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Abstract

Multi-species reactive transport equations coupled through sorption and sequential first-order reactions are commonly used to model
sites contaminated with radioactive wastes, chlorinated solvents and nitrogenous species. Although researchers have been attempting to
solve various forms of these reactive transport equations for over 50 years, a general closed-form analytical solution to this problem is
not available in the published literature. In Part I of this two-part article, we derive a closed-form analytical solution to this problem for
spatially-varying initial conditions. The proposed solution procedure employs a combination of Laplace and linear transform methods to
uncouple and solve the system of partial differential equations. Two distinct solutions are derived for Dirichlet and Cauchy boundary
conditions each with Bateman-type source terms. We organize and present the final solutions in a common format that represents
the solutions to both boundary conditions. In addition, we provide the mathematical concepts for deriving the solution within a generic
framework that can be used for solving similar transport problems.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Transport problems involving sequentially decaying contaminants are frequently analyzed by groundwater hydrologists
to assess water quality issues associated with environmental and health hazards. Examples of sequentially decaying con-
taminants include radioactive waste materials, chlorinated solvents, and nitrogenous species [4,8,29]. Several types of mod-
els, using both analytical and numerical procedures, have been formulated for solving these sequentially coupled reactive
transport problems [9,15]. Although numerical models are capable of solving complex and heterogeneous problems, their
performance often needs to be tested against experimental datasets or analytical models. Experimental simulations of com-
plex reactive transport problems are not only time consuming but can also be expensive. Therefore, analytical models pro-
vide a convenient, cost-effective alternative to test and validate numerical formulations [11,19,28]. Furthermore, analytical
models also provide computationally efficient screening tools for simulating the fate and transport of reactive contaminants
in groundwater systems [3,10].

The analytical solution given by McLaren [20] and McLaren [21], which describes the steady-state, one-dimensional
transport of a five species nitrogen chain, is one of the first multi-species solutions derived for solving sequentially coupled
reactive transport problems. This work assumed that the transport was governed only by advection, and the effects of dis-
persion and sorption were ignored. Cho [7] developed explicit analytical solutions to a three species transport problem that
was subjected to advection, dispersion, linear equilibrium sorption and coupled through sequential first-order reactions.
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Explicit analytical solutions were obtained using Laplace transform procedures for the Dirichlet boundary condition. Mis-
ra et al. [22] derived semi-analytical solutions to a problem similar to the one solved by Cho [7] using a pulse source bound-
ary. One of the limitations of these solutions is that only the first species in the chain was subjected to sorption. Burkholder
and Rosinger [5] and Lester et al. [18] developed solutions for the advective dispersive transport of radionuclide chains
subjected to linear equilibrium sorption. Explicit analytical solutions were presented for a three species problem involving
distinct retardation factors for each species, for both impulse and decaying-band release boundary conditions. In addition,
they also provided solutions for the case of no dispersion and for the case of identical retardation factors.

Harada et al. [13] published a research report presenting a general format for obtaining semi-analytical solutions to
sequentially coupled one-dimensional reactive transport problems of arbitrary chain lengths subjected to arbitrary source
release modes. However, one of the major limitations of the solution strategy was that, the semi-analytical solution for a
given species in the chain required the computation of its entire predecessor species. This would result in computationally
inefficient algorithms especially when analyzing transport problems involving long reactive chains. Harada et al. [13] and
Higashi and Pigford [14] also provided explicit closed-form solutions for a set of purely advective (no dispersion) transport
problems with various types of boundary conditions.

Gurehian and Jansen [12] presented an analytical solution to a transport problem involving a three member, first-
order decay chain in a multi-layered system, subjected to advection, dispersion and linear equilibrium sorption pro-
cesses for both continuous and band source release conditions. Convolution theorems and Laplace transform tech-
niques were used to obtain semi-analytical solutions for the case involving both advective and dispersive transport
and explicit closed-form analytical solutions for the case involving non-dispersive transport. van Genuchten [29] devel-
oped explicit analytical solutions to model a sequentially coupled four species transport problem governed by advec-
tion, dispersion and linear equilibrium sorption processes involving, first-order reactions. It was assumed that all the
species had distinct retardation factors. One of the key contributions of this work is that it considered both Dirichlet
and Cauchy boundary conditions. Furthermore, van Genuchten [29] developed a robust computer code (CHAIN) for
implementing his analytical solution.

Angelakis et al. [2] developed a semi-analytical solution to a sequentially coupled two-species reactive transport problem
governed by advection, dispersion and linear equilibrium sorption subjected to Dirichlet boundary condition. The trans-
port problem assumed that the reactions were first-order and each of the species had different dispersion coefficients and
distinct retardation factors. The authors also demonstrated that when the dispersion coefficients of both the species were
equal, their solution reduced to the closed-form solution similar to the solutions presented by Cho [7] and Misra et al. [22].
Furthermore, the authors also provided solutions for the no dispersion (pure advection) case. Angelakis et al. [1] developed
an interesting semi-analytical solution for a problem involving the coupled transport of two solutes and a gaseous product
in soils. The solute migration was governed by advection, dispersion, linear equilibrium sorption and sequential first-order
reaction, whereas the gas migration was governed by diffusive transport coupled with reversible linear equilibrium
dissolution.

Lunn et al. [19] solved a three-species transport problem, which was similar to the Cho [7] problem, using the Fou-
rier transform method. The authors demonstrated that the use of Fourier transforms enabled them to solve problems
having non-zero initial conditions by solving two special case problems. Khandelwal and Rabideau [16] developed semi-
analytical solutions for a three species, sequentially-coupled, first-order reactive transport problem. The key contribu-
tion of this work was that they addressed cases involving linear, non-equilibrium sorption mechanisms. Eykholt and Li
[11] developed a solution method based on kinetic response functions to solve a linearly coupled non-sequential reactive
transport problem having different retardation factors. Although, there was no restriction on the number of species in
the system, this method required numerical procedures to evaluate the final solution. Furthermore, for the case of the
non-ideal plug flow scenarios (advective dispersive transport), the accuracy of this method appears to decrease with
decrease in Peclet number.

Sun et al. [26] developed a method that can solve multi-species advective dispersive transport equations coupled with
sequential first-order reactions involving arbitrary number of species for different types of initial and boundary conditions.
Their method was based on the use of a transformation format to uncouple the system of equations, which could then be
solved analytically in the transformed domain. The final solutions are obtained by retransforming the solutions to the ori-
ginal domain. Later, Sun et al. [27] extended the transformation format to solve problems involving a combination of serial
and parallel reactions. Clement [8] presented a more general and fundamental approach to derive the Sun et al. [27] solu-
tion by employing the similarity transformation method. The approach presented by Clement [8] can solve problems
involving serial, parallel, converging, diverging and/or reversible first-order reaction network. However, all of these meth-
ods are only applicable for solving problems involving identical retardation factors.

Bauer et al. [4] presented a method to solve one-, two-, and three-dimensional sequentially coupled reactive transport
problems with distinct retardation factors. This method was based on transforming the system of equations to a Laplace
domain and then obtaining a set of fundamental solutions to each of the equations in the transformed domain. The specific
solutions in the Laplace domain can then be obtained through a linear combination of the fundamental solutions. How-
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ever, in order to accomplish this, the fundamental solutions must be linearly independent. Finally, the Laplace domain
solutions can be transformed back to the time domain using the inverse Laplace transform procedure, which could be
accomplished either analytically or numerically. Although this method can be applied to solve different types of boundary
conditions, the solution procedure is mathematically tedious; specifically obtaining analytical inverse transform expressions
for long chain lengths can be a challenge.

Montas [23] developed an analytical procedure to solve a three species, multi-dimensional transport problem coupled by
a first-order, non-sequential reaction network subject to a pulse type boundary condition. This procedure involved obtain-
ing a basis solution (of a convoluted form) for the transport equation and then evaluating the basis solution using Laplace
transforms. One of the key advantages of this procedure is that it can model transport problems with distinct retardation
factors. However, as mentioned earlier, this solution was limited to a three species system.

Quezada et al. [24] extended the approach given by Clement [8] and developed a method that can solve multi-species
transport equations coupled with a network of first-order reactions involving distinct retardation factors. This method
involves transforming the system of governing equations to a Laplace domain and then solving the transformed system
of equations using the Clement [8] approach. The solutions in the Laplace domain are then retransformed to the time
domain using an inverse Laplace transform procedure. One of the key limitations of this approach is that, except for a
simple two species transport problem, the solutions presented by Quezada et al. [24] are in general semi-analytical since
they require a numerical inverse Laplace transform routine to evaluate them.

