(A +1B)
where (B.13)
(4 —iB) = erfc Rix = 10" and (4 +1B) = erfc Rix+ lw" v
SN T2 RDa

Further simplification of Eq. (B.13) yields:

Finilx 1] = e iz eir [A cos <xw’*‘lz”) — Bsin (xwl*‘””ﬂ

2D, 2D,
Riyx+ lw“ . [3 (B.14)

where o} =

i1,ip, t;

and (4 +1B) = erfc

k:
UZ +4R, Dx<i—a,— i >
1 Rll 2,13

2/RiDit

Hence in problems where w;, ,, ;, is complex the F; ;,;, term is given as by Eq. (B.14).

Appendix C. Supplementary material

Supplementary data associated with this article can be found, in the online version, at doi:10.1016/
j.advwatres.2007.08.002.
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