Our literature review indicates that one-dimensional reactive transport equations coupled through sorption and sequen-
tial first-order reactions, have explicit closed-form analytical solutions only for short chains, up to four species. To model
transport problems involving longer reaction chains, one has to either use semi-analytical solutions or purely numerical
solutions. In this paper, we develop closed-form analytical solutions for the sequential decay problem involving arbitrary
number of species subjected to a generic exponentially decaying Bateman-type source boundary, and spatially varying ini-
tial conditions.

2. Governing equations

Consider, a one-dimensional transport problem involving n sequentially decaying contaminants simultaneously sub-
jected to advection, dispersion and linear equilibrium adsorption processes. The general governing equation for this trans-
port problem can be expressed as
Ri
ociðx; tÞ

ot
þ v

ociðx; tÞ
ox

� Dx
o2ciðx; tÞ

ox2
¼ yiki�1ci�1ðx; tÞ � kiciðx; tÞ; 8i ¼ 2; 3; . . . ; n

¼ �kiciðx; tÞ; i ¼ 1;

8t > 0 and 0 < x <1 ð1Þ
where ci is the concentration of species i [M L�3]; Ri is the retardation coefficient of species i [–]; yi is the effective yield
factor that describes the mass of a species i produced from species i � 1 [M M�1]; ki is the first-order decay rate constant
of species i [T�1]; v is the transport velocity [L T�1] and Dx is the dispersion coefficient [L2 T�1]. Eq. (1) is solved for a
generic exponentially distributed initial condition given by
ciðx; 0Þ ¼ c0
i e�lix; 0 < x <1; 8i ¼ 1; 2; . . . ; n ð2Þ
where c0
i is the initial source concentration of species i at the origin [M L�3] and li is the first-order decay parameter

of the initial distribution of species i [L�1]. The boundary condition at 1 is given as
ocið1; tÞ
ox

¼ 0; t > 0; 8i ¼ 1; 2; . . . n ð3Þ
In the following sections, explicit solutions are developed for the two types of inlet (source) conditions involving the
Dirichlet (Section 3) and the Cauchy (Section 4) boundaries.

3. Derivation of the solution for the Dirichlet boundary condition

For the case of the Dirichlet boundary condition, the source term is described as follows:
cið0; tÞ ¼
Pi

i1¼1

Bi1
i e�ki1 t; 0 < t 6 t0

0; t > t0

8<: ; 8i ¼ 1; 2; . . . ; n ð4Þ
where Bi1
i is the source boundary concentration of specie i1 that contributes to species i [M L�3] and ki1 is the first-order

decay of the corresponding Bi1
i term [T�1]. Eq. (4) can be conveniently re-written as
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cið0; tÞ ¼
Xi

i1¼1

Bi1
i e�ki1 tfuðtÞ � uðt � t0Þg; t > 0; 8i ¼ 1; 2; . . . ; n

where u is the unit step function given by

uðt � aÞ ¼
0; if t < a

1; if t P a

�
and ‘a’ is an arbitrary positive constant

ð5Þ
The system of equations given by Eq. (1) can be written in a matrix format as [8,24]:
½R� ofcg
ot
þ v

ofcg
ox
� Dx

o2fcg
ox2

¼ ½K�fcg ð6Þ
where [ ] denotes a square matrix and {} denotes a column vector. The corresponding initial and boundary conditions can
be written as
fcðx; 0Þg ¼ fc0e�lxg; 0 < x <1 ð7Þ
ocð1; tÞ

ox

� �
¼ 0; t > 0 ð8Þ

fcð0; tÞg ¼ fxg; t > 0

where xi ¼
Xi

i1¼1

Bi1
i e�ki1 tfuðtÞ � uðt � t0Þg; t > 0; 8i ¼ 1; 2; . . . ; n ð9Þ
The solution procedure used here is adopted from Quezada [24]. Applying Laplace transform to Eq. (6), we get:
½R�sfpg � ½R�fcðx; 0Þg þ v
dfpg

dx
� Dx

d2fpg
dx2

¼ ½K�fpg ð10Þ
where s is the Laplace variable and p is the Laplace transformed concentration.
Substituting Eq. (7) in Eq. (10) and rearranging we get:
d2fpg
dx2

� v
Dx

� �
dfpg

dx
þ 1

Dx
ð½K� � ½R�sÞfpg ¼ �1

Dx
½R�fc0e�lxg ð11Þ
Now in order to uncouple the system of ordinary differential equations (ODEs) given by Eq. (11), we apply the linear trans-
form procedure described by Clement [8] by performing the following matrix operation,
fpg ¼ ½A�fbg ð12Þ
where {b} is the concentration in the doubly transformed domain and [A] is an arbitrary square matrix of order n. Apply-
ing this transformation Eq. (11) gets modified as
d2½A�fbg
dx2

� v
Dx

� �
d½A�fbg

dx
þ 1

Dx
ð½K� � ½R�sÞ½A�fbg ¼ �1

Dx
½R�fc0e�lxg ð13Þ
Pre-multiplying Eq. (13) with [A]�1 we get:
d2fbg
dx2

� v
Dx

� �
dfbg

dx
þ 1

Dx
½eK �fbg ¼ �1

Dx

eCn o
where ½eK � ¼ ½A��1ð½K� � ½R�sÞ½A� and eCn o

¼ ½A��1½R�fc0e�lxg
ð14Þ
By forcing the columns of the [A] matrix as the eigenvectors of the combined reaction coefficient matrix h[K] � [R]si we can
make the ½eK � matrix a diagonal matrix and thus uncouple the system of equations; the details of this similarity transfor-
mation procedure are illustrated in Clement [8]. The corresponding [A] matrix is
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½A� ¼

Qn
i¼2

�ðk1þsR1�ki�sRiÞ
yiki�1

; 0; 0; . . .

Qn
i¼3

�ðk1þsR1�ki�sRiÞ
yiki�1

;
Qn
i¼3

�ðk2þsR2�ki�sRiÞ
yiki�1

; 0; 0; . . .

:

:Qn
i¼n

�ðk1þsR1�ki�sRiÞ
yiki�1

;
Qn
i¼n

�ðk2þsR2�ki�sRiÞ
yiki�1

; . . . ;
Qn
i¼n

�ðkn�1þsRn�1�ki�sRiÞ
yiki�1

; 0

1; 1; . . .

266666666666664

377777777777775
ð15Þ
The [A]�1 matrix is
½A��1 ¼

Qn

i¼2
yiki�1Qn

i¼1;ði 6¼1Þ
�ðk1þsR1�ki�sRiÞ

; 0; 0; . . .Qn

i¼2
yiki�1Qn

i¼1;ði 6¼2Þ
�ðk2þsR2�ki�sRiÞ

;

Qn

i¼3
yiki�1Qn

i¼2;ði 6¼2Þ
�ðk2þsR2�ki�sRiÞ

; 0; 0; . . .

:

: Qn

i¼2
yiki�1Qn

i¼1;ði 6¼nÞ
�ðknþsRn�ki�sRiÞ

;

Qn

i¼3
yiki�1Qn

i¼2;ði 6¼nÞ
�ðknþsRn�ki�sRiÞ

; . . . ;

Qn

i¼n
yiki�1Qn

i¼n�1;ði 6¼nÞ
�ðknþsRn�ki�sRiÞ

; 1

266666666664

377777777775
ð16Þ
The corresponding ½eK � matrix is
½eK � ¼
�k1 � sR1; 0; 0; . . .

0;�k2 � sR2; 0; 0; . . .

:

:

:

0; 0; . . . ðn� 1Þentries;� kn � sRn

2666666664

3777777775
ð17Þ
The corresponding feCg vector is
eCn o
¼

R1c0
1
e�l1x
Qn

i¼2
yiki�1Qn

i¼1;ði 6¼1Þ
�ðk1þsR1�ki�sRiÞ

R1c0
1
e�l1x
Qn

i¼2
yiki�1Qn

i¼1;ði 6¼2Þ�ðk2þsR2�ki�sRiÞ
þ R2c0

2
e�l2x
Qn

i¼3
yiki�1Qn

i¼2;ði 6¼2Þ�ðk2þsR2�ki�sRiÞ
:

:
R1c0

1
e�l1x
Qn

i¼2
yiki�1Qn

i¼1;ði 6¼nÞ
�ðknþsRn�ki�sRiÞ

þ R2c0
2
e�l2x
Qn

i¼3
yiki�1Qn

i¼2;ði 6¼nÞ
�ðknþsRn�ki�sRiÞ

þ . . .þ Rnc0
ne�lnx

8>>>>>>>>>><>>>>>>>>>>:

9>>>>>>>>>>=>>>>>>>>>>;
ð18Þ
The explicit expression for eCi in Eq. (18) is
eCi ¼
Xi

i1¼1

Ri1 c0
i1

e�li1
xQn

i2¼i1þ1yi2 ki2�1Qn
i2¼i1;ði2 6¼iÞ � ðki þ sRi � ki2 � sRi2Þ

" #
; 8i ¼ 1; 2; . . . ; n ð19Þ
Eq. (14) describes a set of n independent second-order non-homogeneous ODEs the boundary conditions of which are ob-
tained by performing Laplace and linear transforms of the boundary conditions given by Eqs. (8) and (9). Laplace trans-
form of Eqs. (8) and (9) yields:
dpð1; sÞ
dx

� �
¼ 0 ð20Þ

fpð0; sÞg ¼ fng

where ni ¼
Xi

i1¼1

Bi1
i f1� e�t0ðsþki1 Þg
ðsþ ki1Þ

; 8i ¼ 1; 2; . . . ; n ð21Þ
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To transform the boundary conditions from p domain to the b domain, we apply the linear transform given by Eq. (12).
This yields:
dbð1; sÞ
dx

� �
¼ 0 ð22Þ

fbð0; sÞg ¼ ½A��1fng ð23Þ
The explicit expression for bi(0, s) in Eq. (23) is given as
bið0; sÞ ¼
Xi

i1¼1

Qn
i2¼i1þ1yi2 ki2�1Qn

i2¼i1;ði2 6¼iÞ � ðki þ sRi � ki2 � sRi2Þ
Xi1

i2¼1

Bi2
i1f1� e�t0ðsþki2 Þg
ðsþ ki2Þ

" #
; 8i ¼ 1; 2; . . . ; n ð24Þ
Since Eq. (14) is uncoupled, it can now be written as a set of n independent equations as
d2biðx; sÞ
dx2

� v
Dx

� �
dbiðx; sÞ

dx
þ 1

Dx
ð�ki� sRiÞbiðx; sÞ ¼

�1

Dx

Xi

i1¼1

Ri1 c0
i1

e�li1
xQn

i2¼i1þ1yi2 ki2�1Qn
i2¼i1;ði2 6¼iÞ � ðkiþ sRi� ki2 � sRi2Þ

" #
; 8i¼ 1;2; . . . ;n ð25Þ
The general solution to Eq. (25) is given as
biðx; sÞ ¼ bh
i ðx; sÞ þ bp

i ðx; sÞ; 8i ¼ 1; 2; . . . n ð26Þ
where bh
i ðx; sÞ is the general solution of the homogeneous part of Eq. (25) and bp

i ðx; sÞ is a particular solution of Eq. (25).
The general solution bh

i ðx; sÞ can be readily obtained as
bh
i ðx; sÞ ¼ W1

i e

�
x
2

�
v

Dx
þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2

D2
x
þ4ðkiþsRiÞ

Dx

q 	

þW2

i e

�
x
2

�
v

Dx
�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2

D2
x
þ4ðkiþsRiÞ

Dx

q 	

; 8i ¼ 1; 2; . . . ; n ð27Þ
where W1
i and W2

i are constants. The particular solution bp
i ðx; sÞ is obtained by using the method of undetermined coeffi-

cients. The general form of the particular solution is given as
bp
i ðx; sÞ ¼

�1

Dx

Xi

i1¼1

Mi1 Ri1 c0
i1

e�li1
xQn

i2¼i1þ1yi2 ki2�1Qn
i2¼i1;ði2 6¼iÞ � ðki þ sRi � ki2 � sRi2Þ

" #
; 8i ¼ 1; 2; . . . n ð28Þ
where Mi1 is a constant. Substituting Eq. (28) in the governing Eq. (25) and simplifying, we evaluate the constant Mi1 as
Mi1 ¼
Dx

ðl2
i1 Dx þ li1 v� ki � sRiÞ

; 8i ¼ 1; 2; . . . ; n ð29Þ
Substituting the values of Mi1 into Eq. (28) we get the particular solution bp
i ðx; sÞ to Eq. (25) as
bp
i ðx; sÞ ¼ �

Xi

i1¼1

Ri1 c0
i1

e�li1
xQn

i2¼i1þ1yi2 ki2�1

ðl2
i1 Dx þ li1 v� ki � sRiÞ

Qn
i2¼i1;ði2 6¼iÞ � ðki þ sRi � ki2 � sRi2Þ

" #
; 8i ¼ 1; 2; . . . ; n ð30Þ
Substituting Eqs. (27) and (30) in Eq. (26), we get the general solution to Eq. (25) as
biðx; sÞ ¼ W1
i e

�
x
2

�
v

Dx
þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2

D2
x
þ4ðkiþsRiÞ

Dx

q 	

þW2

i e

�
x
2

�
v

Dx
�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2

D2
x
þ4ðkiþsRiÞ

Dx

q 	

�
Xi

i1¼1

Ri1 c0
i1

e�li1
xQn

i2¼i1þ1yi2
ki2�1

ðl2
i1 Dx þ li1 v� ki � sRiÞ

Qn
i2¼i1;ði2 6¼iÞ � ðki þ sRi � ki2 � sRi2Þ

" #
; 8i ¼ 1; 2; . . . ; n ð31Þ
In order to apply the boundary condition given by Eq. (22), we differentiate the general solution with respect to x. Differ-
entiation of Eq. (31) with respect to x yields:
dbiðx; sÞ
dx

¼ W1
i

1

2

v
Dx
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2

D2
x

þ 4ðki þ sRiÞ
Dx

s( )" #
e

�
x
2

�
v

Dx
þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2

D2
x
þ4ðkiþsRiÞ

Dx

q 	

þW2

i

1

2

v
Dx
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2

D2
x

þ 4ðki þ sRiÞ
Dx

s( )" #

� e

�
x
2

�
v

Dx
�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2

D2
x
þ4ðkiþsRiÞ

Dx

q 	

�
Xi

i1¼1

ð�li1ÞRi1 c0
i1

e�li1
xQn

i2¼i1þ1yi2 ki2�1

ðl2
i1 Dx þ li1 v� ki � sRiÞ

Qn
i2¼i1;ði2 6¼iÞ � ðki þ sRi � ki2 � sRi2Þ

" #
; 8i ¼ 1; 2; . . . ; n

ð32Þ
To satisfy the boundary condition given by Eq. (22), i.e. when x tends to1; the exponential function in the first term tends
to 1, hence W1

i must vanish. Eq. (32) now reduces to
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biðx; sÞ ¼ W2
i e

�
x
2

�
v

Dx
�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2

D2
x
þ4ðkiþsRiÞ

Dx

q 	

�
Xi

i1¼1

Ri1 c0
i1

e�li1
xQn

i2¼i1þ1yi2
ki2�1

ðl2
i1 Dx þ li1 v� ki � sRiÞ

Qn
i2¼i1;ði2 6¼iÞ � ðki þ sRi � ki2 � sRi2Þ

" #
; 8i ¼ 1; 2; . . . ; n

ð33Þ
Applying the second boundary condition given by Eq. (24), we get:
W2
i ¼

Xi

i1¼1

Qn
i2¼i1þ1yi2 ki2�1Qn

i2¼i1;ði2 6¼iÞ � ðki þ sRi � ki2 � sRi2Þ
Xi1

i2¼1

Bi2
i1f1� e�t0ðsþki2 Þg
ðsþ ki2Þ

" #

þ
Xi

i1¼1

Ri1 c0
i1

Qn
i2¼i1þ1yi2 ki2�1

ðl2
i1 Dx þ li1 v� ki � sRiÞ

Qn
i2¼i1;ði2 6¼iÞ � ðki þ sRi � ki2 � sRi2Þ

" #
; 8i ¼ 1; 2; . . . ; n ð34Þ
Therefore, the solution in the b domain is
biðx; sÞ ¼
Xi

i1¼1

Qn
i2¼i1þ1yi2 ki2�1Qn

i2¼i1;ði2 6¼iÞ � ðki þ sRi � ki2 � sRi2Þ
Xi1

i2¼1

Bi2
i1f1� e�t0ðsþki2 Þg
ðsþ ki2Þ

" #
e
�

x
2Dx

�
v�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2þ4DxðkiþsRiÞ
p 	


þ
Xi

i1¼1

Ri1 c0
i1

Qn
i2¼i1þ1yi2 ki2�1 e

�
x

2Dx

�
v�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2þ4DxðkiþsRiÞ
p 	


�e
�li1

x
� �

ðl2
i1 Dx þ li1 v� ki � sRiÞ

Qn
i2¼i1;ði2 6¼iÞ � ðki þ sRi � ki2 � sRi2Þ

2664
3775; 8i ¼ 1; 2; . . . n ð35Þ
Inverse linear transform of Eq. (35) is done to obtain the solution in the Laplace domain (p domain) by using Eq. (12). The
solution given by Eq. (35) can be split into two parts and represented as
biðx; sÞ ¼ b1
i ðx; sÞ þ b2

i ðx; sÞ
e

b1
i ðx; sÞ ¼

Xi

i1¼1

Qn
i2¼i1þ1yi2 ki2�1Qn

i2¼i1; i2 6¼ið Þ � ðki þ sRi � ki2 � sRi2Þ
Xi1

i2¼1

Bi2
i1f1� e�t0ðsþki2 Þg
ðsþ ki2Þ

" #
e
�

x
2Dx

�
v�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2þ4DxðkiþsRiÞ
p 	


b2
i ðx; sÞ ¼

Xi

i1¼1

Ri1 c0
i1

Qn
i2¼i1þ1yi2 ki2�1 e

�
x

2Dx

�
v�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2þ4DxðkiþsRiÞ
p 	


� e�li1
x

� �
ðl2

i1 Dx þ li1 v� ki � sRiÞ
Qn

i2¼i1;ði2 6¼iÞ � ðki þ sRi � ki2 � sRi2Þ

2664
3775; 8i ¼ 1; 2; . . . n

ð36Þ
Using the distributive property of matrix addition, we can apply the inverse linear transform to each of the individual terms
and then sum them to get the solution in the p domain. This is expressed as
fpg ¼ ½A�fbg ¼ ½A�fb1g½A�fb2g ð37Þ
The first term [A]{b1} can be evaluated as
fp1g ¼ ½A�fb1g ð38Þ
The explicit expression for p1
i ðx; sÞ in Eq. (38) is given as
p1
i ðx; sÞ ¼

Xi

i1¼1

Yi

i2¼i1þ1

yi2 ki2�1

 !Xi1

i2¼1

Bi2
i1f1� e�t0ðsþki2 Þg
ðsþ ki2Þ

Xi

i2¼i1

e
�

x
2Dx

�
v�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2þ4Dxðki2þsRi2 Þ
p 	


Qi
i3¼i1;ði3 6¼i2Þ � ðki2 þ sRi2 � ki3 � sRi3Þ

24 35; 8i ¼ 1; 2; . . . n

ð39Þ

Using a similar approach the second term [A]{b2} is evaluated and the explicit expression for p2

i ðx; sÞ is
p2
i ðx; sÞ ¼

Xi

i1¼1

Ri1 c0
i1

Yi

i2¼i1þ1

yi2 ki2�1

 !Xi

i2¼i1

e
�

x
2Dx

�
v�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2þ4Dxðki2þsRi2 Þ
p 	


�e
�li1

x
� �

ðl2
i1 Dxþli1 v� ki2 � sRi2Þ

Qi
i3¼i1;ði3 6¼i2Þ � ðki2 þ sRi2 � ki3 � sRi3Þ

2664
3775; 8i¼ 1;2; . . . ;n

ð40Þ
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Substituting Eqs. (39) and (40) into Eq. (37) we get the solution in the Laplace domain as
piðx; sÞ ¼ p1
i ðx; sÞ þ p2

i ðx; sÞ ¼
Xi

i1¼1

Yi

i2¼i1þ1

yi2 ki2�1

 !Xi1

i2¼1

Bi2
i1f1� e�t0ðsþki2 Þg
ðsþ ki2Þ

Xi

i2¼i1

e
�

x
2Dx

�
v�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2þ4Dxðki2þsRi2 Þ
p 	


Qi
i3¼i1;ði3 6¼i2Þ � ðki2 þ sRi2 � ki3 � sRi3Þ

24 35

þ
Xi

i1¼1

Ri1 c0
i1

Yi

i2¼i1þ1
yi2 ki2�1

� �Xi

i2¼i1

e
�

x
2Dx

�
v�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2þ4Dxðki2þsRi2 Þ
p 	


�e
�li1

x
� �

ðl2
i1 Dx þ li1 v� ki2 � sRi2Þ

Qi
i3¼i1;ði3 6¼i2Þ � ðki2 þ sRi2 � ki3 � sRi3Þ

2664
3775;

8i ¼ 1; 2; . . . n ð41Þ

The final solution is obtained by taking an inverse Laplace transform of the solution given by Eq. (41). Inverse Laplace
transform is performed as follows:
ciðx; tÞ ¼ c1
i ðx; tÞ þ c2

i ðx; tÞ ¼L�1 p1
i ðx; sÞ þ p2

i ðx; sÞ

 �

¼L�1 p1
i ðx; sÞ


 �
þL�1 p2

i ðx; sÞ

 �

; 8i ¼ 1; 2; . . . n ð42Þ
In Appendix A, the terms L�1hp1
i ðx; sÞi and L�1hp2

i ðx; sÞi are evaluated. Substituting Eqs. (A.7) and (A.16) in Eq. (42) we
obtain the final solution in the time domain as
ciðx; tÞ ¼
Xi

i1¼1

Yi

i2¼i1þ1
yi2 ki2�1

� �Xi

i2¼i1

Xi1

i3¼1

fG1
1 þ hðG1

1ÞG1
2g

" #
þ
Xi

i1¼1

Ri1 c0
i1

Yi

i2¼i1þ1
yi2 ki2�1

� �Xi

i2¼i1

G2
1 þ h G2

1

� �
G2

2

� 	" #
;

8i ¼ 1; 2; . . . n

where hðMÞ ¼
1; if M loop is not executed

0; if M loop is executed

�
ð43Þ
where the G terms are defined as (See Eqs. (A.7) and (A.16) in Appendix A).
G1
1 ¼

Xi

i4¼i1;ði4 6¼i2;Ri4 6¼Ri2 Þ

Bi3
i1

F i2;i3;0½x; t� � uðt � t0Þeð�ki3 t0ÞF i2;i3;0½x; ðt � t0Þ�
�F i2;i2;i4 ½x; t� þ uðt � t0Þeð�ki3 t0ÞF i2;i2;i4 ½x; ðt � t0Þ�

* +
ðai2;i4 � ki3Þ

Qi
i5¼i1;ði5 6¼i2;Ri5¼Ri2 Þ

� ki2;i5

� �
ð�Ri2;i4Þ

Qi
i5¼i1;ði5 6¼i2;i5 6¼i4;Ri5 6¼Ri2 Þ

� Ri2;i5ðai2;i5 � ai2;i4Þ

G1
2 ¼

Bi3
i1 F i2;i3;0½x; t� � uðt � t0Þeð�ki3 t0ÞF i2;i3;0½x; ðt � t0Þ�

 �Qi

i4¼i1;ði4 6¼i2;Ri4¼Ri2 Þ
� ki2;i4

G2
1 ¼

Xi

i3¼i1;ði3 6¼i2;Ri3 6¼Ri2 Þ

F i2;i1;�i2 ½x; t� � eð�li1
x�ai1 ;�i2 tÞ � F i2;i2;i3 ½x; t� þ eð�li1

x�ai2 ;i3 tÞ
 �
ðai2;i3 � ai1;�i2ÞRi2

Qi
i4¼i1;ði4 6¼i2;Ri4¼Ri2 Þ

� ki2;i4

� �
Ri2;i3

Qi
i4¼i1;ði4 6¼i2;i4 6¼i3;Ri4 6¼Ri2 Þ

� Ri2;i4ðai2;i4 � ai2;i3Þ

G2
2 ¼
� F i2;i1;�i2 ½x; t� � eð�li1

x�ai1 ;�i2 tÞ
 �
Ri2

Qi
i3¼i1;ði3 6¼i2;Ri3¼Ri2 Þ

� ki2;i3

ð44Þ
where the term F i1;i2;i3 is given by (See Eq. (B.8) in Appendix B):
F i1;i2;i3 ½x; t� ¼
e�ai2 ;i3 te

xv
2Dx

2
e
�xxi1 ;i2 ;i3

2Dx erfc
Ri1 x� xi1;i2;i3 t

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Ri1 Dxt

p( )
þ e

xxi1 ;i2 ;i3
2Dx erfc

Ri1 xþ xi1;i2;i3 t

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Ri1 Dxt

p( )" #

where xi1;i2;i3 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 þ 4Ri1 Dx

ki1

Ri1

� ai2;i3

� �s ð45Þ
The above expression for F i1;i2;i3 is valid only for real values of xi1;i2;i3 . For problems involving complex values for xi1;i2;i3 the
F i1;i2;i3 term is given as (See Eq. (B.14) in Appendix B):
F i1;i2;i3 ½x; t� ¼ e�ai2 ;i3 te
xv

2Dx A cos
xx�i1;i2;i3

2Dx

� �
� B sin

xx�i1;i2;i3
2Dx

� �� �

where x�i1;i2;i3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 þ 4Ri1 Dx

ki1

Ri1

� ai2;i3

� ����� ����
s

and ðAþ iBÞ ¼ erfc
Ri1 xþ ix�i1;i2;i3 t

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Ri1 Dxt

p( ) ð46Þ
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4. Derivation of the analytical solution for the Cauchy boundary condition

For the case of the Cauchy boundary condition, the source term is described as follows:
�Dx
ocið0; tÞ

ox
þ vcið0; tÞ ¼

Pi

i1¼1

Bi1
i ve�ki1 t; 0 < t 6 t0; 8i ¼ 1; 2; . . . ; n

0; t > t0

8<: ð47Þ
Eq. (47) can be conveniently re-written as
� Dx
ocið0; tÞ

ox
þ vcið0; tÞ ¼

Xi

i1¼1

Bi1
i ve�ki1 tfuðtÞ � uðt � t0Þg; t > 0; 8i ¼ 1; 2; . . . ; n

where u is the unit step function given by

uðt � aÞ ¼
0; if t < a

1; if t P a

�
and‘a’ is an arbitrary positive constant

ð48Þ
Note that the governing equations, initial conditions and the boundary condition at1 for the Cauchy boundary are iden-
tical to the Dirichlet boundary. Furthermore, the boundary conditions at the source for both these boundaries share a sim-
ilar structure. Due to this structural similarity, the solution procedures for the Cauchy boundary will be analogous to that
of the Dirichlet boundary. The details of the solution derivation are presented in the supplementary section. The final solu-
tion for the Cauchy boundary can also be represented by Eq. (43). However, the terms G associated with the Cauchy
boundary are defined as (See (S2.6) and (S2.13) in supplementary section S2):
G1
1 ¼

Xi

i4¼i1;ði4 6¼i2;Ri4 6¼Ri2 Þ

Bi3
i1 F i2;i3;0½x; t� � uðt � t0Þeð�ki3 t0ÞF i2;i3;0½x; ðt � t0Þ� � F i2;i2;i4 ½x; t� þ uðt � t0Þeð�ki3 t0ÞF i2;i2;i4 ½x; ðt � t0Þ�

 �
ðai2;i4 � ki3Þ

Qi
i5¼i1;ði5 6¼i2;Ri5¼Ri2 Þ

� ki2;i5

� �
ð�Ri2;i4Þ

Qi
i5¼i1;ði5 6¼i2;i5 6¼i4;Ri5 6¼Ri2 Þ

� Ri2;i5ðai2;i5 � ai2;i4Þ

G1
2 ¼

Bi3
i1 F i2;i3;0½x; t� � uðt � t0Þeð�ki3 t0ÞF i2;i3;0½x; ðt � t0Þ�

 �Qi

i4¼i1;ði4 6¼i2;Ri4¼Ri2 Þ
� ki2;i4

G2
1 ¼

Xi

i3¼i1;ði3 6¼i2;Ri3 6¼Ri2 Þ

1þ li1
Dx

v

� �
F i2;i1;�i2 ½x; t� � eð�li1

x�ai1 ;�i2 tÞ � 1þ li1
Dx

v

� �
F i2;i2;i3 ½x; t� þ eð�li1

x�ai2 ;i3 tÞ
D E

ðai2;i3 � ai1;�i2ÞRi2

Qi
i4¼i1;ði4 6¼i2;Ri4¼Ri2 Þ

� ki2;i4

� �
Ri2;i3

Qi
i4¼i1;ði4 6¼i2;i4 6¼i3;Ri4 6¼Ri2 Þ

� Ri2;i4ðai2;i4 � ai2;i3Þ

G2
2 ¼
� 1þ li1

Dx

v

� �
F i2;i1;�i2 ½x; t� � eð�li1

x�ai1 ;�i2 tÞ
D E

Ri2

Qi
i3¼i1;ði3 6¼i2;Ri3¼Ri2 Þ

� ki2;i3

ð49Þ
where the term F i1;i2;i3 is given by (see (S3.20) in supplementary section S3):
F i1;i2;i3 ½x; t� ¼ ve�ai2 ;i3 te
xv

2Dx
e
�xxi1 ;i2 ;i3

2Dx

ðvþxi1;i2;i3Þ
erfc

Ri1 x�xi1;i2;i3 t

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Ri1 Dxt

p( )
þ e

xxi1 ;i2 ;i3
2Dx

ðv�xi1;i2;i3Þ
erfc

Ri1 xþxi1;i2;i3 t

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Ri1 Dxt

p( )" #

þ 2v2

ðx2
i1;i2;i3 � v2Þ e

�
xv
Dx
�

ki1
t

Ri1



erfc

Ri1 xþ vt

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Ri1 Dxt

p( )
;

when
ki1

Ri1

6¼ ai2;i3 ; and ¼ e
�ki1

t

Ri1
1

2
erfc

Ri1 x� vt

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Ri1 Dxt

p !
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2t

pRi1 Dx

s
e
�ðRi1

x�vtÞ2

4Ri1
Dxt � 1

2
1þ xv

Dx
þ v2t

Ri1 Dx

� �
e

xv
Dx erfc

Ri1 xþ vt

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Ri1 Dxt

p !" #
;

when
ki1

Ri1

¼ ai2;i3 and xi1;i2;i3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2þ 4Ri1 Dx

ki1

Ri1

� ai2;i3

� �s
ð50Þ
The above expression for F i1;i2;i3 is valid only for real values of xi1;i2;i3 . For problems involving complex values for xi1;i2;i3 in
the case when

ki1
Ri1
6¼ ai2;i3 the F i1;i2;i3 term is given as (See (S3.26) in supplementary section S3):
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F i1;i2;i3 ½x; t� ¼
2v

ðv2 þ x�2i1;i2;i3Þ
e�ai2 ;i3 te

xv
2Dx

ðAv� Bx�i1;i2;i3Þ cos
xx�i1 ;i2 ;i3

2Dx

� �
�ðAx�i1;i2;i3 þ BvÞ sin

xx�i1 ;i2 ;i3
2Dx

� �
264

375þ v2

2Ri1 Dx
ki1
Ri1
� ai2;i3

� � e

�
xv
Dx
�

ki1
t

Ri1



erfc

Ri1 xþ vt

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Ri1 Dxt

p( )

where x�i1;i2;i3 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 þ 4Ri1 Dx

ki1

Ri1

� ai2;i3

� ����� ����
s

and ðAþ iBÞ ¼ erfc
Ri1 xþ ix�i1;i2;i3 t

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Ri1 Dxt

p( )
ð51Þ
Note: when
ki1
Ri1
¼ ai2;i3 the F i1;i2;i3 terms are unchanged.

Eq. (43) along with Eqs. (44)–(46) and Eqs. (49)–(51) give the complete explicit general solutions to the transport prob-
lem described by Eq. (1) subject to the initial condition given by Eq. (2) and the boundary condition at1 given by Eq. (3)
for the Dirichlet and the Cauchy source boundaries given by Eqs. (4) and (47), respectively.
5. Discussions

In the original governing equation given by Eq. (1), it was assumed that the degradation occurs in the liquid phase only.
However, in several practical contaminant transport scenarios (e.g, radioactive transport), decay would occur in both the
liquid and solid phases. Under this condition the governing equation should be modified as
Ri
ociðx; tÞ

ot
þ v

ociðx; tÞ
ox

� Dx
o2ciðx; tÞ

ox2
¼ yiRi�1ki�1ci�1ðx; tÞ � Rikiciðx; tÞ; 8i ¼ 2; 3; . . . ; n

¼ �Rikiciðx; tÞ; i ¼ 1;

8t > 0 and 0 < x <1 ð52Þ

Note the additional parameters in the right side of Eq. (52). The solution to the above equation can be readily obtained
from the previous solution given by Eq. (43) by substituting the value of k with Rk.

From Sections 3 and 4, it can be seen that the solutions for the Dirichlet and the Cauchy boundaries share a common
structure. However, careful observation indicates that the G2

1 and G2
2 terms for the Dirichlet boundary (see Eq. (44)) and the

Cauchy Boundary (see Eq. (49)) are different. Furthermore, from Eqs. (45) and (46) and Eqs. (50) and (51) it can be
observed that the F i1;i2;i3 terms involved in the G terms are distinctly different for the two boundary conditions.

It must be noted that the general solution is presented in a format which enables us to directly obtain explicit solutions
for any of the species in the chain without involving the computations of its parent chain members. This unique feature
makes the general solution computationally efficient. The solutions previously published in the literature have either been
restricted to small chain lengths or have been semi analytical solutions for longer chain lengths. The solutions derived in
this study overcome both these difficulties. In part II of this two part article, we derive several simpler analytical solutions
for specialized transport problems and also develop and test a computer algorithm for implementing these solutions [25].
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Appendix A

The first term L�1hp1
i ðx; sÞi can be evaluated as follows. From Eqs. (41) and (42) we get:
c1
i ðx; tÞ ¼L�1hp1

i ðx; sÞi ¼L�1
Xi

i1¼1

Yi

i2¼i1þ1
yi2 ki2�1

� �Xi1

i2¼1

Bi2
i1f1� e�t0ðsþki2 Þg
ðsþ ki2Þ

Xi

i2¼i1

e
�

x
2Dx

�
v�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2þ4Dxðki2þsRi2 Þ
p 	


Qi
i3¼i1;ði3 6¼i2Þ � ki2 þ sRi2 � ki3 � sRi3

� �
24 35* +

;

8i¼ 1;2; . . . n ðA:1Þ

Eq. (A.1) can be rewritten as
c1
i ðx; tÞ ¼L�1

Xi

i1¼1

Yi

i2¼i1þ1
yi2 ki2�1

� �Xi

i2¼i1

Xi1

i3¼1

Bi3
i1 1� e�t0ðsþki3 Þ
� 	

e
�

x
2Dx

�
v�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2þ4Dxðki2þsRi2 Þ
p 	


ðsþ ai3;0Þ
Qi

i4¼i1;ði4 6¼i2Þ � Ri2;i4ðsþ ai2;i4Þ

24 35* +
; 8i ¼ 1; 2; . . . ; n

where ki1;i2 ¼ ki1 � ki2 ;Ri1;i2 ¼ Ri1 � Ri2 and ai1;i2 ¼
ki1 ;i2
Ri1 ;i2

; when i2 > 0

ki1 ; when i2 ¼ 0

(
ðA:2Þ
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It must be noted that for Eq. (A.2) to be valid the condition Ri2;i4 6¼ 0 must be satisfied. This means that no two species in
the transport problem can have identical retardation factors. However, in practice, we do have situations where the retar-
dation factors of some of the species are equal [7]. To overcome this limitation, we reformulate Eq. (A.2) to accommodate a
generic case when the transport problem has any number of sets of species having any number of species with identical
retardation factors. Incorporating this special case scenario, Eq. (A.2) is reformulated as
wher
c1
i ðx; tÞ¼L�1

Xi

i1¼1

Yi

i2¼i1þ1
yi2 ki2�1

� �Xi

i2¼i1

Xi1

i3¼1

Bi3
i1f1�e�t0ðsþki3 Þge

�
x

2Dx

�
v�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2þ4Dxðki2þsRi2 Þ
p 	


ðsþai3;0Þ
Qi

i4¼i1;ði4 6¼i2;Ri4¼Ri2 Þ
�ki2;i4

� �Qi
i4¼i1;ði4 6¼i2;Ri4 6¼Ri2 Þ

�Ri2;i4ðsþai2;i4Þ

24 35* +
;

8i¼1;2; . . .n ðA:3Þ
Note that in Eq. (A.3) the condition ki2;i4 6¼ 0 must be satisfied for the solution to be determinate. Factorization of Eq. (A.3)
gives:
c1
i ðx; tÞ ¼L�1

Xi

i1¼1

Yi

i2¼i1þ1
yi2

ki2�1

� �Xi

i2¼i1

Xi1

i3¼1

B
i3
i1
f1�e

�t0ðsþki3
Þge

�
x

2Dx

�
v�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2þ4Dxðki2

þsRi2
Þ

p 	

ðsþai3 ;0

Þ
Qi

i4¼i1 ;ði4 6¼i2 ;Ri4
¼Ri2

Þ
�ki2 ;i4Pi

i4¼i1;ði4 6¼i2;Ri4 6¼Ri2 Þ

1

�Ri2 ;i4 ðsþai2 ;i4 Þ
Qi

i5¼i1 ;ði5 6¼i2 ;i5 6¼i4 ;Ri5
6¼Ri2

Þ
�Ri2 ;i5 ðai2 ;i5�ai2 ;i4 Þ

8>>>>><>>>>>:

9>>>>>=>>>>>;

2666664

3777775
* +

;

8i ¼ 1; 2; . . . n ðA:4Þ

It must be noted that the solution formulation as given by Eq. (A.4) is valid only when the condition ai2;i5 6¼ ai2;i4 is satisfied.
Eq. (A.4) can be further factorized and simplified as
c1
i ðx; tÞ ¼

Xi

i1¼1

Yi

i2¼i1þ1
yi2 ki2�1

� �Xi

i2¼i1

Xi1

i3¼1

fG1
1 þ hðG1

1ÞG1
2g

" #
; 8i ¼ 1; 2; . . . n

e

G1
1 ¼

Xi

i4¼i1;ði4 6¼i2;Ri4 6¼Ri2 Þ

Bi3
i1 e

xv
2DxL�1 f1�e

�t0ðsþki3
Þge

�
�x

2Dx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2þ4Dxðki2

þsRi2
Þ

p 

ðsþai3 ;0

Þðsþai2 ;i4 Þ

* +
Qi

i5¼i1;ði5 6¼i2;Ri5¼Ri2 Þ
� ki2;i5

� �
ð�Ri2;i4Þ

Qi
i5¼i1;ði5 6¼i2;i5 6¼i4;Ri5 6¼Ri2 Þ

� Ri2;i5ðai2;i5 � ai2;i4Þ

G1
2 ¼

Bi3
i1 e

xv
2DxL�1 1�e

�t0ðsþki3
Þ

� 	
e

�
�x

2Dx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2þ4Dxðki2

þsRi2
Þ

p 

ðsþai3 ;0

Þ

* +
Qi

i4¼i1;ði4 6¼i2;Ri4¼Ri2 Þ
� ki2;i4

hðMÞ ¼
1; if M loop is not executed

0; if M loop is executed

�

ðA:5Þ
The term G1
1 in Eq. (A.5) can be further factorized and simplified as
G1
1 ¼

Xi

i4¼i1;ði4 6¼i2;Ri5¼Ri2 Þ

Bi3
i1 e

xv
2Dx L�1 f1�e

�t0ðsþki3
Þge

�
�x

2Dx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2þ4Dxðki2

þsRi2
Þ

p 

ðsþai3 ;0

Þ

* +
�L�1 f1�e

�t0ðsþki3
Þge

�
�x

2Dx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2þ4Dxðki2

þsRi2
Þ

p 

ðsþai2 ;i4 Þ

* +" #
ðai2;i4 � ki3Þ

Qi
i5¼i1;ði5 6¼i2;Ri5¼Ri2 Þ

� ki2;i5

� �
ð�Ri2;i4Þ

Qi
i5¼i1;ði5 6¼i2;i5 6¼i4;Ri5 6¼Ri2 Þ

� Ri2;i5ðai2;i5 � ai2;i4Þ
ðA:6Þ
Again it must be noted that Eq. (A.6) is valid only when the condition ai2;i4 6¼ ai3;0 where ai3;0 ¼ ki3 is satisfied. Using the
results from Appendix B, inverse Laplace expressions for the terms G1

1 and G1
2 can be evaluated and the solution for c1

i ðx; tÞ
is obtained as
c1
i ðx; tÞ ¼

Xi

i1¼1

Yi

i2¼i1þ1
yi2 ki2�1

� �Xi

i2¼i1

Xi1

i3¼1

G1
1 þ hðG1

1ÞG1
2

� 	" #
; 8i ¼ 1; 2; . . . ; n

G1
1 ¼

Xi

i4¼i1;ði4 6¼i2;Ri4 6¼Ri2 Þ

Bi3
i1 F i2;i3;0½x; t� � uðt � t0Þeð�ki3 t0ÞF i2;i3;0½x; ðt � t0Þ� � F i2;i2;i4 ½x; t� þ uðt � t0Þeð�ki3 t0ÞF i2;i2;i4 ½x; ðt � t0Þ�

 �
ðai2;i4 � ki3Þ

Qi
i5¼i1;ði5 6¼i2;Ri5¼Ri2 Þ

� ki2;i5

� �
ð�Ri2;i4Þ

Qi
i5¼i1;ði5 6¼i2;i5 6¼i4;Ri5 6¼Ri2 Þ

� Ri2;i5ðai2;i5 � ai2;i4Þ

G1
2 ¼

Bi3
i1 F i2;i3;0½x; t� � uðt � t0Þeð�ki3 t0ÞF i2;i3;0½x; ðt � t0Þ�

 �Qi

i4¼i1;ði4 6¼i2;Ri4¼Ri2 Þ
� ki2;i4

ðA:7Þ
where the term F i1;i2;i3 is given by Eq. (B.8) or Eq. (B.14) in Appendix B.
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The second term L�1hp2
i ðx; sÞi is evaluated as follows. From Eqs. (41) and (42) we get:
c2
i ðx; tÞ ¼L�1hp2

i ðx; sÞi ¼L�1
Xi

i1¼1

Ri1 c0
i1

Qi
i2¼i1þ1yi2 ki2�1

� �
Pi

i2¼i1

e

�
x

2Dx

�
v�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2þ4Dxðki2

þsRi2
Þ

p 	

�e
�li1

x

� �
ðl2

i1
Dxþli1

v�ki2�sRi2 Þ
Qi

i3¼i1 ;ði3 6¼i2Þ
�ðki2þsRi2�ki3�sRi3 Þ

266664
377775

* +
; 8i ¼ 1; 2; . . . n ðA:8Þ
Eq. (A.8) can be written as
c2
i ðx;tÞ¼L�1

Xi

i1¼1

Ri1 c0
i1

Yi

i2¼i1þ1
yi2 ki2�1

� �Xi

i2¼i1

e
�

x
2Dx

�
v�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2þ4Dxðki2þsRi2 Þ
p 	


�e�li1
x

� �
�ðsþai1 ;�i2ÞRi2

Qi
i3¼i1 ;ði3 6¼i2 ;Ri3¼Ri2 Þ

�ki2 ;i3

� �Qi
i3¼i1 ;ði3 6¼i2 ;Ri3 6¼Ri2 Þ

�Ri2 ;i3 ðsþai2 ;i3Þ

2664
3775

* +
;

8i¼1;2; . . .n ðA:9Þ
Note: the term ai1;i2 is modified as
ai1;i2 ¼

ki1 ;i2
Ri1 ;i2

; when i2 > 0

ki1 ; when i2 ¼ 0
�l2

i1
Dx�li1

vþki2

Ri2
; when i2 < 0

8>>><>>>: ðA:10Þ
Note that the condition ki2;i3 6¼ 0 must be satisfied in Eq. (A.9). Factorization of Eq. (A.9) yields:
c2
i ðx; tÞ ¼

Xi

i1¼1

Ri1 c0
i1

Yi

i2¼i1þ1
yi2 ki2�1

� �Xi

i2¼i1

fG2
1 þ hðG2

1ÞG2
2g

" #
; 8i ¼ 1; 2; . . . n
where
G2
1 ¼

Xi

i3¼i1; i3 6¼i2;Ri3 6¼Ri2ð Þ

e
xv

2DxL�1

e

�
x

2Dx

�
v�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2þ4Dx

�
ki2
þsRi2

�q 	

�e
�li1

x

( )
sþai1 ;�i2ð Þ sþai2 ;i3ð Þ

* +
Ri2

Qi
i4¼i1; i4 6¼i2;Ri4¼Ri2ð Þ � ki2;i4

� �
Ri2;i3

Qi
i4¼i1; i4 6¼i2;i4 6¼i3;Ri4 6¼Ri2ð Þ � Ri2;i4 ai2;i4 � ai2;i3

� �

G2
2 ¼
�e

xv
2DxL�1

e

�
x

2Dx

�
v�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2þ4Dx

�
ki2
þsRi2

�q 	

�e
�li1

x

( )
sþai1 ;�i2ð Þ

* +
Ri2

Qi
i3¼i1; i3 6¼i2;Ri3¼Ri2ð Þ � ki2;i3

ðA:11Þ
Note that the condition ai2;i4 6¼ ai2;i3 must be satisfied in Eq. (A.11). The term G2
1 in Eq. (A.11) can be further factorized and

simplified as
G2
1 ¼

Xi

i3¼i1;ði3 6¼i2;Ri3 6¼Ri2 Þ

e
xv

2DxL�1

e

�
x

2Dx

�
v�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2þ4Dxðki2

þsRi2
Þ

p 	

�e
�li1

x

� �
ðsþai1 ;�i2 Þ

�
e

�
x

2Dx

�
v�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2þ4Dxðki2

þsRi2
Þ

p 	

�e
�li1

x

� �
ðsþai2 ;i3 Þ

* +
ðai2;i3 � ai1;�i2ÞRi2

Qi
i4¼i1;ði4 6¼i2;Ri4¼Ri2 Þ

� ki2;i4

� �
Ri2;i3

Qi
i4¼i1;ði4 6¼i2;i4 6¼i3;Ri4 6¼Ri2 Þ

�Ri2;i4ðai2;i4 � ai2;i3Þ
ðA:12Þ



V. Srinivasan, T.P. Clement / Advances in Water Resources 31 (2008) 203–218 215
Note that the condition ai2;i4 6¼ ai1;�i2 must be satisfied in Eq. (A.12). G2
1 can be further simplified as
G

wher

wher
2
1 ¼

Xi

i3¼i1;ði3 6¼i2;Ri3 6¼Ri2 Þ
e

xv
2Dx

�
L�1 e

�
x

2Dx

�
v�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2þ4Dxðki2

þsRi2
Þ

p 	

ðsþai1 ;�i2 Þ

* +
� e�li1

xL�1 1
ðsþai1 ;�i2 Þ

D E
�L�1 e

�
x

2Dx

�
v�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2þ4Dxðki2

þsRi2
Þ

p 	

ðsþai2 ;i3 Þ

* +
þ e�li1

xL�1 1
ðsþai2 ;i3 Þ

D E" #
ðai2;i3 � ai1;�i2ÞRi2

Qi
i4¼i1;ði4 6¼i2;Ri4¼Ri2 Þ

� ki2;i4

� �
Ri2;i3

Qi
i4¼i1;ði4 6¼i2;i4 6¼i3;Ri4 6¼Ri2 Þ

� Ri2;i4ðai2;i4 � ai2;i3Þ

ðA:13Þ

G2

2 in Eq. (A.11) can be further simplified as
G2
2 ¼

�e
xv

2Dx L�1 e

�
x

2Dx

�
v�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2þ4Dx

�
ki2
þsRi2

�q 	

ðsþai1 ;�i2 Þ

* +
� e�li1

xL�1 1
ðsþai1 ;�i2 Þ

D E264
375

Ri2

Qi
i3¼i1;ði3 6¼i2;Ri3¼Ri2 Þ

� ki2;i3

ðA:14Þ
From inverse Laplace transform tables we get: [6] (p494, Eq. (3)).
L�1 1

ðsþ ai1;i2Þ

� �
¼ e�ai1 ;i2 t ðA:15Þ
Using Eq. (A.15) and Appendix B, inverse Laplace expressions for the terms G2
1 and G2

2 can be evaluated and the solution
for c2

i ðx; tÞ is obtained as
c2
i ðx; tÞ ¼

Xi

i1¼1

Ri1 c0
i1

Yi

i2¼i1þ1
yi2 ki2�1

� �Xi

i2¼i1

fG2
1 þ hðG2

1ÞG2
2g

" #
; 8i ¼ 1; 2; . . . n

e

G2
1 ¼

Xi

i3¼i1;ði3 6¼i2;Ri3 6¼Ri2 Þ

F i2;i1;�i2 ½x; t� � eð�li1
x�ai1 ;�i2 tÞ � F i2;i2;i3 ½x; t� þ eð�li1

x�ai2 ;i3 tÞ
 �
ðai2;i3 � ai1;�i2ÞRi2

Qi
i4¼i1;ði4 6¼i2;Ri4¼Ri2 Þ

� ki2;i4

� �
Ri2;i3

Qi
i4¼i1;ði4 6¼i2;i4 6¼i3;Ri4 6¼Ri2 Þ

� Ri2;i4ðai2;i4 � ai2;i3Þ

G2
2 ¼
� F i2;i1;�i2 ½x; t� � eð�li1

x�ai1 ;�i2 tÞ
 �
Ri2

Qi
i3¼i1;ði3 6¼i2;Ri3¼Ri2 Þ

� ki2;i3

ðA:16Þ

where the term F i1;i2;i3 is given by Eq. (B.8) or Eq. (B.14) in Appendix B.

Appendix B. Evaluation of inverse Laplace expressions for the Dirichlet boundary condition

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffip 
* +

vi1;i2;i3;i4 ¼ e

xv
2DxL�1 f1� e�t0ðsþki4 Þge �x

2Dx
v2þ4Dxðki1þsRi1 Þ

ðsþ ai2;i3Þ
ðB:1Þ
Eq. (B.1) can be simplified as
vi1;i2;i4;i3 ¼ e
xv

2Dxðb1 � b2Þ
e

b1 ¼L�1 e

�
�x

ffiffiffiffi
Ri1
Dx

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s�
�
�v2

4Ri1
Dx
�

ki1
Ri1

�q 

s� �v2

4Ri1 Dx
� ki1

Ri1

� �
� v2

4Ri1 Dx
� ki1

Ri1
þ ai2;i3

n o* +

b2 ¼L�1 e�t0ki4 e�t0se

�
�x

ffiffiffiffi
Ri1
Dx

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s�
�
�v2

4Ri1
Dx
�

ki1
Ri1

�q 

s� �v2

4Ri1 Dx
� ki1

Ri1

� �
� v2

4Ri1 Dx
� ki1

Ri1
þ ai2;i3

n o* +
ðB:2Þ
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b1 can be evaluated as follows: invoking the First Shifting Theorem (see [17, p. 253]) we can simplify b1 as
wher
b1 ¼ e

�
�v2

4Ri1
Dx
�

ki1
Ri1



t
L�1 e

�
�x

ffiffiffiffi
Ri1
Dx

q ffiffi
s
p 


s� v2

4Ri1 Dx
þ ki1

Ri1
� ai2;i3

� �n o* +
ðB:3Þ
The Laplace inverse of Eq. (B.3) can be readily obtained from the tables (see [6, p. 495, Eq. (19)]). Applying this inversion,
b1 can be evaluated as
b1 ¼
e�ai2 ;i3 t

2
e
�x

ffiffiffiffi
Ri1
Dx

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2

4Ri1
Dx
þ

ki1
Ri1
�ai2 ;i3

� �r
erfc

x
2

ffiffiffiffiffiffiffi
Ri1

Dxt

r
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2

4Ri1 Dx
þ ki1

Ri1

� ai2;i3

� �
t

s( )264

þe
x

ffiffiffiffi
Ri1
Dx

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2

4Ri1
Dx
þ

ki1
Ri1
�ai2 ;i3

� �r
erfc

x
2

ffiffiffiffiffiffiffi
Ri1

Dxt

r
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2

4Ri1 Dx
þ ki1

Ri1

� ai2;i3

� �
t

s( )375 ðB:4Þ
b1 can be further rearranged and simplified as
b1 ¼
e�ai2 ;i3 t

2

e
�x

2Dx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2þ4Ri1 Dx

ki1
Ri1
�ai2 ;i3

� �r
erfc

Ri1 x�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2þ4Ri1 Dx

ki1
Ri1
�ai2 ;i3

� �r
t

2
ffiffiffiffiffiffiffiffiffi
Ri1 Dxt
p

8>><>>:
9>>=>>;

þe
x

2Dx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2þ4Ri1 Dx

ki1
Ri1
�ai2 ;i3

� �r
erfc

Ri1 xþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2þ4Ri1 Dx

ki1
Ri1
�ai2 ;i3

� �r
t

2
ffiffiffiffiffiffiffiffiffi
Ri1 Dxt
p

8>><>>:
9>>=>>;

2666666666664

3777777777775
ðB:5Þ
b2 is evaluated as follows: b2 can be simplified as
b2 ¼ e�t0ki4L�1he�t0sL�1ðb1Þi ðB:6Þ

Now, we invoke the Second Shifting Theorem (see [17, p. 265]) and evaluate b2 as [Note: We have already evaluated b1; Eq.
(B.4)]
b2 ¼ e�ki4 t0 uðt � t0Þe�ai2 ;i3 ðt�t0Þ e
�x

2Dx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2þ4Ri1 Dx

ki1
Ri1
�ai2 ;i3

� �r
erfc

Ri1 x�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 þ 4Ri1 Dx

ki1
Ri1
� ai2;i3

� �r
ðt � t0Þ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ri1 Dxðt � t0Þ

p
8>><>>:

9>>=>>;
2664

þ e
x

2Dx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2þ4Ri1 Dx

ki1
Ri1
�ai2 ;i3

� �r
erfc

Ri1 xþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 þ 4Ri1 Dx

ki1
Ri1
� ai2;i3

� �r
ðt � t0Þ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ri1 Dxðt � t0Þ

p
8>><>>:

9>>=>>;
3775 ðB:7Þ
The final solution can be compactly expressed as
vi1 ;i2 ;i3 ;i4 ½x; t� ¼ F i1 ;i2 ;i3 ½x; t� � uðt � t0Þe�ki4 t0 F i1 ;i2 ;i3 x; ðt � t0Þ½ �
e

F i1 ;i2 ;i3 ½x; t� ¼
e�ai2 ;i3 te

xv
2Dx

2
e
�xxi1 ;i2 ;i3

2Dx erfc
Ri1 x� xi1 ;i2 ;i3 t

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Ri1 Dxt

p( )
þ e

xxi1 ;i2 ;i3
2Dx erfc

Ri1 xþ xi1 ;i2 ;i3 t

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Ri1 Dxt

p( )" #
and xi1 ;i2 ;i3 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 þ 4Ri1 Dx

ki1

Ri1

� ai2 ;i3

� �s
ðB:8Þ
The above expression for F i1;i2;i3 is valid only for real values of xi1;i2;i3 . For problems involving complex values for xi1;i2;i3 the
F i1;i2;i3 term is evaluated as follows:
Let; xi1;i2;i3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 þ 4Ri1 Dx

ki1

Ri1

� ai2;i3

� �s
¼ ix�i1;i2;i3

where x�i1;i2;i3 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 þ 4Ri1 Dx

ki1

Ri1

� ai2;i3

� ����� ����
s ðB:9Þ
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Now the F i1;i2;i3 terms can be written as
F i1;i2;i3 ½x; t� ¼
e�ai2 ;i3 te

xv
2Dx

2
e
�xix�

i1 ;i2 ;i3
2Dx erfc

Ri1 x� ix�i1;i2;i3 t

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Ri1 Dxt

p( )
þ e

xix�
i1 ;i2 ;i3
2Dx erfc

Ri1 xþ ix�i1;i2;i3 t

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Ri1 Dxt

p( )" #
ðB:10Þ
From the symmetric relations we get:
if erfcfaþ ibg ¼ Aþ iB then erfc a� ibf g ¼ A� iB

where a; b;A;B 2 R
ðB:11Þ
Also the exponent of a complex number can be expressed as
e�ih ¼ cosðhÞ � i sinðhÞ
eih ¼ cosðhÞ þ i sinðhÞ

ðB:12Þ
Using Eqs. (B.11) and (B.12). Eq. (B.10) can be simplified as
F i1;i2;i3 ½x; t� ¼
e�ai2 ;i3 te

xv
2Dx

2

cos
xx�i1 ;i2 ;i3

2Dx

� �
� i sin

xx�i1 ;i2 ;i3
2Dx

� �n o
ðA� iBÞþ

cos
xx�i1 ;i2 ;i3

2Dx

� �
þ i sin

xx�i1 ;i2 ;i3
2Dx

� �n o
ðAþ iBÞ

264
375

where

ðA� iBÞ ¼ erfc
Ri1 x� ix�i1;i2;i3 t

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Ri1 Dxt

p( )
and ðAþ iBÞ ¼ erfc

Ri1 xþ ix�i1;i2;i3 t

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Ri1 Dxt

p( ) ðB:13Þ
Further simplification of Eq. (B.13) yields:
F i1;i2;i3 ½x; t� ¼ e�ai2 ;i3 te
xv

2Dx A cos
xx�i1;i2;i3

2Dx

� �
� B sin

xx�i1;i2;i3
2Dx

� �� �

where x�i1;i2;i3 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2 þ 4Ri1 Dx

ki1

Ri1

� ai2;i3

� ����� ����
s

and ðAþ iBÞ ¼ erfc
Ri1 xþ ix�i1;i2;i3 t

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Ri1 Dxt

p( ) ðB:14Þ
Hence in problems where xi1;i2;i3 is complex the F i1;i2;i3 term is given as by Eq. (B.14).

Appendix C. Supplementary material

Supplementary data associated with this article can be found, in the online version, at doi:10.1016/
j.advwatres.2007.08.002.
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